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Towards all-order Laurent expansion of generalizedhypergeometri
 fun
tions around rational values ofparametersMikhail Yu. Kalmykov�, Bernd A. KniehlII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstra
tWe prove the following theorems: 1) The Laurent expansions in " of the Gausshypergeometri
 fun
tions 2F1(I1 + a"; I2 + b"; I3 + pq + 
"; z), 2F1(I1 + pq + a"; I2 +pq + b"; I3+ pq + 
"; z) and 2F1(I1+ pq +a"; I2+ b"; I3+ pq + 
"; z), where I1; I2; I3; p; qare arbitrary integers, a; b; 
 are arbitrary numbers and " is an in�nitesimal pa-rameter, are expressible in terms of multiple polylogarithms of q-roots of unitywith 
oeÆ
ients that are ratios of polynomials; 2) The Laurent expansion of theGauss hypergeometri
 fun
tion 2F1(I1 + pq + a"; I2 + b"; I3 + 
"; z) is expressiblein terms of multiple polylogarithms of q-roots of unity times powers of logarithmwith 
oeÆ
ients that are ratios of polynomials; 3) The multiple inverse rationalsums P1j=1 �(j)��1+j� pq � zjj
Sa1(j � 1) � � � Sap(j � 1) and the multiple rational sumsP1j=1 ��j+pq ��(1+j) zjj
Sa1(j� 1) � � � Sap(j� 1), where Sa(j) =Pjk=1 1ka is a harmoni
 seriesand 
 is an arbitrary integer, are expressible in terms of multiple polylogarithms;4) The generalized hypergeometri
 fun
tions pFp�1( ~A+~a"; ~B+~b"; pq+Bp�1; z) andpFp�1( ~A+~a"; pq+Ap; ~B+~b"; z) are expressible in terms of multiple polylogarithmswith 
oeÆ
ients that are ratios of polynomials.PACS numbers: 02.30.Gp, 02.30.Lt, 12.20.Ds, 12.38.BxKeywords: Gauss hypergeometri
 fun
tions, generalized hypergeometri
 fun
tions,Laurent expansion about rational values of parameters, multiple polylogarithms,multiloop 
al
ulations, two-loop sunset
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1 Introdu
tion: Feynman diagrams and spe
ial fun
-tionsHigh-pre
ision theoreti
al predi
tions for physi
s at the LHC and the ILC demand thein
lusion of higher-order radiative 
orre
tions. The results of perturbative 
al
ulation areexpressible in terms of Feynman integrals [1℄. However, in order to obtain physi
al results,it is ne
essary to 
onstru
t the Laurent expansions of Feynman diagrams about the integervalue of the spa
e-time dimension [2℄ (typi
ally d = 4�2"). For the parametrization of the
oeÆ
ients of su
h " expansions, a lot of new fun
tions have been introdu
ed by physi
istsduring the last few years [3,4,5,6℄. Some of these new fun
tions are also generated in adi�erent bran
h of mathemati
s [7,8,9,10℄. At present, it is un
lear if there is somelimitation on the types of fun
tions generated by Feynman diagrams or if the \zoo" ofnew fun
tions is an artifa
t of the te
hniques used. In parti
ular, the statement that theresults of su
h 
al
ulations 
an be written in terms of a restri
ted set of spe
ial fun
tionswill allow one to use a restri
ted set of programs for the numeri
al evaluation of physi
alresults. Another appli
ation is related to the evaluation of so-
alled single-s
ale diagrams,where an expli
it predi
tion of possible trans
endental 
onstants 
an be done [11℄.The strategy of su
h a kind of analysis is well know in the theory of spe
ial fun
tionsand the analyti
al theory of di�erential equations [12℄. As is well known, any Feynmandiagram satis�es a system of linear di�erential or di�eren
e equations with polynomial
oeÆ
ients [13,14,15,16,17℄. In modern mathemati
al language, su
h a system 
an beasso
iated with the Gelfand-Karpanov-Zelevinskii fun
tions or D-modules [18℄. So, anyquestion regarding the zoo of spe
ial fun
tions generated by the " expansion of Feyn-man diagrams 
ould be redu
ed to the problem of 
onstru
ting Laurent expansions ofD-modules (hypergeometri
 fun
tions [19℄) about 
ertain values of their parameters. Un-fortunately, a unique hypergeometri
 representation of Feynman diagrams besides theso-
alled � representation [1℄ does not exist. Using the latter representation, it has beenshown re
ently that, for single-s
ale diagrams, i.e. diagrams where all kinemati
 variablesare proportional to ea
h other so that one of them 
an be fa
tored out, all 
oeÆ
ientsof the " expansion 
an be understood, up to some normalisation fa
tor, as periods inthe Kontsevi
h-Zagier formulation [20℄. Another useful representation, whi
h is 
loselyrelated to the 
orresponding property of generalized hypergeometri
 fun
tions, is theMellin-Barnes representation of Feynman diagrams [21℄. Using the Mellin-Barnes repre-sentation, it is possible to write the result in ea
h order of " in terms of multiple sums,whi
h sometimes 
an be expressed in terms of spe
ial fun
tions [22℄. Sin
e the power ofa propagator is integer in 
ovariant gauge and any (irredu
ible) numerator is expressiblein terms of an integral of the same topology with a shifted power, whi
h is again inte-ger [14,15℄, it is enough to only 
onsider hypergeometri
 fun
tions of several variableswith integer values of parameters. (In general, the number of variables is equal to thenumber of kinemati
 invariants minus one.) Fortunately, when some of the kinemati
invariants are proportional (or equal) to ea
h other, the number of variables in the properhypergeometri
 series 
an be redu
ed. But the pri
e of this redu
tion is the appearan
eof rational values of parameters. All known exa
tly solvable 
ases [23,24,25,26,27℄ have2




on�rmed this observation. Typi
ally, only integer and half-integer values of parametersare generated, and only re
ently inverse 
ubi
 values have been dis
overed [27℄.Re
ently, there has been essential progress in understanding what type of fun
tionsare generated by the " expansion of hypergeometri
 fun
tions. Besides the pioneering 
on-stru
tion of the " expansions of hypergeometri
 fun
tions [28℄ using harmoni
 series [29℄or so-
alled multiple (inverse) binomial sums [30,31,32℄, there are now a few independentte
hniques for the 
onstru
tion of analyti
al 
oeÆ
ients in the " expansions of hypergeo-metri
 fun
tions about integer and half-integer values of parameters and the summing ofmultiple series [32,33,34,35,36,37,38,39,40,41℄. However, the extension of these results tothe 
ase of rational values of parameters is still a mystery. There is just one publi
ation[36℄ devoted to the analysis of " expansions of hypergeometri
 fun
tions about a spe
ial
on�guration of rational parameters, the so-
alled, \zero-balan
e" 
ase. Spe
i�
ally, twotypes of sums have been analyzed in Ref. [36℄, namely in Eqs. (51) and (62). To our knowl-edge, they 
orrespond to the sums 
overed by our Theorems A and B below, respe
tively,in the 
ase 
 � 1.The aim of the present paper is to derive an algorithm for the 
onstru
tion of all-order" expansions of generalized hypergeometri
 fun
tions pFp�1 and multiple (inverse) rationalsums. The present 
onsideration is based on appropriate extensions of the generating-fun
tion approa
h [32,42,39℄ and the di�erential-equation te
hnique [37,38,40℄ to the 
aseof rational values of parameters.In parti
ular, we will prove the following theorems:� Theorem I:The all-order " expansions of the Gauss hypergeometri
 fun
tions2F1 (I1 + a"; I2 + b"; I3 + pq + 
"; z) ; (1a)2F1 (I1 + pq + a"; I2 + b"; I3 + 
"; z) ; (1b)2F1 (I1 + pq + a"; I2 + b"; I3 + pq + 
"; z) ; (1
)2F1 (I1 + pq + a"; I2 + pq + b"; I3 + pq + 
"; z) ; (1d)where fIkg are integers, a; b; 
 are arbitrary numbers, and " is an arbitrarily smallparameter, are expressible in terms of multiple polylogarithms (or multiple polylog-arithms times powers of logarithm) with 
oeÆ
ients that are ratios of polynomialswith 
omplex 
oeÆ
ients.� Theorem AThe multiple inverse rational sums1Xj=1 �(j)��1� pq���1 + j � pq� zjj
Sa1(j � 1) � � �Sap(j � 1) ; (2)where Sa(j) is a harmoni
 series, de�ned as Sa(j) =Pjk=1 1ka , and 
 is any integer,are expressible in terms of multiple polylogarithms with (i) 
omplex 
oeÆ
ients if 
 �3



1; and (ii) with 
oeÆ
ients that are ratios of polynomials with 
omplex 
oeÆ
ientsif 
 � 0.� Theorem BThe multiple rational sums1Xj=1 ��j + pq��(1 + j)��1 + pq� zjj
Sa1(j � 1) � � �Sap(j � 1) ; (3)where Sa(j) is a harmoni
 series, de�ned as Sa(j) =Pjk=1 1ka , and 
 is any integer,are expressible in terms of multiple polylogarithms times powers of logarithm with (i)
omplex 
oeÆ
ients if 
 � 1; and (ii) with 
oeÆ
ients that are ratios of polynomialswith 
omplex 
oeÆ
ients if 
 � 0.� Theorem CThe all-order " expansion of the generalized hypergeometri
 fun
tionspFp�1 � ~A+~a"; pq+I2; ~B+~b"; z� ; (4a)pFp�1 � ~A+~a"; ~B+~b"; pq+I1; z� ; (4b)where ~A, ~B are lists of integers and I1, I2 are integers, are expressible in terms ofmultiple polylogarithms (or multiple polylogarithms times powers of logarithms) with
oeÆ
ients that are ratios of polynomials with 
omplex 
oeÆ
ients.This paper is organized as follows. In Se
tion 2, we will prove Theorem I. In Se
-tion 3, we will present an analysis of multiple (inverse) rational sums and prove TheoremA and Theorem B. In Se
tion 4, the results of Theorem A and Theorem B will be ap-plied to hypergeometri
 fun
tions to prove Theorem C. In Se
tion 5, we will demonstratethat, for physi
ally interesting kinemati
s, the two-loop sunset diagrams are expressible interms of generalized hypergeometri
 fun
tions with quarter values of parameters. Appen-di
es A and B 
ontain some basi
 information about multiple polylogarithms, whi
h area parti
ular 
lass of hyperlogarithms, and the iterative solution of systems of di�erentialequations.2 Gauss hypergeometri
 fun
tion: notationsThe Gauss hypergeometri
 fun
tion [43℄ !(z) � 2F1(a; b; 
; z) 
an be de�ned as the so-lution of a se
ond-order di�erential equation of Fu
hsian 
lass [12℄ with three regularsingular points at z = 0; 1;1, asddz �z ddz + 
� 1�!(z) = �z ddz + a��z ddz + b�!(z) ; (5)4



and admits the series representation about z = 0,2F1(a; b; 
; z) = 1Xk=0 (a)k(b)k(
)k zkk! ; (6)where (a)k = �(a + k)=�(a) is the Po
hhammer symbol. It is the only solution analyti
at z = 0 and with value 1 there.It is well known that, between any three Gauss hypergeometri
 fun
tions with thesame argument z and parameters a; b; 
 di�ering by integers, there is an algebrai
 relationwith polynomial 
oeÆ
ients [44℄, namelyP1(a; b; 
; z)2F1(a+m1; b+ n1; 
+ k1; z) + P2(a; b; 
; z)2F1(a+m2; b + n2; 
+ k2; z)+P3(a; b; 
; z)2F1(a+m3; b+ n3; 
+ k3; z) = 0 ; (7)where mj; nj; kj 2 Z (j = 1; 2; 3). Taking m3 = n3 = k3 = 0 and m2 = n2 = k2 = 1, weobtain, for example, by using the algorithm des
ribed in Ref. [45℄,P (a; b; 
; z)2F1(a+m1; b+ n1; 
+ k1; z) = �Q1(a; b; 
; z) ddz +Q2(a; b; 
; z)� 2F1(a; b; 
; z) ;(8)where a; b; 
; are any �xed numbers and P;Q1; Q2 are polynomial in the parameters a; b; 
and the argument z. We 
all the fun
tions of r.h.s. of Eq. (8) basis fun
tions and their�rst derivatives. Consequently, in order to prove Theorem A, all-order " expansionshave to be 
onstru
ted for basis hypergeometri
 fun
tions.2.1 Di�erential equation approa
h for 
onstru
tion of " expan-sion2.1.1 Gauss hypergeometri
 fun
tionsLet us 
onsider as the basis the Gauss hypergeometri
 fun
tion with the following setof parameters: !(z) = 2F1(p1q1 + a1"; p2q2 + a2"; 1 � p3q3 + 
"; z) : It is the solution of thedi�erential equation�z ddz + p1q1 + a1"��z ddz + p2q2 + a2"�!(z) = ddz �z ddz � p3q3 + 
"�!(z) ; (9)with boundary 
onditions !(0) = 1 and z ddz!(z)��z=0 = 0. Due to the analyti
ity of theGauss hypergeometri
 fun
tion with respe
t to its parameters, Eq. (9) is valid in ea
horder of ", i.e. it holds for every 
oeÆ
ient fun
tion !k(z) in the expansion!(z) = 1Xk=0 !k(z)"k: (10)5



The boundary 
onditions for the 
oeÆ
ient fun
tions are!k(z) = 0 (k < 0) ; (11a)!k(0) = 0 (k � 1) ; (11b)z ddz!k(z)��z=0 = 0& (k � 0) : (11
)Equation (9) 
an be rewritten in terms of the 
oeÆ
ients fun
tions !k as�(1� z) ddz � �p1q1 + p2q2�� 1z p3q3 � z ddz!k � p1p2q1q2 !k= �a1+a2� 
z� z ddz!k�1 + �a1 p2q2 +a2p1q1�!k�1+a1a2!k�2 : (12)The main idea of the approa
h developed in Refs. [38,40℄ is to �nd a new parametrization,through 
hange of variable z ! �(z); and to de�ne new fun
tions �k(�), related to the�rst derivative of the original fun
tions !k(�), as�k(�) =Xj �kj(�) dd�!j(�) ;so that Eq. (12) 
an be rewritten as a system of linear di�erential equations of �rst orderwith rational 
oeÆ
ients, asdd�!k(�) = �k(�)Xj Aj� � �j ; (13a)dd��k(�) = �k�1(�)Xj Bj� � �j + !k�1(�)Xj Cj� � 
j + !k�2(�)Xj Dj� � �j ; (13b)where Aj; Bj; Cj; Dj; �j; �j; 
j; �j 2 C (j = 1; 2; � � � ). Then, the iterative solution of thissystem 
an be 
onstru
ted as explained in Appendix B. Under the 
ondition !0(z) = 1(�0(z) = 0) this solution is expressible in terms of hyperlogarithms (see Appendix A) de-pending on the parameters �j; �j; 
j; �j, possibly times powers of logarithm. For example,the �rst iteration of Eq. (13b) produ
es�1(�) =Xj Cj [G1(
j; �(z))�G1(
j; �(0))℄ (
j 6= 0) ; (14a)!1(�) =Xk;j AjCk f[G1;1(�j; 
k; �(z))�G1;1(�j; 
k; �(0))℄ (14b)� [G1(�j; �(z))G1(
k; �(0))�G1(�j; �(0))G1(
k; �(0))℄g (
k; �j 6= 0) :The main problem is to �nd a general algorithm for 
onstru
ting this parametrization.We are not able to proof that we found a solution of this problem for all possible valuesof the parameters. But for some spe
ial set of parameters, the solution is found.This algorithm 
an be applied to 
onstru
t the all-order " expansion of an arbitrarysystem of di�erential equations of the �rst order, in parti
ular to the generalized hyper-geometri
 fun
tion, as was done in Ref. [40℄.6



2.1.2 One lower parameter is a rational numberLet us 
onsider the parti
ular 
ase that the basis fun
tion is of the form!(z) = 2F1 �a1"; a2"; 1� pq + 
"; z� ; (15)where we assume that p; q > 0 and p < q. The di�erential equation (9) takes the form�(1� z) ddz � 1z pq� z ddz!k(z) = �a1 + a2 � 
z� z ddz!k�1(z) + a1a2!k�2(z) ; (16)with the boundary 
ondition !0(z) = 1 : (17)Let us introdu
e a new variable �,1 � = � zz � 1�1=q ; (18)so that z = � �q1� �q ; 1� z = 11� �q ; 1� zz = � 1�q ;z ddz = 1q (1� �q)� dd� ; (1� z) ddz � pq 1z = �1q �1� �q�q ��� dd� � p� : (19)We introdu
e new fun
tions �k(�) via the di�erential equationz ddz!k(z)����z=��q=(1��q) � 1q (1� �q)� dd�!k(�) = �p�k(�) : (20)The boundary 
onditions for the new 
oeÆ
ient fun
tions are�k(0) = 0 (k � 0) : (21)Equation (16) 
an be rewritten in terms of new 
oeÆ
ients fun
tions !k(�) and �k(�) asa system of two �rst-order di�erential equations, as1q dd�!k(�) = �p�11� �q �k(�) ; (22a)�1q dd��k(�) = �(a1 + a2) �q�11� �q + 
�� �k�1(�) + a1a2 �q�p�11� �q !k�2(�) : (22b)1The proposition to use the variable � for the evaluation of multiple inverse rational sums was madein Ref. [36℄. For the parti
ular value q = 2, the variable � is equivalent to the variable y = 1��1+�
onsidered in Ref. [32℄, due to the invarian
e of the Remiddi-Vermaseren fun
tions [3℄ with respe
t tothe transformation z ! 1�z1+z . For q = 2, the variable � was also applied to the parametrization ofRemiddi-Vermaseren fun
tions in Ref. [46℄. 7



Now, we are in a position to proof the following result.Lemma I:The all-order " expansion of the Gauss hypergeometri
 fun
tion 2F1 �a1"; a2"; 1� pq + 
"; z�is expressible in terms of multiple polylogarithms with arguments that are powers of q-rootsof unity and the variable � de�ned by Eq. (18).This may be written symboli
ally as2F1�a1"; a2"; 1� pq+
"; z� =1+a1a2 1Xj=2 "j X~J;~s1 � fjmg � qPri=1 si = j v ~J;~sLi~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� :
(23)where ~s = fs1; � � � ; smg is a multi-index and v ~J;~s are numeri
al 
oeÆ
ients (v ~J;~s 2 C ). Inparti
ular, the following statement is valid:Corollary I:The analyti
al 
oeÆ
ient of "k in the expansion of 2F1 �a1"; a2"; 1� pq + 
"; z� in
ludesonly multiple polylogarithms of weight k with numeri
al 
oeÆ
ients.Proof:Firstly, it is ne
essary to show that the system of equations (22) 
an be rewritten in theform of Eq. (13b). This follows from the standard de
omposition relation1� �q = qYj=1 �1� �jq�� ; (24)where we have introdu
ed the primitive q-root of unity,�q = exp�i2�q � : (25)Using the de
omposition2 qxq�r�11� xq = � qXj=1 �jrqx� 1�jq ; (26)2 For 
ompleteness, we present a few parti
ular 
ases:q xq�11� xq = � qXj=1 1x� 1�jq ; q xp�11� xq = � qXj=1 ��jpqx� 1�jq ; q xq�p�11� xq = � qXj=1 �jpqx� 1�jq :8



where 0 � r � q� 1, the system of equations (22) 
an be rewritten for an arbitrary valueof p (0 � p � q � 1) in the desired form (13b), asdd�!k(�) = � qXj=1 ��jpq� � 1�jq �k(�) ; (27a)dd��k(�) = "(a1+a2) qXj=1 1�� 1�jq � 
q� # �k�1(�)+a1a2 qXj=1 �jpq� � 1�jq !k�2(�) : (27b)The solution of system (27) has the form!k(�) = � qXj=1 ��jpq Z �0 dtt� 1�jq �k(t) ; (28a)�k(�) = "(a1+a2) qXj=1 Z �0 dtt� 1�jq �
q Z �0 dtt # �k�1(t)+a1a2 qXj=1 �jpq Z �0 dtt� 1�jq !k�2(t) :(28b)The �rst 
oeÆ
ients of the " expansion are zero,!1(�) = �1(�) = 0 : (29)The �rst nontrivial terms 
orrespond to k = 2,3�2(�)a1a2 = = qXj1=1�j1pq ln �1��j1q �� = � qXj1=1�j1pq Li1 ��j1q �� ; (30a)!2(�)a1a2 =� qXj1;i1=1�(j1�i1)pq Li1;1 ��j1�i1q ; �i1q �� : (30b)3This is equivalent to the following representation for the hypergeometri
 fun
tion:zq � p 2F1 �1; 1; 2�pq ; z� = � zz � 1� pq Z ( zz�1) 1q0 tq�p�1tq � 1 dt ;where z 6= 1.

9



Higher-order terms 
an be generated by iteration:�3(�)a1a2 = (a1+a2) qXj1;j2=1�j1pq Li1;1 ��j1�j2q ; �j2q ��+ 
q qXj1=1�j1pq Li2 ��j1q �� ; (31a)!3(�)a1a2 = (a1+a2) qXj1;j2;i1=1�(j1�i1)pq Li1;1;1 ��j1�j2q ; �j2�i1q ; �i1q ��+
q qXj1;i1=1�(j1�i1)pq Li1;2 ��j1�i1q ; �i1q �� ; (31b)�4(�)a1a2 = � qXj1;j2;j3=1�j1pq �(a1+a2)2Li1;1;1 ��j1�j2q ; �j2�j3q ; �j3q ��+ 
2q2Li3 ��j1q ����
q(a1+a2) qXj1;j2=1�j1pq (Li1;2 ��j1�j2q ; �j2q ��+ Li2;1 ��j1�j2q ; �j2q ��)+a1a2 qXj1;j2;i1=1�(j1+j2�i1)pq Li1;1;1 ��j1�i1q ; �i1�j2q ; �j2q �� : (31
)Let us apply the mathemati
al indu
tion. Let us assume that Lemma I is valid up toorder j, so that!j(�) = X~J;~s1 � fjmg � qPri=1 si = j v ~J;~sLi~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� ; (32a)
�j(�) = X~k;~l1 � flag � qPmi=1 ki=j�1 u~l;~kLi~k ��l1�l2q ; �l2�l3q ; � � � ; �lm�1�lmq ; �lmq �� : (32b)

10



Substituting these expressions in Eq. (28b), we obtain�j+1(�) = �(a1 + a2) qXa=1 X~l;~k1 � flag � qPmi=1 ki=j�1 u~l;~kLi1;~k ��l1�l2q ; � � � ; �lm�1�lmq ; �jm�jaq ; �jaq ��
� 
q X~l;~k1 � flag � qPmi=1 ki=j�1 u~l;~kLi1+k1;k2;��� ��l1�l2q ; � � � ; �lm�1�lmq ; �jmq ��
� a1a2 qXa=1 �apq X~J;~s1 � fjmg � qPri=1 si=j�1 v ~J;~sLi1;~s ��j1�j2q ; � � � ; �jr�jaq ; �jaq ��
� X~J;~~k1 � flag � qPmi=1 ki=j ~v ~J;~~kLi~~k ��l1�l2q ; �l2�l3q ; � � � ; �lm�1�lmq ; �jmq �� ; (33)

and the next iteration produ
es!j+1(�) = � qXa=1 ��apq X~J;~s1 � fjmg � qPri=1 ~ki=j ~v ~J;~~kLi1;~~k ��j1�j2q ; � � � ; �jr�jaq ; �jaq ��
= X~J;~s1 � fjmg � qPri=1 ~si=j+1 u ~J;~~sLi1;~~s ��j1�j2q ; � � � ; �jr�jr+1q ; �jr+1q �� : (34)

In this way, Lemma I is seen to be valid also at order j +1. Consequently, Lemma I isvalid at arbitrary order.Remark I:There is another possible parametrization of Eq. (22). It is possible to 
onsider thevariable ~� = 1=� instead of the variable �, so thatz = 11� ~�q : (35)11



In terms of the new variable, Eq. (22) takes the form1q dd~� ~!k(~�) = ~�q�p�11� ~�q ~�k(~�) ; (36a)�1q dd~� ~�k(~�) = "(a1 + a2) ~�q�11� ~�q + a1 + a2 � 
~� # ~�k�1(~�) + a1a2 ~�p�11� ~�q ~!k�2(~�) :(36b)The result of Lemma I does not 
hange under su
h a reparametrization.Remark II:In the region 0 < z < 1, the variable � is purely imaginary. It is then possible tointrodu
e a new variable, y = (1 � �)=(1 + �), whi
h parameterizes the 
omplex unit
ir
le, so that y = exp(i�). The trigonometri
 parametrization 
an be derived by puttingz = tanq(�=2)=[1 + tanq(�=2)℄, and, for q = 2, it 
oin
ides with the parametrization ofRef. [32℄. In this region, the multiple polylogarithms 
an be split into real and imaginaryparts as in the 
ase of the 
lassi
al polylogarithms [47℄. A few parti
ular values of multiplepolylogarithms, for q = 2; 6 and z = 1=4 (� = �=3), were evaluated in Refs. [32,34,48,49℄.2.1.3 One upper parameter is a rational numberLet us analyze a Gauss hypergeometri
 fun
tion where one of the upper parameters is arational number, !(z) = 2F1�pq + a1"; a2"; 1 + 
"; z� : (37)Using the algebrai
 relation between Gauss hypergeometri
 fun
tions of arguments z and1� 1=z,2F1�a; b
 ���� z� = 1za �(
)�(
� a� b)�(
� a)�(
� b) 2F1 � a; 1 + a� 
1 + a+ b� 
 ���� 1� 1z�+ za�
(1�z)
�a�b�(
)�(a+ b� 
)�(a)�(b) 2F1� 
�a; 1�a1+
�a�b ���� 1� 1z� ; (38)and putting a = a2" ; b = pq + a1" ; 
 = 1 + 
" ;

12



we obtain2F1� pq + a1"; a2"1+
" ���� z� =1za2" �(1 + 
")��1� pq + (
� a1 � a2)"��(1 + (
� a2)")��1� pq + (
� a1)"� 2F1� (a2 � 
)"; a2"pq +(a1 + a2 � 
)" ���� 1� 1z�+ (1� z)1�p=q+(
�a1�a2)"z(a2�
)"(
� a2)" �(1 + 
")��pq + (a1 + a2 � 
)"��(1 + a2")��pq + a1"�� z ddz 2F1� (
� a2)";�a2"1� pq +(
� a1 � a2)" ���� 1� 1z� : (39)A

ording to Lemma I, the Gauss hypergeometri
 fun
tions on the r.h.s. of Eq. (39) areexpressible in terms of multiple polylogarithms with arguments being powers of q-rootsof unity and the variable � de�ned as� = �jz!1� 1z = (1� z) 1q : (40)In terms of this variable, we haveza" = qYj=1(1� �jq�)a" ; (1� z)b" = � bq" : (41)The " expansion of the �rst fa
tor only produ
es powers of the logarithms ln(1 � �jq�),whereas the " expansion of the se
ond fa
tor generates powers of ln(�). In this way, weobtainLemma II:The all-order " expansion of the Gauss hypergeometri
 fun
tion 2F1 � pq+a1"; a2"; 1+
"; z�is expressible in terms of multiple polylogarithms times powers of ln � , where the variable� is de�ned by Eq. (40), whereby the arguments of the multiple polylogarithms are powersof q-roots of unity times � .Remark IIIFor a1 = 0, all powers of logarithms are fa
torized, so that the result is expressible justin terms of multiple polylogarithms.2.1.4 One upper and one lower parameter are equal rational numbers (zero-balan
e 
ase)In a similar manner, we 
an study the so-
alled zero-balan
e 
ase [36℄. Using the trans-formation z ! �z=(1� z),2F1�a; b
 ���� z� = 1(1� z)a 2F1�a; 
� b
 ����� z1� z� ; (42)13



and putting a = a1"; b = 1� pq+a2"; 
 = 1� pq + 
" ;we obtain2F1�1� pq + a2"; a1"1� pq+
" ���� z� = (1� z)�a1" 2F1 �a1"; (
�a2)"1� pq+
" ����� z1� z� : (43)A

ording to Lemma I, the Gauss hypergeometri
 fun
tion on the r.h.s. of Eq. (43) isexpressible in terms of multiple polylogarithms with arguments being powers of q-rootsof unity and the variable � de�ned as� = �jz!� z1�z = z 1q ; (44)in agreement with Ref. [36℄. In terms of this variable, we have(1� z)b" ! �qj=1(1� �jq�)b" :In this way, we obtainLemma III:The all-order " expansion of the Gauss hypergeometri
 fun
tion 2F1 �1� pq + a1"; a2"; 1� pq + 
"; z�is expressible in terms of multiple polylogarithms with arguments being powers of q-rootsof unity times the variable � de�ned by Eq. (44).2.1.5 All three parameters are equal and non-integerIn order to derive the " expansion for a Gauss hypergeometri
 fun
tion with three rationalnumbers, the following relation 
an be applied:2F1�a; b
 ���� z� = (1� z)
�a�b 2F1�
� a; 
� b
 ���� z� : (45)Putting a = 1� pq+a" ; b = 1� pq+b" ; 
 = 1� pq+
" ;we obtain2F1 �1� pq + a"; 1� pq + b"1� pq + 
" ���� z� = 1(1� z)1�p=q�(
�a�b)" 2F1� (
� a)"; (
� b)"1� pq + 
" ���� z� :(46)The r.h.s. of Eq. (46) is expressible just in terms of multiple polylogarithms. In thisway, we obtainLemma IV:The all-order " expansion of the Gauss hypergeometri
 fun
tion 2F1 �1� pq+a1"; 1� pq+a2"; 1� pq+
"; z�is expressible in terms of multiple polylogarithms with arguments being powers of q-rootsof unity times the variable � de�ned by Eq. (18).14



2.2 The Laurent " expansion of Gauss hypergeometri
 fun
tionswith rational values of parameters around z = 1Let us 
onstru
t the iterative solution of the di�erential equation (5) in the neighbourhoodof the point z = 1. In a

ordan
e with the standard pro
edure [12,19℄, we introdu
e anew variable, Z = 1� z, so that the the di�erential equation be
omesZ(1� Z)d2!(Z)dZ2 �[
� (a+b+ 1)(1� Z)℄ d!(Z)dZ � ab!(Z) = 0 (47)and one of its solution is !(Z) = 2F1(a; b; 1 + a+ b� 
;Z). Settinga = a1" ; b = a2" ; 
 = 1� pq + 
" ;we rewrite Eq. (47) asddZ �Z ddZ��1� pq�+(a1+a2�
)"�!(Z) = �Z ddZ+a1"��Z ddZ+a2"�!(Z) : (48)Sin
e the di�eren
e 1� p=q 
an be written symboli
ally as r=q, where r � q� 1, Eq. (48)is equivalent to Eq. (16) with appropriate 
hanges of variable and parameters,(z; 
; p) ! (Z; a1 + a2 � 
; q � p) ; (49)so that we 
an use the results of Se
tion 2.1.2 with appropriate 
hange of notations.In parti
ular, the solutions of the di�erential equations for the fun
tions �i(Q) and!i(Q) 
an be written as!k(Q) = q Z Q0 tq�p�11� tq �k(t) ; (50a)�k(Q) = �q Z Q0 �(a1+a2) tq�11� tq+a1+a2�
t � �k�1(t)� qa1a2 Z Q0 tp�11� tq!k�2(t) ;(50b)where the new variable Q is de�ned asQ = � ZZ � 1� 1q � 1� ; (51)and � is de�ned by Eq. (18).There is an expli
it relation between the solution of the di�erential equation (5) in theneighbourhoods of the points z = 0 and z = 1 [19℄, whi
h we write in the following form2F1�a; b
 z� = �(
)�(
� a� b)�(
� a)�(
� b) 2F1� a; ba+b�
+1 1�z�+(1� z)
�a�bz1�
�(
)�(a+ b� 
)�(a)�(b) 2F1 � 1�a; 1�b
�a�b+1 1�z� : (52)15



For a = a1" ; b = a2" ; 
 = 1� pq + 
" ; z = 1� z ;we have 2F1� a1"; a2"1� pq+
" 1� z�= ��1� pq+
"���1� pq+(
� a1 � a2)"���1� pq+(
� a1)"���1� pq+(
� a2)"� 2F1� a1"; a2"pq+(a1+a2�
)" z��(1�z)pq�
"z�pq+(
�a1�a2)"��1� pq+
"���pq+(a1+a2�
)"�� (1+a1") � (1+a2")��z ddz� 2F1� �a1";�a2"1� pq+(
�a1�a2)" z� : (53)The all-order " expansion for the hypergeometri
 fun
tions entering the r.h.s. of thisrelation is 
onstru
ted in Se
tion 2.1.2, the l.h.s. is done in this se
tion. Consequently,both sides of relation (53) are expressible in terms of multiple polylogarithms dependingon powers of q-roots of unity and the arguments � (r.h.s.) and 1� (l.h.s.). The equalityof the l.h.s. and r.h.s. of Eq. (53) in ea
h order of " generates algebrai
 relations betweenmultiple polylogarithms.A similar approa
h was applied in Refs. [37,50℄ to the 
onne
tion problem of the formalKnizhnik-Zamolod
hikov equation in order to derive linear relations between spe
ial valuesof multiple polylogarithms.In the region 0 < z < 1, the variable � is purely imaginary. It 
an then be rewritten interms of the new variable y = (1��)=(1+�), where y = exp(i�). In su
h a parametrization,relation (53) is equivalent to algebrai
 relations between 
olour zeta values. The algebrai
relations between parti
ular values of multiple polylogarithms of lower depth and weightand parti
ular values of q, spe
ifying the root of unity, were analysed for q = 2 andz = 1=4 in Refs. [32,34,49℄ and for q = 6 and z = 1=4 in Ref. [48℄.3 Multiple (inverse) rational sumsIt is well know that there are three di�erent ways to des
ribe hypergeometri
 fun
tions:(i) as an integral of the Euler or Mellin-Barnes type,(ii) by a series whose 
oeÆ
ients satisfy 
ertain re
urren
e relations,(iii) as a solution of a system of di�erential or di�eren
e equations (holonomi
 approa
h).For fun
tions of a single variable, all of these representations are equivalent, but someproperties of the fun
tion may be more evident in one representation than in another.16



In Se
tion 2.1, the third approa
h, the iterative solution of di�erential equations, wasused to 
onstru
t the all-order " expansion of a Gauss hypergeometri
 fun
tion. Now, wewish to analyze the series generated by the " expansion of a generalized hypergeometri
fun
tion with one rational parameter. This was properly analyzed for the zero-balan
e
ase in Ref. [36℄ and for q = 2 in Ref. [39℄.3.1 Gauss hypergeometri
 fun
tion as generating fun
tion ofmultiple (inverse) rational sumsThe starting point of our 
onsideration is the Taylor expansion of the � fun
tion. Theproper expression may be extra
ted from Refs. [19,36℄ and readsln �(k+1+ pq+j+z)�(k+1+ pq+j) = z	�k+1+j+ pq� + 1Xm=2 (�z)mm 1Xr=0 1�r+k+1+ pq+j�m= ln �(k+1+ pq+z)�(k+1+ pq ) � 1Xm=1 (�z)mm jXr=1 1�r+k+ pq�m (54a)= ln ��1+ pq+z���1+ pq� � 1Xm=1 (�z)mm j+kXr=1 1�r+ pq�m ; (54b)where 	 is the psi-fun
tion, 	(z) = ddz ln �(z), k is an arbitrary non-negative integer,k � 0, and we have used the two auxiliary expressions	(m)(z) � � ddz�m	(z) = (�1)m+1�(m+ 1) 1Xp=0 1(z + p)m+1 ;	(1 + z + n)� 	(1 + z) = nXk=1 1k + z :In parti
ular, for p = 0, we haveln �(1 + j + z)�(1 + z) = ln�(1 + j)� 1Xm=1 (�z)mm Sm(j) ; (55)where Sa(j) is the harmoni
 sum de�ned as Sa(j) =Pjk=1 1ka . Based on previous experi-en
e [32,34,45℄, we 
hoose !(z) = 2F1(1+a1"; 1+a2"; 2� pq + 
"; z) as the basis fun
tion,appearing on the r.h.s. of Eq.(8). Using representation (6) and expression (54) for ea
h �fun
tion, we write the " expansion of our basis fun
tion as a multiple series, as42F1�1+a1"; 1+a2"2� pq + 
" z� = 1z �1� pq+
"� 1Xj=1 zj�(j)��1� pq���1� pq+j� � ; (56)4The expansions of � fun
tions about rational values of their parameters may be rewritten in termsof multiple Z and S sums (for details, see Ref. [36℄).17



where � = exp " 1Xk=1 (�")kk ��AkSk(j � 1) + 
kS[q�p;q℄k (j � 1)�# ; (57)with Ak = ak1 + ak2: Here, S[p;q℄k (j) = jXr=1 1�r + pq�k ; (58)denotes the generalized multiple harmoni
 sum, whi
h satis�esS[p;q℄k (j + 1) = S[p;q℄k (j) + 1�1 + j + pq�k : (59)The harmoni
 sum Sa(j) is a spe
ial 
ase of S[p;q℄k (j), for p = 0,Sk(j) � S[0;q℄k (j) :In parti
ular, the �rst few 
oeÆ
ients of the " expansion read:1Xj=1 zj��1� pq��(j)��1+j� pq� exp " 1Xk=1 (�")kk ��AkSk(j � 1)+
kS[q�p;q℄k (j � 1)�#= 1Xj=1 zj��1� pq��(j)��1+j� pq� (1 + " hA1S1(j�1)� 
S[q�p;q℄1 (j � 1)i+12"2"A21S21(j�1)� A2S2(j�1)� 2
A1S1(j�1)S[q�p;q℄1 (j � 1)+
2 hS[q�p;q℄1 (j � 1)i2 + S[q�p;q℄2 (j � 1)!#+O("3)) : (60)From the relation ddz 2F1(a; b; 
; z) = ab
 2F1(a+ 1; b+ 1; 
+ 1; z) ; (61)it follows that1Xj=1 zj��1� pq��(j)��1� pq + j� exp" 1Xk=1 (�")kk ��AkSk(j � 1) + 
kS[q�p;q℄k (j � 1)�#������z=� �q1��q= �p 1Xk=0 ��k+2(�)a1a2 � "k ; (62)18



where � and �k(�) are de�ned by Eqs. (18) and (20), respe
tively. The algorithms forthe analyti
al evaluation of �k(�) were presented in Se
tion 2.1.2. The equality of thel.h.s. and r.h.s. of Eq. (62) in ea
h order of " allows one to express the 
ombination ofgeneralized multiple rational sums in terms of multiple polylogarithms. Using Eq. (31),we obtain1Xj=1 zj��1� pq��(j)��1� pq + j� = ��p qXj1=1�j1pq Li1 ��j1q �� ; (63a)1Xj=1 zj��1� pq��(j)��1+j� pq� S1(j�1) = �p qXj1;j2=1�j1pq Li1;1 ��j1�j2q ; �j2q �� ; (63b)1Xj=1 zj��1� pq��(j)��1+j� pq� S[q�p;q℄1 (j�1) = ��pq qXj1=1�j1pq Li2 ��j1q �� ; (63
)1Xj=1 zj��1� pq��(j)��1+j� pq�  hS[q�p;q℄1 (j � 1)i2 + S[q�p;q℄2 (j � 1)! =�2q2�p qXj1=1�j1pq Li3 ��j1q �� ; (63d)1Xj=1 zj��1� pq��(j)��1+j� pq� S1(j�1)S[q�p;q℄1 (j � 1) =q�p qXj1;j2=1�j1pq (Li1;2 ��j1�j2q ; ��j2q �+Li2;1 ��j1�j2q ; ��j2q �) ; (63e)1Xj=1 zj��1� pq��(j)��1+j� pq� S21(j�1) =��p qXj1;j2;i1=1�j1pq (2Li1;1;1 ��j1�j2q ; �j2�j3q ; ��j3q �� �(j2�i1)pq Li1;1;1 ��j1�i1q ; �i1�j2q ; ��j2q �) ;(63f)1Xj=1 zj��1� pq��(j)��1+j� pq� S2(j�1) = �p qXj1;j2;j3=1�(j1+j2�j3)pq Li1;1;1 ��j1�j3q ; �j3�j2q ; ��j2q � ; (63g)
19



where � is de�ned by Eq. (18). Symboli
ally, Eq. (62) may be written asX~a v~a 1Xj=1 zjj
 ��1� pq��(j)��1� pq + j� S[p;q℄a1 (j) S[p;q℄a2 (j) : : :S[p;q℄ap (j)������z=z(�)= X~J;~k1 � fjmg � qPri=1 ki = 1+
+a1+a2+: : :+ap u ~J;~kLi~k ��j1�j2q ; � � � ; ��jrq � ; (64)
where ~k is a multi-index, ~k = fk1; � � � ; krg, v~k are rational numbers and u~k are 
omplexnumbers (u~k 2 C ). Unfortunately, we 
annot treat all multiple inverse rational sumsusing the all-order " expansion of Gauss hypergeometri
 fun
tions, but just 
ertain linear
ombinations (see the dis
ussion in Ref. [32℄). However, for the evaluation of the othersanother te
hnique 
an be used.3.2 Multiple inverse rational sums of arbitrary depth and weightThere is an important sub
lass of multiple inverse rational sums, whi
h are de�ned as�[p;q℄a1;��� ;ak; �;
;�(z) � 1Xj=1 zjj
 �(j)��1� pq���1� pq+j� Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1) ; (65)where a1; � � � ; ak; 
 are arbitrary positive integers. The number w = 
+ 1 + a1 + � � �+ akis 
alled the weight and d = k the depth of the sums. For the analysis of these sums, thegenerating fun
tion approa
h [32,39,42,51℄ 
an be applied.Let us rewrite the multiple sum (65) in the form �[p;q℄~a;�;
;�(z) =P1j=1 zj�~a;�;
;�(j) ;where ~a � (a1; : : : ; ap) denotes the 
olle
tive list of indi
es and �~a;�;
;�(j) is the 
oeÆ
ientof zj. In order to �nd the di�erential equation for generating fun
tions of multiple sums,it is ne
essary to �nd a re
urren
e relation for the 
oeÆ
ients �[p;q℄~a;�;
;�(j) with respe
t tothe summation index j. Using the expli
it form of �[p;q℄~a;�;
;�(j), the re
urren
e relation forthe 
oeÆ
ients 
an be written in the form�j + 1� pq� (j + 1)
�[p;q℄~a;�;
;�(j + 1) = j
+1�[p;q℄~a;�;
;�(j) + r[p;q℄~a;� (j) ; (66)where the \remainder" r~a;�(j) is given by��1+j� pq��(j)��1� pq� r[p;q℄~a;� (j) = j �( kYr=1 �Sar(j � 1)+ 1jar �� kYr=1 Sar(j � 1)) : (67)20



Multiplying both sides of Eq. (66) by zj , summing over j = 1; 2; 3; : : :, and using the fa
tthat any extra power of j 
orresponds to the derivative z(d=dz) leads to the followingdi�erential equation for the generating fun
tions �[p;q℄~a;�;
;�(z):��1z�1� z ddz� 1z pq��z ddz�
�[p;q℄~a;�;
;�(z) = Æ~a;0 +R[p;q℄~a;� (z) ; (68)where the non-homogeneous term R[p;q℄~a;� (z) �P1j=1 zjr[p;q℄~a;� (j) is again expressible in termsof sums of the same type, �[p;q℄b1;��� ;bp; �;m;�(z), but with smaller depth, and Æa;b is the Kro-ne
ker Æ symbol. The boundary 
onditions for any of these sums and their derivativesare �z ddz�j �~a;~b;
1;
2(0) = 0 (j = 0; 1; 2; : : :): (69)Let us 
onsider the di�erential equation (68) in terms of the variable � de�ned by Eq.(18).The notation �[p;q℄~a;~b;
;�(�) will be used for a sum de�ned by Eq. (65), where the variable zis rewritten in terms of the variable �:�[p;q℄~a;~b;
1;
2(�)� �[p;q℄~a;~b;
1;
2 (z(�)) � �[p;q℄~a;~b;
1;
2(z)���z=z(�) : (70)In terms of the variable �, Eq. (68) may be split into the sum of two equations,�1q (1� �q)� dd��
�[p;q℄~a;�;
;�(�)=�p�[p;q℄~a;� (�) ; (71a)�1q 1� �q�q�p�1 dd��[p;q℄~a;� (�)=Æ~a;0+R[p;q℄~a;� (�) : (71b)From Eq. (71a), it is easy to obtain�1q (1� �q)� dd��
�j �[p;q℄~a;�;
;�(�) = �[p;q℄~a;�;j(�) ; (72)or in equivalent form,�1q (1� �q)� dd��
�j�1�[p;q℄~a;�;
;�(�) = q Z �0 dt(1� tq)t�[p;q℄~a;�;j(t) ; j � 1 : (73)From this representation, we immediately obtain the following lemma, whi
h is a gener-alisation of a statement given in Ref. [45℄:Lemma AIf, for some integer j, the series �[p;q℄~a;�;j(�) is expressible in terms of hyperlogarithms with
omplex 
oeÆ
ients, then this also holds for the sums �[p;q℄~a;�;j+i(�) with positive integers i.In order to prove Theorem A for multiple inverse rational sums, we prove an auxiliaryproposition: 21



Proposition AFor 
 = 0, the inverse rational sums are expressible in terms of multiple polylogarithms ofarguments being powers of q-roots of unity and the variable �, de�ned by Eq. (18), with
omplex 
oeÆ
ients 
r;~s times a fa
tor �p,as�[p;q℄a1;��� ;ap; �;0;�(z)���z=z(�) = �p X~J;~s1 � fjmg � q 
 ~J;~sLi~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� ;(74)where the weights of the l.h.s. and the r.h.s. are equal, i.e. s1+ � � �+ sr = 1+a1+ � � �+ap.Substituting expression (74) in the r.h.s. of Eq. (72), setting 
 = 1, and performing atrivial splitting of the denominator, we obtain�[p;q℄~a;�;1;�(z)���z=z(�)= X~J;~s1 � fjmg � q qXj=1 ��jpq Z �0 1t� 1�jq Li~s ��j1�j2q ; �j2�j3q ; � � ��jr�1�jrq ; �jrq t�= X~J;~s1 � fjmg � q ��jpq 
 ~J;~sLi1;~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jr�jr+1q ; �jr+1q �� : (75)In a

ordan
e with Lemma A, we haveCorollary A:For 
 � 1, the inverse rational sums are expressible in terms of multiple polylogarithms ofarguments being powers of q-roots of unity and the variable �, de�ned by Eq. (18), with
omplex 
oeÆ
ients d ~J;~s, as�[p;q℄a1;��� ;ap; �;
;�(z)���z=z(�) = X~J;~s1 � fjmg � q d ~J;~sLi~s ��j1�j2q ; � � � ; �jr�1�jrq ; �jrq �� (
 � 1) ;(76)where the weights of the l.h.s. and the r.h.s. are equal, i.e. s1+� � �+sr = 1+
+a1+� � �+ap.The strategy of the proof of these results is similar to the one adopted in Ref. [39℄. Wereprodu
e it here for 
ompleteness with appropriate modi�
ations. In Eq. (68), it isne
essary to distinguish two 
ases: (i) R[p;q℄~a (z) = 0; Æ~a;0 = 1, the so-
alled depth-0 sums,and (ii) R[p;q℄~a (z) 6= 0; Æ~a;0 = 0. 22



Let us �rst 
onsider the multiple inverse rational sums of depth 0,�[p;q℄�;�;
;�(�) = 1Xj=1 zjj
 �(j)��1� pq���1+j� pq� : (77)In this 
ase, the system of equations (71) has the form�1q (1� �q)� dd��
�[p;q℄�;�;
;�(�) = �p�[p;q℄�;�(�) ; (78a)dd��[p;q℄�;�(�) = qXj=1 �jpq 1� � 1�jq : (78b)We immediately obtain �[p;q℄�;�(�) =� qXj=1 �jpq Li1 ��jq�� ; (79)and �[p;q℄�;�;0;�(�) = ��p qXj=1 �jpq Li1 ��jq�� ; (80)whi
h agrees with Proposition A, and also with Eq. (63a). Iteration of the last equationprodu
es �[p;q℄�;�;1;�(�)=� qXk;j1=1�(k�j1)pj Li1;1 ��k�j1q ; �j1q �� : (81)In a

ordan
e with Lemma A, all the next iterations produ
e results in terms of multiplepolylogarithms with 
omplex 
oeÆ
ients. For example,�[p;q℄�;�;2;�(�)=�q qXk;j1=1�(k�j1)pq Li2;1 ��k�j1q ; �j1q ��� qXk;j1;j2=1�(k�j1)pq Li1;1;1 ��k�j1q ; �j1�j2q ; �j2q �� : (82)Let us analyze the sums of depth 1,�[p;q℄a1;�;
;�(�) = 1Xj=1 zjj
 �(j)��1� pq���1+j� pq� Sa1(j � 1) � 1Xj=1 zjj
 �(j)��1� pq���j� pq� j�1Xi=1 1ia1 :23



The 
oeÆ
ients of the non-homogeneous part are expressible in terms of multiple inverserational sum of depth 0, and Eq. (71) takes the form�� dd��
�[p;q℄a1;�;
;�(�) = �p�[p;q℄a1;�(�) ; (83a)dd��[p;q℄a1;�(�) = �q �q�p�11� �q �[p;q℄�;�;a1�1;�(�) : (83b)For 
 = 0, the system of equations (83) takes the simplest form,�[p;q℄a1;�;0;�(�) = �p�[p;q℄a1;�(�) ; (84a)dd��[p;q℄a1;�(�) = �q �q�p�11� �q �[p;q℄�;�;a1�1;�(�) : (84b)Let us �rst 
onsider the 
ase a1 = 1. Using Eq. (80), we obtain�1;0(�) = qXj1;j2=1�j1pq Li1;1 ��j1�j2q ; �j2q �� ; (85)and the result for �[p;q℄1;�;0;�(�) agrees with Proposition A and reprodu
es the result ofEq. (63b). For a1 � 2, the r.h.s. of Eq. (84b) is expressible in terms of multiple polyloga-rithms with 
omplex 
oeÆ
ients, so that �[p;q℄a1 ;�(�) is also expressible in terms of multiplepolylogarithms with 
omplex 
oeÆ
ients.5 Substituting these results in Eq. (84a), weobtain results in a

ordan
e with Corollary A. For 
 � 1, the desired results followsfrom Lemma A.Let us apply mathemati
al indu
tion. Let us assume that Proposition A is valid formultiple inverse rational sums of depth k,�[p;q℄a1;��� ;ak;�;0;�(z) � 1Xj=1 zj�(j)��1� pq���1+j� pq� Sa1(j � 1) � � �Sak(j � 1)������z=z(�)= �p X~s;1�fjmg�q 
 ~J;~sLi~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� ; (86)where ~s = fs1; � � � ; srg, and s1 + � � � sr = 1+ a1 + � � �+ ak. Then for 
 � 1, Corollary Aalso holds for multiple inverse rational sums of depth k,�[p;q℄a1;��� ;ak ;�;
;�(z) � 1Xj=1 zjj
 �(j)��1� pq���1+j� pq� Sa1(j � 1) � � �Sak(j � 1)������z=z(�)= X~s;1�fjmg�q d ~J;~sLi~s ��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� : (87)5In parti
ular, Eq. (63g) may be reprodu
ed easily.24



For the sum of depth k+1, the 
oeÆ
ients of the non-homogeneous part may be expressedas linear 
ombinations of sums of depth j (j = 0; � � � ; k) with integer 
oeÆ
ients and allpossible symmetri
 distributions of the original indi
es over the terms of the new sums,as �1q (1� �q)� dd��
�[p;q℄a1;��� ;ak+1;�;
;�(�)=�p�[p;q℄a1;��� ;ak+1;�(�) ; (88a)dd��[p;q℄a1;��� ;ak+1;�(�)=�q �q�p�11� �q 1Xj=1 zj�(1+j)��1� pq���1+j� pq�� kXp=0 X(i1;��� ;ik+1) 1p!(k+1�p)!Si1(j�1) � � �Sip(j�1)jip+1+���ik+1 ; (88b)where the sum over the indi
es (i1; � � � ik+1) is to be taken over all permutations of thelist (a1; � � � ; ak+1). If ip+1 + � � � ik+1 � 2, the r.h.s. of Eq. (88b) is expressible in termsof multiple polylogarithms of weight k with 
omplex 
oeÆ
ients; see Eq. (87). As aresult of integrating this equation, �(1)a1;��� ;ak+1;�(�) is also expressible in terms of harmoni
polylogarithms of weight k + 1 with 
omplex 
oeÆ
ients.If ip+1 + � � � ik+1 = 1, the r.h.s. of Eq. (88b) is expressible in terms of multiple poly-logarithms of weight k with a 
ommon fa
tor �p; see Eq. (86). The result of integratingthis equation is again expressible in terms of multiple polylogarithms of weight k+1 with
omplex 
oeÆ
ients, as�(1)a1;��� ;ak+1;�(�) = X~s;1�fjmg�q qXj=1 Z �0 dt 1t� 1�jq d ~J;~sLi~s ��j1�j2q ; � � � ; �jr�1�jrq ; �jrq �� : (89)For 
 = 0, dire
t substitution of the previous results into Eq. (88a) shows that Proposi-tion A is valid for weight k + 1. In this way, Proposition A is proven for all weights.Then, for 
 � 2, Corollary A is also true for multiple inverse rational sums of depth k+1.Applying the di�erential operator z ddz � �1q (1� �q)� dd� repeatedly l times to the sum�[p;q℄a1 ;��� ;ap; �;
;�(z), we 
an derive results for a similar sum with 
 < 0. Thus, Theorem Ais proven for multiple inverse rational sums.Remark IVFor the parti
ular value q = 2 (p = 1), the multiple inverse rational sums (62) are redu
edto multiple inverse binomial sums, whi
h were studied in Refs. [30,32,39℄,�[1;2℄a1 ;��� ;ap; �;
;�(z) = 1Xj=1 zjj
 � �12��(j)� �j+ 12� Sa1(j�1) � � �Sap(j�1)= 1Xj=1 (4z)jj
+1 1�2jj �Sa1(j�1) � � �Sap(j�1) : (90)25



In order to 
onvert the results of Eqs. (63) and Theorem A to the form presented inRefs. [32,39℄, respe
tively, is it ne
essary to 
onsider the new variabley = 1� �1 + � :In parti
ular,�[1;2℄�;�;0;�(z) = � ln 1� �1 + � ; (91)�[1;2℄�;�;1;�(z) = �Li1;1 (1; �)� Li1;1 (1;��) + Li1;1 (�1; �) + Li1;1 (�1;��) : (92)For pra
ti
al appli
ations, the following relations are useful:Li1;1 (x; y) = � Z y0 dt1� z ln(1� xt) ; (93)Li1;1 (1; z) = 12 ln2(1� z) ; (94)Li1;1 (�1; z) = ln(2) ln(1� z)� Li2�1� x2 �+ Li2�12� : (95)Remark VLet us modify the multiple inverse rational sums of Eq. (65) by introdu
ing an additionalparameter d, as�[p;q℄a1;��� ;ak; �;
;�(d; z)� 1Xj=1 zjj
 �(j)��d� pq���d+j� pq� Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1) : (96)Equation (66) is 
hanged to be
ome�j + d� pq� (j + 1)
�[p;q℄~a;�;
;�(j + 1) = j
+1�[p;q℄~a;�;
;�(j) + r[p;q℄~a;� (j) ; (97)and we have��1z�1� z ddz+1z �d�1� pq���z ddz�
�[p;q℄~a;�;
;�(d; z) = Æ~a;0 +R[p;q℄~a;� (d; z) : (98)In terms of the variable �, Eq. (98) is split into two pie
es,�1q (1� �q)� dd��
�[p;q℄�;~a;�
;(d; �)=�p�q(d�1)�[p;q℄�;~a (�) ; (99a)�1q 1� �q�qd�p�1 dd��[p;q℄�;~a (�)=Æ~a;0+R[p;q℄�;~a (�) : (99b)For the analysis of this system, the previous te
hnique 
an be applied dire
tly after usingthe de
omposition qxqd�p�11� xq = � qXj=1 �jpqx� 1�jq ;where d is an integer and qd � p+ 1. 26



3.3 Multiple rational sums of arbitrary depth and weightAnother important 
lass of multiple sums are the so-
alled multiple rational sums, de�nedas �[p;q℄a1;��� ;ak; �;
;�(z) � 1Xj=1 zjj
 ��j+ pq��(j + 1)��1+ pq�Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1) ;(100)where a1; � � � ; ak; 
 are arbitrary positive integers. The quantum numbers, depth andweight, are de�ned as in the 
ase of multiple inverse rational sums, namely the weight asw = 
 + 1 + a1 + � � � + ak and the depth as d = k. In this 
ase, the proper re
urren
erelation is (j + 1)
+1�[p;q℄~a;�;
;�(j + 1) = �j + pq� j
�[p;q℄~a;�;
;�(j) + �j + pq� r[p;q℄~a;� (j) ; (101)where the \remainder" r~a;�(j) is given by�(j+1)��1+ pq���j+ pq� r[p;q℄~a;� (j) =( pYr=1 �Sar(j � 1)+ 1jar �� pYr=1Sar(j � 1)) : (102)The di�erential equations for the generating fun
tions �[p;q℄~a;�;
;�(z) is��1z � 1� z ddz� pq ��z ddz�
�[p;q℄~a;�;
;�(z) = Æ~a;0 + �z ddz + pq�X~s;j d~s;j�[p;q℄~s;�;j;�(z) ; (103)where the non-homogeneous termP1j=1 zjr[p;q℄~a;� (j) is again expressible in terms of sums ofthe same type, but with smaller depth. Symboli
ally, we write it as1Xj=1 zjr[p;q℄~a;� (j) =X~s;k d~s;k�[p;q℄~s;�;k;�(�) ; (104)where d~s;k are 
omplex 
oeÆ
ients andXj aj = k +Xi si :Introdu
ing the variable � de�ned in Eq. (40), so thatz = 1� � q ; z ddz = �1q �1� � q� q � � dd� ; �(1� z) ddz � pq� = �1q �� dd� + p� ;(105)we obtain��1q (1� � q)� q � dd� �
�[p;q℄~a;�;
;�(�)=��p�[p;q℄~a;� (�) ; (106a)�1q � 1�p dd� �[p;q℄~a;� (�)=Æ~a;0� 1q �1� � q� q � dd� �p�X~s;j d~s;j�[p;q℄~s;�;j;�(�) :(106b)27



The point z = 0 transforms to the point � = 1, so that the boundary 
onditions for thesesums are �~a;�;
1;�(1) = 0 : (107)From Eq. (106a), it is easy to obtain��1q (1� � q)� q � dd� �
�j �[p;q℄~a;�;
;�(�) = �[p;q℄~a;�;j;�(�) ; (108)or in equivalent form,��1q (1� � q)� q � dd� �
�j�1�[p;q℄~a;�;
;�(�) = �q Z �1 dt tq�11� tq�[p;q℄~a;�;j;�(t) (j � 1) : (109)We wish to point out that the point � = 1 is a regular point of multiple rational sums.From representation (109), we immediately obtain the following lemma, whi
h is ageneralization of the statement given in Ref. [45℄:Lemma BIf for some integer j, the series �[p;q℄~a;�;j(�) is expressible in terms of hyperlogarithms with
omplex 
oeÆ
ients, then this also holds for the sums �[p;q℄~a;�;j+i(�) for positive integers i.Let us return to Eq. (106b) and rewrite it in the form� 1q � 1�p dd� �[p;q℄~a;� (�) ==Æ~a;0 +X~s;j d~s;�;j �pq�[p;q℄~s;�;j(�) + �[p;q℄~s;�;j�1(�)� ; (110)where d~s;�;j is a set of 
onstants. Integrating it by parts, we �nd�[p;q℄~a;� (�) = qpÆ~a;0(1� � p) +X~s;j d~s;�;j ��� p�[p;q℄~s;�;j(�)� q Z �1 dt tp�11� tq�[p;q℄~s;�;j�1(t)� : (111)Substituting this expression in the r.h.s. of Eq. (106a), we obtain��1q (1� � q)� q � dd� �
�[p;q℄~a;�;
;�(�) =�qpÆ~a;0(1� ��p)�X~s;j d~s;�;j ��[p;q℄~s;�;j(�) + q��p Z �1 dt tp�11� tq�[p;q℄~s;�;j�1(t)� : (112)In order to prove Theorem B for rational sums, we �rst prove the following auxiliaryproposition:Proposition BFor 
 = 0, the inverse rational sums are expressible in terms of multiple polylogarithms ofarguments being powers of q-roots of unity times the variable � , de�ned by Eq. (40), with28




omplex 
oeÆ
ients 
r;~s and dr;~s times a fa
tor ��p, as�[p;q℄a1;��� ;ap; �;0;�(z)���z=z(�) =X~J;~s1 � fjmg � q �
 ~J;~s;k + d ~J;~s;k��p� lnk �"Li~s ��j1�j2q ; � � � ; �jrq ��� Li~s ��j1�j2q ; � � � ; �jrq �# ;(113)where the weights of the l.h.s. and the r.h.s. are equal, i.e. s1+ � � �+ sr+k = a1+ � � �+ap.Substituting expression (113) in the r.h.s. of Eq. (109), setting 
 = 1, and performinga trivial splitting of the denominator, we obtain�[p;q℄~a;�;1;�(z)���z=z(�) =X~J;~s; k1 � fjmg � q qXj=1 �
 ~J;~s + d ~J;~s�jpq � Z �1 dtt� 1�jq lnk t"Li~s ��j1�j2q ; � � ��jrq t�� Li~s ��j1�j2q ; � � ��jrq �#
= � X~J;~s; k1 � fjmg � q ~d ~J;~s lnk �"Li1;~s ��j1�j2q ; � � � ; �jr+1q ��� Li1;~s ��j1�j2q ; � � � ; �jr+1q �# : (114)In a

ordan
e with Lemma B, we haveCorollary B:For 
 � 1, the multiple rational sums are expressible in terms of multiple polylogarithmsof arguments being powers of q-roots of unity and the variable � , de�ned by Eq. (40), with
omplex 
oeÆ
ients d~s, as�[p;q℄a1;��� ;ap; �;
;�(z)���z=z(�) = (115)X~J;~s; k1 � fjmg � q d ~J;~s;k lnk �"Li~s ��j1�j2q ; � � � ; �jrq ��� Li~s ��j1�j2q ; � � � ; �jrq �# (
 � 1) ;where the weights of the l.h.s. and the r.h.s. are equal, i.e. s1+� � �+sr+k = 
+a1+� � �+ap.In order to prove Theorem B for multiple inverse rational sums, it is suÆ
ient toproof Lemma B. The strategy of proof of these results is similar to the one adopted inRef. [39℄. We reprodu
e it here for 
ompleteness with appropriate modi�
ations.29



In Eq. (106), it is ne
essary to distinguish two 
ases: (i) R[p;q℄~a (z) = 0; Æ~a;0 = 1, theso-
alled depth 0 sums, and (ii) R[p;q℄~a (z) 6= 0; Æ~a;0 = 0 .Let us 
onsider the multiple inverse rational sums of depth 0,�[p;q℄�;�;
;�(�) = 1Xj=1 zjj
 ��j+ pq��(j + 1)��1+ pq�������z=z(�) : (116)In this 
ase, the system of equations (106) has the form��1q (1� � q)� q � dd��
�[p;q℄�;�;�;
;(�) = ��p�[p;q℄�;�(�) ; (117a)dd� �[p;q℄�;�(�) = �q� p�1 : (117b)We immediately obtain �[p;q℄�;�(�) = qp (1� � p) (118)and �[p;q℄�;�;0;�(�) =�qp �1� ��p� : (119)Iteration of the last equation produ
es6�[p;q℄�;�;1;�(�)= qp q�1Xj=1(1� �jpq ) �Li1 ��jq��� Li1 ��jq��� qp qXj=1(1� �jpq ) �Li1 ��jq��� Li1 ��jq�� ; (120)where the last term of the sum, for j = q, is identi
ally equal to zero.The next iteration yields�[p;q℄�;�;2;�(�)=�qp q�1Xj1;j2=1(1� �j1pq ) �Li1;1 ��j1�j2q ; �j2q ���Li1;1 ��j1�j2q ; �j2q ��+qp q�1Xj1;j2=1(1��j1pq )Li1 ��j1q � "Li1 ��j2q ���Li1 ��j2q �#+qp q�1Xj1=1(1��j1pq ) �Li1;1 ��; �j1q ��Li1;1 �1; �j1q �+Li2 ��j1q ���Li2 ��j1q �� ;(121)6We wish to mention that q�1Xj=1 ln(1� �jq) = ln q :30



where we have used the identity [9℄Lim (x) Lin (y) = Lim;n (x; y) + Lin;m (y; x) + Lim+n (xy) : (122)In a

ordan
e with Lemma B, all the following iterations produ
e results in terms ofmultiple polylogarithms with 
omplex 
oeÆ
ients.Let us now analyze the multiple inverse rational sums of depth 1,�[p;q℄a1;�;
;�(�) = 1Xj=1 zjj
 ��j+ pq��(1 + j)��1+ pq�Sa1(j � 1) � 1Xj=1 zjj
 ��j+ pq��(1 + j)��1+ pq� j�1Xi=1 1ia1 :The 
oeÆ
ients of the non-homogeneous part are expressible in terms of multiple rationalsums of depth 0, and Eq. (106) takes the form��1q (1� � q)� q � dd��
�[p;q℄a1;�;
;�(�) = ��p�[p;q℄a1;�(�) ; (123a)�[p;q℄a1;�(�) = �� p�[p;q℄�;�;a1;�(�)� q Z �1 dt tp�11� tq�[p;q℄�;�;a1�1(t) : (123b)For 
 = 0, the system of equations (123) read�[p;q℄a1;�;0;�(�) = ��[p;q℄�;�;a1;�(�)� q��p Z �1 dt tp�11� tq�[p;q℄�;�;a1�1(t) : (124)Let us �rst 
onsider the 
ase a1 = 1. Using Eqs. (119) and (120), we obtain�[p;q℄1;�;0;�(�) = �qp q�1Xj=1 �(1��jpq )+��p(1���jpq )� �Li1 ��jq���Li1 ��jq��� q2p ��p ln � ;(125)in agreement with Proposition B. For a1 � 2, the r.h.s. of Eq. (124) is expressible interms of multiple polylogarithms with 
omplex 
oeÆ
ients, so that this also holds for�[p;q℄a1;�(�), in agreement with Corollary B. For 
 � 1, the desired result follows fromLemma B.Let us apply mathemati
al indu
tion and assume that Proposition B is valid formultiple inverse rational sums of depth k,�[p;q℄a1;��� ;ak ;�;0;�(z) � 1Xj=1 zj ��j+ pq��(1 + j)��1+ pq�Sa1(j � 1) � � �Sak(j � 1)������z=z(�)= X~J;~s; k1 � fjmg � q �
 ~J;~s;k + d ~J;~s;k��p� lnk �"Li~s ��j1�j2q ; � � � ; �jrq ��� Li~s ��j1�j2q ; � � � ; �jrq �# ;(126)31



where ~s = fs1; � � � ; srg and s1 + � � � sr + k = a1 + � � �+ ak. Then, for 
 � 1, Corollary Balso holds for multiple rational sums of depth k,�[p;q℄a1;��� ;ak;�;
;�(z) � 1Xj=1 zjj
 ��j+ pq��(1 + j)��1+ pq�Sa1(j � 1) � � �Sak(j � 1)������z=z(�)= X~J;~s; k1 � fjmg � q ~d ~J;~s;k lnk �"Li~s ��j1�j2q ; � � � ; �jrq ��� Li~s ��j1�j2q ; � � � ; �jrq �# : (127)For sums of depth k + 1, the 
oeÆ
ients of the non-homogeneous part are expressedas linear 
ombination of sums of depth j (j = 0; : : : ; k), with 
omplex 
oeÆ
ients andall possible distributions of the original indi
es over the terms of the new sums. Usingrelation (111), we obtain��1q (1� � q)� q � dd� �
�[p;q℄a1;��� ;ak+1;�;
;�(�) =X~s;J �
~s;�;J�[p;q℄~s;�;J(�) + q��pd~s;�;J Z �1 dt tp�11� tq�[p;q℄~s;�;J�1(t)� : (128)Let us set 
 = 0 and 
onsider the two 
ases: (i) J = 1 and (ii) J � 2. For J = 1, the �rstterm on the r.h.s. of Eq. (128) is expressible in terms of multiple polylogarithms. The lastterm on the r.h.s. of Eq. (128) has the stru
ture of Eq. (126), so that, upon integration,it will again be expressible in terms of multiple polylogarithms of weight k + 1. Due tothe 
ommon fa
tor ��p, the result agrees with Proposition B. For J � 2, both termson the r.h.s. of Eq. (128) are expressible in terms of harmoni
 polylogarithms of weightk + 1, as��1q (1� � q)� q � dd� �
�1�[p;q℄a1;��� ;ak+1;�;
;�(�) =X~s;J qXj=1 "
~s;�;J Z �1 dtt� 1�jq �[p;q℄~s;�;J(t) + d~s;�;J Z �1 dt �jpqt� 1�jq q Z t11 dt1 tp�111� tq1�[p;q℄~s;�;J�1(t1)# :(129)In this way, Proposition B is found to be valid for weight k+1. Consequently, Propo-sition B is proven for all weights. Therefore, for 
 � 1, Corollary B is also valid for themultiple binomial sums of weight k + 1.Applying the di�erential operator z ddz � �1q 1��q�q dd� repeatedly l times to the sum�[p;q℄a1;��� ;ar; �;
(z), we 
an derive results for a similar sum with 
 < 0. Thus, Theorem B is32



proven for multiple rational sums.Remark VIFor the parti
ular value q = 2 (p = 1), the multiple rational sums are redu
ed to multiplebinomial sums, whi
h were studied in Refs. [31,32,39℄, as�[1;2℄a1;��� ;ap; �;
;�(z) = 1Xj=1 zjj
 � �j+ 12�� �32�� (j+1)Sa1(j�1) � � �Sap(j�1)= 2 1Xj=1 �2jj ��z4�j 1j
 1�2jj �Sa1(j�1) � � �Sap(j�1) : (130)In order to 
onvert the results of Eq. (63) and Theorem A to the form presented inRefs. [31,32,39℄, is it ne
essary to introdu
e the new variable � as� = 1� �1 + � :4 All-order Laurent expansion of generalized hyper-geometri
 fun
tions with one rational parameterIn this se
tion, we turn our attention to the proof of Theorem C. It is well known thatany fun
tion pFp�1(~a+ ~m;~b+~k; z) is expressible in terms of p other fun
tions of the sametype, as [52,53℄Rp+1(~a;~b; z)pFp�1(~a+ ~m;~b + ~k; z) = pXk=1 Rk(~a;~b; z)pFp�1(~a+ ~ek;~b + ~Ek; z) ; (131)where ~m, ~k, ~ek, and ~Ek are lists of integers and Rk are polynomials in the parameters ~a ,~b,and z. Systemati
 methods for solving this problem were elaborated in Refs. [52,53℄. Forgeneralized hypergeometri
 fun
tions of Theorem C, let us 
hoose as the basis fun
tions,appearing on the r.h.s. of Eq. (131), arbitrary p fun
tions from the following set:� for Eq. (4b), r2 fun
tions of the typerFr�1�1+ pq ; f1 + ai"gr�L�1; f2 + di"gLf1 + ei"gr�Q�1; f2 + 
i"gQ z� ;� for Eq. (4a), r2 � 1 fun
tions of the typerFr�1� f1 + ai"gr�L; f2 + di"gL2� pq ; f1 + ei"gr�Q�2; f2 + 
i"gQ z� :
33



In the framework of the approa
h developed in Refs. [30,31,32,34,42℄, the study of the "expansion of basis hypergeometri
 fun
tions was redu
ed to the study of multiple (inverse)rational sums. It is easy to obtain the following representations:rFr�1� f1 + ai"gK; f2 + di"gL2� pq + b"; f1 + ei"gR; f2 + 
i"gQ z� =1z �1� pq+b"� �Qs=1(1 + 
s")�Li=1(1 + di") 1Xj=1 �(j)��1� pq���1+j� pq� zjjK�R�2� ; (132a)rFr�1�1+ pq+f"; f1+ai"gK; f2+di"gLf1+ei"gR; f2+
i"gQ z� =1z �Qs=1(1+
s")�Li=1(1+di") 1Xj=1 ��j+ pq��(1+j)��1+ pq� zjjK�R�1� ; (132b)where the supers
ripts K;L;R;Q indi
ate the lengths of the parameter lists,� = exp( 1Xk=1 (�")kk hwkj�k + Sk(n� 1)tk + bkS [p;q℄k (j)� fkS[p;q℄k (j � 1)i) ; (133)Sa(n) =Pnj=1 1=ja is a harmoni
 sum, and the 
onstants are de�ned asAk �X aki ; Ck �X 
ki ; Dk �X dki ; Ek �X eki ;tk � Ck + Ek � Ak �Dk; wk � Ck �Dk ;where the summations extend over all possible values of the parameters in Eq. (132). Inthis way, for b = f = 0, the " expansions of the basis fun
tions in Eq. (132) are seen to beexpressible in terms of multiple (inverse) rational sums, whi
h were studied in Se
tion 3.But all these are expressible in terms of multiple polylogarithms. In this way, TheoremC is proven.5 Two-loop sunset with two equal massesM , a thirdmass m, and external momentum q2 = �m2The aim of this se
tion is to �nd a hypergeometri
 representation for the two-loop sunset-type diagrams with the spe
ial kinemati
 
on�guration 
onsidered in Ref. [54℄. Theintegral under investigation isJ (�)122 (�; �1; �2; m2;M2) = Z Z dnk1dnk2[k21�M2℄�1 [(k1�k2�q)2�M2℄�2 [k22�m2℄� ����q2=�m2 :(134)It is well know that, for arbitrary values of masses and momentum and powers of propaga-tors, this integral is expressible in terms of Lauri
ella fun
tions [25℄. The hypergeometri
34



representation of the master integral with three equal masses and an arbitrary value ofmomentum was derived by Tarasov [27℄ in terms of Gauss hypergeometri
 fun
tions andAppell fun
tions F2. We now demonstrate, that for q2 = �m2, the master integralsare expressible in terms of generalized hypergeometri
 fun
tions with quarter values ofparameters.Using the Mellin-Barnes representation [21℄, we obtainJ (�)122 (�; �1; �2; m2;M2) = (�1)�1+�2+�+1(M2)n=2��1��2(m2)n=2���(�1)�(�2)�(�)� �n2�12�i Z +i1�i1 du�m2M2�u � (�1+u) � (�2+u) � ��1+�2� n2+u�� �n2+u��(�1+�2+2u)�(�u)����n2�u� 2F1��� n2�u;�un2 � 1� : (135)The Gauss hypergeometri
 fun
tion in this expression is of the form2F1� a; ba�b+� � 1� ;where, by de�nition, � is a positive integer. Using the 
ontiguous relations for Gausshypergeometri
 fun
tions [44,45℄, it is possible to express this hypergeometri
 fun
tion interms of a linear 
ombination of any two fun
tions with parameters di�erent by integersfrom the original ones. For our analysis, it is suÆ
ient that the proper set of masterintegrals are expressible in terms of integrals with � = 1 [55℄. Closing the 
ontour ofintegration at in�nity in the right half-plane and summing over the residiues of �(�u)and �(1� n=2� u), we obtain the sum of two hypergeometri
 series. Using the Kummerrelation [56,57℄, 2F1� a; b1+a�b � 1� = �(1 + a� b)� �1 + a2��(1 + a)� �1 + a2 � b� ;where the hypergeometri
 series on the l.h.s. is de�ned if a � b, whi
h is n=2 � 1 in our
ase, is not a negative integer, and substituting it in our series, we obtain a one-fold seriesrepresentation whi
h 
ontains only produ
ts of � fun
tions. In 
ontrast to the previouslystudied 
ases [21℄, these series 
ontain gamma fun
tions of the type �(a+k=2), where k isthe index of summation and a is some number. To 
onvert a series of this type into seriesof the generalized-hypergeometri
-fun
tion type, we split the summation in one over theeven and one over the odd values of the index, so that1Xk=0 f(k)h�k2� zk = 1Xj=0 �f(2j)h(j) + zf(2j + 1)h�j + 12�� (z2)j ; (136)
35



where h and f are arbitrary fun
tions.7 Returning to our series, we like to mention that,after splitting the summation into even and odd parts, the term 1=� �1�k2 �, whi
h 
omesfrom the residiues of �(�u), only 
ontributes to the even part. Finally, we obtainJ (�)122 (1; �1; �2; m2;M2) = (�1)�1+�2(M2)n=2��1��2(m2)n=2�1�(�1)�(�2)"� �1� n2 ��(�1)�(�2)� ��1+�2� n2 ��(�1+�2)6F5� �12 ; �1+12 ; �22 ; �2+12 ; 2�1+2�2�n4 ; 2�1+2�2+2�n4n2 ; �1+�24 ; �1+�2+14 ; �1+�2+24 ; �1+�2+34 � m44M4�+�m2M2�(2�n)=2 � �1+�1� n2�� �1+�2� n2 �� (1+�1+�2�n) � �n2�1�� �n2 ��(�1+�2+2�n)7F6�1; 2+2�1�n4 ; 2+2�2�n4 ; 4+2�1�n4 ; 4+2�2�n4 ; �1+�2+1�n2 ; �1+�2+2�n22+n4 ; 6�n4 ; �1+�2+2�n4 ; �1+�2+3�n4 ; �1+�2+4�n4 ; �1+�2+5�n4 � m44M4�+ 8n(4� n) �m2M2�(4�n)=2 � �2+�1� n2 �� �2+�2� n2 �� (�1+�2+2�n)�(�1+�2+4�n)7F6�1; 2�1+4�n4 ; 2�2+4�n4 ; 2�1+6�n4 ; 2�2+6�n4 ; �1+�2+2�n2 ; �1+�2+3�n24+n4 ; 8�n4 ; �1+�2+4�n4 ; �1+�2+5�n4 ; �1+�2+6�n4 ; �1+�2+7�n4 � m44M4�# : (138)Closing the 
ontour of integration at in�nity in the left half-plane and summing overthe residiues of the � fun
tions, we obtain hypergeometri
 series in terms of the variableM2=m2. The same results 
an be derived from the general formula for the analyti
al
ontinuation of the generalized hypergeometri
 fun
tion.The �rst and the last hypergeometri
 fun
tions in Eq. (138) may be redu
ed by theTakayama-Zeilberger [52,53℄ algorithm to the basis fun
tion4F3�1+a1"; 1+a2"; 32 + 
1"; 32 + 
2"2+d"; 2� 14 + b1"; 2� 34 + b2" z� (139)and its derivatives. The se
ond hypergeometri
 fun
tion in Eq. (138) belongs to the 
lass4F3 � 1+a1"; 1+a2"; 1+a3"; 32 + 
"32 + d"; 2� 14 + b1"; 2� 34 + b2" z� : (140)7 In parti
ular, for the hypergeometri
 fun
tion, we have [56,58℄pFq �a1; � � � ; apb1; � � � ; bq z� = 2pF2q+1 a12 ; a1+12 ; � � � ; ap2 ; ap+1212 ; b12 ; b1+12 ; � � � ; bq2 ; bq+12 4p�q�1z2!+z�pi=1ai�qj=1bj 2pF2q+1 a1+12 ; a1+22 ; � � � ; ap+12 ; ap+2232 ; b1+12 ; b1+22 ; � � � ; bq+12 ; bq+22 4p�q�1z2! : (137)36



The " expansions of the hypergeometri
 fun
tions appearing in Eq. (138) are expressiblein terms of ellipti
 integrals, whi
h have been found in Ref. [54℄, and their generalizations,whi
h are beyond our 
onsideration (see the dis
ussion in Ref. [45℄). Three master-integrals in n = 4 � 2" dimensions, where " is a parameter of dimension regularization[2℄, 
orrespond to �1 = �2 = 1, �1 = 1; �2, �1 = �2 = 2. We obtain from Eq. (138)J (�)122 (1; 1; 1; m2;M2) = �(M2)�"(m2)1�"�2(1 + ")"2(1� ")"4F3�1; 12 ; "2 ; 12 + "22� "; 34 ; 54 � m44M4�+�M2m2 �1�" 1(1� 2")4F3� 1;�12 + "2 ; "2 ; "32 � "2 ; 14 + "2 ; 34 + "2 � m44M4���M2m2 ��" (1� ")(2� ")(1 + 2")4F3 � 1; 12 + "2 ; 12 + "; "2� "2 ; 34 + "2 ; 54 + "2 � m44M4�# ; (141a)J (�)122 (1; 1; 2; m2;M2) = 12(M2)�1�"(m2)1�"�2(1 + ")"(1� ")"4F3�1; 12 ; 1+ "2 ; 12+ "22� "; 34 ; 54 � m44M4���M2m2 �1�" 1" 4F3� 1; 12+"; "2 ; "32 � "2 ; 14 + "2 ; 34 + "2 � m44M4��2�M2m2 ��" (1� ")(2� ")(1 + 2")4F3�1; 12 + "2 ; 12 + "; 1+"2� "2 ; 34 + "2 ; 54 + "2 � m44M4�# ; (141b)J (�)122 (1; 2; 2; m2;M2) = �(M2)�2�"(m2)1�"�2(1 + ") (1+")"(1� ")"164F3�1; 32 ; 1+ "2 ; 32+ "22� "; 54 ; 74 � m44M4���M2m2 �1�" "(1 + ")(1 + 2")4F3� 1; 12+"; 1+ "2 ; 1+"32 � "2 ; 34 + "2 ; 54 + "2 � m44M4���M2m2 ��" (1� ")(2� ")(3 + 2")4F3 �1; 32 + "2 ; 32 + "; 1+"2� "2 ; 54 + "2 ; 74 + "2 � m44M4�# : (141
)To 
ross-
he
k our results, we evaluate the �rst few 
oeÆ
ients of the expansion of theoriginal diagram in the large-mass limit [59℄ using our program pa
kages [60℄ and 
ompareit with the proper " expansion following from the hypergeometri
 representation (141).In the latter 
ase, using the relationpFp�1�faigfbjg z� = 1 + z�pi=1ai�p�1j=1bj pFp�1�1; f1 + aig2; f1 + bjg z� ; (142)37



all hypergeometri
 fun
tions are redu
ed to one of the two \basi
" ones,4F3�k1+1+a1"; k2+1+a2"; r1+ 12 + 
1"; r2+ 12 + 
2"k3+2+d"; r3+1+ 34 + b1"; r4+1+ 14 + b2" z�4F3�k1+1+a1"; k2+1+a2"; k3+1+a3"; r1+ 12+
1"r2+ 12+
2"; r3+1+ 34+b1"; r4+1+ 14+b2" z� ; (143)where fkag are non-negative integers and frkg are integers. Their " expansions 
an beeasily 
onstru
ted with the help of Eq. (54a) and read4F3�k1+1+a1"; k2+1+a2"; r1+ 12 + 
1"; r2+ 12 + 
2"k3+2+d"; r3+1+ 34 + b1"; r4+1+ 14 + b2" z�= 1z �(k3+2)� �r3+1+ 34�� �r4+1+ 14��(k1+1)�(k2+1)� �r1+ 12�� �r2+ 12�� 1Xj=1 zj �(k1+j)�(k2+j)� �r1� 12+j�� �r2� 12+j��(k3+1+j)�(j)� �r3+ 34+j�� �r4+ 14+j� exp" 1Xm=1 (�")mm� �dmS[1+k3;1℄m (j�1)� am1 S[k1;1℄m (j�1)� am2 S[k2;1℄m (j�1)+bm1 S[4r3+3;4℄m (j�1) + bm2 S[4r4+1;4℄m (j�1)� 
m1 S[2r1�1;2℄m (j�1)� 
m2 S[2r2�1;2℄m (j�1)�# ;4F3�k1+1+a1"; k2+1+a2"; k3+1+a3"; r1+ 12+
1"r2+ 12+
2"; r3+1+ 34+b1"; r4+1+ 14+b2" z�= 1z � �r2+ 12�� �r3+2� 14�� �r4+2� 34��(k1+1)�(k2+1)�(k3+1)� �r1+ 12�� 1Xj=1 zj �(k1+j)�(k2+j)�(k3+j)� �r1� 12+j��(j)� �r2� 12+j�� �r3+ 34+j�� �r4+ 14+j� exp" 1Xm=1 (�")mm� ��am1 S[k1;1℄m (j�1)� am2 S[k2;1℄m (j�1)� am3 S[k3;1℄m (j�1)+bm1 S[4r3+3;4℄m (j�1) + bm2 S[4r4+1;4℄m (j�1)� 
m1 S[2r1�1;2℄m (j�1) + 
m2 S[2r2�1;2℄m (j�1)�# ;(144)where S[a;b℄
 (j) is de�ned by Eq. (58). Both kinds of expansions, the large-mass and hy-pergeometri
 one, yield the same results, whi
h also agree with Eqs. (16){(18) of Ref. [54℄.6 Dis
ussion and Con
lusionThe proof of Theorems I in
ludes two steps: (i) the algebrai
 redu
tion of Gauss hy-pergeometri
 fun
tions of the type in Theorem I to basi
 fun
tions and (ii) the iterative38



algorithms for 
al
ulating the analyti
al 
oeÆ
ients of the " expansions of the latter. Step(i) is well known [44,45℄, and, in step (ii), the algorithm is 
onstru
ted for rational valuesof the parameters [see Eqs. (28), (39), (43) and (46)℄. This allows us to 
al
ulate the
oeÆ
ients dire
tly, without referen
e to multiple sums. It is interesting to note that theLaurent expansions of the Gauss hypergeometri
 fun
tions with one rational upper pa-rameter are expressible in terms of multiple polylogarithms times powers of a logarithm,as shown in Se
tion 2.1.3. We presented in Eq. (53) an algebrai
 relation between Gausshypergeometri
 fun
tions whi
h allows us to �nd linear relations between spe
ial valuesof multiple polylogarithms.We 
onstru
ted an iterative solution for multiple (inverse) rational sums de�ned byEqs. (65) and (100). It was shown that, by appropriate 
hange of variables, de�ned byEqs. (18) and (40), the multiple (inverse) rational sums may be 
onverted into multiplepolylogarithms (see Theorem A and Theorem B). Symboli
ally, this may be expressed
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as1Xj=1 zj�(j)��1� pq���1+j� pq� Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1)������z=z(�)= �p X~J;~s1 � fjmg � qPrk=1 sk = 1+a1+� � �+ap 
 ~J;~sLi~s
��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� ; (145)

1Xj=1 zjj
 �(j)��1� pq���1+j� pq� Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1)������z=z(�)= X~J;~s1 � fjmg � qPrk=1 sk = 1+
+a1+� � �+ap ~
 ~J;~sLi~s
��j1�j2q ; �j2�j3q ; � � � ; �jr�1�jrq ; �jrq �� (
 � 1) ;(146)

1Xj=1 zj ��j+ pq��(j + 1)��1+ pq�Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1)������z=z(�)= X~J;~s; k �
 ~J;~s;k+d ~J;~s;k��p� lnk �"Li~s ��j1�j2q ; � � � ; �jrq ���Li~s ��j1�j2q ; � � � ; �jrq �# ; (147)1Xj=1 zjj
 ��j+ pq��(j + 1)��1+ pq�Sa1(j � 1)Sa2(j � 1) � � �Sak(j � 1)������z=z(�)= X~J;~s; k ~d ~J;~s;k lnk �"Li~s ��j1�j2q ; � � � ; �jrq ��� Li~s ��j1�j2q ; � � � ; �jrq �# (
 � 1) ; (148)where f
 ~J;~s; ~
 ~J;~s; dp;~s; ~dp;~sg 2 C are numeri
al 
oeÆ
ients, the weight of the l.h.s. equalsthe weight of the r.h.s., and Sa(j � 1) = j�1Xi=1 1ia ;is a harmoni
 series.Unfortunately, one of the unsolved problems is the 
ompleteness of the representationin Eqs. (146) and (148). In other words, is it possible to express all multiple polylogarithmsin terms of multiple (inverse) harmoni
 sums? If not, what kind of sums must be added40



to obtain a 
omplete basis? Another problem beyond our present 
onsiderations is to �ndthe algebrai
 relations between the sums.Using the results of Theorem A and Theorem B, we proved Theorem C about theall-order " expansion of a spe
ial 
lass of hypergeometri
 fun
tions. The proof in
ludestwo steps: (i) the algebrai
 redu
tion of generalized hypergeometri
 fun
tions of the typespe
i�ed in Theorem C to basi
 fun
tions and (ii) the algorithms for 
al
ulating theanalyti
al 
oeÆ
ients of the " expansions of the basi
 hypergeometri
 fun
tions. Theimplementation of step (i), the redu
tion algorithm, is based on general 
onsiderationsmade in Refs. [52,53℄. In step (ii), the algorithm is based on the series representation of thebasis hypergeometri
 fun
tions de�ned by Eq. (132). The 
oeÆ
ients of the " expansionsare expressible in terms of multiple (inverse) rational sums, to whi
h Theorem A andTheorem B apply.Finally, we demonstrated, in Se
tion 5, that Feynman diagrams produ
e hypergeo-metri
 fun
tions with quarter values of parameters.A
knowledgementsThis work was supported in part by BMBF Grant No. 05 HT6GUA.A Hyperlogarithms and multiple polylogarithmsFor 
ompleteness, we present a de�nition of multiple polylogarithms and some rela-tions that are useful for our 
onsiderations. We are guided by the analyses presentedin Refs. [9,10,61,62℄.The starting point of our 
onsideration is the integralI(ak; ak�1 � � � ; a1; z) = Z z0 dtktk � ak Z tk0 dtk�1tk�1 � ak�1 � � �Z t20 dt1t1 � a1= Z z0 dtt� ak I(ak�1 � � � ; a1; t) ; (149)where we assume that all ak 6= 0. In early 
onsiderations by Kummer, Poin
are, andLappo-Danilevky [7,8℄, this integral was 
alled hyperlogarithm. It was treated as ananalyti
al fun
tion in the single variable z, the upper limit of integration. Gon
harov [9℄analyzed it as multivalued analyti
al fun
tion of a1; � � � ; ak; z. One of the properties ofhyperlogarithms is the s
aling invarian
e,I(a1; � � � ; ak; z) = I �a1z ; � � � ; akz ; 1� : (150)
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A spe
ial 
ase of this integral is the following one:Gmk ;mk�1;��� ;m1(ak; � � � ; a1; z)� I( 0; � � � ; 0| {z }mk�1 times; ak; 0; � � � ; 0| {z }mk�1�1 times; ak�1; � � � ; 0; � � � ; 0| {z }m1�1 times; a1; z)= (�1)k 1Xj1=1 � � � 1Xjk=1 1jm11 � za1�j1 1(j1+j2)m2 � za2�j2 � � � 1(j1+j2+� � �+jk)mk � zak�jk ;(151)where all ak 6= 0. The last sum 
an be rewritten as1Xj1=1 � � � 1Xjk=1 1jm11 � za1�j1 1(j1+j2)m2 � za2�j2� � � 1(j1+j2+� � �+jk�1)mk�1 � zak�1�jk�1 1(j1+j2+� � �+jk)mk � zak�jk= 1Xj1=1 � � � 1Xjk=1 1jm11 �a2a1�j1 1(j1+j2)m2 �a3a2�j1+j2� � � 1(j1+� � �+jk�1)mk�1 � akak�1�j1+j2+���+jk�1 1(j1+� � �+jk)mk � zak�j1+j2+���+jk= 1Xnk>nk�1>���n1>0 1nm11 �a2a1�n1 1nm22 �a3a2�n2 � � � 1nmkk � zak�nk : (152)By de�nition, the multiple polylogarithm is [9℄Lik1;k2;��� ;kn (x1; x2; � � � ; xn) = 1Xmn>mn�1>���m2>m1>0 xm11mk11 xm22mk22 � � � xmnnmknn ; (153)with weight k = k1 + k2 + � � �+ kn and depth n. From relations (151), (152), and (153),we haveGmn;mn�1;��� ;m2;m1 (xn; xn�1; � � � ; x2; x1; z) = (�1)nLim1;m2;��� ;mn �x2x1 ; x3x2 ; � � � ; zxn� :(154)The inverse relation isLik1;k2;��� ;kn (y1; y2; � � � ; yn) = (�1)nGkn;kn�1;��� ;k2;k1 � 1yn ; 1ynyn�1 ; � � � ; 1y1 � � � yn ; 1� :(155)42



In parti
ular, we haveG1(a; z) = Z z0 dtt� a = � 1Xj=1 zjjaj = ln�1� za� = �Li1 �za� ;Gk(a; z) = Z z0 dtktk Z tk0 dtk�1tk�1 � � �Z t20 dt1t1 � a = � 1Xj=1 zjjkaj = �Lik �za� ;G1;1(a2; a1; z) = Z z0 dt1t1 � a2 Z t10 dt2t2 � a1= 1Xj1=1 1Xj2=1 1j1 � za1�j1 1(j1+j2) � za2�j2 = Li1;1�a2a1 ; za2� : (156)The multiple polylogarithms form two Hopf algebras, the so-
alled shu�e and stu�e ones.The �rst one is related to the integral representation, the se
ond one to the series.Integral (149) is an iterated Chen integral [63℄ w.r.t. the di�erential one-forms!0 = dyy ; !a = dyy � a; (157)where a is any number, so thatGmk ;mk�1;��� ;m1(ak; � � � ; a1; z) = Z z0 !mk�10 !ak!mk�1�10 !ak�1 � � �!m10 !a1 : (158)A spe
ial 
onsideration is ne
essary when the last few arguments ak�j; ak�j�1; � � � ; ak inthe integral I(a1; ak; z) in Eq. (149) are equal to zero, whi
h is the so-
alled trailing-zero 
ase. It is possible to fa
torise su
h a kind of 
ontribution into a produ
t of apower of a logarithm and an integral of the type des
ribed in Eq. (149). An appropriatepro
edure was des
ribed for generalized polylogarithms of the square root of unity, theRemiddi-Vermaseren fun
tions, in Ref. [3℄ and extended on the 
ase of hyperlogarithmsin Ref. [62℄. These may be written in the formI( ~A;~0; z) =Xp; ~A 
p; ~A lnp zIk1;k2;��� ;kn�p( ~B; z) ; (159)where the 
oeÆ
ients 
p; ~A are rational numbers and the 
omponents of ve
tor ~B are shu�eprodu
ts of the 
omponents of the original ve
tors ~A and ~0. In Eq. (159), the weight ofthe l.h.s. is equal to the weight of the r.h.s.B Iterative solution of �rst-order di�erential equa-tionA system of homogeneous linear di�erential equations,ddt~u(t) = A(t; ~u(t)) ;43



where A is an n�n matrix and ~u is an n-dimensional ve
tor, 
an be formally written viaPi
ard's method of approximation as~u1 = ~u0 + Z tu0 A(t; ~u0)dt ;~u2 = ~u0 + Z tu0 A(t; ~u1(t))dt ;� � �~un = ~u0 + Z tu0 A(t; ~un�1(t))dt ; (160)where ~u0 = ~u(t0) is an initial 
ondition. It 
an be proven [8,64℄ that, in the region wherethis integral exists, the following properties are satis�ed: (i) as n in
reases inde�nitely,the sequen
e of fun
tions ~un tends to a limit whi
h is a 
ontinuous fun
tion of t; (ii) thislimiting fun
tion satis�es the di�erential equation; (iii) the solution thus de�ned assumesthe value ~u0 when t = t0 and is the only 
ontinuous solution whi
h does so.Let us introdu
e the set of fun
tions,Fp(t) = Z tt0 d�A(�)Fp�1(�) ; (161)and write the relations (160) as~u(t) = F0(t)u0 + � � �+ Fp(t)u0 + � � � ; (162)where F0 is the identi
al transformation, F0 = I. For A(t) = Pj Ujt��j , the iterativesolution 
oin
ides with hyperlogarithms of 
on�guration �j.Referen
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