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BFKL Pomeron and Bern-Dixon-Smirnovamplitudes in N = 4 SUSY �L.N.LipatovPetersburg Nulear Physis Institute, RussiaHamburg University, GermanyAbstratWe review the theoretial approahes for investigations of the high energy hadron-hadronsattering in the Regge kinematis. It is demonstrated, that the gluon in QCD is reggeizedand the Pomeron is a omposite state of the reggeized gluons. Remarkable properties of theBFKL equation for the Pomeron wave funtion in QCD and supersymmetri gauge theoriesare outlined. Due to the AdS/CFT orrespondene the BFKL Pomeron is equivalent tothe reggeized graviton in the extended N=4 SUSY. The properties of the maximal tran-sendentality and integrability are realized in this model. The BDS multi-gluon satteringamplitudes are investigated in the Regge limit. They do not ontain the Mandelstam utsand are not valid beyond one loop. It is shown, that the hamiltonian for these ompositestates oinides with the hamiltonian of an integrable open Heisenberg spin hain.1 High energy interationsHadron-hadron sattering in the Regge kinematiss = (pA + pB)2 = (2E)2 >> ~q2 = �(pA0 � pA)2 � m2 (1)is usually desribed in terms of a t-hannel exhange of the Reggeon (see Fig.1)Ap(s; t) = �p(t) g(t) sjp(t) g(t) ; jp(t) = j0 + �0t ; �p(t) = e�i�jp(t) + psin(�jp) ; (2)where jp(t) is the Regge trajetory whih is assumed to be linear, j0 and �0 are its iterept andslope, respetively. The signature fator �p is a omplex quantity depending on the Reggeonsignature p = �1.
A speial Reggeon - Pomeron with vauum quantum numbers is introdued to explain anapproximately onstant behavior of total ross-setions at high energies and a full�llment ofthe Pomeranhuk theorem �h�h=�hh ! 1. Its signature p is positive and its interept is loseto unity jp0 = 1 +� ; �� 1.The partile prodution at high energies an be investigated in the multi-Regge kinematis(see Fig.2)�Talk at the International Conferene "Quarks-08", May 2008, Sergiev Pasad, Russia1
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s� s1 ; s2 ; ::: ; sn+1 � t1 ; t2 ; ::: ; tn+1 ; (3)where sr are squares of the sum of neibouring partile momenta kr�1; kr and �tr are squaresof the momentum transfers ~qr. The prodution amplitude in the framework of the Regge modelis also expressed in terms of the Reggeon exhanges in eah of tr-hannelsA2!2+n � n+1Yr=1 sjp(tr)r ; (4)where we negleted the signature fators, whih will be disussed later.2 Gluon reggeization in QCDIn the Born approximation of QCD the sattering amplitude for two olored partile satteringis fatorized MA0B0AB (s; t)jBorn = �A0A 2st �B0B ; �A0A = g T A0A Æ�A0�A ; (5)where T  are the generators of the olor group SU(N) in the orresponding representation and�r are heliities of the olliding and �nal state partiles. In the leading logarithmi approxima-tion (LLA) the sattering amplitude in QCD an be written as follows [1℄MA0B0AB (s; t) =MA0B0AB (s; t)jBorn s!(t); �s ln s � 1 ; (6)where the gluon Regge trajetory is!(�jqj2) = � �sN(2�)2�2� jq2jZ �2� d2�2�kjkj2jq � kj2 � �a �ln jq2j�2 � 1�� : (7)Here the extra dimensions 2� ! �0 were introdued to regularize the infrared divergeny, theparameter � is the renormalization point and we used the notationa = �sN2� �4� e��� ;where  is the Euler onstant  = � (1). This Regge trajetory was alulated also in two-loopapproximation in QCD [2℄ and in supersymmetri gauge theories [3℄.Further, the gluon prodution amplitude in the multi-Regge kinematis at LLA an bewritten in the fatorized form [1℄ (see Fig.2)M2!1+n = 2s�1A0A s!11jq1j2 gT d121C(q2; q1) s!22jq2j2 :::C(qn; qn�1) s!nnjqnj2 �nB0B : (8)The Reggeon-Reggeon-gluon vertex for the produed gluon with a de�nite heliity isC(q2; q1) = q2 q�1q�2 � q�1 ; (9)2



where we used the omplex notations for the transverse omponents of partile momenta.It gives a possibility to alulate the total ross-setion [1℄�t =Xn Z d�n jM2!1+nj2 ; (10)where �n is the phase spae for the produed partile momenta in the multi-Regge kinematis.3 BFKL equationBeause the prodution amplitudes in QCD are fatorized, one an write a Bethe-Salpeter-typeequation for the total ross-setion �t. Using also the optial theorem it an be presented as theequation of Balitsky, Fadin, Kuraev and Lipatov (BFKL) for the Pomeron wave funtion [1℄E	(~�1; ~�2) = H12	(~�1; ~�2) ; � = ��sN2� E ; (11)where �t � s�max and the BFKL Hamiltonian in the oordinate representation � isH12 = ln jp1p2j2 + 1p1p�2 (ln j�12j2)p1p�2 + 1p�1p2 (ln j�12j2)p�1p2 � 4 (1) (12)and �12 = �1 � �2. It is invariant under the M�obius transformations [4, 5℄�k ! a�k + b�k + d (13)and has the property of the holomorphi separabilityH12 = h12 + h�12 ; h12 = ln(p1p2) + 1p1 ln(�12) p1 + 1p2 ln(�12) p2 � 2 (1) : (14)Here we used the omplex notations for two-dimensional transverse oordinates and their anon-ially onjugated momenta. The onformal weights for the prinipal series of unitary represen-tations of the M�obius group arem =  + n=2 ; em =  � n=2 ;  = 1=2 + i� ; (15)where  is the anomalous dimension of the twist-2 operators and n is onformal spin.The Bartels-Kwieinski-Praszalowiz (BKP) equation for olorless omposite states of sev-eral reggeized gluons has the following form [6℄E	(~�1; :::) = H 	(~�1; :::) ; H =Xk<l ~Tk ~Tl�N Hkl ; (16)where Hkl is the BFKL hamiltonian. Apart from the M�obius invariane its wave funtion inthe multi-olor QCD (N !1) has the property of the holomorphi fatorization [7℄	(~�1; :::; ~�n) =Xr;s ar;s	r(�1; :::; �n)	s(��1; :::; ��n) ; (17)where the sum is performed over a degenerate set of solutions for the orresponding holomorphiand anti-holomorphi equations. The BKP equation has the duality symmetry pk ! �k;k+1 !pk+1 (k = 1; 2; :::; n) [8℄ and n integrals of motion qr; q�r [9℄. The orresponding hamiltoniansh and h� are loal hamiltonians of the integrable Heisenberg spin model, in whih spins are3



generators of the M�obiuos group [10℄. We an introdue the transfer (T ) and monodromy (t)matries aording to the de�nitions [9℄T (u) = tr t(u) = nXr=0 un�r qr ; t(u) = L1L2:::Ln ; (18)Lk = � u+ �k pk pk��2k pk u� �k pk � ; t(u) = � A(u) B(u)C(u) D(u) � : (19)The matrix elements of t(u) satisfy some bilinear ommutation relations following from theYang-Baxter equation [9℄ts1r01(u) ts2r02(v) lr01r02r1r2(v � u) = ls1s2s01s02(v � u) ts02r2(v) ts01r1(u) ; l̂(u) = u 1̂ + i P̂ ; (20)where l̂(u) is the monodromy matrix for the usual Heisenberg spin model and P̂ is the per-mutation operator. This equation an be solved with the use of the Bethe ansatz and theBaxter-Sklyanin approah [11, 12℄.4 Pomeron in N = 4 SUSYOne an alulate the integral kernel for the BFKL equation also in two loops [13℄. Its eigenvaluean be written as follows! = 4 â �(n; ) + 4 â2�(n; ) ; â = g2N=(16�2) ; (21)where �(n; ) = 2	(1)�	( + jnj=2)�	(1�  + jnj=2) (22)and 	(x) = �0(x)=�(x). The one-loop orretion �(n; ) in QCD ontains the non-analytiterms - the Kroniker symbols Æjnj;0 and Æjnj;2 [3℄. But in N = 4 SUSY they are anelled andwe obtain for �(n; ) the following result in the hermitially separable form [3, 14℄�(n; ) = �(M) + �(M�)� �(M) + �(M�)2â=! ; M =  + jnj2 ; (23)�(M) = �0(M) + 12�(2) ; �0(z) = 14"	0�z + 12 ��	0�z2�# : (24)It is interesting, that all funtions entering in these expressions have the property of the maximaltransendentality [14℄. In partiular, �(M) an be written in the form�(M) = 3�(3) + 	00(M)� 2�(M) + 2�0(M)�	(1)�	(M)�; (25)�(M) = 1Xk=0 (�1)kk +M �	0(k + 1) � 	(k + 1) �	(1)k +M � : (26)Here 	(M) has the transedentality equal to 1, its derivatives 	(n) have transedentalities n+1,the additional poles in the sum over k inrease the transedentality of the funtion �(M) up to3 being also the transendentality of �(3). The maximal transendentality hypothesis is validalso for the anomalous dimensions of twist-2 -operators in N = 4 SUSY [15, 16℄ ontrary to thease of QCD [17℄.The stationary BFKL equation in the di�usion approximation an be written as follows [1℄j = 2���D �2 ; (27)4



where � is related to the anomalous dimension  of the twist-2 operators [13℄ = 1 + j � 22 + i� : (28)The parameters � andD are funtions of the oupling onstant â and are known up to two loops.Higher order perturbative orretions an be obtained with the use of the e�etive ation [18, 19℄.For large oupling onstants one an expet, that the leading Pomeron singularity in N =4 SUSY is moved to the point j = 2 and asymptotially the Pomeron oinides with thegraviton Regge pole. This assumption is related to the AdS/CFT orrespondene, formulatedin the framework of the Maldaena hypothesis laiming, that N = 4 SUSY is equivalent to thesuperstring model living on the 10-dimensional anti-de-Sitter spae [20, 21, 22℄. Therefore it isnatural to impose on the BFKL equation in the di�usion approximation the physial ondition,that for the onserved energy-momentum tensor ���(x) having j = 2 the anomalous dimension is zero. As a result, we obtain, that the parameters � and D oinide [16℄. In this ase onean solve the above BFKL equation for  = (j � 2) 12 � 1=�1 +p1 + (j � 2)=�! : (29)Using the ditionary developed in the framework of the AdS/CFT orrespondene [21℄, onean rewrite the eigenvalue relation for the BFKL kernel in the form of the graviton Reggetrajetory [16℄ j = 2 + �02 t ; t = E2=R2 ; �0 = R22 � : (30)On the other hand, Gubser, Klebanov and Polyakov predited the following asymptotis of theanomalous dimension at large â and j [23℄jâ;j!1 = �pj � 2��1=2jj!1 =p2�j â1=4 : (31)As a result, one an obtain the expliit expression for the Pomeron interept at large ouplingonstants [16, 24℄ j = 2�� ; � = 12� â�1=2 : (32)Note, that in Ref. [25℄ it was argued, that for N = 4 SUSY the evolution equations foranomalous dimensions of quasi-partoni operators are integrable in LLA. Later suh integra-bility was generalized to other operators [26℄ and to higher loops [27℄. Using additionally themaximal transendentality hypothesis the integral equation for the so-alled asp anomalousdimension was onstruted in all orders of perturbation theory [28, 29℄. Further, the anoma-lous dimension of twist-2 operators in four loops was alulated [30℄, but due to the abseneof so-alled wrapping ontributions in the asymptoti Bethe anzatz the obtained results do notagree with the BFKL preditions [3, 14℄.5 Bern-Dixon-Snirnov sattering amplitudes in N = 4 SUSYTo alulate higher order orretions to the BFKL equation in QCD and supersymmetri modelsone should know prodution amplitudes in higher orders of perturbation theory. Several yearsago Bern, Dixon and Smirnov suggested a simple anzatz for the multi-gluon sattering amplitudewith the maximal heliity violation in the planar limit �N � 1 for the N = 4 super-symmetrigauge theory [31℄. It turns out, that this amplitude is proportional to its Born expression. Theproportionality oeÆient Mn for n external partiles is a funtion of relativisti invariants andan be written as followslnMn = 1Xl=1 al �f (l)(�) �Î(l)n (l�) + F (1)n (0)� + C(l) +E(l)n (�)� ; (33)5



f (l)(�) = f (l)0 + �f (l)1 + �2f (l)2 ; (a) = 4 1Xl=1 alf (l)0 ; �(a) = 1Xl=1 alf (l)1 ; Æ(a) = 1Xl=1 alf (l)2 ; (34)where E(1)n (�) an be negleted for � ! 0 and the onstants C(l) and f (l)r (�) are known up torather high order of the perturbation theory. In partiular, (a) is the so alled usp anomalousdimension whih was found in all orders [28, 29℄(a) = 4a� 4�2 a2 + 22�4 a3 + ::: : (35)The singular funtion Î(1)n (�) is given belowÎ(1)n (�) = � 12�2 nXi=1 � �2�si;i+1�� (36)and the �nite remainders F (1)n are expressed in terms of logarithms and dilogarithms.In Ref. [32℄ the BDS anzatz was investigated in the Regge kinematis (see also Ref. [33℄).In partiular, the elasti amplitude has the Regge asymptotisM2!2 = �(t) ��s�2 �!(t) �(t) (1 +O(�)) ; (37)where �2 is the renormalization point,!(t) = �(a)4 ln �t�2 + Z a0 da0a0 �(a0)4� + �(a0)�= �� ln �t�2 + 1�� a+ ��2�ln �t�2 � 12��� �32 � a2 + ::: (38)is the all-order gluon Regge trajetory obtained from the BDS formula [32℄ andln�(t) = ln �t�2 Z a0 da0a0 �(a0)8� + �(a0)2 �+ C(a)2 + (a)2 �2� Z a0 da0a0 ln aa0 �(a0)4�2 + �(a0)� + Æ(a0)� ; (39)is the vertex for the Reggeized gluon oupling to the external partiles. Note that the pertur-bative expansion for !(t) is in an agreement with its diret alulations done initially in thegMS-sheme [3℄.One an verify that in all physial regions the BDS amplitude for one gluon prodution inthe multi-Regge kinematis an be obtained with the use of an analyti ontinuation from theexpression [32℄M2!3�(t1)�(t2) = ��s1�2 �!(t1)�!(t2)��s��4 �!(t2) 1 +��s2�2 �!(t2)�!(t1)��s��4 �!(t1) 2 ; (40)where the oeÆients i are real1(�) = j�(t2; t1; ln��)j sin�(!(t1)� ��)sin�(!(t1)� !(t2)) ; (41)2(�) = j�(t2; t1; ln��)j sin�(!(t2)� ��)sin�(!(t2)� !(t1)) : (42)Here �� is the phase of the Reggeon-Reggeon-gluon vertex �, i.e.�(t2; t1; ln�� i�) = j�(t2; t1; ln��)j ei��� ; (43)6



de�ned by the expressionln�(t2; t1; ln��) = �(a)16 ln2 ���2 � 12 Z a0 da0a0 ln aa0 �(a0)4�2 + �(a0)� + Æ(a0)��(a)16 ln2 �t1�t2 � (a)16 �2 � 12 �!(t1) + !(t2)� Z a0 da0a0 �(a0)4� + �(a0)�� ln ���2 : (44)In the above dispersion-type representation for the prodution amplitude we an use thereality ondition for the produed gluon�! s1s2s = ~k2? ; (45)where ~k? is the transverse omponent of its momentum (k?pA = k?pB = 0).In a similar way two gluon prodution amplitude in the multi-Regge kinematis almost in allphysial regions an be obtained by an analyti ontinuation from the following dispersion-likerepresentation for the BDS expressionM2!4�(t1)�(t3) = ��s1�2 �!(t1)�!(t2)��s012�12�4 �!(t2)�!(t3)��s�12�23�6 �!(t3) d1+ ��s3�2 �!(t3)�!(t2)��s123�23�4 �!(t2)�!(t1)��s�12�23�6 �!(t1) d2+ ��s2�2 �!(t2)�!(t1)��s012�12�4 �!(t1)�!(t3)��s�12�23�6 �!(t3) d3+ ��s2�2 �!(t2)�!(t3)��s123�23�4 �!(t3)�!(t1)��s�12�23�6 �!(t1) d4+ ��s3�2 �!(t3)�!(t2)��s1�2 �!(t1)�!(t2)��s�12�23�6 �!(t2) d5 (46)with the real oeÆients di=1;2;3;4;5 satisfying the relationsd1 = 1(t2; t1; �12) 1((t3; t2; �23) ;d2 = 2((t2; t1; �12) 2((t3; t2; �23) ;d3 + d4 = 2((t2; t1; �12) 1((t3; t2; �23) ;d5 = 1((t2; t1; �12) 2((t3; t2; �23) ; (47)where �12 = (~q1 � ~q2)2? ; �23 = (~q2 � ~q3)2? :However, in the physial kinematial region, where s; s2 > 0 but s1; s3 < 0 the Reggefatorization for the BDS amplitude is brokenM2!4�(t1)�(t3) =C ��s1�2 �!(t1) �(t2; t1; ln�12 � i�)��s2�2 �!(t2) �(t3; t2; ln�23 � i�)��s3�2 �!(t3) ; (48)where the oeÆient C is given belowC = exp"K(a)4 i�  ln ~q21~q23(~k1 + ~k2)2�2 � 1�!# : (49)7



Similarly for the BDS amplitude desribing the transition 3 ! 3 in the physial region, wheres; s2 = t02 > 0 but s1; s3 < 0 we obtain the resultM3!3�(t1)�(t3) =C 0 ��s1�2 �!(t1) �(t2; t1; ln�12 + i�)��s2�2 �!(t2) �(t2; t1; ln�23 + i�)��s3�2 �!(t3) ; (50)where the phase fator C 0 isC 0 = exp �K(a)4 (�i�) ln (~q1 � ~q2)2 (~q2 � ~q3)2(~q1 + ~q3 � ~q2)2 ~q22 � ; (51)whih also ontradits the Regge fatorization. The reason for these drawbaks is that just inthese kinematial regions the amplitudes A2!4 and A3!3 should ontain the Mandelstam utsin the j-pane of the t2-hanel [32℄. Therefore the BDS amplitudes for these proesses are notorret beyond 1 loop.6 Mandelstam uts in the adjoint representation at LLAThe Mandelstam uts in the elasti amplitude appear only in the non-planar diagrams beausethe integrals for the Sudakov variables � = 2kPA=s and � = 2kpB of the reggeon momenta kand q�k should have the singularities above and below the orresponding integration ontours.For the ase of the planar diagrams this Mandelstam ondition is ful�lled only for inelastiamplitudes starting from six external partiles in the kinematial region where s; s2 > 0 ands1; s3 < 0. Two reggeons in the t2-hannel with an adjoint representation of the gauge groupSU(N) an also satter eah from another. The orresponding ontribution to the imaginarypart in the s2-hannel for the amplitude A2!4 an be written as follows [32℄1�=s2M2!4 = s!(t2)2 Z �+i1��i1 d!2�i � s2�2�! ef2(!) (52)where the redued partial wave ef2(!) is given byef2(!) = �̂� jq2j2 Z d2�2�k d2�2�k0 �1(k; q2; q1)G!(k; k0; q2)�3(k0; q2; q3) : (53)Here �1;2 are impat fators�1(k; q2; q1) = k�1(q2 � k)�q�2(k + k1)� ; �3(k0; q2; q3) = k2(k0 � q2)q2(k0 � k2) : (54)The Green's funtion G!(k; k0; q2) satis�es the BFKL-type equation!G(8A)! (k; k0; q2) = (2�)3Æ(2)(k � k0)k2(k + q2)2 + 1k2(k + q2)2 �K(8A) 
G(8A)! � (k; k0; q2) ; (55)where K(8A)(k; k0; q2)= Æ(2)(k � k0) �!(�jkj2) + !(�jq2 � kj2)� 2!(�jqj2)�+ a2 k�(q2 � k)k0(q2 � k0)� + ::jk � kj2 : (56)
8



The infrared divergenies are extrated in the form of the Regge fator s!(t2)2 and oinidewith those of the BDS amplitude, as it should be. The partial wave ef2(!) ontains the infrareddivergeny only in the one loop�̂� jq2j2 Z d2�2�k k�q�1q�2(k + k1)� 1jkj2jq2 � kj2 kq3q2(k � k2) = a2 �ln jq1j2jq3j2jk1 + k2j2�2 � 1�� ; (57)whih is also ompatible with the BDS result. But in the upper loops the iteration of the aboveequation leads to terms whih are absent in the BDS amplitude. For example, in two loops weobtain for the imaginary part of A2!4 in the s2-hannel the following expressionAs2 = a22 ln s2 ln jq1 � q3j2jq2j2jq1j2jk2j2 ln jq1 � q3j2jq2j2jq3j2jk1j2 : (58)It is symmetri with respet to the simultaneous transmutationk1 $ k2 ; q1 $ �q3 : (59)The same expression is valid for the imaginary part in the s-hannel.In a similar way we an alulate the s-hannel imaginary part of the amplitude for thetransition 3! 3 A3!3s = a22 ln t02 ln jq2 � q1 � q3j2jq2j2jk1j2jk2j2 ln jq2 � q1 � q3j2jq2j2jq3j2jq1j2 : (60)Moreover, the BFKL equation for the state with adjoint quantum numbers an be solved ex-pliitely and we obtain for the imarginary part in s2-hannel [34℄=M2!4 � 1Xn=�1Z 1�1 d��2 + n24 �q�3k�1k�2q�1�i��n2 �q3k1k2q1�i�+n2 exp (!(�; n) ln s2) ; (61)where the eigenvalue of the redued BFKL kernel for the adjoint representation is!(�; n) = �a� (i� + jnj2 ) +  (�i� + jnj2 )� 2 (1)� : (62)It turns out, that the leading singularity of the t2-partial wave orresponds to n = 1 and issituated at j � 1 = !(t) + a(4 ln 2� 2):7 Multi-reggeon Mandelstam utsLet us onsider now the Mandelstam uts onstruted from several reggeons [35℄. The non-vanishing ontribution from the exhange of r+1 reggeons appears in the planar diagrams onlyif the number of the external lines is n � 2r + 4. For the inelasti transition 2 ! 2 + 2r withthe initial and �nal momenta pA; pB and pA0 ; k1; k2; :::; k2r ; pB0 , respetively, (see Fig 2) the utexists in the rossing hannel with the momentumq = pA � pA0 � rXl=1 kl = pB0 � pB + 2rXl=r+1 kl = r+1Xl=1 q0l ; (63)where q0l are momenta of r + 1-reggeons. The orresponding amplitude has the formA2!2+2r � Z d2q01d2q02:::d2q0r(2�)r sr r+1Yl=1 (�s)j(�~q02l )jq0lj2 �1(~q01; :::; ~q0r+1)�2(~q01; :::; ~q0r+1) : (64)9



The impat fators �1;2 are given in terms of the integrals over the Sudakov parameters �0l =2q0lpA=s; �0l = 2q0lpB=s from the reggeon-partile sattering amplitudes f1;2�1 = r�1Yl=1 ZL s d�0l2�i f1 ; �2 = r�1Yl=1 ZL s d�0l2�i f2 : (65)The tree expressions for the amplitudes f1;2 appearing in the planar diagrams in QCD aregiven belowf1I1 = 1(pA � q01)2 1(pA � k0 � q01)2 ::: 1(pA �Prl=1 q0l �Pr�2l=0 kl)2 1(pA �Prl=1 q0l �Pr�1l=0 kl)2 ;f2I2 = 1(pB + q01)2 1(pB � k2r+1 + q01)2 ::: 1(pB +Prl=1 q0l �P2r+1l=r+3 kl)2 1(pB +Prl=1 q0l �P2r+1l=r+2 kl)2 ;where k0 = pA0 ; k2r+1 = pB0 . The additional fators I1;2 ontain e�etive reggeon verties forthe prodution and sattering of the gluons with the same heliity. They an be written in themulti-Regge kinematis as followsI1 = rYl=1 q0�l+1(Q�Plt=1 q0t �Pl�1t=1 kt)(Q� �Pl+1t=1 q0�t �Pl�1t=1 k�t ) rYl=1 �r ;I2 = rYl=1 q0l+1( eQ� +Plt=1 q0�t �Pl�1t=1 k�2r�t+1)( eQ+Pl+1t=1 q0t �Pl�1t=1 k2r�t+1) rYl=1 �r ;where Q = pA � pA0 ; eQ = pB � pB0 and the Sudakov variables of the produed partiles�l = 2klpA=s; �l = 2klpB=s are strongly ordered1� j�1j � j�2j:::� j�2kj ; j�1j � j�2j � :::j�2kj � 1 :In the physial region, where the signs of the Sudakov parameters of momenta kl alternate withthe index l �1; �2r < 0 ; �2; �2r�1 > 0 ; �3; �2r�2 < 0 ; ::: ;whih is equivalent to the following onstraints on the invariantss1 < 0; s2 < 0; :::; sr < 0; sr+1 > 0; sr+2 < 0; sr+3 < 0; :::; s2r+1 < 0; s > 0 ; (66)the integrands in expressions for �1;2 ontain poles over the variables �0l; �0l above and belowthe integration ontours L over. Therefore �1;2 are non-zero and an be alulated by takingresidues from the poles�1(~q01; :::; ~q0r+1) = rYl=1 q0�l+1(Q� �Pls=1 q0�s �Pl�1s=1 k�s) (Q� �Pl+1t=1 q0�t �Pl�1t=1 k�t ) ; (67)�2(~q01; :::; ~q0r+1) = rYl=1 q0l+1( eQ+Pls=1 q0s �Pl�1s=1 k2r�s+1) ( eQ+Pl+1t=1 q0t �Pl�1t=1 k2r�t+1) : (68)In the ase of prodution of 2r gluons with the same heliity the amplitude in N = 4SUSY is proportional to the Born expression. In the leading logarithmi approximation for ther + 1-reggeon ontribution to the sr+1-hannel the proportionality fator has the formf2!2+2rLLA = �i g2N4� �r Q� eQZ rYl=1 �2�d2�2�pl(2�)1�2� �2�d2�2�p0l(2�)1�2� rYl=1 k�l k2r�ljplj2 G(p; p0; sr+1)jpr+1j2 �1�2 ; (69)10



where we introdue the new notation pl for the reggeon momenta q0l. The multi-reggeon Greenfuntion satis�es the equation [35℄�� ln sr+1 G(~p; ~p0; sr+1) = KG(~p; ~p0; sr+1) ; G(~p; ~p0; 0) = rYl=1 (2�)1�2��2� Æ2�2�(pl � p0l) : (70)Here the kernel K in LLA an be expressed in terms of the infraredly stable Hamiltonian HK = !(t)� g2N16�2 H ; !(t) = a�1� � ln �t�2� ; t = �jqj2 ; (71)H = ln jp1j2jpr+1j2jqj4 + rXl=1 Hl;l+1 ; (72)where the pair Hamiltonian isHl;l+1 = ln jplj2 + ln jpl+1j2 + pl p�l+1 ln j�l;l+1j2 1pl p�l+1 + p�l pl+1 ln j�l;l+1j2 1p�l pl+1 : (73)8 Integrable open Heisenberg spin hainThe Hamiltonian for the gluon omposite state in the ajoint representation has the property ofthe holomorphi separability [35℄H = h+ h� ; h = ln p1 pr+1q2 + rXl=1 hl;l+1 ; (74)where hl;l+1 = lnpl + ln pl+1 + pl ln�l;l+1 1pl + pl+1 ln�l;l+1 1pl+1 : (75)Using the duality transformations (f. [8℄)p1 = z0;1 ; pr = zr�1;r ; q = z0;n ; �r;r+1 = i ��zr = i�r ; (76)the holomorphi hamiltonian an be rewritten as followsh = ln z0;1 zn�1;nz20;n + n�1Xr=1 hr;r+1 ; (77)where hr;r+1 = 2 ln(�r) + 1�r 1zr�1;r + 1�r 1zr+1;r ++2 : (78)Here and later we neglet the pure imaginary ontribution 2 ln(i) beause it is anelled in thetotal hamiltonian H.One an verify, that in the new variables h is invariant under the M�obius transformationszk ! azk + bzk + d : (79)Therefore we an put z0 = 0 ; zn =1 ; (80)11



Further, by regrouping the terms one an write the holomorphi hamiltonian for n-reggeoninterations in the adjoint representation in other form [35℄h = �2 ln z0;n + ln(z20;1�1) + ln(z2n�1;n�n�1) + 2 + n�2Xr=1 h0r;r+1 ; (81)where h0r;r+1 = ln(z2r;r+1�r) + ln(z2r;r+1�r+1)� 2 ln zr;r+1 + 2= ln(�r) + ln(�r+1) + 1�r ln zr;r+1 �r + 1�r+1 ln zr;r+1 �r+1 + 2 : (82)The pair hamiltonian h0r;r+1 oinides in fat with the expression (14) in the oordinate repre-sentation ating on the wave funtion with non-amputated propagators.The remarkable property of h is its ommutation with the matrix element D(u) of themonodromy matrix (19) introdued above for the desription of the integrability of the BKPequations in the multi-olor QCD [35℄ [D(u); h℄ = 0 : (83)Therefore if we write D(u) as a polynomial in uD(u) = n�1Xk=0 un�1�k q0k ; (84)then the di�erential operators q00 = 1 ; q01 = �i n�1Xr=1 zr �r ; (85)q0k = � X0<r1<r2<:::<rk<n zr1 k�1Ys=1 zrs;rs+1 kYt=1 i�rt (86)are independent integrals of motion with the properties[q0k; h℄ = [q0k; q0t℄ = 0 : (87)It turns out, that h oinides with the loal hamiltonian of the open integrable Heisenbergmodel in whih spins are generators of the M�obius group.To solve this model one an use the algebrai Bethe anzatz. In this ase it is onvenient togo to the transposed spae, where there exists the pseudo-vauum state 	0	0 = n�1Yr=1 z�2r ; (88)satisfying the equation Ct(u)	0 = 0 : (89)Here Ct(u) is the transposed matrix element C(t) of the monodromy matrix (19). The eigenval-ues of the hamiltonian and the integral of motion D(u) are onstruted by applying the produtof its matrix elements Bt(u) to the pseudovauum state	k = kYr=1Bt(ur)	0 : (90)12



For suh eigenfuntions the spetral parameters ur should obey so-alled Bethe equations.Instead one an introdue the Baxter funtion whih is the generating funtion of the Betheroots Q(u) = 1Yk=1(u� uk) : (91)Generally the number of the roots uk is in�nite. The Baxter funtion satis�es the Baxterequation whih is redued to the simple reurrent relation for our open spin hain�(u)Q(u) = (u+ i)n�1Q(u+ i) ; (92)where �(u) is an eigenvalue of the integral of motion D(u) and an be written in terms of itsroots D(u)	a1 ;a2;:::;an�1 = �(u)	a1;a2;:::;an�1 ; �(u) = n�1Yr=1(u� iar) : (93)As a result, the solution of the Baxter equation an be found in the form [35℄Q(u) = n�1Yr=1 �(�iu� ar)�(�iu+ 1) (94)up to a possible fator being a periodi funtion of �iu.The Regge trajetory of the omposite state of n� 1 gluons has the additivity property!n(t) = !(t)� a2 E ; E = �+ e� ; (95)� = n�1Xr=1 �(ar) ; e� = n�1Xr=1 �(ear) ; (96)where �(ea) =  (a) +  (1� a)� 2 (1) ; ar = i�r + nr2 : (97)9 Three gluon omposite stateThe wave funion of the three gluon omposite state in the adjoint representation an beonstruted as a bilinear ombination of eigenfuntions of the integrals of motion D(u) andD�(u) having the property of single-valuedness in the oordinate spae [35℄	 � za1+a22 (z�2)fa1+fa2 Z d2yjyj2 y�a2(y�)�fa2 �y � 1y � x�a1 � y� � 1y� � x��fa1 ; x = z2z1 : (98)One an perform its Fourie transformation to the momentum spae	t(~p1; ~p2) = (p1 + p2)�a1�a2(p�1 + p�2)�ea1�ea2 �(~y) ; y = p2p1 ; (99)where �(~y) = Z d2t � 1t y + 1�a1 � 1t� y� + 1�ea1 (1� t)a2�1 (1� t�)ea2�1 : (100)This funtion an be presented in terms of its Mellin transformation	t(~p1; ~p2) = (p1 + p2)�a1�a2(p�1 + p�2)�ea1�ea2 Z d2u�(u; eu) �p1p2��iu �p�1p�2��ieu ; (101)13



where � iu = i�u + Nu2 ; �ieu = i�u � Nu2 ; Z d2u � Z 1�1 d�u 1XNu=�1 : (102)and �(u; eu) = �2�(1 + ea1)�(a2)�(�a1) �(1� ea2) �(iu)�(1 + ieu)�(�iu) �(1 � ieu) �(�iu� a1) �(�iu� a2)�(1 + ieu+ ea1)�(1 + ieu+ ea2) : (103)Really the last form of 	t orresponds to the Baxter-Sklyanin representation [11℄, beause thefuntion � is a produt of the pseudovauum state and the Baxter funtion [35℄�(u; eu) = u euQ(u; eu) ; (104)where Q(u; eu) � �(iu)�(ieu)�(1� iu) �(1 � ieu) �(�iu� a1) �(�iu� a2)�(1 + ieu+ ea1)�(1 + ieu+ ea2) : (105)10 Disussion of obtained resultsIt was demonstated, that Pomeron in QCD is a omposite state of reggeized gluons. TheBFKL dynamis is integrable in LLA. In the next-to-leading approximation in N = 4 SUSYthe equation for the Pomeron wave funtion has remarkable properties inluding the analytiityin the onformal spin n and the maximal transendentality. In this model the BFKL Pomeronoinides with the reggeized graviton. The BDS ansatz for sattering amplitudes in N = 4SUSY does not agree with the BFKL approah in the multi-Regge kinematis. The reasonfor this drawbak is the absene of the Mandelstam uts. The BFKL-like equation for theomposite state of two reggeized gluons with adjoint quantum numbers is expliitely solved. Itis shown, that the equation for the omposite state of an arbitrary number of reggeized gluonsin the adjoint representation is equivalent to the Shr�odinger equation for an integrable openHeisenberg spin hain. The wave funtion for three gluon omposite state is onstruted in theBaxter-Sklyanin representation.In the onlusion I thank L.D. Faddeev, J. Bartels and A. Sabio Vera for helpful disussions.Referenes[1℄ L. N. Lipatov, Sov. J. Nul. Phys. 23 (1976) 338;V. S. Fadin, E. A. Kuraev, L. N. Lipatov, Phys. Lett. B 60 (1975) 50;E. A. Kuraev, L. N. Lipatov, V. S. Fadin, Sov. Phys. JETP 44 (1976) 443 ; 45 (1977) 199;I. I. Balitsky, L. N. Lipatov, Sov. J. Nul. Phys. 28 (1978) 822.[2℄ V. S. Fadin, R. Fiore, M. I. Kotsky, Phys. Lett. B 387 (1996) 593.[3℄ A. V. Kotikov, L. N. Lipatov, Nul. Phys. B 582 (2000) 19.[4℄ L. N. Lipatov, Phys. Lett. B 309 (1993) 394.[5℄ L. N. Lipatov, Sov. Phys. JETP 63 (1986) 904.[6℄ J. Bartels, Nul. Phys. B 175 (1980) 365;J. Kwieinski, M. Praszalowiz, Phys. Lett. B 94 (1980) 413.[7℄ L. N. Lipatov, Phys. Lett. B 251 (1990) 284.[8℄ L. N. Lipatov, Nul. Phys. B 548 (1999) 328.14
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