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DESY 08-145Otober 6, 2008NNLO orretions to �B ! Xu`�� in theshape-funtion regionH. M. Asatrian(a), C. Greub(b), and B. D. Pejak()(a)Yerevan Physis Institute, 375036 Yerevan, Armenia(b)Center for Researh and Eduation in Fundamental Physis, Institute for TheoretialPhysis, Univ. Bern, CH-Bern, Switzerland()Theory Group, Deutshes Elektronen-Synhrotron DESY, D-22603 Hamburg,GermanyAbstratThe inlusive deay �B ! Xu`�� is of muh interest beause of its potential to onstrainthe CKM element jVubj. Experimental uts required to suppress harm bakground restritmeasurements of this deay to the shape-funtion region, where the hadroni �nal statearries a large energy but only a moderate invariant mass. In this kinemati region,the di�erential deay distributions satisfy a fatorization formula of the form H � J 
 S,where S is the non-perturbative shape funtion, and the objet H � J is a perturbativelyalulable hard-sattering kernel. In this paper we present the alulation of the hardfuntion H at next-to-next-to-leading order (NNLO) in perturbation theory. Combinedwith the known NNLO result for the jet funtion J , this ompletes the perturbative partof the NNLO alulation for this proess.
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1 IntrodutionThe inlusive deay �B ! Xu`�� is of muh interest beause of its potential to onstrain theCKM element jVubj. Due to experimental uts required to suppress harm bakground,measurements of this deay are available only in the shape-funtion region, where thehadroni �nal state is ollimated into a single jet arrying a large energy on the order ofmb, and a moderate invariant mass squared on the order of mb�QCD. Muh theoretial ef-fort has been put into establishing a fatorization formalism whih enables the alulationof di�erential deay rates in this kinemati region. Early work in QCD was based on dia-grammati approahes [1,2℄, whereas more reent papers [3{5℄ are based on soft-ollineare�etive theory (SCET) [6{8℄. The main result of these works an be summarized in thefollowing fatorization formula for an arbitrary di�erential deay rate:d� � H � J 
 S ; (1)where the symbol 
 denotes a onvolution. The perturbative information is ontainedin the hard funtion H, whih is related to physis at the hard sale mb, and the jetfuntion J , whih is related to physis at the intermediate sale mb�QCD. The objetS is a non-perturbative shape funtion desribing the internal soft dynamis of the Bmeson [9, 10℄. The fatorization formula is valid up to orretions in �QCD=mb, whihhave been studied in detail in [11{13℄. The hard and jet funtions to next-to-leadingorder (NLO) in perturbation theory have been known for some time [3, 4℄, and the jetfuntion at next-to-next-to-leading order (NNLO) was obtained in [14℄.The main purpose of this paper is to omplete the perturbative part of the NNLOorretions to the fatorization formula (1) by obtaining the hard funtion to this order.The organization is as follows. In Setion 2, we briey outline how to obtain the hardfuntion through a mathing alulation in SCET. The task is to extrat three WilsonoeÆients Ci, whih arise from integrating out the hard sale mb by mathing the semi-leptoni b ! u transition urrent from QCD onto SCET. The disussion there makeslear that the priniple tehnial hallenge is to alulate the two-loop QCD orretionsto the b ! u urrent. This loop alulation is the subjet of Setion 3, where we ex-plain our alulational proedure and give expliit results in terms of a set of harmonipolylogarithms. The method relies on a redution to master integrals through integration-by-parts relations, whih are then solved using di�erential equations. In Setion 4, we useour results to obtain the Wilson oeÆients Ci at NNLO; a phenomenologial analysis ofpartial deay rates and the impat on the determination of jVubj is in progress and willbe presented in future work. We onlude in Setion 5.2 The hard funtion in SCETThe QCD e�ets in inlusive semi-leptoni B deays are ontained in the hadroni tensorW ��, from whih any di�erential deay distribution an be derived. It is de�ned as thedisontinuity of the forward matrix element of the urrent orrelator T ��, whih is thetime-ordered produt of two semi-leptoni b! u urrents, J� = �u�(1� 5)b:W �� = 1� Im h �B(v)jT ��j �B(v)i2MB ; T �� = i Z d4x eiq�xT�Jy�(0)J�(x)	 : (2)1



Here q is the momentum arried by the lepton pair and v is the veloity of the B meson.Using the SCET formalism it is possible to show that the hadroni tensor obeys thefatorization formulaW �� = 3Xi;j=1Hij(�n � p)tr���j /p�2 ��i 1 + /v2 � J 
 S : (3)We have introdued the vetor p � mbv� q, whih in the parton model is the momentumof the �nal-state jet into whih the b quark deays, as well as its light-one deomposition,p� = (n � p) �n�2 + p�? + (�n � p)n�2 � p�+ + p�� + p�? ; (4)where n and �n are two light-like vetors satisfying �n � n = 2. The objet Hij is de�ned asHij(�n � p) = Ci(�n � p)Cj(�n � p) ; (5)where the Wilson oeÆients Ci arise from mathing the semi-leptoni b ! u urrentfrom QCD onto SCET. In position spae and to leading order in the heavy-quark limit,this mathing is of the forme�imbv�x�u(x)�(1� 5)b(x) = 3Xi=1 Z ds ~Ci(s)��(x + s�n)��iH(x�); (6)where we have followed the SCET onventions of [4℄. The ��i are a set of three Dirastrutures, whih we shall hoose as��1 = �(1� 5); ��2 = v�(1 + 5); ��3 = n�n � v (1 + 5) : (7)In pratie, the mathing alulation is arried out in momentum spae and yields resultsfor the Fourier-transformed oeÆients, whih readCi(�n � p) = Z ds eis�n�p ~Ci(s) : (8)The mathing oeÆients are obtained by evaluating UV-renormalized matrix elementsof both sides of (6), orresponding to alulations in full QCD and SCET. The alulationis simplest when the external states are hosen as on-shell quarks and both UV and IRdivergenes are regulated in dimensional regularization in d = 4� 2� dimensions. In thatase the loop orretions to the SCET matrix elements are given by saleless integrals andvanish, so that the result is just its tree-level value multiplied by renormalization fatorsfrom operator and wave-funtion renormalization. The QCD result is written in terms ofthree Dira strutures multiplied by salar form fators, whih we shall de�ne aordingto hu(p)jJ�jb(pb)i = D1�u(p)�(1� 5)u(pb) +D2�u(p) p�bmb (1 + 5)u(pb)+ D3�u(p) p�mb (1 + 5)u(pb) ; (9)2



where u(p) and u(pb) are on-shell spinor wave funtions, pb and p are the momenta of theb and u quarks respetively, and p2 = 0, p2b = m2b . We shall always work in the refereneframe where the perpendiular omponents of the external momenta vanish, and wherep�b = mbv� and p� = (�n � p)n�=2. Then the three Dira strutures multiplying the Diorrespond to those in (7) in an obvious way.To determine the Wilson oeÆients Ci we also need the SCET matrix element, forwhih we an make an important simpli�ation. In general, the result involves a renor-malization matrix Zij applied to the bare SCET urrent operators. However, we an usethat the partoni expression for the quantity J
S in the fatorization formula (3) for thehadroni tensor is independent of the oeÆients Hij that multiply it. This implies thatthe operator renormalization matrix is just the unit matrix multiplied by a single salarfator ZJ . Moreover, for on-shell mathing the wave funtion renormalization fatorsin SCET are unity, and the SCET spinor wave funtions orrespond to those in QCD.Therefore, the oeÆients Ci an be obtained through the relationsCi(�n � p) = lim�!0 Z�1J (�;mb; �n � p; �)Di(�;mb; �n � p; �) (i = 1; 2) ;C3(�n � p) = lim�!0 Z�1J (�;mb; �n � p; �)pb � pm2b D3(�;mb; �n � p; �) : (10)The renormalization fator ZJ an be determined in two di�erent ways. The �rst is torequire that the mathing relation (10) is free of IR poles in dimensional regularization,whih allows one to dedue the UV struture of the SCET urrents from the IR strutureof the Di. A seond method is to determine the UV poles of the objet J 
 S in theparton model, using the two-loop anomalous dimensions for the jet and soft funtions,alulated in [14℄ and [15,16℄. Agreement between the two methods is an important hekon the fatorization formalism, and also on the two-loop alulation of eah funtion. Theagreement will be veri�ed in Setion 4 below.We end this setion by pointing out a subtlety in the mathing alulation related toheavy-quark loops, whih �rst beomes relevant at NNLO. Whereas the partoni matrixelements in QCD are alulated as an expansion in �s in the MS renormalization shemein a �ve-avor theory, where nf = nl + nh with nh = 1 for the b quark, in SCET b-quarkloops are absent and the matrix elements are alulated as an expansion in a four-avortheory. To math results in the two theories as in (10), it is neessary to express the UVrenormalized results in �ve-avor QCD in terms of the four-avor parameters of SCET.To ahieve this, one renormalizes the oupling onstant in the nf = nh + nl avor theoryaording to �bares = Znh+nl� �s, with (see e.g. [17℄)Znh+nl� = 1� �s4�� �113 CA � 43TRnf + 43TRnh(1�N�)� : (11)The funtion N� is �xed suh that �s is the MS-renormalized oupling in the four avortheory. Its value is N(�) = e �� �2m2b�� �(1 + �) : (12)Results for the salar amplitudes Di in this renormalization sheme an be obtained fromthose in the MS sheme in �ve-avor QCD by making the replaement�s ! �s�1 + �s4� 83TRnh �L+ ��L2 + �224�+ �2 �2L33 + �212L� �36 ���+ : : : ; (13)3



where L = ln�=mb. After applying this deoupling to the Di, dependene on nh in thepole terms, and thus ZJ , drops out. This must be the ase, sine heavy quark loops donot exist in SCET, where the b quark �eld is treated as in HQET. This same proedurewas used in the ompletely analogous ase of mathing the b! s urrent at q2 = 0 in [18℄.From the above disussion, it is obvious that the main tehnial obstale to obtainingthe Wilson oeÆients Ci is the alulation of the QCD form fators Di. This will be thesubjet of the next setion.3 Two-loop QCD orretions to the b! u urrentIn this setion we perform the alulation of the renormalized salar form fators Di attwo-loop order. We begin by outlining the alulational proedure in Setion 3.1, andthen give the �nal results in Setion 3.2.3.1 Calulational proedureIn this setion we desribe some tehnial details involved in obtaining the two-loop QCDorretions to the b! u urrent. The main task is to evaluate the bare two-loop amplitudeby alulating the Feynman diagrams in Figure 1. This bare amplitude ontains both UVand IR divergenes. The UV divergenes are removed by ounterterms related to b and u-quark wave-funtion renormalization (on-shell sheme), oupling onstant renormalization(MS sheme), and mass renormalization (on-shell sheme).The alulation of the individual two-loop Feynman diagrams proeeds as follows.First, by doing tensor deomposition, we extrat the ontributions of eah diagram to theform fators Di in (9). At this level, these ontributions are written as linear ombinationsof ertain salar integrals. Seond, this rather large set of salar integrals is redued to amuh smaller set of master integrals using the Laporta algorithm [19℄, whih is based onthe integration-by-parts identities introdued in [20,21℄. A very useful tool for performingthis redution is the integral redution program AIR [22℄, written in Maple, and we haveused this program in our alulation.A typial master integral depends on mb, the dimensionless variable ŝ = (pb� p)2=m2b ,and the parameter � = (4�d)=2 of dimensional regularization. Some of the simpler masterintegrals (those with three or less propagators), are easily solved using the standardtehnique of Feynman parameterization. In most ases, it is straightforward to obtainexat results in �, whih involve hypergeometri funtions or their generalizations. Thesean be expanded around �! 0 using the Mathematia program HypExp [23, 24℄. For themore diÆult master integrals, we have used the di�erential equation tehnique [25℄ (fora reent review, see [26℄). This involves solving a set of di�erential equations obtained bydi�erentiating the master integrals with respet to the variable ŝ. The solutions to thedi�erential equations determine the master integrals as a Laurent series in �, up to theirvalues at the boundary point ŝ = 0. In some ases, these onstants an be determinedby requiring that the oeÆients in the Laurent expansion are �nite in the limit ŝ ! 0.In other ases, there is no hoie but to alulate the �-expansion of the two-loop masterintegral at the point ŝ = 0. The solutions to the di�erential equations involve the harmonipolylogarithms (HPLs) introdued in [27℄. For their numerial implementation and alsosome symboli manipulations, we used the Mathematia pakage HPL [28℄.4



Figure 1: Two-loop orretions to the b ! u left-handed urrent. The inoming b-quarkand the outgoing u-quark are represented by thik and thin solid lines, respetively, whiledashed lines represent gluons. Fermioni bubbles with b-quarks and lighter quarks (thelatter being treated as massless) are shown by thik and thin irles. Diagrams where thelight fermioni bubbles are replaed by gluons and ghost-partiles are not shown expliitly,but they are taken into aount.We have heked our results in several ways. First, we have used the numerial methodof setor deomposition [29℄ to evaluate the master integrals for various values of ŝ, andheked that they agree with the analyti results. For this we have used self-writtenode, and also the publily available C++ program desribed in [30℄. Seond, we haveobtained results as a double series in � ! 0, ŝ ! 0 using two di�erent tehniques. Oneis to expand eah master integral as a series in ŝ ! 0 before doing the loop integralsusing setor deomposition, the other is to obtain results for eah diagram at ŝ = 0 andthen reover the ŝ-dependene using di�erential equations. We then heked that theseagree numerially with the expansion of the analyti results in the same limit, up to the�rst �ve or six terms around ŝ ! 0. Finally, we were able to transform our basis ofmaster integrals into that used for the two-loop alulation of the vertex orretions inB ! ��, presented in [31, 32℄. For some of the master integrals, we used these results tohelp onvert numerial results for the boundary onditions into analyti results in termsof onstants like �.To illustrate the method of di�erential equations in our appliation, we take as anexample the �rst diagram in the seond row in Figure 1. In this ase we have four master5



integrals h1, h2 , h3 and h4, readingh1(ŝ) = Z dd`(2�)d ddr(2�)d 1[(`+ pb)2 �m2b ℄ [(l + r + p)2℄ [(r + p)2℄ ;h2(ŝ) = Z dd`(2�)d ddr(2�)d 1[(`+ pb)2 �m2b ℄ [(`+ p)2℄ [(l + r + p)2℄ [(r + p)2℄ ;h3(ŝ) = Z dd`(2�)d ddr(2�)d 1[(`+ pb)2 �m2b ℄ [r2℄ [(l + r + p)2℄ ;h4(ŝ) = Z dd`(2�)d ddr(2�)d 1[(`+ pb)2 �m2b ℄ [r2℄ [(`+ p)2℄ [(l + r + p)2℄ : (14)They satisfy the di�erential equationsdh1(ŝ)dŝ = 0 ;dh2(ŝ)dŝ = �14 (4d+ 4dŝ� 16ŝ� 12)ŝ(1� ŝ) h2(ŝ)� 14 (�3d+ 8)m2b ŝ(1� ŝ) h1(ŝ) ;dh3(ŝ)dŝ = 14 (d� 4)ŝ h3(ŝ)� 14 m2b (1� ŝ)(d� 4)ŝ h4(ŝ) ;dh4(ŝ)dŝ = �14 (3d+ 5dŝ� 8� 20ŝ)ŝ(1� ŝ) h4(ŝ)� 14 (�3d+ 8)m2b ŝ(1� ŝ) h3(ŝ) : (15)Obviously, h1 has to be alulated using the standard tehnique of Feynman parameteriza-tion. The dependene of h2 on ŝ an then be determined by solving the seond di�erentialequation, in whih h1 plays the role of a given inhomogeneity. The requirement that h2is non-singular for ŝ ! 0 uniquely determines the funtion h2(ŝ). The ŝ dependene ofthe funtions h3 and h4 an be obtained by solving the orresponding two di�erentialequations simultaneously (as an expansion in �). Speifying h3(ŝ = 0) by means of stan-dard Feynman parameterization and imposing the additional requirement that h4(ŝ) isnon-singular for ŝ! 0, uniquely determines h3(ŝ) and h4(ŝ).3.2 Renormalized salar form fatorsWe now give results for the UV-renormalized form fators in (9), whih we expand in �saording to Di = Æi1 + �s4� D(1)i + ��s4��2 D(2)i + : : : :We start by listing the results of the one-loop ontributions. To this end we furtherdeompose the quantities D(1)i asD(1)i = CF "R(1)(�2);i�2 + R(1)(�1);i� +R(1)(0);i +R(1)(1);i�+R(1)(2);i�2# : (16)The Laurent expansion oeÆients of the poles and onstant term have been known forsome time [7℄, whereas the terms proportional to � and �2 are new. Note that terms up6



to �2 are needed to orretly extrat the Wilson oeÆients Ci through (10). The expliitresults for the R(i) in (16) read (reall ŝ = (pb � p)2=m2b)R(1)(�2);1 = �1R(1)(�1);1 = �52 � 2L� 2F4R(1)(0);1 = �6� 5L� 2L2 � �212 � 3F4 � 4LF4 + F4̂s � 2F5 � 4F10R(1)(1);1 = �12� 12L� 5L2 � 4L33 � 5�224 � L�26 � 8F4 � 6LF4 � 4L2F4 � �2F46 +4F4ŝ + 2LF4ŝ � 3F5 � 4LF5 + F5̂s � 2F6 � 6F10 � 8LF10 + 2F10ŝ � 4F11 �4F13 � 8F17 + �(3)3R(1)(2);1 = �24� 24L� 12L2 � 10L33 � 2L43 � �22 � 5L�212 � L2�26 � �4160 � 16F4 �16LF4 � 6L2F4 � 8L3F43 � �2F44 � 13L�2F4 + 8F4ŝ + 8LF4ŝ + 2L2F4ŝ +�2F412ŝ � 8F5 � 6LF5 � 4L2F5 � �2F56 + 4F5ŝ + 2LF5ŝ � 3F6 � 4LF6 +F6̂s � 2F7 � 16F10 � 12LF10 � 8L2F10 � �2F103 + 8F10ŝ + 4LF10ŝ � 6F11 �8LF11 + 2F11ŝ � 4F12 � 6F13 � 8LF13 + 2F13ŝ � 4F14 � 4F15 � 12F17 �16LF17 + 4F17ŝ � 8F18 � 8F19 � 8F20 � 16F21 + 5�(3)6 + 23L�(3) + 23F4�(3)R(1)(�2);2 = R(1)(�1);2 = 0R(1)(0);2 = 2̂s � 2F4ŝ2 + 2F4ŝR(1)(1);2 = 4̂s + 4L̂s � 2F4ŝ2 � 4LF4ŝ2 + 2F4ŝ + 4LF4ŝ � 2F5ŝ2 + 2F5ŝ � 4F10ŝ2 + 4F10ŝR(1)(2);2 = 8̂s + 8L̂s + 4L2ŝ + �26ŝ � 4F4ŝ2 � 4LF4ŝ2 � 4L2F4ŝ2 � �2F46ŝ2 + 4F4ŝ + 4LF4ŝ +4L2F4ŝ + �2F46ŝ � 2F5ŝ2 � 4LF5ŝ2 + 2F5ŝ + 4LF5ŝ � 2F6ŝ2 + 2F6ŝ � 4F10ŝ2 �8LF10ŝ2 + 4F10ŝ + 8LF10ŝ � 4F11ŝ2 + 4F11ŝ � 4F13ŝ2 + 4F13ŝ � 8F17ŝ2 + 8F17ŝ
7



R(1)(�2);3 = R(1)(�1);3 = 0R(1)(0);3 = � 2̂s + 2F4ŝ2 � 4F4ŝR(1)(1);3 = � 4̂s � 4L̂s + 2F4ŝ2 + 4LF4ŝ2 � 10F4ŝ � 8LF4ŝ + 2F5ŝ2 � 4F5ŝ + 4F10ŝ2 � 8F10ŝR(1)(2);3 = � 8̂s � 8L̂s � 4L2ŝ � �26ŝ + 4F4ŝ2 + 4LF4ŝ2 + 4L2F4ŝ2 + �2F46ŝ2 � 20F4ŝ � 20LF4ŝ �8L2F4ŝ � �2F43ŝ + 2F5ŝ2 + 4LF5ŝ2 � 10F5ŝ � 8LF5ŝ + 2F6ŝ2 � 4F6ŝ + 4F10ŝ2 +8LF10ŝ2 � 20F10ŝ � 16LF10ŝ + 4F11ŝ2 � 8F11ŝ + 4F13ŝ2 � 8F13ŝ + 8F17ŝ2 � 16F17ŝIn these equations L = ln�=mb, while the quantities F1; : : : ; F21 denote the followingharmoni polylogarithms:F = [HPL(f�2g; ŝ);HPL(f�1g; 1� ŝ);HPL(f�1g; ŝ);HPL(f1g; ŝ);HPL(f2g; ŝ);HPL(f3g; ŝ);HPL(f4g; ŝ);HPL(f�2; 2g; ŝ);HPL(f�1; 2g; ŝ);HPL(f1; 1g; ŝ);HPL(f1; 2g; ŝ);HPL(f1; 3g; ŝ);HPL(f2; 1g; ŝ);HPL(f2; 2g; ŝ);HPL(f3; 1g; ŝ);HPL(f�1; 0; 0g; 1� ŝ);HPL(f1; 1; 1g; ŝ);HPL(f1; 1; 2g; ŝ);HPL(f1; 2; 1g; ŝ);HPL(f2; 1; 1g; ŝ);HPL(f1; 1; 1; 1g; ŝ)℄ : (17)We now turn to the order �2s ontributions D(2)i , whih we deompose aording toD(2)i = CF "R(2)(�4);i�4 + R(2)(�3);i�3 + R(2)(�2);i�2 + R(2)(�1);i� +R(2)(0);i# : (18)The (infrared) singular piees yield relatively ompat expressions. We �ndR(2)(�4);1 = CF2R(2)(�3);1 = CF �52 + 2L + 2F4�+ 11CA4 � nlTRR(2)(�2);1 = CF �738 + 10L+ 4L2 + �212 + 8F4 + 8LF4 � F4̂s + 2F5 + 8F10� +CA�4918 + 11L3 + �212 + 11F43 �+ 83LnhTR + ��109 � 4L3 � 4F43 �nlTRR(2)(�1);1 = CF �2138 � 19�(3)3 + 73L2 + 20L2 + 16L33 + 11�212 + L�23 + 55F42 + 32LF4+16L2F4 + �2F43 � 13F42ŝ � 4LF4ŝ + 8F5 + 8LF5 � F5̂s + 2F6 + 28F10+32LF10 � 6F10ŝ + 8F11 + 12F13 + 32F17� + CA��1549216 + 11�(3)2 � 67L9 �7�224 + L�23 � 67F49 + �2F43 �+ �20L3 + 8L2 + �29 + 16LF43 �nhTR +�12554 + 20L9 + �26 + 20F49 �nlTR8



R(2)(�4);2 = R(2)(�3);2 = 0R(2)(�2);2 = CF �� 2̂s + 2F4ŝ2 � 2F4ŝ �R(2)(�1);2 = CF �� 9̂s � 8L̂s + 7F4ŝ2 + 8LF4ŝ2 � 11F4ŝ � 8LF4ŝ + 2F5ŝ2 � 2F5ŝ + 12F10ŝ2 � 12F10ŝ �
R(2)(�4);3 = R(2)(�3);3 = 0R(2)(�2);3 = CF � 2̂s � 2F4ŝ2 + 4F4ŝ �R(2)(�1);3 = CF � 9̂s + 8L̂s � 7F4ŝ2 � 8LF4ŝ2 + 24F4ŝ + 16LF4ŝ � 2F5ŝ2 + 4F5ŝ � 12F10ŝ2 + 24F10ŝ � :On the other hand, the expressions for the infrared �nite parts R(2)(0);i are rather lengthy.It is onvenient to further deompose them aording toR(2)(0);i =Xj;k CFf ai;j;k + CAfnai;j;k + nlTRfnli;j;k + nhTRfnhi;j;kŝj(1� ŝ)k :In the following we list the funtions f ai;j;k, fnai;j;k, fnli;j;k and fnhi;j;k, (i = 1; 2; 3) for all valuesj; k for whih they are nonzero. We �ndfa1;0;0 = 132716 + 16�(3)3 + 213L2 � 76�(3)L3 + 73L2 + 80L33 + 16L43 + 97�248 � 4ln(2)�2 +11L�23 + 2L2�23 � 449�4720 � 4�2F13 + 10�2F33 + 153F42 � 28�(3)F43 + 110LF4 +64L2F4 + 64L3F43 + 10�2F43 + 43L�2F4 � 19F52 + 32LF5 + 16L2F5 + �2F53 �12F6 + 8LF6 � 6F7 � 16F8 + 40F9 + 59F10 + 112LF10 + 64L2F10 + 4�2F103 +28F11 + 32LF11 � 8F12 + 60F13 + 48LF13 + 12F14 + 12F15 + 104F17 + 128LF17 +32F18 + 48F19 + 56F20 + 128F21fa1;1;0 = 2�2F33 � 49F42 � 26LF4 � 8L2F4 + 5�2F46 � 15F52 � 4LF5 + F6 + 8F9 �25F10 � 24LF10 � 4F11 � 10F13 � 28F17fa1;0;1 = �30�(3) + 28�23 + 16ln(2)�2 + 3�45 + �2F2 � 20�2F33 + 28�2F43 + 90F5 �4�2F5 + 12F6 + 8F7 � 80F9 + 50F10 + 24F11 � 78F13 � 8F14 + 16F15 + 2F16fa1;0;2 = �59�23 � 277�490 � 8�2F13 + 8�2F33 � 68�2F43 � 50F5 + 62�2F53 + 24F6 �20F7 � 32F8 + 32F9 � 56F11 + 112F13 + 52F14 � 104F15fa1;0;3 = 152�445 + 8�2F13 � 3�2F2 � 68�2F53 + 6F6 + 24F7 + 32F8 � 6F13 � 56F14 +112F15 � 6F16 9



fna1;0;0 = �894371296 + 19�(3)18 � 3925L54 + 22�(3)L� 299L29 � 44L39 � 815�2216 + 2ln(2)�2 �16L�29 + 2L2�23 + 31�4120 + 2�2F13 � 5�2F33 � 2545F454 + 14�(3)F4 � 466LF49 �44L2F43 � 28�2F49 + 43L�2F4 � 116F59 � 44LF53 + 4�2F53 + 20F63 + 8F8 �20F9 � 349F109 � 88LF103 + 4�2F103 � 44F113 + 8F12 � 62F133 � 88F173fna1;1;0 = �13�2F3 + 269F418 + 22LF43 � 2�2F43 + 11F53 � 4F9 + 13F103fna1;0;1 = 15�(3) + 13�2 � 8ln(2)�2 + 3�45 � �2F22 + 10�2F33 + 47�2F46 + 12F5 �4�2F5 � 31F6 + 8F7 + 40F9 + 17F10 + 13F11 � 11F13 � 8F14 + 16F15 � F16fna1;0;2 = �67�26 � 86�445 + 4�2F13 � 4�2F33 � 29�2F43 � 17F5 + 38�2F53 + 30F6 �36F7 + 16F8 � 16F9 � 14F11 + 28F13 + 20F14 � 40F15fna1;0;3 = 263�4180 � 4�2F13 + 3�2F22 � 29�2F53 � 3F6 + 30F7 � 16F8 + 3F13 � 14F14 +28F15 + 3F16fnl1;0;0 = 6629324 + 26�(3)9 + 682L27 + 100L29 + 16L39 + 85�254 + 8L�29 + 418F427 +152LF49 + 16L2F43 + 8�2F49 + 76F59 + 16LF53 + 8F63 + 152F109 + 32LF103 +16F113 + 16F133 + 32F173fnl1;1;0 = �38F49 � 8LF43 � 4F53 � 8F103fnh1;0;0 = 7951162 � 28�(3)9 + 16L+ 20L2 + 112L39 � 41�254 + 2L�23 + 530F427 + 8LF4 +16L2F4 + 2�2F49 � 76F59 + 16LF53 + 8F63 + 32LF103fnh1;1;0 = �38F49 � 8LF43 � 4F53fnh1;0;1 = �5089 � 64�29 � 440F49 + 104F53fnh1;0;2 = 1289 + 16�(3) + 32�23 + 128F49 � 48F5 � 16F6fnh1;0;3 = �16�(3)� 64�227 + 128F59 + 16F6
10



fa2;1;0 = �31� 36L� 16L2 + 3�2 + 4�2F33 � 24F4 � 44LF4 � 16L2F4 � 19�2F43 +23F5 � 8LF5 + 18F6 + 16F9 + 50F10 � 48LF10 � 24F11 + 12F13 � 56F17fa2;2;0 = �43�2F3 + 16F4 + 28LF4 + 16L2F4 � 5�2F43 + 13F5 + 8LF5 � 2F6 � 16F9 �2F10 + 48LF10 + 8F11 + 20F13 + 56F17fa2;3;0 = 8F10fa2;0;1 = �4�(3) + 28�23 � 2�2F2 + 8�2F33 � 20�2F43 + 44F5 + 32F9 + 100F10 �24F11 + 44F13 � 4F16fa2;0;2 = 32�(3)� 118�23 � 12�45 � 8�2F2 + 16�2F33 � 136�2F43 � 100F5 + 16�2F5 +32F6 � 32F7 + 64F9 � 112F11 + 208F13 + 32F14 � 64F15 � 16F16fa2;0;3 = 304�445 + 16�2F13 � 6�2F2 � 136�2F53 + 12F6 + 48F7 + 64F8 � 12F13 �112F14 + 224F15 � 12F16fna2;1;0 = 2699 + 44L3 � 2�2 � 2�2F33 + 257F49 + 44LF43 � 10�2F43 + 46F53 + 4F6 � 8F9 +86F103 � 4F11 + 8F13fna2;2;0 = 2�2F33 � 203F49 � 44LF43 + 4�2F43 � 22F53 + 8F9 � 26F103fna2;0;1 = 2�(3) + 2�23 + �2F2 � 4�2F33 � 5�2F43 + 32F5 + 10F6 � 16F9 + 34F10 +2F11 � 2F13 + 2F16fna2;0;2 = �16�(3)� 67�23 � 6�45 + 4�2F2 � 8�2F33 � 58�2F43 � 34F5 + 8�2F5 +68F6 � 16F7 � 32F9 � 28F11 + 64F13 + 16F14 � 32F15 + 8F16fna2;0;3 = 263�490 � 8�2F13 + 3�2F2 � 58�2F53 � 6F6 + 60F7 � 32F8 + 6F13 � 28F14 +56F15 + 6F16fnl2;1;0 = �769 � 16L3 � 52F49 � 16LF43 � 8F53 � 16F103fnl2;2;0 = 52F49 + 16LF43 + 8F53 + 16F103fnh2;1;0 = �769 � 16L3 � 292F49 � 16LF43 � 8F53fnh2;2;0 = 52F49 + 16LF43 + 8F53fnh2;0;1 = �1043 + 32�29 � 80F43 � 16F53fnh2;0;2 = 64�29 � 32F53fnh2;0;3 = �32�(3) + 32F611



fa3;1;0 = 31 + 36L+ 16L2 � 3�2 � 8�2F33 + 75F4 + 96LF4 + 32L2F4 + 14�2F43 �12F5 + 16LF5 � 20F6 � 32F9 + 96LF10 + 32F11 + 8F13 + 112F17fa3;2;0 = 4�2F33 � 16F4 � 28LF4 � 16L2F4 + 5�2F43 � 13F5 � 8LF5 + 2F6 + 16F9 +2F10 � 48LF10 � 8F11 � 20F13 � 56F17fa3;3;0 = �8F10fa3;0;1 = �40�(3)� 16�23 + 16ln(2)�2 + 4�2F2 � 16�2F33 � 4F4 + 28�2F43 + 12F5 �8F6 � 64F9 � 48F10 + 8F11 � 56F13 + 8F16fa3;0;2 = 12�(3)� 248�23 � 12�45 + 6�2F2 + 8�2F33 � 116�2F43 � 284F5 + 16�2F5 +32F6 � 32F7 + 32F9 � 300F10 � 88F11 + 188F13 + 32F14 � 64F15 + 12F16fa3;0;3 = �64�(3) + 118�2 + 716�445 + 32�2F13 + 16�2F2 � 16�2F3 + 136�2F4 +300F5 � 320�2F53 � 112F6 + 128F7 + 128F8 � 192F9 + 336F11 �640F13 � 256F14 + 512F15 + 32F16fa3;0;4 = �304�415 � 16�2F1 + 18�2F2 + 136�2F5 � 36F6 � 144F7 � 192F8 + 36F13 +336F14 � 672F15 + 36F16fna3;1;0 = �2699 � 44L3 + 2�2 + 4�2F33 � 592F49 � 88LF43 + 14�2F43 � 68F53 � 4F6 +16F9 � 112F103 + 4F11 � 8F13fna3;2;0 = �23�2F3 + 203F49 + 44LF43 � 4�2F43 + 22F53 � 8F9 + 26F103fna3;0;1 = �6 + 20�(3) + 38�23 � 8ln(2)�2 � 2�2F2 + 8�2F33 � 18F4 + 16�2F43 � 16F6 +32F9 � 4F10 + 16F11 � 12F13 � 4F16fna3;0;2 = �6�(3)� 118�23 � 12�45 � 3�2F2 � 4�2F33 � 89�2F43 � 144F5 + 16�2F5 +82F6 � 32F7 � 16F9 � 102F10 � 54F11 + 102F13 + 32F14 � 64F15 � 6F16fna3;0;3 = 32�(3) + 67�2 + 398�445 � 16�2F13 � 8�2F2 + 8�2F3 + 58�2F4 + 102F5 � 176�2F53 �196F6 + 160F7 � 64F8 + 96F9 + 84F11 � 184F13 � 96F14 + 192F15 � 16F16fna3;0;4 = �263�430 + 8�2F1 � 9�2F2 + 58�2F5 + 18F6 � 180F7 + 96F8 � 18F13 + 84F14 �168F15 � 18F16fnl3;1;0 = 769 + 16L3 + 152F49 + 32LF43 + 16F53 + 32F103fnl3;2;0 = �52F49 � 16LF43 � 8F53 � 16F10312



fnh3;1;0 = 769 + 16L3 + 392F49 + 32LF43 + 16F53fnh3;2;0 = �52F49 � 16LF43 � 8F53fnh3;0;1 = �323 � 16�29 + 80F43 + 32F53fnh3;0;2 = 5683 + 32�23 + 496F43 � 48F5fnh3;0;3 = �64�(3)� 320�29 + 352F53 + 64F6fnh3;0;4 = 96�(3)� 96F6 :4 Two-loop results for the Wilson oeÆients CiIn this setion we give results for the Wilson oeÆients Ci, valid to NNLO in �s. Toalulate them, we take the UV-renormalized form fators Di obtained in the previoussetion, translate them to four-avor QCD using (13), and evaluate the mathing ondi-tion (10). This proedure allows us to determine both the Wilson oeÆients Ci and therenormalization fator ZJ . The form of the renormalization fator is ompletely deter-mined by the renormalization-group equations for heavy-to-light urrents in SCET, andthus provides important heks on our result. We shall �rst say a few words about these,and then list results for the Wilson oeÆients Ci.The renormalization fator ZJ is determined from our alulation by requiring thatthe mathing relation (10) is �nite in the limit � ! 0. However, as explained in Setion2, it an also be determined by the UV poles of the objet J 
 S in the parton model.Expressions at two loops an be derived from the renormalization fators for the jet andsoft funtions alulated in [14, 16℄. Either way, the result depends only on logs of theform Lp � ln�=�n � p and readsZJ = 1 + CF�s4� �� 1�2 + 1��� 52 � 2Lp��+ ��s4��2 CF 4Xi=1 Z(2)(�i)�i (19)where the two-loop oeÆients areZ(2)(�4) = CF2Z(2)(�3) = CF�52 + 2Lp� + 11CA4 � nlTRZ(2)(�2) = CF�258 + 5Lp + 2L2p�+ CA�4918 + �212 + 11Lp3 �+ nlTR�� 109 � 4Lp3 �Z(2)(�1) = CF��38 + �22 � 6�3�+ CA�� 1549216 � 7�224 + 112 �3 + Lp�� 679 + �23 ��+nlTR�12554 + �26 + 20Lp9 � : (20)In SCET, the hard funtion is derived from the matrix of Wilson oeÆients Hij = CiCj13



and satis�es the renormalization-group equation [4℄dd ln�Hij(�n � p; �) = 2 �0(�s) + �usp(�s) ln �n � p� �Hij(�n � p; �) : (21)It is easy to show that the anomalous dimension derived from the expliit expressions in(20) are onsistent with (21), with0 = �5CF�s4� � 8CF ��s4��2 �CF � 316 � �24 + 3�3� + CA�1549432 + 7�248 � 114 �3��nlTR �125108 + �212�� : (22)This result is onsistent with that given in [33℄, and the piee of the anomalous dimensionproportional to the logarithmi term is onsistent with the two-loop usp anomalousdimension from [34℄.We now give �nal results for the Wilson oeÆients Ci, whih we deompose aordingto Ci = C(0)i + �s4�C(1)i + ��s4��2C(2)i : (23)We �nd C(0)1 = 1; C(0)2 = C(0)3 = 0 ; (24)C(1)i = R(1)(0);i ; C(2)i = R(2)(0);i + C2FKi;1 + CFnhTRKi;2 (i = 1; 2) ;C(1)3 = 1� ŝ2 R(1)(0);3; C(2)3 = 1� ŝ2 �R(2)(0);3 + C2FK3;1 + CFnhTRK3;2� ;where the R(k)(0);j were given in Setion 3, and funtions Ki;1 and Ki;2 readK1;1 = �54� 49�248 � �4160 � 60F4 � 13�2F412 + 18F4ŝ + �2F412ŝ � 31F52 � �2F56 +13F52ŝ � 8F6 + F6̂s � 2F7 � 63F10 � �2F10 + 29F10ŝ � 22F11 + 4F11ŝ �8F12 � 28F13 + 6F13ŝ � 8F14 � 12F15 � 68F17 + 16F17ŝ � 24F18 � 32F19 �32F20 � 80F21 + 5�(3)3 + 43F4�(3) +L��78� 5�24 � 71F4 � �2F4 + 21F4ŝ � 22F5 + 4F5ŝ � 8F6 � 68F10 + 16F10ŝ �24F11 � 32F13 � 80F17 + 4�(3)3 �+L2 ��972 � �22 � 38F4 + 6F4ŝ � 12F5 � 40F10� + L3��503 � 40F43 �� 10L43 ;K1;2 = �5�218 � 2�2F49 + 4�(3)9 + L��16� 2�23 � 8F4 + 8F43ŝ � 16F53 � 32F103 ��L2 (20 + 16F4)� 112L39 ; 14



K2;1 = 18̂s + �26ŝ � 9F4ŝ2 � �2F46ŝ2 + 17F4ŝ + �2F46ŝ � 7F5ŝ2 + 7F5ŝ � 2F6ŝ2 + 2F6ŝ � 22F10ŝ2 +22F10ŝ � 8F11ŝ2 + 8F11ŝ � 12F13ŝ2 + 12F13ŝ � 32F17ŝ2 + 32F17ŝ +L�26̂s � 18F4ŝ2 + 26F4ŝ � 8F5ŝ2 + 8F5ŝ � 32F10ŝ2 + 32F10ŝ � + L2�12̂s � 12F4ŝ2 + 12F4ŝ � ;K2;2 = L�163ŝ � 16F43ŝ2 + 16F43ŝ � ;K3;1 = �18̂s � �26ŝ + 9F4ŝ2 + �2F46ŝ2 � 53F4ŝ � �2F43ŝ + 7F5ŝ2 � 20F5ŝ + 2F6ŝ2 � 4F6ŝ + 22F10ŝ2 �80F10ŝ + 8F11ŝ2 � 16F11ŝ + 12F13ŝ2 � 24F13ŝ + 32F17ŝ2 � 64F17ŝ +L��26̂s + 18F4ŝ2 � 68F4ŝ + 8F5ŝ2 � 16F5ŝ + 32F10ŝ2 � 64F10ŝ � +L2 ��12̂s + 12F4ŝ2 � 24F4ŝ � ;K3;2 = L��163ŝ + 16F43ŝ2 � 32F43ŝ � :The terms proportional to the expliit fators of nh in (24) stem from onverting theresults of the renormalized form fators Di from the �ve-avor to the four-avor theory.As a �nal hek, we have on�rmed that the �-dependene in the Ci is suh that therenormalization-group equation (21) is satis�ed.5 ConlusionsWe have presented results for the short-distane Wilson oeÆients needed to ompletethe alulation of partial deay rates in �B ! Xu`�� at NNLO in �s and to leading order in1=mb, for deay kinematis limited to the shape-funtion region. The tehnial hallengewas to ompute the two-loop QCD orretions to the semi-leptoni b ! u transitionurrent. To do this, we used the Laporta algorithm to perform a redution to masterintegrals, whih were solved using the method of di�erential equations. We then performeda mathing alulation from QCD onto SCET to translate these results into the WilsonoeÆients needed to ompute the hard funtion in the fatorization formula (1) at NNLO.In a ompanion paper, we shall perform an analysis of partial deay rates with arbitrarykinemati uts at NNLO, and study the impliations on the determination of jVubj frominlusive deays.Aknowledgments: We are grateful to Matthias Neubert for ollaboration on theearly stages of this work. The work of H.M. Asatrian was partially supported by ISTCA-1606 program. C.G. is partially supported by the Swiss National Foundation as wellas EC-Contrat MRTN-CT-2006-035482 (FLAVIAnet). The Center for Researh and15
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