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New relationships between Feynman integralsO. V. Tarasov�II. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstratNew types of relationships between Feynman integrals are presented. It is shown thatFeynman integrals satisfy funtional equations onneting integrals with di�erent valuesof salar invariants and masses. A method is proposed for obtaining suh relations. Thederivation of funtional equations for one-loop propagator- and vertex - type integrals isgiven. It is shown that a propagator - type integral an be written as a sum of two integralswith modi�ed salar invariants and one propagator massless. The vertex - type integralan be written as a sum over vertex integrals with all but one propagator massless andone external momentum squared equal to zero. It is demonstrated that the funtionalequations an be used for the analyti ontinuation of Feynman integrals to di�erentkinemati domains.PACS numbers: 02.30.Gp, 02.30.Ks, 12.20.Ds, 12.38.BxKeywords: Feynman integrals, funtional equations, Appell hypergeometri funtion
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1 A method for deriving funtional equationsFeynman integrals play an important role in making preise perturbative preditions in quantum�eld theory. As is well-known, these integrals satisfy reurrene relations [1℄- [4℄. In generalsuh relations onnet several integrals I1;n; :::; IN;n with n internal lines and integrals with alesser number of internal lines. They may be written in the following formNXi=1 Qi(fmjg; fsqg; �l; d) Ii; n =Xr<nk Rk;r(fmjg; fsmg; �l; d) Ik; r; (1.1)where Ik;r stands for integrals with r internal lines, arbitrary powers of propagators �j andarbitrary shifts of the spae-time dimension d ; fsqg is a set of independent salar invariantsthat may be formed from the external momenta. Qi; Rk are ratios of polynomials dependingon fsrg, masses mj , �l and d. On the left-hand side of (1.1) we ombined integrals with ninternal lines and on the right hand side integrals with a lesser number of lines.The key idea in the derivation of the funtional equations is to remove integrals with themaximal number of lines from the relations (1.1) by an appropriate hoie of salar invariantsfsqg, masses m2j , powers of propagators �j and spae - time dimension d.In order to obtain funtional equations from a given equation (1.1) one should �rst solvethe polynomial system of equationsQi(fmjg; fsqg; �l; d) = 0; i = 1; : : :; N (1.2)with respet to fsqg; fmig; �l; d and then take those solutions for whih not all oeÆients infront of integrals on the right-hand side of Eq.(1.1) are vanishing. In many ases funtionalequations an be obtained from (1.1) by hoosing only kinemati variables fsqg and massesfmig.We illustrate the method by onsidering the derivation of the funtional equations for aone-loop integral depending on n� 1 independent external momenta:I(d)n (fm2l g; fpirg) = Z ddqi�d=2 nYj=1 1[(q � pj)2 �m2j ℄�j ; (1.3)where pir = (pi � pr)2: (1.4)Here and below, the usual ausal presription for the propagators is understood, i.e. 1=[q2 �m2℄ $ 1=[q2 � m2 + i0℄. Any relation of the form (1.1) an be used for deriving funtionalequations. In this paper we will use the following relation [4℄, [5℄:Gn�1�jj+I(d+2)n (fm2l g; fpirg)� (�j�n)I(d)n (fm2l g; fpirg)= nXk=1(�j�k�n)k�I(d)n (fm2l g; fpirg); (1.5)where the operators j� et. shift the indies �j ! �j � 1, Gn�1 is the Gram determinantGn�1 = �2n ��������� (p1 � pn)(p1 � pn) (p1 � pn)(p2 � pn) : : : (p1 � pn)(pn�1 � pn)(p1 � pn)(p2 � pn) (p2 � pn)(p2 � pn) : : : (p2 � pn)(pn�1 � pn)... ... . . . ...(p1 � pn)(pn�1 � pn) (p2 � pn)(pn�1 � pn) : : : (pn�1 � pn)(pn�1 � pn)
��������� ; (1.6)2



and �n is the modi�ed Cayley determinant de�ned as:�n = ��������� 2m21 m21 +m22 � p12 : : : m21 +m2n � p1nm21 +m22 � p12 2m22 : : : m22 +m2n � p2n... ... . . . ...m21 +m2n � p1n m22 +m2n � p2n : : : 2m2n
��������� ;�j � ��m2j : (1.7)We assume that the external momenta are not restrited to some spei� integer dimensionand therefore Gn�1 and �n do not satisfy any ondition spei� to a partiular value of thespae-time dimension.In the present paper we will onsider funtional equations only for integrals I(d)n with the�rst powers of propagators. Setting all �k = 1 in Eq. (1.5) yields an equation of the form (1.1)onneting integrals with n and n � 1 lines. Funtional equations for the integral I(d)n�1 an beobtained for eah partiular j by imposing two onditions:Gn�1 = 0; �j�n = 0; (1.8)and solving them by an appropriate hoie of salar invariants pij and masses. There are onlyn� 1 independent systems of relations of the type (1.8), beausenXk=1 �k �n = �Gn�1: (1.9)Sine Gn�1 and �j�n are nonlinear in pij and masses, eah system of equations may haveseveral solutions. The number of funtional equations is less than the number of possiblesolutions. This is �rstly beause oeÆients in front of integrals on both sides of Eq. (1.1) aresimultaneously zero for some solutions, and seondly, beause not all funtional equations areindependent.2 Funtional equations for the one-loop propagator - typeintegralIn aordane with our method desribed in the previous setion, funtional equations for theintegral I(d)2 an be obtained from equation (1.5) taken at n = 3, �1 = �2 = �3 = 1. We willnot derive all possible funtional equations, restriting ourselves only to the ase j = 1 in (1.5):G21+I(d+2)3 (m21; m22; m23; p23; p13; p12)� (�1�3)I(d)3 (m21; m22; m23; p23; p13; p12)= 2(p12 + p23 � p13)I(d)2 (m21; m22; p12)+ 2(p13 + p23 � p12)I(d)2 (m21; m23; p13)� 4p23I(d)2 (m22; m23; p23); (2.10)whereI(d)3 (m2j ; m2k; m2l ; pkl; pjl; pjk)=Z ddqi�d=2 1[(q � pj)2�m2j ℄[(q � pk)2�m2k℄[(q � pl)2�m2l ℄ ;I(d)2 (m2j ; m2k; pjk) = Z ddqi�d=2 1[(q � pj)2 �m2j ℄[(q � pk)2 �m2k℄ : (2.11)3



In order to remove integrals I(d)3 ; I(d+2)3 from this relation two onditions must be ful�lled:G2 = 2p212 + 2p213 + 2p223 � 4p12p13 � 4p12p23 � 4p13p23 = 0;�1�3 = 2p23(p13 + p12 � p23)� 4m21p23+ 2m22(p23 + p13 � p12) + 2m23(p23 + p12 � p13) = 0: (2.12)One an solve this system of equations with respet to p13 and p23. The nontrivial solutions ofthe system (2.12) are:p13 = s13(m21; m22; m23; p12) = �12 + 2p12(m21 +m23)� (p12 +m21 �m22)�2p12 ;p23 = s23(m21; m22; m23; p12) = �12 + 2p12(m22 +m23) + (p12 �m21 +m22)�2p12 ; (2.13)where � = ��(p12 �m21 +m22) q�12 + 4p12m23; (2.14)�(x) = �+1 if x � 0,�1 if x < 0, (2.15)�ij = p2ij +m4i +m4j � 2pijm2i � 2pijm2j � 2m2im2j : (2.16)Substituting Eq. (2.13) into Eq. (2.10) yields the following relation:I(d)2 (m21; m22; p12) = p12 +m21 �m22 � �2p12 I(d)2 (m21; m23; s13(m21; m22; m23; p12))+ p12 �m21 +m22 + �2p12 I(d)2 (m22; m23; s23(m21; m22; m23; p12)): (2.17)All arguments of the integral I(d)2 on the left - hand side of (2.17) are arbitrary. At the sametime, the last argument in integrals on the right - hand side satisfy onditions (2.12). The massm3 in the equation is an arbitrary parameter and an be hosen at will. Setting m3 = 0 in Eqs.(2.13)-(2.17), yieldsI(d)2 (m21; m22; p12) = p12 +m21 �m22 � �122p12 I(d)2 (m21; 0; s13)+ p12 �m21 +m22 + �122p12 I(d)2 (0; m22; s23); (2.18)where s13 = �12 + 2p12m21 � (p12 +m21 �m22)�122p12 ;s23 = �12 + 2p12m22 + (p12 �m21 +m22)�122p12 ; (2.19)�12 = ��(p12 �m21 +m22) p�12 : (2.20)The analyti expression for the integral I(d)2 (0; m2; p2) is [6℄, [7℄:I(d)2 (0; m2; p2) = I(d)2 (0; m2; 0) 2F1�1; 2� d2 ;d2 ; p2m2� ; (2.21)4



where I(d)2 (0; m2; 0) = ���1� d2�md�4: (2.22)Thus, relations (2.18) and (2.21) give us the analyti result for the integral I(d)2 with arbitrarymasses and external momentum squared. Our result is in agreement with that presented in [7℄.Setting m22 = 0 in equation (2.18), assuming jp12j > m21 and taking solution (2.19) orre-sponding to the + sign in formula (2.20) yieldsI(d)2 (m21; 0; p12) = m21p12 I(d)2 �m21; 0; m41p12� + (p12 �m21)p12 I(d)2 �0; 0; (p12 �m21)2p12 � : (2.23)The �rst term on the right - hand side is the same integral I(d)2 as on the left - hand side, butwith the last argument inverted. The seond term orresponds to the simple integral I(d)2 withboth propagators massless:I(d)2 (0; 0; p2) = 1i�d=2 Z ddk1k21(k1 � p)2 = �� 32 (�p2) d2�22d�3� �d�12 � sin �d2 : (2.24)Formula (2.23) an be applied to the analyti ontinuation of the integral I(d)2 (m21; 0; p12) intothe region of large momenta jp12j > m21. It an also be used for the analyti ontinuation ofthe integrals I(d)2 on the right - hand side of (2.18). Therefore, the relations (2.18) and (2.23)desribe the integral I(d)2 with arbitrary masses and momenta in the whole kinemati region.It is interesting to note that equation (2.23) orresponds to the well-known formula for theanalyti ontinuation of Gauss's hypergeometri funtion (2.21) (see, for example, Ref.[8℄) :2F1�1; 2� d2 ;d2 ; z� = 1z 2F1�1; 2� d2 ;d2 ; 1z�+ � �d2�� �d2 � 1��(d� 2) (�z) d2�2�1� 1z�d�3 : (2.25)Indeed, substituting the expliit expressions (2.21), (2.24) into (2.23) and aneling ommonfators we obtain relation (2.25) with z = p12=m21.3 Funtional equations for the one-loop vertex - type in-tegralFuntional equations for the vertex - type integral I(d)3 will be derived in the same fashion asfor the propagator - type integral. Setting n = 4, �1 = : : : = �4 = 1 and j = 1 in Eq.(1.5)yields: G3 1+I(d+2)4 (fm2l g; fpijg)� (�1�4)I(d)4 (fm2l g; fpijg) =(�21�4) I(d)3 (m22; m23; m24; p34; p24; p23)+ (�1�2�4) I(d)3 (m21; m23; m24; p34; p14; p13)+ (�1�3�4) I(d)3 (m21; m22; m24; p24; p14; p12)+ (�1�4�4) I(d)3 (m21; m22; m23; p23; p13; p12): (3.26)5



One an obtain a funtional equation for I3(m21; m22; m23; p23; p13; p12) with arbitrary argumentsby appropriately hoosing the four variables: p14; p24; p34,m24. To remove the integrals I(d)4 ; I(d+2)4from (3.26), two onditions should be satis�edG3 = 0; �1�4 = 0: (3.27)This system of equations depends on 10 variables p12; p13; p14; p23; p24; p34; m21; m22; m23; m24 andit an be solved by exluding, for example, p14 and p34. There are four solutions of the system(3.27) but appropriate expressions are rather long and for this reason they will not be presentedhere. Instead we onsider simpli�ed situation, namely we set in Eq. (3.26) from the verybeginning m24 = 0, and impose the following onditionsG3 = 0; �1�4 = 0; �1�2�4 = 0: (3.28)This system an be solved by an appropriate hoie of p14; p34; p24. There are several solutionsof (3.28), but only for two of them are oeÆients in front of integrals on the right hand sideof (3.26) di�erent from zero. These solutions arep14 = s(13)14 ;p34 = s(13)34 ;p24 = s24(m21; m23; p23; p13; p12)= (p12 + p23 �m21 �m23)p13 + (p12 � p23 �m21 +m23)(m23 �m21 + �13)2p13 ; (3.29)where s(ij)14 = �ij + 2m2i pij � (pij +m2i �m2j)�ij2pij ;s(ij)34 = �ij + 2m2jpij + (pij +m2j �m2i )�ij2pij ;�ij =��(pij �m2i +m2j)p�ij: (3.30)Substituting (3.29) into (3.26) leads to the following funtional equation:I(d)3 (m21; m22; m23; p23; p13; p12) =p13 +m23 �m21 + �132p13 I(d)3 (m22; m23; 0; s(13)34 ; s24(m21; m23; p23; p13; p12); p23)+ p13 �m23 +m21 � �132p13 I(d)3 (m21; m22; 0; s24(m21; m23; p23; p13; p12); s(13)14 ; p12): (3.31)Relation (3.31) means that the integral I(d)3 with arbitrary arguments an always be expressedin terms of integrals with at least one massless propagator. The only exeptional ase, whenp12 = p13 = p23 = 0, is trivial. In turn, integrals I(d)3 with one massless propagator an berepresented as a sum over integrals with two massless propagators. Indeed, setting m22 = 0 inEq. (3.31) yields:I(d)3 (m21; 0; m23; p23; p13; p12) =p13 �m21 +m23 + �132p13 I(d)3 (0; m23; 0; s(13)34 ; s24(m21; m23; p23; p13; p12); p23)+ p13 +m21 �m23 � �132p13 I(d)3 (m21; 0; 0; s24(m21; m23; p23; p13; p12); s(13)14 ; p12): (3.32)6



Taking into aount the symmetry of the integral I(d)3 with respet to its arguments one an useEq. (3.32) to express integrals on the right hand side of (3.31) in terms of integrals with twopropagators massless. Thus in ase when external momenta squared are di�erent from zero thefollowing relation holds:I(d)3 (m21; m22; m23; p23; p13; p12) =(p13 +m23 �m21 + �13)(p23 +m23 �m22 + �23)4p13p23�I(d)3 (m23; 0; 0; s24(m22; m23; s(13)34 ; p23; s24(m21; m23; p23; p13; p12)); s(23)34 ; s(13)34 )+(p13 +m23 �m21 + �13)(p23 �m23 +m22 � �23)4p13p23�I(d)3 (m22; 0; 0; s24(m22; m23; s(13)34 ; p23; s24(m21; m23; p23; p13; p12)); s(23)14 ; s24(m21; m23; p23; p13; p12))+(p13 �m23 +m21 � �13)(p12 +m22 �m21 + �12)4p13p12�I(d)3 (m22; 0; 0; s24(m21; m22; s24(m21; m23; p23; p13; p12); p12; s(13)14 ); s(12)34 ; s24(m21; m23; p23; p13; p12))+(p13 �m23 +m21 � �13)(p12 �m22 +m21 � �12)4p12p13�I(d)3 (m21; 0; 0; s24(m21; m22; s24(m21; m23; p23; p13; p12); p12; s(13)14 ); s(12)14 ; s(13)14 ): (3.33)There is one further simpli�ation of note. Setting m21 = m23 = p24 = 0 in Eq. (3.26) from thevery beginning and solving system of equationsG3 = 0; �1�4 = 0; (3.34)with respet to p14 and p34 yields a nontrivial relationship:I(d)3 (0; m2; 0; p23; p13; p12) =� [b(p23; p12)� (p12 +m2)�123℄m22�3 I(d)3 (m2; 0; 0; �14; 0; p12)� [b(p12; p23) + (p23 +m2)�123℄m22�3 I(d)3 (m2; 0; 0; �34; 0; p23)+�3 � p13(p12p23 �m4)�m2(p12 � p23)�1232�3 I(d)3 (0; 0; 0; �34; �14; p13); (3.35)where �14 = a(p23; p12) +m2b(p23; p12)�1232�3 ;�34 = a(p12; p23)�m2b(p12; p23)�1232�3 ; (3.36)7



�3 = (m4 � p12p23)(p23 � p12)� (p12 +m2)b(p12; p23);a(p12; p23) = m2(p12 � p23)2(p23 �m2) + [2(m2 � p23)p12 �m2p13℄(p23 +m2)p13;b(p12; p23) = (m2 + p13 + p12 � p23)p23 +m2(p13 � p12);�123 = �(b(p12; p23))p�123;�123 = p212 + p213 + p223 � 2p12p13 � 2p12p23 � 2p13p23: (3.37)Therefore, by using Eq.(3.35) we an represent the integral I(d)3 with arbitrary masses andnonzero kinemati variables as a ombination of integrals with two massless propagators, onemomentum squared equal to zero and integrals with all propagators massless. An analytiresult for the integral I(d)3 with all propagators massless is known in terms of 2F1 funtions (seeRef. [9℄).Integrals I(d)3 with two massless propagators on the right - hand side of (3.35) an beevaluated analytially. In the kinemati region jp12j � m2 and jp13j � m2 we �ndI(d)3 (0; m2; 0; 0; p13; p12) = �I(d)2 (0; 0; p13)m2 2F1�1; d�22 ;d� 2 ; p12 � p13m2 �+ 1m2 I(d)2 (0; m2; 0) F1�1; 1; 2� d2 ; d2; p12 � p13m2 ; p12m2� ; (3.38)where F1 is the Appell hypergeometri funtion [10℄ whih admits a simple one-fold integralrepresentation: F1�1; 1; 2� d2 ; d2; x; y� = (d� 2)2 Z 10 du [(1� u)(1� yu)℄ d2�2(1� xu) : (3.39)Thus by using (3.38) one an obtain the result for the integral I(d)3 in terms of the Appellfuntion F1 and Gauss's hypergeometri funtion 2F1. This result is in agreement with theresult obtained in Ref. [11℄ and later in Ref. [12℄. At d = 4 the result for I(4)3 in terms of Appellfuntion F3 was obtained in Ref. [13℄.The Appell funtion F1 in formula (3.38) has branh points ifjp12j � m2; or jp12 � p13j � m2: (3.40)To analytially ontinue the integral I(d)3 (0; m2; 0; 0; p13; p12) into regions (3.40) one an useappropriate funtional equations. When jp12j � m2, the following funtional equation an beapplied: I(d)3 (0; m2; 0; 0; p13; p12) = m2p12 I(d)3 �0; m2; 0; 0; m2(p13 � p12 +m2)p12 ; m4p12�+ (p12 �m2)p12 I(d)3 �0; 0; 0; m2(p13 � p12 +m2)p12 ; (p12 �m2)2p12 ; p13� : (3.41)8



This relation an be derived from Eq. (3.26) with m21 = m23 = m24 = p23 = 0 and m22 = m2 byimposing the following onditions:G4 = 0; �1�4 = 0; �1�3�4 = 0: (3.42)On the right - hand side of the relation (3.41) the last two arguments of the integral I(d)3 in the�rst term are �nite for large jp12j.If jp12 � p13j � m2 and jp12j � m2, the following relation an be appliedI(d)3 (0; m2; 0; 0; p13; p12) = p12m2m2p13 + p12p13 � p212 I(d)3 �0; m2; 0; 0; p212(p13 � p12 +m2)m2p13 + p12p13 � p212 ; p12�+ p12(p13 � p12)m2p13 + p12p13 � p212 I(d)3 �0; 0; 0; m2(p13 � p12)2m2p13 + p12p13 � p212 ; p212(p13 � p12 +m2)m2p13 + p12p13 � p212 ; p13�+ m2(p13 � p12)m2p13 + p12p13 � p212 I(d)3 �0; m2; 0; 0; m2(p13 � p12)2m2p13 + p12p13 � p212 ; 0� : (3.43)This relation an be derived from Eq. (3.26) with m21 = m23 = m24 = p23 = p24 = 0 and m22 = m2by imposing the following onditions:G4 = 0; �1�4 = 0: (3.44)The penultimate argument of the �rst integral on the right hand side of (3.43) is �nite for largevalues of jp13j � m2 if p12 6= �m2. The seond and the third integrals on the right - hand sideof this relation an be expressed in terms of the hypergeometri funtion 2F1 and their analytiontinuation auses no problems.If both onditions (3.40) hold then the analyti ontinuation an be done by applying both(3.41) and (3.43).4 ConlusionsFinally, we summarize what we have aomplished in this paper.First of all, we formulated the general method for deriving funtional equations for Feynmanintegrals.Seond, it was shown that integrals with many kinemati arguments an be redued to aombination of integrals with simpler kinematis.Third, we demonstrated that our funtional equations an be used for the analyti ontin-uation of Feynman integrals to all kinemati domains.In the present paper we onsidered rather partiular ases of funtional equations. The sys-temati investigation and lassi�ation of the proposed funtional equations requires appliationof the methods of algebrai geometry and group theory.A detailed onsideration of our funtional equations and their appliation to the one-loopintegrals with four, �ve and six external legs as well as to some two- and three- loop Feynmanintegrals will be presented in future publiations.5 AknowledgmentI am very thankful to Ronald Reid-Edwards for arefully reading the manusript and use-ful remarks. This work was supported in part from DFG grants DFG KN365/3 and BMBF9
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