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Angular 
orrelations in three-jet events inep 
ollisions at HERA

ZEUS Collaboration
Abstra
tThree-jet produ
tion in deep inelasti
 ep s
attering and photoprodu
tion wasinvestigated with the ZEUS dete
tor at HERA using an integrated luminosity of127 pb�1. Measurements of di�erential 
ross se
tions are presented as fun
tionsof angular 
orrelations between the three jets in the �nal state and the proton-beam dire
tion. These 
orrelations provide a stringent test of perturbative QCDand show sensitivity to the 
ontributions from di�erent 
olour 
on�gurations.Fixed-order perturbative QCD 
al
ulations assuming the values of the 
olourfa
tors CF , CA and TF as derived from a variety of gauge groups were 
om-pared to the measurements to study the underlying gauge group symmetry. Themeasured angular 
orrelations in the deep inelasti
 ep s
attering and photopro-du
tion regimes are 
onsistent with the admixture of 
olour 
on�gurations aspredi
ted by SU(3) and disfavour other symmetry groups, su
h as SU(N) in thelimit of large N .
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1 Introdu
tionQuantum 
hromodynami
s (QCD) is based on the non-Abelian group SU(3) whi
h indu
esthe self-
oupling of the gluons. Investigations of the triple-gluon vertex (TGV) were
arried out at LEP [1, 2℄ using angular 
orrelations in four-jet events from Z0 hadroni
de
ays. At HERA, the e�e
ts of the di�erent 
olour 
on�gurations arising from theunderlying gauge stru
ture 
an be studied in a 
lean way in three-jet produ
tion in neutral
urrent (NC) deep inelasti
 s
attering (DIS) and photoprodu
tion (
p).Neutral 
urrent DIS at high Q2 (Q2 � �2QCD, where Q2 is the virtuality of the ex
hangedphoton) up to leading order (LO) in the strong 
oupling 
onstant, �s, pro
eeds as inthe quark-parton model (V q ! q, where V = 
� or Z0) or via the boson-gluon fusion(V g ! q�q) and QCD-Compton (V q ! qg) pro
esses. Photoprodu
tion is studied atHERA by means of ep s
attering at low four-momentum transfers (Q2 � 0). In 
prea
tions, two types of QCD pro
esses 
ontribute to jet produ
tion at LO [3, 4℄: eitherthe photon intera
ts dire
tly with a parton in the proton (the dire
t pro
ess) or the photona
ts as a sour
e of partons whi
h s
atter o� those in the proton (the resolved pro
ess).A subset of resolved subpro
esses with two jets in the �nal state are des
ribed by dia-grams with a TGV; however, su
h events are diÆ
ult to distinguish from two-jet eventswithout su
h a 
ontribution. Three-jet �nal states in dire
t 
p pro
esses also 
ontain
ontributions from TGVs and are easier to identify. Sin
e three-jet produ
tion in NC DISpro
eeds via the same diagrams as in dire
t 
p, su
h pro
esses 
an also be used to inves-tigate the underlying gauge symmetry. Examples of diagrams 
ontributing to four 
olour
on�gurations are shown in Fig. 1: (A) double-gluon bremsstrahlung from a quark line,(B) the splitting of a virtual gluon into a pair of �nal-state gluons, (C) the produ
tionof a q�q pair through the ex
hange of a virtual gluon emitted by an in
oming quark, and(D) the produ
tion of a q�q pair through the ex
hange of a virtual gluon arising from thesplitting of an in
oming gluon.Other possible diagrams and interferen
es 
orrespond to one of the four 
on�gurations.The produ
tion rate of all 
ontributions is proportional to the so-
alled 
olour fa
tors,CF , CA and TF , whi
h are a physi
al manifestation of the underlying group stru
ture.For QCD, these fa
tors represent the relative strengths of the pro
esses q ! qg, g ! ggand g ! q�q. The 
ontributions of the diagrams of Fig. 1 are proportional to C2F , CFCA,CFTF and TFCA, respe
tively, independently of the underlying gauge symmetry.Three-jet 
ross se
tions were previously measured in 
p [5℄ and in NC DIS [6, 7℄. Theshape of the measured 
ross se
tions was well reprodu
ed by perturbative QCD (pQCD)
al
ulations and a value of �s was extra
ted [6℄. In this paper, measurements of angu-lar 
orrelations in three-jet events in 
p and NC DIS are presented. The 
omparisonbetween the measurements and �xed-order O(�2s) and O(�3s) perturbative 
al
ulations1



based on di�erent 
olour 
on�gurations provides a stringent test of pQCD predi
tionsdire
tly beyond LO and gives insight into the underlying group symmetry. Phase-spa
eregions where the angular 
orrelations show potential sensitivity to the presen
e of theTGV were identi�ed.2 Theoreti
al frameworkThe dynami
s of a gauge theory su
h as QCD are 
ompletely de�ned by the 
ommutationrelations between its group generators T i,[T i; T j℄ = iXk f ijk � T k;where f ijk are the stru
ture 
onstants. The generators T i 
an be represented as matri
es.In perturbative 
al
ulations, the average (sum) over all possible 
olour 
on�gurations inthe initial (�nal) states leads to the appearan
e of 
ombinatori
 fa
tors CF , CA and TF ,whi
h are de�ned by the relationsXk;� T k��T k�� = Æ��CF ; Xj;k f jkmf jkn = ÆmnCA;X�;� Tm��T n�� = ÆmnTF :Measurements of the ratios between the 
olour fa
tors allow the experimental determi-nation of the underlying gauge symmetry of the strong intera
tions. For SU(N), thepredi
ted values of the 
olour fa
tors are:CA = N; CF = N2 � 12N and TF = 1=2;where N is the number of 
olour 
harges. In parti
ular, SU(3) predi
ts CA=CF = 9=4and TF=CF = 3=8. In 
ontrast, an Abelian gluon theory based on U(1)3 would predi
tCA=CF = 0 and TF=CF = 3. A non-Abelian theory based on SO(3) predi
ts CA=CF = 1and TF=CF = 1.The O(�2s) 
al
ulations of three-jet 
ross se
tions for dire
t 
p and NC DIS pro
esses 
anbe expressed in terms of CA, CF and TF as [8℄:�ep!3jets = C2F � �A + CFCA � �B + CFTF � �C + TFCA � �D; (1)where �A, ..., �D are the partoni
 
ross se
tions for the di�erent 
ontributions (see Fig. 1).2



3 De�nition of the angular 
orrelationsAngular-
orrelation observables were devised to distinguish the 
ontributions from thedi�erent 
olour 
on�gurations. They are de�ned in terms of the three jets with highesttransverse energy in an event and the beam dire
tion as:� �H , the angle between the plane determined by the highest-transverse-energy jet andthe beam and the plane determined by the two jets with lowest transverse energy [9℄;� �23, the angle between the two lowest-transverse-energy jets. This variable is basedon the angle �e+e�34 for e+e� ! 4 jets [2℄;� �KSW, the angle de�ned via the equation
os(�KSW) = 
os �12 (\[(~p1 � ~p3); (~p2 � ~pB)℄ + \[(~p1 � ~pB); (~p2 � ~p3)℄)�,where ~pi; i = 1; :::; 3 is the momentum of jet i and ~pB is a unit ve
tor in the dire
tion ofthe beam; the jets are ordered a

ording to de
reasing transverse energy. This variableis based on the K�orner-S
hierholz-Willrodt angle �e+e�KSW for e+e� ! 4 jets [10℄;� �jetmax, the maximum pseudorapidity of the three jets.For three-jet events in ep 
ollisions, the variable �H was designed [9℄ to be sensitive to theTGV in quark-indu
ed pro
esses (see Fig. 1B). In e+e� annihilation into four-jet events,the distribution of �e+e�KSW is sensitive to the di�eren
es between q�qgg and q�qq�q �nal stateswhereas that of �e+e�34 distinguishes between 
ontributions from double-bremsstrahlungdiagrams and diagrams involving the TGV.4 Experimental set-upThe data samples used in this analysis were 
olle
ted with the ZEUS dete
tor at HERAand 
orrespond to an integrated luminosity of 44:9�0:8 (65:1�1:5) pb�1 for e+p 
ollisionstaken during 1995{97 (1999{2000) and 16:7 � 0:3 pb�1 for e�p 
ollisions taken during1998{99. During 1995{97 (1998{2000), HERA operated with protons of energy Ep = 820(920) GeV and positrons or ele
trons1 of energy Ee = 27:5 GeV, yielding a 
entre-of-massenergy of ps = 300 (318) GeV.A detailed des
ription of the ZEUS dete
tor 
an be found elsewhere [11, 12℄. A briefoutline of the 
omponents that are most relevant for this analysis is given below. Chargedparti
les were tra
ked in the 
entral tra
king dete
tor (CTD) [13℄, whi
h operated in amagneti
 �eld of 1:43 T provided by a thin super
ondu
ting solenoid. The CTD 
onsisted1 Here and in the following, the term \ele
tron" denotes generi
ally both the ele
tron (e�) and thepositron (e+). 3



of 72 
ylindri
al drift-
hamber layers, organised in nine superlayers 
overing the polar-angle2 region 15Æ < � < 164Æ. The transverse-momentum resolution for full-length tra
kswas parameterised as �(pT )=pT = 0:0058pT � 0:0065� 0:0014=pT , with pT in GeV. Thetra
king system was used to measure the intera
tion vertex with a typi
al resolution along(transverse to) the beam dire
tion of 0.4 (0.1) 
m and to 
ross-
he
k the energy s
ale ofthe 
alorimeter.The high-resolution uranium{s
intillator 
alorimeter (CAL) [14℄ 
overed 99:7% of thetotal solid angle and 
onsisted of three parts: the forward (FCAL), the barrel (BCAL)and the rear (RCAL) 
alorimeters. Ea
h part was subdivided transversely into towersand longitudinally into one ele
tromagneti
 se
tion (EMC) and either one (in RCAL)or two (in BCAL and FCAL) hadroni
 se
tions (HAC). The smallest subdivision of the
alorimeter was 
alled a 
ell. Under test-beam 
onditions, the CAL single-parti
le relativeenergy resolutions were �(E)=E = 0:18=pE for ele
trons and �(E)=E = 0:35=pE forhadrons, with E in GeV.The luminosity was measured from the rate of the bremsstrahlung pro
ess ep! e
p. Theresulting small-angle energeti
 photons were measured by the luminosity monitor [15℄, alead{s
intillator 
alorimeter pla
ed in the HERA tunnel at Z = �107 m.5 Data sele
tion and jet sear
hA three-level trigger system was used to sele
t events online [12,16℄. At the third level, jetswere re
onstru
ted using the energies and positions of the CAL 
ells. Events with at leastone (two) jet(s) with transverse energy in ex
ess of 10 (6) GeV and pseudorapidity below2:5 were a

epted. For trigger-eÆ
ien
y studies, no jet algorithm was applied and eventswith a total transverse energy, ex
luding the energy in the eight CAL towers immediatelysurrounding the forward beampipe, of at least 25 GeV were sele
ted in the 
p sample; forthe NC DIS sample, events were sele
ted in whi
h the s
attered-ele
tron 
andidate wasidenti�ed using lo
alised energy depositions in the CAL.In the o�ine sele
tion, a re
onstru
ted event vertex 
onsistent with the nominal intera
-tion position was required and 
uts based on tra
king information were applied to redu
ethe 
ontamination from beam-indu
ed and 
osmi
-ray ba
kground events. The sele
tion
riteria of the 
p and NC DIS samples were analogous to previous publi
ations [17, 18℄.The sele
ted 
p sample 
onsisted of events from ep intera
tions with Q2 < 1 GeV2 and2 The ZEUS 
oordinate system is a right-handed Cartesian system, with the Z axis pointing in theproton beam dire
tion, referred to as the \forward dire
tion", and the X axis pointing left towardsthe 
entre of HERA. The 
oordinate origin is at the nominal intera
tion point.4



a median Q2 � 10�3 GeV2. The event sample was restri
ted to the kinemati
 range0:2 < y < 0:85, where y is the inelasti
ity.Events from NC DIS intera
tions were sele
ted from the 1998{2000 data. Two sampleswere studied: Q2 > 125 GeV2 and 500 < Q2 < 5000 GeV2. For both samples, j 
os 
hjwas restri
ted to be below 0:65, where 
h, whi
h 
orresponds to the angle of the s
atteredquark in the quark-parton model, is de�ned as
os 
h = (1� y)xEp � yEe(1� y)xEp + yEeand x is the Bjorken variable.The kT 
luster algorithm [19℄ was used in the longitudinally invariant in
lusive mode [20℄to re
onstru
t jets in the measured hadroni
 �nal state from the energy deposits in theCAL 
ells (
alorimetri
 jets). The axis of the jet was de�ned a

ording to the Snowmass
onvention [21℄.For 
p events, the jet sear
h was performed in the � � � plane of the laboratory frame.Corre
tions [17℄ to the jet transverse energy, EjetT , were applied to the 
alorimetri
 jetsas a fun
tion of the jet pseudorapidity, �jet, and EjetT and averaged over the jet azimuthalangle. Events with at least three jets of EjetT > 14 GeV and �1 < �jet < 2:5 were retained.Dire
t 
p events were further sele
ted by requiring xobs
 > 0:8, where xobs
 , the fra
tion ofthe photon momentum parti
ipating in the produ
tion of the three jets with highest EjetT ,is de�ned as xobs
 = 12yEe �Ejet1T e��jet1 + Ejet2T e��jet2 + Ejet3T e��jet3� :The �nal 
p data sample 
ontained 1888 events.For NC DIS events, the kT jet algorithm was applied after ex
luding those 
ells asso
iatedwith the s
attered-ele
tron 
andidate and the sear
h was 
ondu
ted in the Breit frame.Jet transverse-energy 
orre
tions were 
omputed using the method developed in a previousanalysis [18℄. Events were required to have at least three jets satisfying Ejet1T;B > 8 GeV,Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5, where EjetT;B and �jetB are the jet transverse energyand pseudorapidity in the Breit frame, respe
tively. The �nal NC DIS data sample withQ2 > 125 (500 < Q2 < 5000) GeV2 
ontained 1095 (492) events.6 Monte Carlo simulationSamples of Monte Carlo (MC) events were generated to determine the response of thedete
tor to jets of hadrons and the 
orre
tion fa
tors ne
essary to obtain the hadron-level5



jet 
ross se
tions. The hadron level is de�ned by those hadrons with lifetime � � 10 ps.For the NC DIS sample, the MC events were also used to 
orre
t the measured 
rossse
tions for QED radiative e�e
ts and the running of �em.The generated events were passed through the Geant 3.13-based [22℄ ZEUS dete
tor-and trigger-simulation programs [12℄. They were re
onstru
ted and analysed by the sameprogram 
hain as the data. The kT jet algorithm was applied to the MC simulated eventsusing the CAL 
ells in the same way as for the data. The jet algorithm was also applied tothe �nal-state parti
les (hadron level) and the partons available after the parton shower(parton level).The programs Pythia 6.1 [23℄ and Herwig 6.1 [24℄ were used to generate 
p events forresolved and dire
t pro
esses. Events were generated using GRV-HO [25℄ for the photonand CTEQ4M [26℄ for the proton parton distribution fun
tions (PDFs). In both genera-tors, the partoni
 pro
esses are simulated using LO matrix elements, with the in
lusionof initial- and �nal-state parton showers. Fragmentation into hadrons is performed usingthe Lund string model [27℄ as implemented in Jetset [23,28℄ in the 
ase of Pythia, anda 
luster model [29℄ in the 
ase of Herwig.Neutral 
urrent DIS events in
luding radiative e�e
ts were simulated using the Her-a
les 4.6.1 [30℄ program with the Djangoh 1.1 [31℄ interfa
e to the hadronisationprograms. Hera
les in
ludes 
orre
tions for initial- and �nal-state radiation, vertexand propagator terms, and two-boson ex
hange. The QCD 
as
ade is simulated usingthe 
olour-dipole model (CDM) [32℄ in
luding the LO QCD diagrams as implemented inAriadne 4.08 [33℄; additional samples were generated with the MEPS model of Lepto6.5 [34℄. Both MC programs use the Lund string model for the hadronisation. TheCTEQ5D [35℄ proton PDFs were used for these simulations.7 Fixed-order 
al
ulationsThe 
al
ulations of dire
t 
p pro
esses used in this analysis are based on the programby Klasen, Kleinwort and Kramer (KKK) [36℄. The number of 
avours was set to �ve;the renormalisation, �R, and fa
torisation s
ales, �F , were set to �R = �F = EmaxT ,where EmaxT is the highest EjetT in an event. The 
al
ulations were performed using theZEUS-S [37℄ parameterisations of the proton PDFs; �s was 
al
ulated at two loops using�(5)MS = 226 MeV, whi
h 
orresponds to �s(MZ) = 0:118. These 
al
ulations are O(�2s)and represent the lowest-order 
ontribution to three-jet 
p. Full O(�3s) 
orre
tions arenot yet available for three-jet 
ross se
tions in 
p.The 
al
ulations of NC DIS pro
esses used in this analysis are based on the programNlojet++ [38℄, whi
h provides O(�2s) and O(�3s) predi
tions for three-jet 
ross se
tions.6



The s
ales were 
hosen to be �R = �F = Q. Other parameters were set as for the 
pprogram.In general, the programs mentioned above are very 
exible and provide observable-independent 
omputations that allow a 
omplete analyti
al 
an
ellation of the soft and
ollinear singularities en
ountered in the 
al
ulations of jet 
ross se
tions. However, theseprograms were written assuming the SU(3) gauge group and the di�erent ingredientsne
essary to perform a 
al
ulation a

ording to Eq. (1) were not readily available. Theprograms were rewritten in order to disentagle the 
olour 
omponents to make separatepredi
tions for �A, ..., �D.The kT jet algorithm was applied to the partons in the events generated by KKK andNlojet++ in order to 
ompute the jet 
ross-se
tion predi
tions. Thus, these predi
tionsrefer to jets of partons. Sin
e the measurements refer to jets of hadrons, the 
al
ulationswere 
orre
ted to the hadron level. The multipli
ative 
orre
tion fa
tors, de�ned as theratios between the 
ross se
tion for jets of hadrons and that for jets of partons, wereestimated using the MC samples des
ribed in Se
tion 6. The normalised 
ross-se
tion
al
ulations 
hanged typi
ally by less than �5 (10)% for the predi
tions in 
p (NC DIS)upon appli
ation of the parton-to-hadron 
orre
tions. Therefore, the e�e
t of the parton-to-hadron 
orre
tions on the angular distributions is small. In NC DIS pro
esses, othere�e
ts not a

ounted for in the 
al
ulations, namely Z0 ex
hange, were also 
orre
ted forusing the MC samples.The predi
tions for jet 
ross se
tions are expressed as the 
onvolution of the PDFs andthe matrix elements, whi
h depend on �s. Both the PDFs and �s evolve with the energys
ale. In the 
al
ulations performed for this analysis, QCD evolution via the DGLAP andthe renormalisation group equations, respe
tively, were used. These evolution equationsalso depend on the 
olour fa
tors. This pro
edure introdu
es an additional dependen
eon the 
olour fa
tors with respe
t to that shown in Eq. (1); this dependen
e is suppressedby 
onsidering normalised 
ross se
tions (see Se
tion 8 for the de�nition of the 
rossse
tions). The remaining dependen
e was estimated by 
omparing to 
al
ulations with�xed �F or �R. The values 
hosen for �F and �R were the mean values of the datadistributions, hEmaxT idata = 27:8 GeV for 
p and phQ2idata = 31:3 (36:6) GeV for NC DISwith Q2 > 125 (500 < Q2 < 5000) GeV2.Figure 2 shows the relative di�eren
e of the O(�2s) 
p 
al
ulations with �F (�R) �xed3to those in whi
h �F = EmaxT (�R = EmaxT ) as a fun
tion of the angular variables stud-ied. Figures 3(a) to 3(d) show the same relative di�eren
e for the O(�2s) Nlojet++
al
ulations for Q2 > 125 GeV2.Very small di�eren
es are observed for the �F variation. Sizeable di�eren
es for the �R3 When �F was �xed, �R was allowed to vary with the s
ale, and vi
e-versa.7



variation are seen in some regions; in parti
ular, a trend is observed for the relativedi�eren
e as a fun
tion of �jetmax: this trend is due to the fa
t that the mean values of Q2in ea
h bin of �jetmax in
rease as �jetmax de
reases.These studies demonstrate that the normalised 
ross se
tions have little sensitivity tothe evolution of the PDFs. However, there is still some sensitivity to the running of�s. Figures 3(e) to 3(h) show the relative di�eren
e for 500 < Q2 < 5000 GeV2. Therestri
tion of the phase spa
e further redu
es the dependen
e on the running of �s; thus,this region is more suitable to extra
t the 
olour fa
tors in NC DIS at O(�2s). At O(�3s)(see Fig. 4), the e�e
t due to the running of �s is already very small for Q2 > 125 GeV2.Therefore, the wider phase-spa
e region 
an be kept in an extra
tion of the 
olour fa
torsat O(�3s).The following theoreti
al un
ertainties were 
onsidered (as an example of the size of theun
ertainties, an average value of the e�e
t of ea
h un
ertainty on the normalised 
rossse
tion as a fun
tion of �H is shown in parentheses for 
p, NC DIS with Q2 > 125 GeV2and NC DIS with 500 < Q2 < 5000 GeV2):� the un
ertainty in the modelling of the parton shower was estimated by using di�erentmodels (see Se
tion 6) to 
al
ulate the parton-to-hadron 
orre
tion fa
tors (�2:8%,�2:9% and �5:8%);� the un
ertainty on the 
al
ulations due to higher-order terms was estimated by varying�R by a fa
tor of two up and down (+0:6�0:8%, �1:6% and �2:2%);� the un
ertainty on the 
al
ulations due to those on the proton PDFs was estimatedby repeating the 
al
ulations using 22 additional sets from the ZEUS analysis [37℄;this analysis takes into a

ount the statisti
al and 
orrelated systemati
 experimentalun
ertainties of ea
h data set used in the determination of the proton PDFs (�0:7%,�0:2% and �0:1%);� the un
ertainty on the 
al
ulations due to that on �s(MZ) was estimated by repeatingthe 
al
ulations using two additional sets of proton PDFs, for whi
h di�erent valuesof �s(MZ) were assumed in the �ts. The di�eren
e between the 
al
ulations usingthese various sets was s
aled to re
e
t the un
ertainty on the 
urrent world averageof �s [39℄ (negligible in all 
ases);� the un
ertainty of the 
al
ulations due to the 
hoi
e of �F was estimated by varying�F by a fa
tor of two up and down (negligible in all 
ases).The total theoreti
al un
ertainty was obtained by adding in quadrature the individualun
ertainties listed above. The dominant sour
e of theoreti
al un
ertainty is that on themodelling of the parton shower. 8



8 De�nition of the 
ross se
tionsNormalised di�erential three-jet 
ross se
tions were measured as fun
tions of �H , �23 and�KSW using the sele
ted data samples in 
p and NC DIS. For NC DIS, the normaliseddi�erential three-jet 
ross se
tion as a fun
tion of �jetmax was also measured. The normaliseddi�erential three-jet 
ross se
tion in bin i for an observable A was obtained using1� d�idA = 1� Ndata;iL ��Ai � NhadMC;iNdetMC;i ;where Ndata;i is the number of data events in bin i, NhadMC;i (NdetMC;i) is the number of MCevents at hadron (dete
tor) level, L is the integrated luminosity and �Ai is the bin width.The integrated three-jet 
ross se
tion, �, was 
omputed using the formula:� = Xi Ndata;iL � NhadMC;iNdetMC;i ;where the sum runs over all bins.For the 
p sample, due to the di�erent 
entre-of-mass energies of the two data sets used inthe analysis, the measured normalised di�erential three-jet 
ross se
tions were 
ombinedusing �
omb = �300 � L300 + �318 � L318L300 + L318 ;where Lps is the luminosity and �ps is the measured 
ross se
tion 
orresponding tops = 300 or 318 GeV. This formula was applied for 
ombining the di�erential and total
ross se
tions. The same formula was used for 
omputing the O(�2s) predi
tions in 
p.9 A

eptan
e 
orre
tions and experimental un
er-taintiesThe Pythia (MEPS) MC samples were used to 
ompute the a

eptan
e 
orre
tions tothe angular distributions of the 
p (NC DIS) data. These 
orre
tion fa
tors took intoa

ount the eÆ
ien
y of the trigger, the sele
tion 
riteria and the purity and eÆ
ien
yof the jet re
onstru
tion. The samples of Herwig and CDM were used to 
ompute thesystemati
 un
ertainties 
oming from the fragmentation and parton-shower models in 
pand NC DIS, respe
tively. 9



The data EjetT , �jet and xobs
 distributions of the 
p sample, before the xobs
 > 0:8 require-ment, are shown in Fig. 5 together with the MC simulations of Pythia and Herwig.Considering that three-jet events in the MC arise only from the parton-shower approx-imation, the des
ription of the data is reasonable. Figure 5(d) shows the resolved anddire
t 
ontributions for the Pythia MC separately. It is observed that the region ofxobs
 > 0:8 is dominated by dire
t 
p events. The remaining 
ontribution in this regionfrom resolved-photon events was estimated using Pythia (Herwig) simulated events tobe � 25 (31)%.Figure 6 shows the data distributions as fun
tions of �H , �23 and �KSW together with thesimulations of Pythia and Herwig for xobs
 > 0:8. The Pythia MC predi
tions des
ribethe data distributions well, whereas the des
ription given by Herwig is somewhat poorer.It was 
he
ked that the angular distributions of the events from resolved pro
esses withxobs
 > 0:8 were similar to those from dire
t pro
esses (see Fig. 7) and, therefore, nosubtra
tion of the resolved pro
esses was performed when 
omparing to the �xed-order
al
ulations des
ribed in Se
tion 7.The data Ejet1T;B , Ejet2;3T;B , �jetB and Q2 distributions of the NC DIS samples are shown inFig. 8 (9) for Q2 > 125 (500 < Q2 < 5000) GeV2 together with the MC simulations fromthe MEPS and CDM models. Both models give a reasonably good des
ription of the datain both kinemati
 regions. The data distributions of �H , �23, �KSW and �jetmax are shown inFig. 10 (11) for Q2 > 125 (500 < Q2 < 5000) GeV2. The MEPS MC predi
tions des
ribethe data distributions well, whereas the des
ription given by CDM is somewhat poorer.A detailed study of the sour
es 
ontributing to the experimental un
ertainties was per-formed [40℄. The following experimental un
ertainties were 
onsidered for 
p (as anexample of the size of the un
ertainties, an average value of the e�e
t of ea
h un
ertaintyon the 
ross se
tion as a fun
tion of �H is shown in parentheses):� the e�e
t of the modelling of the parton shower and hadronisation was estimated byusing Herwig instead of Pythia to evaluate the 
orre
tion fa
tors (�6:1%);� the e�e
t of the un
ertainty on the absolute energy s
ale of the 
alorimetri
 jets wasestimated by varying EjetT in simulated events by its un
ertainty of �1%. The methodused was the same as in earlier publi
ations [17, 18, 41℄ (�1:6%);� the e�e
t of the un
ertainty on the re
onstru
tion of y was estimated by varying itsvalue in simulated events by the estimated un
ertainty of �1% (�1:0%);� the e�e
t of the un
ertainty on the parameterisations of the proton and photon PDFswas estimated by using alternative sets of PDFs in the MC simulation to 
al
ulate the
orre
tion fa
tors (�0:4% and �2:0%, respe
tively);� the un
ertainty in the 
ross se
tions due to that in the simulation of the trigger10



(�0:4%).For NC DIS events, the following experimental un
ertainties were 
onsidered (as an ex-ample of the size of the un
ertainties, an average value of the e�e
t of ea
h un
ertaintyon the 
ross se
tion as a fun
tion of �H is shown in parentheses for the Q2 > 125 GeV2and 500 < Q2 < 5000 GeV2 kinemati
 regions):� the e�e
t of the modelling of the parton shower was estimated by using CDM insteadof MEPS to evaluate the 
orre
tion fa
tors (�5:6% and �9:1%);� the e�e
t of the un
ertainty on the absolute energy s
ale of the 
alorimetri
 jets wasestimated by varying EjetT in simulated events by its un
ertainty of �1% for EjetT >10 GeV and �3% for lower EjetT values (�2:3% and �1:7%);� the un
ertainties due to the sele
tion 
uts was estimated by varying the values of the
uts within the resolution of ea
h variable (less than �1:6% and less than �4:2% inall 
ases);� the un
ertainty on the re
onstru
tion of the boost to the Breit frame was estimatedby using the dire
tion of the tra
k asso
iated with the s
attered ele
tron instead ofthat derived from the impa
t position as determined from the energy depositions inthe CAL (�1:6% and �1:6%);� the un
ertainty in the absolute energy s
ale of the ele
tron 
andidate was estimatedto be �1% [42℄ (�0:2% and �0:3%);� the un
ertainty in the 
ross se
tions due to that in the simulation of the trigger (�0:5%and �0:5%).The e�e
t of these un
ertainties on the normalised di�erential three-jet 
ross se
tions issmall 
ompared to the statisti
al un
ertainties for the measurements presented in Se
-tion 10. The systemati
 un
ertainties were added in quadrature to the statisti
al un
er-tainties.10 ResultsNormalised di�erential three-jet 
ross se
tions were measured in 
p in the kinemati
 regionQ2 < 1 GeV2, 0:2 < y < 0:85 and xobs
 > 0:8. The 
ross se
tions were determined forjets of hadrons with EjetT > 14 GeV and �1 < �jet < 2:5. In NC DIS, the 
ross se
tionswere measured in two kinemati
 regimes: Q2 > 125 GeV2 and 500 < Q2 < 5000 GeV2.In both 
ases, it was required that j 
os 
hj < 0:65. The 
ross se
tions 
orrespond to jetsof hadrons with Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5.11



10.1 Colour 
omponents and the triple-gluon vertexNormalised di�erential three-jet 
ross se
tions at O(�2s) of the individual 
olour 
ompo-nents from Eq. (1), �A, ..., �D, were 
al
ulated using the programs des
ribed in Se
tion 7and are shown separately in Fig. 12 for 
p and in Fig. 13 (14) for NC DIS with Q2 > 125(500 < Q2 < 5000) GeV2 as fun
tions of the angular variables. In these and subsequent�gures, the predi
tions were obtained by integrating over the same bins as for the data.The 
urves shown join the points and are a result of a 
ubi
 spline interpolation, ex
eptin the 
ase of �jetmax, for whi
h adja
ent points are 
onne
ted by straight lines.The 
omponent whi
h 
ontains the 
ontribution from the TGV in quark-indu
ed pro-
esses, �B, has a very di�erent shape than the other 
omponents for all the angularvariables 
onsidered. The other 
omponents have distributions in �KSW and �H thatare similar and are best separated by the distribution of �23 in 
p. In NC DIS with500 < Q2 < 5000 GeV2, the di�erent 
olour 
omponents as fun
tions of �H and �KSWalso display di�erent shapes. In parti
ular, the �D 
omponent, whi
h also 
ontains aTGV, shows a distin
t shape for these distributions. This demonstrates that the three-jetangular 
orrelations studied show sensitivity to the di�erent 
olour 
omponents.In 
p (NC DIS: Q2 > 125 GeV2, 500 < Q2 < 5000 GeV2), the SU(3)-based predi
tionsfor the relative 
ontribution of ea
h 
olour 
omponent are: (A): 0:13 (0:23; 0:30), (B):0:10 (0:13; 0:14), (C): 0:45 (0:39; 0:35) and (D): 0:32 (0:25; 0:21). Therefore, the overall
ontribution from the diagrams that involve a TGV, B and D, amounts to 42 (38; 35)%in SU(3).10.2 Three-jet 
ross se
tions in 
pThe integrated three-jet 
ross se
tion in 
p in the kinemati
 range 
onsidered was mea-sured to be: �ep!3jets = 14:59� 0:34 (stat:) +1:25�1:31 (syst:) pb:The predi
ted O(�2s) integrated 
ross se
tion, whi
h is the lowest order for this pro
essand 
ontains only dire
t pro
esses, is 8:90 +2:01�2:92 pb.The measured normalised di�erential three-jet 
ross se
tions are presented in Fig. 15 andTables 1 to 3 as fun
tions of �H , 
os(�23) and 
os(�KSW). The measured 
ross se
tionshows a peak at �H � 60Æ, in
reases as 
os(�23) in
reases and shows a broad peak in therange of 
os(�KSW) between �0:5 to 0:1. 12



10.3 Three-jet 
ross se
tions in NC DISThe integrated three-jet 
ross se
tions in NC DIS for Q2 > 125 GeV2 and 500 < Q2 <5000 GeV2 were measured to be:�ep!3jets = 11:48� 0:35 (stat:) � 1:98 (syst:) pband �ep!3jets = 5:73� 0:26 (stat:) � 0:60 (syst:) pb:The predi
ted O(�3s) integrated 
ross se
tions are 14:14� 3:40 pb and 6:86� 1:77 pb forthe two kinemati
 regions, respe
tively.The measured normalised di�erential three-jet 
ross se
tions in NC DIS for Q2 > 125 GeV2and 500 < Q2 < 5000 GeV2 are presented in Figs. 16 and 17, respe
tively, as fun
tions of�H , 
os(�23), 
os(�KSW) and �jetmax (see Tables 4 to 7). The measured 
ross se
tions havesimilar shapes in the two kinemati
 regions 
onsidered, ex
ept for the distribution as afun
tion of 
os(�KSW): the 
ross se
tion de
reases as 
os(�KSW) in
reases for 500 < Q2 <5000 GeV2 whereas for Q2 > 125 GeV2 it shows an approximately 
onstant behaviourfor �1 < 
os(�KSW) < 0:25. The measured 
ross se
tion as a fun
tion of 
os(�23) peaksaround 0:5 and in
reases as �H and �jetmax in
rease.10.4 Comparison to �xed-order 
al
ulationsCal
ulations at O(�2s) in whi
h ea
h 
olour 
ontribution in Eq. (1) was weighted a

ord-ing to the 
olour fa
tors predi
ted by SU(3) (CF = 4=3, CA = 3 and TF = 1=2) are
ompared to the measurements in Figs. 15 to 19. The theoreti
al un
ertainties are shownin Figs. 15, 18 and 19 as hat
hed bands. Sin
e the 
al
ulations are normalised to unity,the un
ertainties are 
orrelated among the points; this 
orrelation is partially responsiblefor the pulsating pattern exhibited by the theoreti
al un
ertainties. The predi
tions basedon SU(3) give a reasonable des
ription of the data for all angular 
orrelations. For 
p, thepredi
tions do not in
lude resolved pro
esses (see Se
tion 7), as 
al
ulations separateda

ording to the di�erent 
olour fa
tors are not available. Monte Carlo simulations ofsu
h pro
esses show that their 
ontribution is most likely to be di�erent from that ofdire
t pro
esses in the �fth and last bin of (1=�)(d�=d 
os(�23)) (see Figs. 7b and 15b).To illustrate the sensitivity of the measurements to the 
olour fa
tors, 
al
ulations basedon di�erent symmetry groups are also 
ompared to the data in Figs. 15 to 17. In these
al
ulations, the 
olour 
omponents were 
ombined in su
h a way as to reprodu
e the
olour stru
ture of a theory based on the non-Abelian group SU(N) in the limit of largeN (CF = 1, CA = 2 and TF = 0), the Abelian group U(1)3 (CF = 1, CA = 0 and TF = 3),13



the non-Abelian group SO(3) (CF = 1=3, CA = 3 and TF = 1=3) and, as an extreme
hoi
e, a 
al
ulation with CF = 0. The shapes of the distributions predi
ted by U(1)3in 
p are very similar to those by SU(3) due to the smallness of the 
omponent �B andthe diÆ
ulty to distinguish the 
omponent �D. In NC DIS, the predi
tions of U(1)3 showdi�eren
es of around 10% with respe
t to those of SU(3), whi
h are of the same order asthe statisti
al un
ertainties. In both regimes, the data 
learly disfavour a theory basedon SU(N) in the limit of large N or on CF = 0.Figures 18 and 19 show the measurements in NC DIS 
ompared to the predi
tions ofQCD at O(�2s) and O(�3s). This 
omparison provides a very stringent test of pQCD. TheO(�3s) 
al
ulations give a very good des
ription of the data. In parti
ular, a signi�
antimprovement in the des
ription of the data 
an be observed for the �rst bin of the �23distribution (Figs. 18b and 19b).11 Summary and 
on
lusionsMeasurements of angular 
orrelations in three-jet 
p and NC DIS were performed inep 
ollisions at HERA using 127 pb�1 of data 
olle
ted with the ZEUS dete
tor. The
ross se
tions refer to jets identi�ed with the kT 
luster algorithm in the longitudinallyinvariant in
lusive mode and sele
ted with EjetT > 14 GeV and �1 < �jet < 2:5 (
p) andEjet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 (NC DIS). The measurements weremade in the kinemati
 regions de�ned by Q2 < 1 GeV2, 0:2 < y < 0:85 and xobs
 > 0:8 (
p)and Q2 > 125 GeV2 or 500 < Q2 < 5000 GeV2 and j 
os 
hj < 0:65 (NC DIS). Normaliseddi�erential three-jet 
ross se
tions were measured as fun
tions of �H , �23, �KSW and �jetmax.The 
olour 
on�guration of the strong intera
tion was studied for the �rst time in ep 
olli-sions using the angular 
orrelations in three-jet events. While the extra
tion of the 
olourfa
tors will require the full analysis of all HERA data and 
omplete O(�3s) 
al
ulations,the studies presented in this paper demonstrate the potential of the method.Fixed-order 
al
ulations separated a

ording to the 
olour 
on�gurations were used tostudy the sensitivity of the angular 
orrelations to the underlying gauge stru
ture. Thepredi
ted distributions of �H , �23 and �KSW 
learly isolate the 
ontribution from thetriple-gluon 
oupling in quark-indu
ed pro
esses while �jetmax isolates the 
ontribution fromgluon-indu
ed pro
esses. The variable �23 provides additional separation for the other
ontributions. Furthermore, the studies performed demonstrate that normalised 
rossse
tions in three-jet ep 
ollisions have redu
ed sensitivity to the assumed evolution of thePDFs and the running of �s.The data 
learly disfavour theories based on SU(N) in the limit of large N or CF = 0.Di�eren
es between SU(3) and U(1)3 are smaller than the 
urrent statisti
al un
ertainties.14



The measurements are found to be 
onsistent with the admixture of 
olour 
on�gurationsas predi
ted by SU(3). The O(�3s) 
al
ulations give a very good des
ription of the NCDIS data.A
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�H bin (deg) (1=�) d�=d�H Æstat Æsyst Chad0, 9 0.00264 0.00038 �0:00052 0.939, 18 0.00393 0.00044 �0:00021 0.9418, 27 0.00507 0.00051 +0:00040�0:00039 1.0027, 36 0.00838 0.00064 +0:00105�0:00104 0.9336, 45 0.01071 0.00075 �0:00023 0.9645, 54 0.01486 0.00087 +0:00021�0:00016 0.9454, 63 0.01795 0.00098 +0:00036�0:00035 0.9563, 72 0.01765 0.00095 �0:00062 0.9472, 81 0.01517 0.00088 +0:00081�0:00084 0.9481, 90 0.01473 0.00086 +0:00075�0:00077 0.96Table 1: Normalised di�erential ep 
ross se
tion for three-jet photoprodu
tionintegrated over EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region de�nedby Q2 < 1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as a fun
tion of �H . The statisti
aland systemati
 un
ertainties are shown separately. The multipli
ative 
orre
tionsfor hadronisation e�e
ts to be applied to the parton-level QCD di�erential 
rossse
tion, Chad, are shown in the last 
olumn.
os(�23) bin (1=�) d�=d 
os(�23) Æstat Æsyst Chad-1, -0.8 0.0138 0.0046 �0:00042 1.04-0.8, -0.6 0.078 0.012 +0:004�0:003 0.96-0.6, -0.4 0.198 0.022 +0:026�0:027 0.95-0.4, -0.2 0.343 0.029 +0:041�0:040 0.93-0.2, 0 0.360 0.029 �0:010 0.970, 0.2 0.512 0.034 +0:014�0:013 0.980.2, 0.4 0.618 0.037 +0:015�0:016 1.000.4, 0.6 0.847 0.044 �0:013 0.990.6, 0.8 0.937 0.045 +0:043�0:042 0.990.8, 1 1.092 0.049 +0:019�0:018 1.02Table 2: Normalised di�erential ep 
ross se
tion for three-jet photoprodu
tionintegrated over EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region de�nedby Q2 < 1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as a fun
tion of 
os(�23). Otherdetails as in the 
aption to Table 1.
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os(�KSW) bin (1=�) d�=d 
os(�KSW) Æstat Æsyst Chad-1, -0.8 0.552 0.035 �0:044 0.97-0.8, -0.6 0.651 0.039 �0:026 0.99-0.6, -0.4 0.745 0.042 +0:032�0:031 0.97-0.4, -0.2 0.741 0.042 �0:039 0.93-0.2, 0 0.784 0.042 +0:014�0:016 0.960, 0.2 0.768 0.042 �0:046 0.950.2, 0.4 0.500 0.034 �0:005 0.940.4, 0.6 0.200 0.022 �0:021 0.950.6, 0.8 0.056 0.010 +0:010�0:009 0.850.8, 1 0.0029 0.0015 �0:0037 0.74Table 3: Normalised di�erential ep 
ross se
tion for three-jet photoprodu
tionintegrated over EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region de�nedby Q2 < 1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as a fun
tion of 
os(�KSW). Otherdetails as in the 
aption to Table 1.�H bin (deg) (1=�) d�=d�H Æstat Æsyst CQED ChadQ2 > 125 GeV20, 18 0.00372 0.00046 �0:00031 0.92 0.8918, 36 0.00770 0.00056 �0:00095 0.88 0.9036, 54 0.01291 0.00072 �0:00045 0.96 0.8454, 72 0.01438 0.00074 �0:00042 1.00 0.8472, 90 0.01686 0.00077 �0:00160 0.99 0.84500 < Q2 < 5000 GeV20, 18 0.00481 0.00076 �0:00048 0.88 0.9218, 36 0.00993 0.00094 �0:00231 0.95 0.9636, 54 0.0141 0.0011 �0:0004 0.92 0.9754, 72 0.0134 0.0011 �0:0008 1.03 0.8972, 90 0.0133 0.0011 �0:0023 0.96 0.94Table 4: Normalised di�erential ep 
ross se
tion for three-jet produ
tion in NCDIS integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in thekinemati
 region given by j 
os 
hj < 0:65 and Q2 > 125 GeV 2 or 500 < Q2 <5000 GeV 2 as a fun
tion of �H . The multipli
ative 
orre
tions applied to the dif-ferential measured 
ross se
tion to 
orre
t for QED radiative e�e
ts, CQED, is alsoshown. The multipli
ative 
orre
tions for hadronisation e�e
ts and the Z0-ex
hange
ontribution to be applied to the parton-level QCD di�erential 
ross se
tion, Chad,are shown in the last 
olumn. Other details as in the 
aption to Table 1.20




os(�23) bin (1=�) d�=d 
os(�23) Æstat Æsyst CQED ChadQ2 > 125 GeV2-1, -0.6 0.117 0.015 �0:025 0.96 0.90-0.6, -0.2 0.338 0.028 �0:035 1.01 0.70-0.2, 0.2 0.568 0.032 �0:018 0.90 0.780.2, 0.6 0.993 0.037 �0:021 0.95 0.880.6, 1 0.484 0.030 �0:020 1.02 1.01500 < Q2 < 5000 GeV2-1, -0.6 0.199 0.030 �0:018 1.04 0.83-0.6, -0.2 0.381 0.043 �0:041 0.97 0.75-0.2, 0.2 0.589 0.047 �0:074 0.92 0.830.2, 0.6 1.018 0.055 �0:061 0.95 1.070.6, 1 0.313 0.036 �0:022 0.97 1.16Table 5: Normalised di�erential ep 
ross se
tion for three-jet produ
tion in NCDIS integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in thekinemati
 region given by j 
os 
hj < 0:65 and Q2 > 125 GeV 2 or 500 < Q2 <5000 GeV 2 as a fun
tion of 
os(�23). Other details as in the 
aption to Table 4.
os(�KSW) bin (1=�) d�=d 
os(�KSW) Æstat Æsyst CQED ChadQ2 > 125 GeV2-1, -0.6 0.585 0.031 �0:057 0.92 0.95-0.6, -0.2 0.691 0.034 �0:094 0.99 0.88-0.2, 0.2 0.721 0.035 �0:020 1.01 0.850.2, 0.6 0.332 0.026 �0:025 0.92 0.740.6, 1 0.171 0.020 �0:022 0.93 0.71500 < Q2 < 5000 GeV2-1, -0.6 0.770 0.052 �0:076 0.94 1.04-0.6, -0.2 0.536 0.045 �0:112 0.93 0.97-0.2, 0.2 0.497 0.045 �0:037 1.01 0.940.2, 0.6 0.430 0.044 �0:058 1.01 0.840.6, 1 0.267 0.036 �0:061 0.89 0.78Table 6: Normalised di�erential ep 
ross se
tion for three-jet produ
tion in NCDIS integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in thekinemati
 region given by j 
os 
hj < 0:65 and Q2 > 125 GeV 2 or 500 < Q2 <5000 GeV 2 as a fun
tion of 
os(�KSW). Other details as in the 
aption to Table 4.21



�jetmax bin (1=�) d�=d�jetmax Æstat Æsyst CQED ChadQ2 > 125 GeV2-2, -0.1 0.0042 0.0013 �0:0006 1.07 0.61-0.1, 0.3 0.092 0.016 �0:012 1.17 0.770.3, 0.7 0.267 0.024 �0:054 0.96 0.810.7, 1.1 0.751 0.034 �0:016 0.93 0.831.1, 1.5 1.370 0.038 �0:048 0.96 0.88500 < Q2 < 5000 GeV2-2, -0.1 0.0059 0.0021 �0:0022 1.14 0.62-0.1, 0.3 0.110 0.022 �0:011 0.96 0.770.3, 0.7 0.378 0.040 �0:084 0.96 0.860.7, 1.1 0.918 0.054 �0:052 0.93 0.931.1, 1.5 1.066 0.056 �0:035 0.98 1.00Table 7: Normalised di�erential ep 
ross se
tion for three-jet produ
tion in NCDIS integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in thekinemati
 region given by j 
os 
hj < 0:65 and Q2 > 125 GeV 2 or 500 < Q2 <5000 GeV 2 as a fun
tion of �jetmax. Other details as in the 
aption to Table 4.
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Figure 1: Examples of diagrams for the photoprodu
tion of three-jet events throughdire
t-photon pro
esses and in NC DIS three-jet events in ea
h 
olour 
on�guration:(A) double-gluon bremsstrahlung from a quark line; (B) the splitting of a virtualgluon into a pair of �nal-state gluons; (C) the produ
tion of a q�q pair through theex
hange of a virtual gluon emitted by an in
oming quark; (D) the produ
tion ofa q�q pair through the ex
hange of a virtual gluon arising from the splitting of anin
oming gluon.
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Figure 2: Relative di�eren
e between the O(�2s) 
al
ulations with �R = 27:8 GeVand the 
al
ulations with �R = EmaxT (dots) and between the O(�2s) 
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Figure 3: Relative di�eren
e between the O(�2s) 
al
ulations with �xed �R andthe 
al
ulations with �R = Q (dots) and between the O(�2s) 
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ulations with �xed�F and the 
al
ulations with �F = Q (open 
ir
les) in NC DIS as fun
tions of(a,e) �H , (b,f) 
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os(�KSW) and (d,h) �jetmax. These 
al
ulations do notin
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Figure 4: Relative di�eren
e between the O(�3s) 
al
ulations with �xed �R andthe 
al
ulations with �R = Q (dots) and between the O(�3s) 
al
ulations with �xed�F and the 
al
ulations with �F = Q (open 
ir
les) in NC DIS as fun
tions of(a,e) �H , (b,f) 
os(�23), (
,g) 
os(�KSW) and (d,h) �jetmax. These 
al
ulations do notin
lude 
orre
tions for hadronisation e�e
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Figure 5: Dete
tor-level data distributions for three-jet photoprodu
tion (dots)with EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region given by Q2 <1 GeV 2 and 0:2 < y < 0:85 as fun
tions of (a) EjetT , (b) �jet and (
,d) xobs
 .For 
omparison, the distributions of the Pythia (solid histograms) and Herwig(dashed histograms) MC models for resolved plus dire
t pro
esses normalised to thedata are in
luded. In (d), the 
ontributions for resolved (dotted histogram) anddire
t (dot-dashed histogram) pro
esses from Pythia MC are shown separately.
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Figure 6: Dete
tor-level data distributions for three-jet photoprodu
tion (dots)with EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region given by Q2 <1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as fun
tions of (a) �H , (b) 
os(�23) and(
) 
os(�KSW). Other details as in the 
aption to Fig. 5.
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Figure 7: Dete
tor-level data distributions for three-jet photoprodu
tion (dots)with EjetT > 14 GeV and �1 < �jet < 2:5 in the kinemati
 region given by Q2 <1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as fun
tions of (a) �H , (b) 
os(�23) and (
)
os(�KSW). The predi
tions for resolved (dotted histogram) and dire
t (dot-dashedhistogram) pro
esses from the Pythia MC normalised separately to the data arealso shown. Other details as in the 
aption to Fig. 5.
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Figure 8: Dete
tor-level data distributions for three-jet produ
tion in NC DIS(dots) with Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in the kinemati
region given by Q2 > 125 GeV 2 and j 
os 
hj < 0:65 as fun
tions of (a) Ejet1T;B, (b)Ejet2;3T;B , (
) �jetB and (d) Q2. For 
omparison, the distributions of the MEPS (solidhistograms) and CDM (dashed histograms) MC models normalised to the data arein
luded.
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Figure 9: Dete
tor-level data distributions for three-jet produ
tion in NC DIS(dots) with Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in the kinemati
region given by 500 < Q2 < 5000 GeV 2 and j 
os 
hj < 0:65 as fun
tions of (a)Ejet1T;B , (b) Ejet2;3T;B and (
) �jetB . Other details as in the 
aption to Fig. 8.
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Figure 10: Dete
tor-level data distributions for three-jet produ
tion in NC DIS(dots) with Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in the kinemati
region given by Q2 > 125 GeV 2 and j 
os 
hj < 0:65 as fun
tions of (a) �H , (b)
os(�23), (
) 
os(�KSW) and (d) �jetmax. For 
omparison, the distributions of theMEPS (solid histograms) and CDM (dashed histograms) MC models normalised tothe data are in
luded.
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Figure 11: Dete
tor-level data distributions for three-jet produ
tion in NC DIS(dots) with Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and �2 < �jetB < 1:5 in the kinemati
region given by 500 < Q2 < 5000 GeV 2 and j 
os 
hj < 0:65 as fun
tions of (a)�H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax. Other details as in the 
aption toFig. 10.
33



 ZEUS 

0

0.01

0.02

0.03

0 20 40 60 80

 ΘH (deg)

 (
1/

σ)
 d

σ/
dΘ

H

σA

σB

σC

σD

0

0.5

1

1.5

-1 -0.5 0 0.5 1

 cos(α23)

 (
1/

σ)
 d

σ/
dc

os
(α

23
)

0

0.5

1

1.5

-1 -0.5 0 0.5 1

 cos(βKSW)

 (
1/

σ)
 d

σ/
dc

os
(β

K
SW

)

(a) (b)

(
)

Figure 12: Predi
ted normalised di�erential ep 
ross se
tions for three-jet dire
t-photon pro
esses at O(�2s) integrated over EjetT > 14 GeV and �1 < �jet < 2:5 inthe kinemati
 region de�ned by Q2 < 1 GeV 2 and 0:2 < y < 0:85 as fun
tionsof (a) �H , (b) 
os(�23) and (
) 
os(�KSW). In ea
h �gure, the predi
tions for the
olour 
omponents are shown: �A (dashed lines), �B (solid lines), �C (dot-dashedlines) and �D (dotted lines). These 
al
ulations do not in
lude 
orre
tions forhadronisation e�e
ts.
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Figure 13: Predi
ted normalised di�erential ep 
ross se
tions for three-jet pro-du
tion in NC DIS at O(�2s) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeVand �2 < �jetB < 1:5 in the kinemati
 region given by Q2 > 125 GeV 2 andj 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax.Other details as in the 
aption to Fig. 12. These 
al
ulations do not in
lude 
or-re
tions for hadronisation e�e
ts.
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Figure 14: Predi
ted normalised di�erential ep 
ross se
tions for three-jet pro-du
tion in NC DIS at O(�2s) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeVand �2 < �jetB < 1:5 in the kinemati
 region given by 500 < Q2 < 5000 GeV 2and j 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d)�jetmax. Other details as in the 
aption to Fig. 12. These 
al
ulations do not in
lude
orre
tions for hadronisation e�e
ts.
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Figure 15: Measured normalised di�erential ep 
ross se
tions for three-jet pho-toprodu
tion (dots) integrated over EjetT > 14 GeV and �1 < �jet < 2:5 in thekinemati
 region de�ned by Q2 < 1 GeV 2, 0:2 < y < 0:85 and xobs
 > 0:8 as fun
-tions of (a) �H , (b) 
os(�23) and (
) 
os(�KSW). The data points are plotted at thebin 
entres. The inner error bars represent the statisti
al un
ertainties of the data,and the outer error bars show the statisti
al and systemati
 un
ertainties addedin quadrature. For 
omparison, the O(�2s) 
al
ulations for dire
t-photon pro
essesbased on SU(3) (solid lines), U(1)3 (dashed lines), SU(N) in the limit of largeN (dot-dashed lines), CF = 0 (short-spa
ed dotted lines) and SO(3) (long-spa
eddotted lines) are in
luded. The lower part of the �gures displays the relative dif-feren
e to the 
al
ulations based on SU(3) and the hat
hed band shows the relativeun
ertainty of this 
al
ulation. 37
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Figure 16: Measured normalised di�erential ep 
ross se
tions for three-jetprodu
tion in NC DIS (dots) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeVand �2 < �jetB < 1:5 in the kinemati
 region given by Q2 > 125 GeV 2 andj 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax.Other details as in the 
aption to Fig. 15.
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Figure 17: Measured normalised di�erential ep 
ross se
tions for three-jet pro-du
tion in NC DIS (dots) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and�2 < �jetB < 1:5 in the kinemati
 region given by 500 < Q2 < 5000 GeV 2 andj 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax.Other details as in the 
aption to Fig. 15.
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Figure 18: Measured normalised di�erential ep 
ross se
tions for three-jetprodu
tion in NC DIS (dots) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeVand �2 < �jetB < 1:5 in the kinemati
 region given by Q2 > 125 GeV 2 andj 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax.For 
omparison, the O(�2s) (dashed lines) and O(�3s) (solid lines) QCD 
al
ulationsare also in
luded. The hat
hed band displays the relative theoreti
al un
ertainty ofthe O(�3s) 
al
ulation. Other details as in the 
aption to Fig. 15.
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Figure 19: Measured normalised di�erential ep 
ross se
tions for three-jet pro-du
tion in NC DIS (dots) integrated over Ejet1T;B > 8 GeV, Ejet2;3T;B > 5 GeV and�2 < �jetB < 1:5 in the kinemati
 region given by 500 < Q2 < 5000 GeV 2 andj 
os 
hj < 0:65 as fun
tions of (a) �H , (b) 
os(�23), (
) 
os(�KSW) and (d) �jetmax.For 
omparison, the O(�2s) (dashed lines) and O(�3s) (solid lines) QCD 
al
ulationsare also in
luded. The hat
hed band displays the relative theoreti
al un
ertainty ofthe O(�3s) 
al
ulation. Other details as in the 
aption to Fig. 15.
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