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Abstra
tWe study deeply virtual Compton s
attering on a virtual pion that is emitted by a proton.Using a range of models for the generalized parton distributions of the pion, we evaluate the
ross se
tion, as well as the beam spin and beam 
harge asymmetries in the leading-twistapproximation. Studying Compton s
attering on the pion in suitable kinemati
s puts highdemands on both beam energy and luminosity, and we �nd that the 
orresponding require-ments will �rst be met after the energy upgrade at Je�erson Laboratory. As a by-produ
tof our study, we 
onstru
t a parameterization of pion generalized parton distributions thathas a non-trivial interplay between the x and t dependen
e and is in good agreement withform fa
tor data and latti
e 
al
ulations.

1

http://arXiv.org/abs/0807.4474v1


1 Introdu
tionThe 
on
ept of generalized parton distributions (GPDs) is a versatile tool to des
ribe hadron stru
tureat the quark-gluon level and has given rise to vigorous theoreti
al and experimental a
tivities. Amongthe attra
tive features of GPDs are the possibilities to 
onne
t ordinary parton densities with elasti
form fa
tors [1℄ and to explore the spatial distributions of partons inside a hadron [2, 3℄. Reviews ofthis extensive subje
t 
an be found in [4{7℄.The pion plays a spe
ial role in the low-energy se
tor of QCD as the lightest bound state and thePseudo-Goldstone boson asso
iated with 
hiral symmetry breaking. Given the diÆ
ulty to performhigh-energy experiments with a pion in the initial state, our knowledge of its internal stru
ture is,however, s
ar
e 
ompared with what is known about the nu
leon. Currently, the prin
ipal sour
es ofinformation are the spa
elike ele
tromagneti
 form fa
tor of the pion [8{11℄ and its parton densitiesextra
ted from Drell-Yan produ
tion with pion beams [12{14℄. Measurements 
onstraining the GPDsof the pion would provide a natural extension of this knowledge. On the theoreti
al side, the pionGPDs have been studied in a number of dynami
al models [15℄ and on the latti
e [16{19℄. Importanttheoreti
al investigations have been performed for a pion target in the �rst instan
e, be
ause of itsrelative simpli
ity as a spin-zero parti
le, see for instan
e [20, 21℄.The purpose of the present work is to estimate how pion GPDs may be investigated in deeplyvirtual Compton s
attering (DVCS), whi
h is the theoreti
ally 
leanest and most advan
ed amongthe hard ex
lusive pro
esses involving generalized parton distributions. We 
onsider the rea
tionep! e
�+n at small invariant momentum transfer between the proton and neutron. In the one-pionex
hange approximation, the rea
tion is then des
ribed by the emission of a slightly o�-shell pion fromthe proton, followed by the s
attering pro
ess e�+ ! e
�+. This 
an be seen as an analog of therea
tion ep! e�+n, whi
h has been used to extra
t the ele
tromagneti
 pion form fa
tor for all butthe smallest values of momentum transfer [9{11℄. Two me
hanisms 
ontribute to e� ! e
�, namelyvirtual Compton s
attering and the Bethe-Heitler pro
ess, as shown in Fig. 1. Suitable strategies forisolating the Compton signal are the same as those for s
attering on a nu
leon target, whi
h have beenelaborated in detail [22℄ and su

essfully used in experiment [23, 24℄. The 
orresponding expressionsfor the pion 
an be found in [25℄, where also numeri
al estimates for e� ! e
� have been given.We note that in suitable kinemati
s, the rea
tion ep ! e
�+n may also be used to study virtualCompton s
attering on the pion in the ba
kward region, whose des
ription involves the so-
alledtransition distribution amplitude from a pion to a photon [26℄. In experiments with a real photonbeam, the lepton-pair produ
tion pro
ess 
p ! e+e��+n 
an provide a

ess to timelike Comptons
attering 
� ! 
�� on the pion, whi
h is 
losely related to DVCS by 
rossing [27℄.Our paper is organized as follows. In the next se
tion we present in some detail the kinemati
s ofep ! e
�+n. In Se
t. 3 we give the basi
 equations for the analysis of this pro
ess in the one-pionex
hange pi
ture and in the framework of generalized parton distributions. We also brie
y dis
ussthe validity of the one-pion ex
hange approximation. In Se
t. 4 we present a model for the GPDs ofthe pion, paying spe
ial attention to their t-dependen
e. In Se
t. 5 we �nally give estimates for 
rossse
tions and asymmetries in the HERMES experiment and at Je�erson Lab, before summarizing ourmain �ndings in Se
t. 6.2 Kinemati
sIn this se
tion we dis
uss the kinemati
s of the rea
tione(l) + p(p)! e(l0) + 
(q0) + �+(p0�) + n(p0) ; (1)2



γ*

Fπ

p

e

π

n

γ

π

n

π

γ

Figure 1: Graphs for ep! e
�+n in the one-pion ex
hange approximation. Contributing subpro
essesare virtual Compton s
attering on a pion (left) and the Bethe-Heitler pro
ess (right). The 
rossedBethe-Heitler graph (not shown) has the photons atta
hed to the lepton line in opposite order. Theblob marked with F� represents the ele
tromagneti
 pion form fa
tor.with four-momenta given in parentheses. We writeq = l � l0 ; p� = p� p0 (2)for the four-momenta of the virtual photon and the virtual pion, and use the standard variablesQ2 = �q2 ; W 2 = (p+ q)2 ; s = (p+ l)2 ; xB = Q22p � q ; y = p � qp � l (3)for deep inelasti
 s
attering pro
esses. The variablest = (p� p0)2 ; x� = p� � lp � l (4)des
ribe the emission of the virtual pion from the proton target, where x� is the fra
tion of energythat the virtual pion takes away from the proton in the ep 
.m. The azimuthal angles of the �nal-stateele
tron and neutron in that frame are respe
tively denoted by  e and  n, where the z-axis is 
hosenalong the lepton beam momentum. We write mN and m� for the nu
leon and pion masses, andnegle
t the lepton mass throughout our work. An important role is played by the kinemati
 limit� t � �t0 = x2�m2N1� x� ; (5)whi
h is readily obtained from the expression p02T = �t(1 � x�) � x2�m2N for the squared transversemomentum of the neutron in the ep 
.m. We need two more variables to des
ribe the 
 and � in the�nal state, namely t� = (p� � p0�)2 (6)and the azimuthal angle �� between the plane spanned by p� and p0� and the plane spanned by l andl0 in the 
.m. of �
 in the �nal state. For the sign of �� we follow the usual 
onvention for DVCSon a proton target.1 For our later dis
ussion it is useful to introdu
e further variables, whi
h refer tothe subpro
ess e� ! e
� on the virtual pion target, namelys� = (p� + q)2 ; x�B = Q22p� � q ; y� = p� � qp� � l : (7)1One thus obtains �� from the angle �h in [28℄ by repla
ing P ! p� and Ph ! p0�.3



One �nds s� = Q2�x�xB � 1�� 2 
os( e �  n)p(1� y)Q2 � (yxBmN )2 p(1� x�)(t0 � t)+ 2yxB x�m2N + (1� yxB)t : (8)To sele
t kinemati
s where DVCS on a pion 
an be des
ribed in terms of generalized partondistributions, we take the Bjorken limitQ2 !1 at �xed y, xB , x�, t, t�. (9)The squared 
.m. energies s,W 2, and s� then be
ome large, whereas the squared momentum transferst and t� are small 
ompared with Q2. The relation (8) then impliesx�B � xBx� ; y� = y xBx�x�B � y (10)and x� y � s� +Q2s (11)with 
orre
tions of order m=Q, where m2 represents the small s
ales m2N , m2�, t and t�, whosemagnitudes we do not distinguish at this point. The phase spa
e element of the pro
ess (1) 
an bewritten asd3l02l00 d3q02q00 d3p0�2p00� d3p02p00 Æ(4)(l0 + q0 + p0� + p0 � l � p) = dQ2 dy d e dt� d�� dt dx� d n64p(s� +Q2 + t)2 � 4s� t : (12)The interpretation of the pro
ess (1) in terms of DVCS on a virtual pion target puts several
onditions on the kinemati
s, whi
h we now dis
uss. First of all we impose an upper 
uto� on jtj,jtj � jtjmax ; (13)to ensure that the p! n transition is dominated by virtual pion emission. Sin
e jtjmax must be biggerthan �t0 in (5), this implies a maximum value for x�,x� � x�max = 12hp�2 + 4� � �i with � = jtjmaxm2N : (14)Sin
e we want the subpro
ess 
�� ! 
� to be in Bjorken kinemati
s, we further impose lower 
uto�ss� � s�min ; Q2 � Q2min : (15)A

ording to (11) this implies lower limits on x� and on y,x�min � 1ymax s�min +Q2mins ; ymin � 1x�max s�min +Q2mins ; (16)where ymax is an upper limit on y we will later impose both for theoreti
al and for experimentalreasons (see Se
t. 5). The relation (11) also restri
ts the largest possible values of Q2 toQ2max � sx�max ymax � s�min : (17)For a 
lean physi
al interpretation of the rea
tion (1) as DVCS on a weakly o�-shell pion target, it isdesirable to take rather small jtjmax and rather large s�min and Q2min. With (14) and the �rst relationin (16), this only leaves enough phase spa
e for x� if the total 
.m. energy s is suÆ
iently large.4



3 Cal
ulation of the 
ross se
tionIn this se
tion we give some basi
 formulae for the pro
ess ep ! e
�n in the one-pion ex
hangeapproximation and dis
uss the validity of this approximation.3.1 The one-pion ex
hange approximationIn the one-pion ex
hange approximation, the amplitudes for ep! e
�n and for e� ! e
� are relatedas Mep = �u(p0)
5u(p) p2g�NNm2� � t F (t)Me� ; F (t) = �2 �m2��2 � t (18)with the pion-nu
leon 
oupling g�NN = 13:05 [29℄. Here we have introdu
ed a phenomenologi
alfa
tor F (t) to soften the pion-nu
leon vertex when the pion virtuality t be
omes large 
ompared tom2�. In our 
al
ulations we will take � = 800MeV from [30℄. The ep 
ross se
tion is then given byd8�(ep! e
�n)dy dQ2 d e dt� d�� dt dx� d n = 1128(2�)8 (s�m2N )p(s� +Q2 + t)2 � 4s� t� �p2g�NN F (t)�2 �t(m2� � t)2 Xspins jMe�j2 ; (19)where Pspins sums over the polarizations of the �nal-state ele
tron and photon. In (19) we havefurther averaged over the polarization of the proton target and summed over the polarization of theoutgoing neutron, but kept the lepton beam polarization �xed. De�ning the 
ross se
tiond4�(e� ! e
�)dy� dQ2 dt� d�� = 132(2�)4 x�(s�m2N )p(s� +Q2 + t)2 � 4s� t Xspins jMe�j2 (20)on a virtual pion target, we have the simple relationd6�(ep! e
�n)dy dQ2 dt� d�� dt dx� = x� g2�NN8�2 �F (t)�2 �t(m2� � t)2 d4�(e� ! e
�)dy� dQ2 dt� d�� ; (21)where we have integrated over the angles  e and  n.For a rough estimate one may negle
t the dependen
e of the e� 
ross se
tion (20) on the pionvirtuality t. Integrating the fa
tor of proportionality in (21) over t, one then obtainsd4�(ep! e
�n)dy dQ2 dt� d�� � Z dx� �(x�; jtjmax) d4�(e� ! e
�)dy� dQ2 dt� d�� (22)with �(x�; jtjmax) = x� g2�NN8�2 t0(x�)Z�jtjmax dt �F (t)�2 �t(m2� � t)2 ; (23)where t0(x�) is given in (5). Note that the e� 
ross se
tion on the r.h.s. of (22) depends on x� vias� � x�y� s�Q2. With the form fa
tor of the pion-nu
leon vertex taken in (18), the integral in (23)
an be done analyti
ally usingZ dt �F (t)�2 �t(m2� � t)2 = �2 +m2��2 �m2� ln �2 � tm2� � t � �2�2 � t � m2�m2� � t : (24)In Fig. 2 we show the pion 
ux fa
tor �(x�; jtjmax) as a fun
tion of x� for two values of jtjmax.5
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Figure 2: The pion 
ux fa
tor �(x�; jtjmax) de�ned in (23), shown for jtjmax = 0:3GeV2 (solid) andjtjmax = 0:5GeV2 (dashed).3.2 Validity of the one-pion ex
hange approximationThe validity of the one-pion ex
hange approximation in the pro
ess (1) 
annot be taken for granted,and it is natural to see what is known for similar pro
esses.As already mentioned in the introdu
tion, an important pro
ess in this 
ontext is ep! e�n, wherethe one-pion ex
hange approximation yields the subpro
ess e� ! e�, from whi
h the ele
tromagneti
pion form fa
tor 
an be extra
ted. The most re
ent measurements [10, 11℄, as well as previous data,provide a 
lear indi
ation that pion ex
hange 
annot be the only 
ontribution to this rea
tion. Thisis be
ause the 
ross se
tion �T for 
�p! �n with transverse 
� polarization in the 
�p 
.m. is seen tobe 
learly nonzero, although at low jtj it is smaller than the 
ross se
tion �L for a longitudinal 
�. Tounderstand the impli
ations of this observation, let us take the 
ase jtj = jtjmin, where by de�nitionthe angle between the proton and neutron momenta is zero in the 
�p 
.m. Due to angular momentum
onservation, the subpro
ess 
�� ! � 
an then only pro
eed for longitudinal photon polarization, i.e.,pion ex
hange 
ontributes only to �L. In terms of t-
hannel ex
hanges, the presen
e of �T is thus anindi
ator for the ex
hange of states with nonzero spin, with the � being an obvious 
andidate be
auseof its relatively low mass. A 
orresponding model 
al
ulation in [31℄ indeed yields a nonvanishing �T ,although it undershoots the measured values of [10℄ and [11℄, whi
h were taken at 
�p 
.m. energiesof W = 1:95GeV and W = 2:22GeV, respe
tively. In [10℄ this mismat
h was as
ribed to possibleresonan
e 
ontributions in the �n 
hannel. At jtj = jtjmin there is no 
ontribution to �L from �ex
hange be
ause of parity 
onservation in the subpro
ess 
��! �, so that for the extra
tion of thepion form fa
tor a separation of �L and �T should 
onsiderably enhan
e the 
ontribution from purepion ex
hange.We note that the situation in 
�p ! 
�n is di�erent. Even at jtj = jtjmin both subpro
esses
�� ! 
� and 
��! 
� 
an take pla
e for transverse 
� polarization, whi
h is dominant in Bjorkenkinemati
s a

ording to the fa
torization theorem for DVCS. Whereas taking low jtj will enhan
e pionex
hange also in this 
ase, it may be useful to assess the quantitative importan
e of 
��! 
�. Thiswould require information about the GPDs for the � ! � transition. Simple heli
ity 
ounting [32℄shows that at twist-two level there are two GPDs involving the axial 
urrent and one GPD involvingthe ve
tor 
urrent for the quarks. Their x moments are a

essible to an evaluation in latti
e QCD,whi
h may thus help to estimate the role of � ex
hange in the rea
tion ep! e
�n. In parti
ular, thelowest moment of the ve
tor 
urrent GPD gives the ele
tromagneti
 � ! � transition form fa
tor,6



whi
h also enters the Bethe-Heitler pro
ess in e�! e
�. A further 
onstraint on the �! � transitionGPDs 
an be obtained by taking the limit of soft pion momentum, in analogy to what has been donefor the N ! � transition in [33℄.Con
erning resonan
e 
ontributions, we re
all that the 
�p 
.m. energy W is large in Bjorkenkinemati
s. In experiments suited to investigate DVCS, W will thus be mu
h larger than in the pionform fa
tor measurements [10,11℄. More problemati
 are possible resonan
es in the �n 
hannel of the�nal state, whi
h are of 
ourse not taken into a

ount by the one-pion ex
hange approximation. Therelevant invariant mass isM2�n = (p0� + p0)2 = m2N + 2mNE� + t� � t= m2N +m2� + 1x� �(t�0 � t�)(1� x�)� t(1� x�B) + 1� x�1� x�B m2�+ 2 
os(�� +  e �  n)q(1� x�)(1 � x�B)(t0 � t)(t�0 � t�) �+O�m3Q � : (25)Here E� is the energy of the outgoing pion in the proton rest frame, and t�0 is the upper kinemati
limit of t�. In the Bjorken limit one hast�0 � x�B t� x�Bm2�1� x�B (26)with 
orre
tions of order (x�Bm)2=Q2. In our numeri
al 
al
ulations we use the exa
t expression oft�0, so that any �� dependent term exa
tly vanishes at the kinemati
al point t� = t�0, where �� is notde�ned. We see from (25) that to avoid resonan
es 
ontributions in the �n 
hannel it is advantageousto have low x� and relatively large jt�j (while still respe
ting the 
ondition jt�j � Q2 for Bjorkenkinemati
s).A di�erent pro
ess relevant in our 
ontext is deep inelasti
 s
attering with a leading neutron inthe target hemisphere, ep ! en +X. In the one-pion ex
hange approximation, this gives a

ess toin
lusive deep inelasti
 s
attering 
�� ! X and thus provides information of the parton densities ofthe pion. There is a number of theoreti
al investigations fo
using on very high energies, as a
hievedin the HERA 
ollider experiments [34℄. In parti
ular, the studies [35{37℄ have investigated the role of� and also of a2 ex
hange in the framework of Regge theory. Furthermore, res
attering of the neutronhas been studied in [37{40℄ and is typi
ally found to be non-negligible even for Q2 of several GeV2.Given the high-energy limit underlying these investigations, we �nd it diÆ
ult to assess the situationfor deeply virtual Compton s
attering at signi�
antly lower energies.In summary, we �nd that existing theoreti
al investigations of similar pro
esses 
annot readily beused to quantify e�e
ts beyond the one-pion ex
hange approximation for ep! e
�n. They emphasize,however, the importan
e of taking jtj as small as possible. Working at low x� will in addition helpto avoid resonan
e e�e
ts between the outgoing neutron and pion. The in
orporation of � ex
hangeinto the theoreti
al analysis should be pra
ti
ally feasible (at least at the level of estimates) if one
ould gain some information on the size of the � ! � transition GPDs, for instan
e from latti
e
al
ulations.3.3 Compton s
attering on the pionLet us now re
all the basi
s of the pro
ess e� ! e
� in the Bjorken limit, whi
h have been elaboratedin detail in earlier work [25℄. The analysis of this rea
tion pro
eeds in 
lose analogy to the well-known
ase of a proton target [22℄. It is in fa
t simpler be
ause the pion has spin zero and thus involves7



fewer GPDs and form fa
tors than the proton. Throughout this se
tion, we retain only the leadingterms in the 1=Q expansion, unless expli
itly indi
ated.We de
ompose the amplitude for e� ! e
� into 
ontributions from Compton s
attering and fromthe Bethe-Heitler pro
ess, Me� =MVCS +MBH : (27)The 
orresponding de
omposition of the di�erential 
ross se
tion for e� ! e
� and thus also forep! e
�n reads d� = d�VCS + d�BH + d�INT ; (28)where d�INT is the interferen
e term between the Bethe-Heitler and Compton pro
esses. In theBjorken limit we have for the squared Compton amplitudeXspin jMVCSj2 = 4e6Q2 1� y� + y2�=2y2� jH�j2 ; (29)with H�(�; t�) =Xq e2q Z 1�1 dxHq�(x; �; t�) � 1� � x� i" � 1� + x� i"� (30)at leading order in �s. Here Hq� is the GPD for quark 
avor q in a �+ as de�ned in [5℄, eq is thequark 
harge in units of the positron 
harge e, andPspin sums over the polarization of the �nal-statephoton. The skewness variable is given by � = x�B2� x�B : (31)The squared Bethe-Heitler amplitude 
an be written asXspin jMBHj2 = 16e6P 1� x�B(x�B)2 t�0 � t�t2� 1� y� + y2�=21� y� �F�(t�)�2 ; (32)where the fa
tor P = �s0u0Q4 (1� y�)=y2� = (As �B 
os��)(Au �B 
os��)Q4 (1� y�)=y2� (33)with s0 = (l0 + q0)2 and u0 = (l � q0)2 
omes from the lepton propagators. This fa
tor is unity inthe Bjorken limit, but it 
an deviate quite signi�
antly in experimentally relevant kinemati
s. Up torelative 
orre
tions of order x�Bm2=Q2, one hasAs = Q2 � (1� y�)t�y� ; Au = (1� y�)Q2 � t�y� ; B = 2Qy� q(1� y�)(1 � x�B)(t�0 � t�) ; (34)so that for 4(1�x�B)(t�0�t�) � (1�y�)Q2 one 
an have P 
lose to zero. In our numeri
al 
al
ulationswe use the exa
t expressions of s0 and u0 in (33). The interferen
e term between Compton s
atteringand the Bethe-Heitler pro
ess readsXspinM�VCSMBH + 
.
. = e` 16e6P p1� x�Bx�B pt�0 � t�Qt� F�(t�)� �1� y� + y2�=2y�p1� y� 
os�� ReH� + P` 1� y�=2p1� y� sin�� ImH�� ; (35)8



where e` = �1 is the 
harge of the lepton beam and P` = �1 its heli
ity.For la
k of better knowledge, we will ignore the o�-shellness of the in
oming pion when evaluatingF�(t�) and Hq�(x; �; t�). In kinemati
al fa
tors we take, however, the virtuality t of the initial pioninstead of m2�. As 
an be seen in (26), this has an important e�e
t on t�0 and thus on the fa
torst�0 � t� in (32) and (35). The approximation (22), where the t-dependen
e of d�(e� ! e
�) isnegle
ted, should therefore be used with 
aution, espe
ially for small jt�j.In the Bjorken limit, the Bethe-Heitler pro
ess dominates over Compton s
attering (unless y� isvery small). This is be
ause jMVCSj2ÆjMBHj2 � t�=Q2 a

ording to (29) and (32). In this situation,privileged a

ess to the Compton amplitude is provided by the interferen
e term (35), whi
h 
an beseparated from the 
ross se
tion by reversing the beam 
harge e` or the beam heli
ity P`. We remarkthat there are also P` dependent terms in d�VCS. As 
an be seen in [25℄ they are, however, suppressedby 1=Q 
ompared with the dominant term given in (29).To 
on
lude this se
tion we remark on the pro
ess en ! e
��p, whi
h is a

essible throughin
oherent s
attering on nu
lear targets. Comparing the subpro
esses e�+ ! e
�+ and e�� ! e
��,we �nd that the amplitudes for the Bethe-Heitler pro
ess have opposite sign, whereas those for theCompton pro
ess are equal. This is be
ause the 
�� three-point fun
tion 
hanges sign under 
harge
onjugation while the 
��
 four-point fun
tion remains the same, and therefore holds even beyondthe leading approximation in 1=Q. As a 
onsequen
e, the relationsd�VCS(en! e
��p) = d�VCS(ep! e
�+n) ;d�BH(en! e
��p) = d�BH(ep! e
�+n) ;d�INT(en! e
��p) = �d�INT(ep! e
�+n) (36)hold as long as the one-pion ex
hange approximation is valid, whereas they will be invalid if forinstan
e interferen
e between � and � ex
hange is important. In typi
al �xed-target kinemati
s d�BHis mu
h larger than d�INT, so that the relations (36) 
an prin
iple be tested experimentally: whengoing from ep ! e
�+n to en ! e
��p, the overall 
ross se
tion should approximately remainthe same, whereas the beam spin or beam 
harge asymmetry should 
hange sign. We note that a
orresponding 
onsisten
y 
he
k for the one-pion ex
hange approximation in ep ! e�+n and en !e��p was performed in the extra
tion [11℄ of the pion form fa
tor.4 The generalized quark distribution of the pionIn this se
tion we des
ribe the model for the pion GPDs whi
h we will use in our numeri
al studies.We generate a dependen
e on the skewness � by the model of Musatov and Radyushkin [41℄,Hq�(x; �; t�) = Z 1�1 d� Z 1�j�j�1+j�j d� Æ(x� � � ��)hb(�; �)Hq�(�; 0; t�) (37)with hb(�; �) = �(2b+ 2)22b+1�2(b+ 1) [(1 � j�j)2 � �2℄b(1� j�j)2b+1 : (38)For the pro�le parameter we will take either b = 2 or b = 1. The forward limit of the GPDs is givenby the parton densities in the pion as Hq�(x; 0; 0) = q�(x) for x > 0 and Hq�(x; 0; 0) = ��q�(�x) forx < 0. As an input we will take the parameterizations of SMRS [12℄ or of GRS [13℄, both at s
ale� = 2GeV. 9
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Figure 3: Data for the ele
tromagneti
 pion form fa
tor from [8{11℄, 
ompared to a �t spe
i�ed by(41), (42), and the parameters in (43).The simplest way to model the t� dependen
e is a fa
torized ansatzHq�(x; 0; t�) = Hq�(x; 0; 0)F�(t�) ; (39)whi
h automati
ally satis�es the sum ruleXq eq Z 1�1 dxHq�(x; 0; t�) = F�(t�) : (40)Both theoreti
al 
onsiderations [42℄ and latti
e QCD 
al
ulations [16, 17℄ indi
ate, however, that thedependen
e of the GPDs on t� and x is 
orrelated. As a model ansatz we will take an exponentialt� dependen
e with an x dependent slope. Su
h an ansatz has proven to be quite su

essful for theproton [43, 44℄. Following [43℄ we setHq�(x; 0; t�) = Hq�(x; 0; 0) exp�t�f(jxj)� (41)with f(x) = �0(1� x)3 ln 1x +B (1� x)3 +Ax(1� x)2 ; (42)where �0 = 0:9GeV�2 is taken in a

ordan
e with Regge phenomenology. We �t A and B to des
ribethe pion form fa
tor through the sum rule (40), using the data [8{11℄ as sele
ted in [45℄. With the�tted values A = 2:19GeV�2 ; B = �0:38GeV�2 for GRS,A = 1:35GeV�2 ; B = 0:58GeV�2 for SMRS (43)we get a good des
ription for F�(t�) with both parameterizations of the parton densities, as shown inFig. 3. An intuitive physi
al interpretation of the fun
tion f(x) is obtained in the impa
t parameterrepresentation [2℄: for x > 0 the average of the squared transverse distan
e between the quark andthe 
enter of momentum of the pion is hb2ix = 4f(x). The results of our two �ts are rather similarand yield physi
ally reasonable values, as shown in Fig. 4.10
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Figure 4: The average transverse distan
ephb2ix between a u-quark and the 
enter of momentum ofthe �+, as obtained in the two �ts of Fig. 3.As a 
aveat we note that the sum rule (40) only 
onstrains the valen
e quark distributions, givenby Hq(x; 0; t�) +Hq(�x; 0; t�) = �q�(x)� �q�(x)� exp�t�f(x)� for x > 0, and is insensitive to the seaquarks. Sin
e sea quarks mix with gluons under evolution, one may expe
t that the t� dependen
ein this se
tor is di�erent from the one for valen
e distributions. The ansatz (41) with a 
ommont� dependen
e for valen
e and sea quarks (in
luding the strange sea) may hen
e be regarded asoversimpli�ed. Given, however, that even in the forward limit the sea quark distributions in the pionare poorly known at present, we deem this ansatz to be a

eptable for our purpose.Using (41) and (42) we 
an also evaluate the se
ond momentAu20(t�) = Z 1�1 dxxHu� (x; 0; t�) ; (44)whi
h has been evaluated in latti
e QCD [16,17℄. In Fig. 5 we 
ompare the results of our �ts (43) witha monopole parameterization of the latti
e data given in [17℄. Although not perfe
t, the agreementis quite good, and 
ertainly mu
h better than the result of the fa
torized ansatz (39). We note that,in our parameterization, the 
ontribution of sea quarks to the moment (44) is below 30% at t� = 0and smaller at nonzero t�.Notwithstanding the su

ess of the ansatz given by (41) and (42) in reprodu
ing the lowest twomoments of the pion GPD, some 
autionary remarks from the theoreti
al side are in order. Asdis
ussed in [43℄, the asymptoti
 behavior of the pion form fa
tor at large negative t in our ansatzis 
ontrolled by the Feynman me
hanism and given by the Drell-Yan relation F�(t) � jtj�(1+�)=2.Here � des
ribes the behavior q(x) � (1 � x)� of the parton densities in the limit x ! 1 and ispredi
ted to be � = 2 for the pion [46, 47℄. Asymptoti
ally the Feynman me
hanism hen
e givesa 
ontribution F�(t) � jtj�3=2 to the form fa
tor, whi
h is power suppressed 
ompared with the
ontribution F�(t) � jtj�1 from the hard-s
attering me
hanism [46, 48℄, where it is understood thatboth power laws are modi�ed by logarithms. The ansatz (41), (42) does not have the form generatedby the hard-s
attering me
hanism for Hq�(x; �; t) at large t [49℄. However, it turns out that the partondensity parameterizations [12,13℄ at � = 2GeV both have a large-x power � � 1 within less than 10%,in stark 
ontrast with the predi
tion � = 2 from power 
ounting. Thus, our ansatz gives F�(t) � jtj�1at large negative t, whi
h is 
ompatible with the monopole behavior that des
ribes very well the11
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Figure 5: The se
ond moment (44) of the pion GPD Hu� , obtained with the two �ts of Fig. 3.Also shown is the result of the fa
torized ansatz (39) with the GRS parton densities. The band
orresponds to a parameterization of latti
e results given in [17℄, Au20(t�) = Au20(0)Æ�1� t�=M2� withAu20(0) = 0:261(5) and M = 1:37(7)GeV.available data [45℄. We shall not pursue this issue further, and use our ansatz for Hq�(x; �; t�) as asimple 
andidate form that is not in 
ontradi
tion with phenomenologi
al 
onstraints.5 Cross se
tion estimatesIn this se
tion, we 
al
ulate the 
ross se
tion for ep! en
� and its dependen
e on the beam 
hargeand beam heli
ity. Sin
e the unpolarized 
ross se
tion is dominated by the Bethe-Heitler pro
ess, the
orresponding results are largely model independent (as long as the one-pion ex
hange approximationis adequate). On the other hand, we will see that the 
harge and polarization asymmetries for thelepton beam are quite sensitive to the model we assume for the pion GPD. We will 
ompare foursimple model s
enarios:1. a skewness dependen
e generated by (37) and (38) with b = 2 and a t� dependen
e given by(41) to (43), with the GRS parton densities in the pion,2. the same as model 1, but with the SMRS parton densities,3. the same as model 1, but with b = 1 instead of b = 2,4. the same as model 1, but with a fa
torizing t� dependen
e (39). We use this model for the sakeof 
ontrast, although it is disfavored by theoreti
al 
onsiderations and latti
e data.For the pion form fa
tor we use a monopole parameterization F�(t�) = 1Æ�1 � t�=M2� with M =714MeV. This provides a very good des
ription of the experimental data, as shown in [45℄.As explained in Se
t. 2, we impose minimal values for Q2 and s� and at the same time a maximalvalue for jtj, whi
h requires a suÆ
iently large energy. We therefore 
on
entrate on typi
al kinemati
sfor HERMES and for the planned Je�erson Lab upgrade to 11GeV beam energy. The leading-twistinterpretation of DVCS demands that jt�j � Q2, so that we also put a 
ut jt�j < jt�jmax. We�nally impose a maximum value on y (and thus on y�). On the experimental side, this ensuresthat the s
attered lepton has suÆ
ient energy to be dete
ted and identi�ed. On the theoreti
al side,12



this improves the 1=Q expansion underlying the approximate formulae (32) and (35), sin
e there aresubleading terms in 1=Q that 
ome with a fa
tor 1=p1� y� relative to the leading terms. An exampleof su
h a subleading term is found in the propagator fa
tor P , see (33) and (34).Let us �rst 
onsider the 
ase of HERMES, with a beam energy Ee = 27:6GeV in the protonrest frame. We impose a lower limit #
 > 2:57Æ on the angle between the momenta of the �nal-state photon and the lepton beam in the target rest frame. This value 
orresponds to the maximalgeometri
 a

eptan
e of the ele
tromagneti
 
alorimeter in the experiment, see e.g. Se
t. 5.22 of [50℄.Taking limiting valuesQ2min = 2GeV2 ; s�min = 4GeV2 ; ymax = 0:85 (45)and jtjmax = 0:5GeV2 ; jt�jmax = 0:9GeV2 ; (46)we �nd a Bethe-Heitler 
ross se
tion of �BH = 1620 fb, whi
h is between 15% and 20% smaller thanthe result we obtain in model 1 for �BH + �VCS + �INT with either an ele
tron or positron beam.With an integrated luminosity of order 1 fb�1 for HERMES running on a proton target [51℄, wedeem this 
ross se
tion to be too small, sin
e it will be further de
reased by experimental a

eptan
e
uts and dete
tion eÆ
ien
y, and sin
e a

ording to (35) the extra
tion of the beam 
harge or beampolarization asymmetry requires a di�erential measurement at least in the angle ��. Loosening therequirements (45) or (46) would in
rease the rate at the pri
e of going to kinemati
s where thetheoreti
al interpretation used in this paper be
omes in
reasingly questionable.Higher luminosities than at HERMES 
an be a
hieved by the experiments at Je�erson Lab. With a
urrently available beam energy of up to Ee = 6GeV, the requirements (45) and (46) leave no availablephase spa
e, as 
an be seen from the bounds on x� in (14) and (16). This will be 
hanged with theenergy upgrade to Ee = 11GeV, whi
h we 
onsider in the remainder of this se
tion. We assume thatthe outgoing ele
tron, photon, and pion are dete
ted experimentally. Note that identi�
ation of thepion (or of the re
oiling neutron) is ne
essary to distinguish the signal pro
ess ep ! e
�+n fromDVCS on the proton, ep! e
p, whi
h has a far greater rate. In the proton rest frame we haveE� = 12mNx��m2� � t� � �(1� x�)(1 � x�B)� x�B �t+ 2 
os(�� +  e �  n)q(1� x�)(1� x�B)(t0 � t)(t�0 � t�)�+O�m2Q � ;
os#� = �1� x�(1� x�B)mNE� � E�pE2� �m2� +O�mQ� ; (47)where E� is the energy of the �nal-state pion and #� the angle between its momentum and the leptonbeam dire
tion. Likewise, we �ndE
 = Q22xBmN +O(m) ; 
os#
 = 1� 2(1� y)x2Bm2NQ2 +O�m3Q3 � (48)for the energy of the outgoing photon and its polar angle. To estimate the 
ross se
tion and itsdependen
e on the beam 
harge and polarization, we assume some minimal experimental 
uts, whi
h
orrespond to the a

eptan
e planned for the CLAS++ dete
tor [52℄,E0e > 500MeV ; 8Æ < #e < 45Æ ;E
 > 100MeV ; 2Æ < #
 < 40Æ ;E� > 200MeV ; 5Æ < #� < 135Æ : (49)13
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Figure 6: S
atter plots for the energies and polar angles of the �nal-state pion and photon in theproton rest frame. The plots are generated from the Bethe-Heitler 
ross se
tion within the kinemati
sspe
i�ed by (45), (49), and (50).Typi
al values of these quantities are shown in the s
atter plots of Fig. 6. These plots have beengenerated using the Bethe-Heitler 
ross se
tion, whi
h dominates the total rate as we shall see shortly.We have imposed the kinemati
 requirements (45) andjtjmax = 0:3GeV2 ; jt�jmax = 0:7GeV2 ; (50)where 
ompared with (46) we have taken smaller jtjmax and jt�jmax, so that the one-pion ex
hange andthe leading-twist approximations are better ful�lled. We see that the pion has small to intermediateenergy and 
overs a large angular region, whereas the photon is energeti
 and strongly fo
used in thebeam dire
tion. In the 
orresponding s
atter plot for the outgoing ele
tron kinemati
s (not shownhere) we have 1:6GeV < E0e < 3:4GeV and 13Æ < #e < 25Æ, so that the experimental 
uts on thesequantities in (49) have no in
uen
e.Figure 7 shows 
orresponding s
atter plots for other relevant variable pairs. In the �rst two panelswe see the values of Q2, s�, and x�B at whi
h the Compton pro
ess 
�� ! 
� 
an be probed withEe = 11GeV. The last panel shows that typi
al values of the squared �n invariant mass M2�n arebetween 1:3GeV2 and 2:2GeV2, whi
h unfortunately in
ludes the region of nu
leon resonan
es. Wewill 
ome ba
k to this point shortly.In addition to the 
ontributions �BH, �VCS, �INT of the di�erent subpro
esses and their interferen
eto the integrated 
ross se
tion, we evaluate the weighted di�eren
esS
os��C = Z d�� 
os�� �d�(e` = +1)d�� � d�(e` = �1)d�� � ;Ssin��L = Z d�� sin�� �d�(P` = +1)d�� � d�(P` = �1)d�� � ; (51)of 
ross se
tions for di�erent beam 
harge or beam polarization. In the approximation given by (29),(32), (35), they are respe
tively proportional to ReH� and ImH� in the interferen
e term. In theBjorken limit, the propagator fa
tor P in (33) be
omes �� independent, so that S
os��C and Ssin��Lrespe
tively give the 
oeÆ
ients of 
os�� and sin�� in 2�d�INT=d��. With Ee = 11GeV and thekinemati
s delineated by (45) and (50), we �nd, however, a 
lear �� dependen
e for P . For thisreason, the interferen
e term (35) also 
ontributes to the 
ross se
tion integrated over ��, as seen in14
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Table 1: The 
ontributions of the Bethe-Heitler and Compton pro
esses and of their interferen
eto the integrated 
ross se
tion, as well as the weighted 
ross se
tions de�ned in (51). Results areevaluated in model 1 for di�erent kinemati
 
onstraints in addition to the 
uts (49). The signs of�INT and Ssin��L refer to an ele
tron beam (e` = �1). Limiting values of Q2, s�, t, t�, and M2�n aregiven in units of GeV2, and 
ross se
tions in units of fb.Q2min s�min jtjmax jt�jmax ymax M2�nmin �BH �VCS �INT S
os��C Ssin��L2 4 0:3 0:7 0:85 | 18:4 0:88 �0:18 0:39 7:572 4 0:3 0:7 0:8 | 5:12 0:29 �0:09 0:17 2:172 4 0:3 0:7 0:9 | 45:6 1:86 �0:27 0:64 17:92 4 0:2 0:7 0:85 | 0:41 0:016 �0:002 0:004 0:162 4 0:5 0:7 0:85 | 105 6:52 �2:32 5:00 46:22:5 4 0:3 0:7 0:85 | 2:55 0:103 �0:010 0:018 0:962 5 0:3 0:7 0:85 | 0:30 0:013 �0:003 0:008 0:122 4 0:3 0:5 0:85 | 16:2 0:69 �0:09 0:18 6:302 4 0:3 0:7 0:85 1:5 13:4 0:67 �0:19 0:42 5:722 4 0:3 0:7 0:85 1:8 5:08 0:31 �0:14 0:30 2:46Table 1. We also re
all that beyond the leading approximation in 1=Q, the weighted 
ross se
tionSsin��L re
eives a 
ontribution from d�VCS in addition to the one from d�INT. This 
an be seen fromthe expressions in [25℄ and is well-known in the 
ase of DVCS on a proton [22℄.In Table 1 we show our results for the integrated and weighted 
ross se
tions 
al
ulated in model1 for di�erent kinemati
 
onstraints. For the 
hoi
e in (45) and (50), shown in the �rst row, oneobtains an integrated 
ross se
tion of 18:4 fb. With an estimated luminosity of 3000 fb�1 per year atCLAS++, this gives a very 
omfortable rate of about 55000 events, so that one may hope that evenwith realisti
 experimental 
uts and dete
tion eÆ
ien
ies there will be suÆ
ient statisti
s to performa binning in several variables.The further entries in Table 1 illustrate how the situation 
hanges if one modi�es our baselinekinemati
 
onstraints. Raising ymax from 0:85 to 0:9 would more than double the rate, but as dis
ussedabove this would make the 1=Q expansion underlying the formulae (32) and (35) worse. Loweringinstead ymax from 0:85 to 0:8, would redu
e the rate by a fa
tor of about 3:5. In
reasing jtjmax from0:3GeV2 to 0:5GeV2 we obtain a signi�
antly higher rate, but the one-pion ex
hange approximationis mu
h more problemati
 in that 
ase. De
reasing jtjmax to 0:2GeV2 would improve the quality ofthe one-pion ex
hange approximation, but the resulting loss of rate is probably too mu
h for su
ha 
ut to be useful. Taking a stri
ter 
ut of 2:5GeV2 instead of 2GeV2 for Q2min would make theleading-twist analysis of DVCS safer but de
rease the 
ross se
tion by about a fa
tor of 7. An evenstronger de
rease is found if one requires s� to be above 5GeV2 instead of 4GeV2. By 
ontrast,only very little rate is lost if one takes 0:5GeV2 instead of 0:7GeV2 for jt�jmax, so that it may beworthwhile to 
onsider a stronger 
ut on this variable. Finally, one may wish to impose a 
ut onthe invariant mass of the �n system, so as to redu
e possible resonan
e e�e
ts in this 
hannel, whi
hare not taken into a

ount in our theoreti
al des
ription. The entries in the last two rows of Table 1respe
tively 
orrespond to a lower 
ut on M�n at the mass of the � and at the mass of the � plusits width. The resulting rates show that at least part of the kinemati
 region where resonan
e e�e
tsmay spoil a simple interpretation 
an be removed in an analysis without losing too mu
h signal.16



Table 2: As Table 1 but for di�erent models of the pion GPDs. The kinemati
 
onstraints in (45),(49), and (50) are always assumed. The 
orresponding Bethe-Heitler 
ross se
tions is �BH = 18:4 fb.model �VCS �INT S
os��C Ssin��L1 0:88 �0:18 0:39 7:572 0:67 �0:66 1:57 6:443 1:12 �0:21 0:43 8:574 0:70 0:25 �0:62 6:78In Fig. 8 we show the Bethe-Heitler 
ross se
tion di�erential in t, t�, or in x�. We see that inthe kinemati
s of Je�erson Lab at 11GeV a 
uto� jtjmax mu
h below 0:3GeV2 severely restri
ts theavailable phase spa
e. The t� spe
trum falls o� mu
h more slowly than the 
orresponding t spe
trumfor DVCS on the proton, whi
h readily follows from the slower de
rease of the pion ele
tromagneti
form fa
tor 
ompared with the proton form fa
tors. Nevertheless, the fallo� for jt�j>� 0:2GeV2 issuÆ
iently steep to a

ount for the weak dependen
e of the 
ross se
tion on jt�jmax seen in Table 1.The spe
trum in x� is rather featureless and re
e
ts the form of the pion 
ux fa
tor in Fig. 2 togetherwith the phase spa
e boundaries xmin and xmax given in (14) and (16).The sensitivity to the pion GPDs of the Compton 
ross se
tion and the interferen
e term isdo
umented in Table 2 for the di�erent models introdu
ed above. To obtain a more detailed pi
ture,we plot in Fig. 9 the weighted 
ross se
tions (51) di�erential in t, t�, and x�. We see that the spreadbetween models is mu
h more pronoun
ed for S
os��C , with di�erent signs and even a zero 
rossing int� for some of the models. By 
ontrast, the variation of Ssin��L is less drasti
 and 
on
erns the sizeof the weighted 
ross se
tion more than its dependen
e on t, t�, or x�. On the other hand, the beamspin asymmetry Ssin��L is signi�
antly larger than the beam 
harge asymmetry S
os��C and may beeasier to measure in pra
ti
e.6 SummaryWe have investigated the possibility to study DVCS on the pion in the rea
tion ep ! e
�+n. Su
ha study is experimentally demanding for several reasons. Firstly, the phase spa
e is limited by therequirements of small t on one side (so that pion ex
hange dominates the pro
ess and the pion is nottoo far o�-shell) and of large Q2 and s� on the other side (so that an analysis based on the Bjorkenlimit is appli
able). As 
an be seen from (14) and (16), this favors experiments with a higher ep 
.m.energy. Se
ondly, the 
ross se
tion for ep! e
�+n is signi�
antly smaller than the one for ep! e
p,whi
h puts high demands on both the luminosity and the experimental identi�
ation of the �nal state.We �nd that 
onditions for an experimental study of this pro
ess are not favorable in 
urrentexperiments, with HERMES being limited by the available event rate and Je�erson Lab by the beamenergy. After the planned energy upgrade to 11GeV at Je�erson Lab, it should, however, be possibleto investigate the rea
tion in detail. Using a

eptan
e 
uts relevant for the CLAS++ dete
tor, we �nd
omfortable event rates for kinemati
al 
onditions that may not be optimal but should be adequate fora �rst look at DVCS on the pion in the Bjorken regime and at intermediate values of the skewness �.Using simple models for the GPDs of the pion, we estimate that information about them 
ould beprovided both by the beam spin and by the beam 
harge asymmetry, with the latter showing a morepronoun
ed sensitivity to the ansatz for the GPDs but being smaller in size. Optimized studies mightbe feasible one day at a proje
ted ele
tron-ion 
ollider [53℄, where in parti
ular it should be possible17
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uts spe
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to take the invariant mass of the �n system above the resonan
e region.As a part of our model study, we have explored an ansatz for the pion GPDs that dependsexponentially on t� with a slope de
reasing with x. Taking a fun
tional form previously used for thenu
leon [43℄ together with 
urrent parameterizations of the parton densities in the pion, we obtainan ex
ellent �t to the experimental data of the ele
tromagneti
 pion form fa
tor. Without adjustingfurther parameters, the ansatz then 
ompares rather well with re
ent results from latti
e QCD forthe se
ond Mellin moment of the GPDs.A
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