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I. INTRODUCTIONThe renormalizability of the Standard Model (SM) without quark-
avor mixing wasproved in the early seventies [1℄. Sin
e the elements of the quark mixing matri
es appear asbasi
 parameters in the bare Lagrangian, they are subje
t to renormalization, too. This isa problem of old vintage [2℄, the solution of whi
h was �rst realized for the Cabibbo anglein the SM with two fermion generations in a pioneering paper by Mar
iano and Sirlin [3℄in 1975. The extension to the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrixof the three-generation SM was addressed �fteen years later [4℄. In the subsequent years,interest on the subje
t in
reased signi�
antly, and new renormalization pres
riptions wereproposed [5, 6, 7, 8, 9, 10, 11, 12, 13℄.The on-shell (OS) pres
ription of Ref. [4℄ is 
ompa
t and plausible, but the proposed ex-pression for the CKM matrix 
ounterterm, ÆV , is given in terms of wave-fun
tion renormal-ization 
onstants and is thus gauge dependent, as was noti
ed later [5, 6, 14℄. This pres
rip-tion was employed to study the ele
troweak e�e
ts on the B0{B0 mixing in Ref. [15℄, wherealso the s
heme and s
ale dependen
es were estimated. In Ref. [7℄, the gauge-dependen
eproblem of Ref. [4℄ was remedied by adopting the pin
h te
hnique. In Ref. [5℄, an alternativeOS-like pres
ription was proposed that avoids this problem at one loop. The 
hara
teristi
feature of this pres
ription is that the quark self-energies that enter the de�nition of ÆV arenot evaluated on their respe
tive mass shells, but at the 
ommon subtra
tion point q2 = 0.To work ex
lusively in terms of OS renormalization 
onstants, the authors of Ref. [6℄ pro-posed to renormalize the CKM matrix with respe
t to a referen
e theory in whi
h no quarkmixing o

urs. However, this pres
ription does not 
omply with the unitarity 
onstraintfor the renormalized CKM matrix, as was shown in Ref. [8℄, where this drawba
k was su
-
essfully eliminated. The renormalization pres
riptions of Refs. [9, 11℄ are similar in spiritto the two-step pro
edure of Ref. [8℄ and rea
h beyond the one-loop level. The pres
rip-tion of Ref. [10℄ is based on an ad ho
 separation of the one-loop quark self-energies intoultraviolet(UV)-divergent, gauge-independent parts to be absorbed into the CKM matrix
ounterterm and UV-�nite, gauge-dependent parts to be 
ombined with the vertex 
orre
-tions. A genuine OS renormalization 
ondition for the CKM matrix, whi
h satis�es the
riteria of UV �niteness, gauge independen
e, and unitarity has been found re
ently [12℄.It is based on a novel pro
edure to separate the external-leg mixing 
orre
tions into gauge-2



independent self-mass and gauge-dependent wave-fun
tion renormalization 
ontributions.Very re
ently, a variant of the pres
ription of Ref. [12℄ was proposed that is 
avor demo-
rati
 and formulated in terms of the invariant self-energy fun
tions appearing in the quarkmixing amplitudes [13℄. The pres
riptions of Refs. [8, 12, 13℄ have the important propertythat they are based on expli
it OS renormalization 
onditions.The plan of this paper is the following. In Se
. II, we study numeri
ally the e�e
ts ofCKM matrix renormalization on the hadroni
 partial de
ay widths of the W boson at oneloop, on the basis of the CKM matrix elements Vij obtained in the global analysis [16℄. Forde�niteness, we fo
us on the pres
riptions of Refs. [4, 5, 8, 12, 13℄, whi
h we also 
ompareto the modi�ed minimal-subtra
tion (MS) s
heme. We believe that these pres
riptions arerepresentative, sin
e the others are either based on ideas similar to those in Refs. [4, 5, 8℄and/or do not 
omply with all the properties whi
h the renormalized CKM quark mixingmatrix should have, namely UV �niteness, gauge independen
e, and unitarity. Althoughthe renormalization proposal of Ref. [4℄ does not ful�ll the se
ond 
riterion, we in
lude itin our analysis, as implemented in 't Hooft-Feynman gauge, be
ause it is the �rst attemptto renormalize the three-generation CKM matrix. In Se
. III, we use the results of Se
. IIto evaluate the relative shifts in the jVijj2 parameters indu
ed by the in
orporation of thequark mixing renormalization e�e
ts. This se
tion 
ontains also a dis
ussion of the s
hemedependen
e of these shifts and their impli
ations for the most pre
ise unitarity test of theCKM matrix, involving its �rst row. Se
tion IV summarizes our 
on
lusions.II. EVALUATION OF THE W -BOSON HADRONIC WIDTHSWe 
onsider the two-parti
le de
ay of the W+-boson to generi
 quarks,W+(k)! ui(p1)dj(p2): (1)The partial de
ay width in the Born approximation is given by�Wuidj0 = N
� jVijj224s2wm3W �(m2W ; m2u;i; m2d;j) �2m2W �m2u;i �m2d;j� (m2u;i �m2d;j)2m2W � ; (2)where N
 = 3, � = e2=(4�) is the �ne-stru
ture 
onstant, and�(x; y; z) =px2 + y2 + z2 � 2(xy + yz + zx) (3)3



is K�all�en's fun
tion.The one-loop-
orre
ted partial de
ay width is 
al
ulated by in
luding the renormalization
onstants for the parameters e, sw, and Vij, those for the W+, ui, and dj �elds, and theproper vertex 
orre
tions. The results 
an be expressed in the form:�Wuidj1 = �Wuidj0 (1 + Æew + ÆQCD); (4)where Æew and ÆQCD are the ele
troweak and QCD 
orre
tions, respe
tively. Analyti
alexpressions for Æew and ÆQCD in the R� gauges may be found, for example, in Ref. [14℄.Note that Æew and ÆQCD also re
eive 
ontributions from the bremsstrahlung of a singlereal photon and gluon, respe
tively. Going beyond one loop, it is important to rede�ne theW+-boson partial de
ay widths so that they remain infrared-safe observables. An obviousway of doing this is to generalize Eq. (4) to any order beyond one loop by in
luding all �nal-state 
on�gurations of the type uidj +X, where X 
omprises all possible sets of additionalparti
les, possibly in
luding further ui or dj quarks. This represents a fully in
lusive quantity,whi
h is manifestly free of infrared (soft and 
ollinear) singularities by the Kinoshita-Lee-Nauenberg theorem. This de�nition also avoids the use of jet algorithms and fragmentationfun
tions altogether, whi
h 
ould dilute the sensitivity to the CKM matrix elements.We now pro
eed with our numeri
al analysis of Eq. (4). We perform all the 
al
ulationswith the aid of the LOOPTOOLS [17℄ pa
kage embedded into the MATHEMATICA environment.As a 
he
k, we reprodu
e the numeri
al results of Ref. [14℄ when adopting the de�nition ofÆVij and the values of the input parameters employed in that paper.In our analysis, we use the following input parameters [16℄:� = 1=137:035999679, GF = 1:16637� 10�5 GeV�2, �(5)s (mZ) = 0:1176,mW = 80:398 GeV, mZ = 91:1876 GeV,me = 0:510998910 MeV, m� = 105:658367 MeV, m� = 1776:84 MeV,mu = 2:4 MeV, md = 4:8 MeV, ms = 100 MeV,m
 = 1:25 GeV, mb = 4:25 GeV, mt = 172:4 GeV.The standard parameterization of the CKM matrix, in terms of the three mixing angles
4



Partial width Ref. [4℄ Ref. [5℄ Ref. [8℄ Ref. [12℄ Ref. [13℄ MS s
heme ÆVij = 0�(W+ ! ud) 0.6697016 0.6697016 0.6697016 0.6697016 0.6697016 0.6696999 0.6697012�(W+ ! us)� 10 0.3594604 0.3594604 0.3594604 0.3594604 0.3594604 0.3594804 0.3590518�(W+ ! ub)� 105 0.9345792 0.9309188 0.9345444 0.9345781 0.9345797 0.9040684 0.9065685�(W+ ! 
d)� 10 0.3589746 0.3589746 0.3589746 0.3589746 0.3589746 0.3589738 0.3556135�(W+ ! 
s) 0.6684818 0.6684818 0.6684819 0.6684818 0.6684818 0.6684267 0.6614634�(W+ ! 
b)� 102 0.1211309 0.1211315 0.1211263 0.1211318 0.1211315 0.1266316 0.1196919�(W ! hadrons) 1.4112476 1.4112476 1.4112476 1.4112476 1.4112476 1.4112474 1.4038372TABLE I: Partial widths (in GeV) of the hadroni
 W -boson de
ay 
hannels evaluated at one loopusing the quark mixing renormalization pres
riptions of Refs. [4, 5, 8, 12, 13℄ and the MS s
heme.The entries of the last 
olumn are obtained by negle
ting quark mixing renormalization.�ij and the CP-violating phase Æ, reads [16℄:V = 0BBB� 
12
13 s12
13 s13e�iÆ�s12
23 � 
12s23s13eiÆ 
12
23 � s12s23s13eiÆ s23
13s12s23 � 
12
23s13eiÆ �
12s23 � s12
23s13eiÆ 
23
13 1CCCA (5)where sij = sin �ij and 
ij = 
os �ij. The 
hoi
es12 = �; s23 = A�2; s13eiÆ = A�3(�+ i�)p1� A2�4p1� �2[1� A2�4(�+ i�)℄ (6)ensures that the CKM matrix written in terms of �, A, �, and � is unitary to all orders in�. In our analysis, we evaluate the CKM matrix elements from Eqs. (5) and (6) using thevalues � = 0:2257, A = 0:814, � = 0:135, and � = 0:349 [16℄.III. RESULTSIn Table I, the one-loop-
orre
ted partial widths of the various hadroni
 W -boson de
ay
hannels are presented for the sele
ted de�nitions of the CKM 
ounterterm matrix ÆVij[4, 5, 8, 12, 13℄, assuming mH = 120 GeV. The �rst and se
ond 
olumns in Table I (not
ounting the one labeled Partial width) des
ribe the partial widths of the W boson whenadopting the CKM matrix renormalization 
onditions proposed in Refs. [4, 5℄, respe
tively.5



This has been already done in the literature, for example in Ref. [14℄. We emphasize thatwe �nd full agreement, provided we adopt the same values for the input parameters. Notethat the pres
ription of Ref. [4℄ leads to a gauge-dependent result, so that the gauge 
hoi
emust be spe
i�ed. We perform the 
al
ulation in 't Hooft-Feynman gauge.New results are those from the third, fourth, and �fth 
olumns, whi
h refer to the threegenuine OS renormalization proposals of Refs. [8, 12, 13℄, respe
tively. The pres
ription ofRef. [8℄ entails the minor 
ompli
ation that one needs to 
onsider a referen
e theory withzero quark mixing. It is important to note that the proposals of Refs. [8, 12, 13℄ havethe important property that they lead to renormalized amplitudes that are non-singular inthe limit in whi
h any two fermions be
ome mass degenerate and are thus suitable for thegeneralization to theories where maximal mixing 
ould appear. A generalization of Ref. [12℄to lepton mixing in Majorana-neutrino theories has re
ently been 
arried out in Ref. [18℄.For referen
e, we have in
luded in the sixth 
olumn of Table I the results based on the MSs
heme with 't Hooft mass s
ale � = mW . Finally, in order to assess the signi�
an
e of quarkmixing renormalization, we have in
luded in the last 
olumn the results of 
al
ulations whereVij = Æij is substituted in loops inserted in the external quark legs, so that the 
riteria ofUV �niteness, gauge independen
e, and unitarity may be satis�ed with the trivial 
hoi
eÆVij = 0. This 
orresponds to the 
onventional 
al
ulations in whi
h mixing e�e
ts in theexternal quark legs are negle
ted, on the grounds that their UV divergen
es are 
an
eled bythe 
ounterterms and their �nite 
ontributions are very small. The numbers in Table I arenot meant to give the W -boson de
ay widths with the stated a

ura
y, sin
e they are basedon a one-loop 
al
ulation. However, it is ne
essary to exhibit 7 digits in the one-loop resultsin order to illustrate their di�eren
es.It is important to note that these 
orre
tions also a�e
t the theoreti
al 
al
ulations ofthe a

urate observables underpinning the determination of the CKM elements Vij. Wheninserted into those 
al
ulations, they lead to modi�ed parameters jV 0ijj2 that 
an
el, at theone-loop ele
troweak level, the very small s
heme dependen
e portrayed in Table I. In orderto show this 
an
ellation, we 
all Æ�ij the one-loop 
orre
tion in renormalization s
heme �,and Æ0ij the one 
orresponding to the last 
olumn in Table I. Taking into a

ount that in the
onventional determination of the Vij parameters quark mixing e�e
ts in the external legs
6



��ij Ref. [4℄ Ref. [5℄ Ref. [8℄ Ref. [12℄ Ref. [13℄ MS s
heme jVij j2 [16℄ud �5:29� 10�5 �5:29� 10�5 �5:26� 10�5 �5:29� 10�5 �5:29� 10�5 2:00� 10�4 0.94905us �0:114 �0:114 �0:114 �0:114 �0:114 �0:119 5:0940� 10�2ub �3:00 �2:62 �2:99 �3:00 �3:00 0:277 1:2888� 10�5
d �0:936 �0:936 �0:936 �0:936 �0:936 �0:936 5:0895� 10�2
s �1:05 �1:05 �1:05 �1:05 �1:05 �1:04 0.94739
b �1:19 �1:19 �1:18 �1:19 �1:19 �5:48 1:7223� 10�3TABLE II: Relative shifts ��ij (in %) in the 
entral values of jVij j2 [16℄ indu
ed by quark mixingrenormalization e�e
ts a

ording to the pres
riptions � of Refs. [4, 5, 8, 12, 13℄ and the MS s
heme.are generally negle
ted, as is also the 
ase in Æ0ij, we readily �nd the relation:jV 0�ij j2(1 + Æ�ij) = jVijj2(1 + Æ0ij); (7)where � labels the renormalization s
heme employed. In turn, this impliesjV 0�ij j2jVijj2 = R�ij; (8)where R�ij are the ratios of the entries in the last 
olumn in Table I and those in the � 
olumn.In order to in
orporate the modi�ed CKM parameters in the 
al
ulation of the partial widths,we multiply the entries in the �rst six 
olumns of that Table by jV 0�ij j2=jVijj2 and, usingEq. (8), we see that they be
ome equal to those in the last 
olumn, independently of the
hosen renormalization s
heme �. In summary, when the 
al
ulations of the W -boson de
aywidths in
orporate the modi�ed CKM parameters jV 0�ij j2, the very small s
heme dependen
eportrayed in Table I 
an
els.On the other hand, Eq. (8) permits us to evaluate the relative shifts,��ij = jV 0�ij j2 � jVijj2jVijj2 = R�ij � 1; (9)in the jVijj2 parameters indu
ed by the quark mixing renormalization e�e
ts, an issue of
onsiderable interest given the fundamental importan
e of the CKM parameters. The resultsare portrayed in Table II. (In order to 
ompute some of the entries in Table II, we haveused more pre
ise values than those displayed in Table I.)7



From Table II we see that the s
heme dependen
e of ��ij among the �ve pres
riptions[4, 5, 8, 12, 13℄ is extremely small, of O(10�2%) or less, ex
ept in the single 
ase of jV 0ubj2 ins
heme [5℄, where it rea
hes 0.38%. The di�eren
es in the ��ij between those �ve s
hemesand the MS evaluations are also very small, of O(10�2%) or less, ex
ept in jV 0ubj2 and jV 0
bj2,where they rea
h 3.3% and 4.3%, respe
tively.A matter of 
onsiderable interest is the magnitude of ��ij. With only two ex
eptions in theMS s
heme, a general feature is that the in
orporation of the quark mixing renormalizatione�e
ts de
reases the values of the jVijj2 parameters. In parti
ular, using the results in the�rst �ve 
olumns of Table II, we see that jVudj2 is not modi�ed to a high degree of a

ura
y,jVusj2 is de
reased by 0.11%, jVubj2 by 3.0%, jV
dj2 by 0.94%, jV
sj2 by 1.1%, and jV
bj2 by1.2%.We now 
onsider the e�e
t of these shifts on the most pre
ise unitarity test of the CKMmatrix, involving the elements in its �rst row. The latest update [19℄ employs jVudj =0:97425(23) and jVusj = 0:2252(9), values that di�er slightly from those reported in Ref. [16℄.They lead to jVudj2 + jVusj2 + jVubj2 = 0:9999(6); (10)in ex
ellent agreement with unitarity.In
luding the quark mixing renormalization e�e
ts dis
ussed in this paper, we have jV 0udj =0:97425(23), sin
e jVudj is not altered, jV 0usj = 0:2251(9), and jV 0ubj = 0:00354(16), leading tojV 0udj2 + jV 0usj2 + jV 0ubj2 = 0:9998(6): (11)We note that the shifts in the jVijj parameters and the unitarity test are 
onsiderable smallerthan the 
urrent errors in their evaluation. On the other hand, Eq. (11) remains an impres-sive test of the SM at the level of its quantum 
orre
tions! In fa
t, it is worth rememberingthat the ele
troweak 
orre
tions in this test amount to roughly 4% [20℄. Thus, if they werenegle
ted, the unitarity test of the CKM matrix would fail by about 66 standard deviations!IV. CONCLUSIONSIn summary, we have reviewed a number of s
hemes for the renormalization of the CKMmatrix and studied the numeri
al e�e
ts of several of them on the W -boson hadroni
 partialde
ay widths, using the Vij values obtained in the global analysis. We have then employed8



these results to infer the relative shifts in the jVijj2 parameters due to the quark mixingrenormalization 
orre
tions. Finally, we have dis
ussed the e�e
t of these shifts on the mostpre
ise unitarity test of the CKM matrix.A
knowledgmentsB.A.K. and A.S. are grateful to the Max Plan
k Institute for Physi
s in Muni
h forthe warm hospitality during a stay when part of this work was 
arried out. A.S. thanksthe Institute for Nu
lear Theory at the University of Washington for its hospitality and theDepartment of Energy for partial support during the 
ompletion of this work. This work wassupported in part by the German Resear
h Foundation through the Collaborative Resear
hCenter No. 676 Parti
les, Strings and the Early Universe | the Stru
ture of Matter andSpa
e Time. The work of A. Sirlin was supported in part by the National S
ien
e Foundationthrough Grant Nos. PHY{0245068 and PHY{0758032.
[1℄ G. 't Hooft, Nu
l. Phys. B33, 173 (1971); B35, 167 (1971); G. 't Hooft and M. Veltman,Nu
l. Phys. B44, 189 (1972); B50, 318 (1972).[2℄ H. Georgi and A. Pais, Phys. Rev. D 10, 539 (1974).[3℄ W. J. Mar
iano and A. Sirlin, Nu
l. Phys. B93, 303 (1975).[4℄ A. Denner and T. Sa
k, Nu
l. Phys. B347, 203 (1990).[5℄ P. Gambino, P. A. Grassi, and F. Madri
ardo, Phys. Lett. B 454, 98 (1999),arXiv:hep-ph/9811470.[6℄ A. Barroso, L. Br�u
her, and R. Santos, Phys. Rev. D 62, 096003 (2000),arXiv:hep-ph/0004136.[7℄ Y. Yamada, Phys. Rev. D 64, 036008 (2001), arXiv:hep-ph/0103046.[8℄ K.-P. O. Diener and B. A. Kniehl, Nu
l. Phys. B617, 291 (2001), arXiv:hep-ph/0109110.[9℄ Y. Zhou, Phys. Lett. B 577, 67 (2003), arXiv:hep-ph/0304003; J. Phys. G 30, 491 (2004),arXiv:hep-ph/0207249.[10℄ Y. Liao, Phys. Rev. D 69, 016001 (2004), arXiv:hep-ph/0309034.[11℄ A. Denner, E. Kraus, and M. Roth, Phys. Rev. D 70, 033002 (2004), arXiv:hep-ph/0402130.9

http://arxiv.org/abs/hep-ph/9811470
http://arxiv.org/abs/hep-ph/0004136
http://arxiv.org/abs/hep-ph/0103046
http://arxiv.org/abs/hep-ph/0109110
http://arxiv.org/abs/hep-ph/0304003
http://arxiv.org/abs/hep-ph/0207249
http://arxiv.org/abs/hep-ph/0309034
http://arxiv.org/abs/hep-ph/0402130


[12℄ B. A. Kniehl and A. Sirlin, Phys. Rev. Lett. 97, 221801 (2006), arXiv:hep-ph/0608306; Phys.Rev. D 74, 116003 (2006), arXiv:hep-th/0612033.[13℄ B. A. Kniehl and A. Sirlin, Phys. Lett. B 673, 208 (2009), arXiv:0901.0114 [hep-ph℄.[14℄ B. A. Kniehl, F. Madri
ardo, and M. Steinhauser, Phys. Rev. D 62, 073010 (2000),arXiv:hep-ph/0005060.[15℄ P. Gambino, A. Kwiatkowski, and N. Pott, Nu
l. Phys. B544, 532 (1999),arXiv:hep-ph/9810400.[16℄ C. Amsler et al. (Parti
le Data Group), Phys. Lett. B 667, 1 (2008).[17℄ T. Hahn, LoopTools User's Guide, 2004, URL: http://www.feynarts.de/ looptools/.[18℄ A. A. Almasy, B. A. Kniehl, and A. Sirlin, Report No. DESY 08{156, NYU{TH/09/02/20,arXiv:0902.3793 [hep-ph℄, Nu
l. Phys. B (in press), DOI: 10.1016/j.nu
lphysb.2009.03.025.[19℄ W. J. Mar
iano, in Pro
eedings of The 18th International Symposium on Spin Physi
s(SPIN2008), Charlottesville, USA, 6{11 O
tober 2008, edited by D. Crabb, to appear inAIP Conferen
e Pro
eedings.[20℄ A. Sirlin, Rev. Mod. Phys. 50, 573 (1978); 50, 905(E) (1978); W. J. Mar
iano and A. Sirlin,Phys. Rev. Lett. 56, 22 (1986); A. Czarne
ki, W. J. Mar
iano, and A. Sirlin, Phys. Rev. D70, 093006 (2004), arXiv:hep-ph/0406324.

10

http://arxiv.org/abs/hep-ph/0608306
http://arxiv.org/abs/hep-th/0612033
http://arxiv.org/abs/0901.0114
http://arxiv.org/abs/hep-ph/0005060
http://arxiv.org/abs/hep-ph/9810400
http://www.feynarts.de/
http://arxiv.org/abs/0902.3793
http://arxiv.org/abs/hep-ph/0406324

	Introduction
	Evaluation of the W-boson hadronic widths
	Results
	Conclusions
	Acknowledgments
	References

