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tionsfor the Ratio R = FL=FT in Heavy-Quark Leptoprodu
tionN.Ya. Ivanov�Yerevan Physi
s Institute, Alikhanian Br. 2, 375036 Yerevan, ArmeniaB.A. KniehlyII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyWe analyze the perturbative and parametri
 stability of the QCD predi
tions for the Callan-Grossratio R(x;Q2) = FL=FT in heavy-quark leptoprodu
tion. We 
onsider the radiative 
orre
tionsto the dominant photon-gluon fusion me
hanism. In various kinemati
 regions, the following 
on-tributions are investigated: exa
t NLO results at low and moderate Q2 <� m2, asymptoti
 NLOpredi
tions at high Q2 � m2, and both NLO and NNLO soft-gluon (or threshold) 
orre
tions atlarge Bjorken x. Our analysis shows that large radiative 
orre
tions to the stru
ture fun
tionsFT (x;Q2) and FL(x;Q2) 
an
el ea
h other in their ratio R(x;Q2) with good a

ura
y. As a result,the NLO 
ontributions to the Callan-Gross ratio are less than 10% in a wide region of the variablesx and Q2. We provide 
ompa
t LO predi
tions for R(x;Q2) in the 
ase of low x � 1. A simpleformula 
onne
ting the high-energy behavior of the Callan-Gross ratio and low-x asymptoti
s of thegluon density is derived. It is shown that the obtained hadron-level predi
tions for R(x ! 0; Q2)are stable under the DGLAP evolution of the gluon distribution fun
tion. Our analyti
 resultssimplify the extra
tion of the stru
ture fun
tions F 
2 (x;Q2) and F b2 (x;Q2) from measurements ofthe 
orresponding redu
ed 
ross se
tions, in parti
ular at DESY HERA.PACS numbers: 12.38.Bx, 13.60.Hb, 13.88.+eKeywords: Perturbative QCD, Heavy-Flavor Leptoprodu
tion, Stru
ture Fun
tions, Callan-Gross RatioI. INTRODUCTIONIn the framework of perturbative quantum 
hromodynami
s (QCD), the basi
 spin-averaged 
hara
teristi
s ofheavy-
avor hadro- [1℄, photo- [2℄ and ele
tro-produ
tion [3℄ are known exa
tly up to the next-to-leading order(NLO). Although these expli
it results are widely used at present for a phenomenologi
al des
ription of availabledata (for reviews, see Refs. [4, 5℄), the key question remains open: How to test the appli
ability of QCD at �xedorder to heavy-quark produ
tion? The basi
 theoreti
al problem is that the NLO 
orre
tions are sizeable; theyin
rease the leading-order (LO) predi
tions for both 
harm and bottom produ
tion 
ross se
tions by approximatelya fa
tor of two. Moreover, soft-gluon resummation of the threshold Sudakov logarithms indi
ates that higher-order
ontributions 
an also be substantial. (For reviews, see Refs. [6, 7℄.) On the other hand, perturbative instabilityleads to a high sensitivity of the theoreti
al 
al
ulations to standard un
ertainties in the input QCD parameters. Forthis reason, it is diÆ
ult to 
ompare pQCD results for spin-averaged 
ross se
tions with experimental data dire
tly,without additional assumptions. The total un
ertainties asso
iated with the unknown values of the heavy-quark mass,m, the fa
torization and renormalization s
ales, �F and �R, the asymptoti
 s
ale parameter �QCD and the partondistribution fun
tions (PDFs) are so large that one 
an only estimate the order of magnitude of the pQCD predi
tionsfor 
harm produ
tion 
ross se
tions in the entire energy range from the �xed-target experiments [8℄ to the RHIC
ollider [5℄.Sin
e these produ
tion 
ross se
tions have su
h slowly 
onverging perturbative expansions, it is of spe
ial interest�Ele
troni
 address: nikiv�mail.yerphi.amyEle
troni
 address: kniehl�desy.de
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2to study those observables that are well-de�ned in pQCD. A nontrivial example of su
h an observable was proposedin Refs. [9, 10, 11, 12, 13℄, where the azimuthal 
os(2') asymmetry in heavy-quark photo- and leptoprodu
tion wasanalyzed.1;2 In parti
ular, the Born-level results were 
onsidered [9℄ and the NLO soft-gluon 
orre
tions to the basi
me
hanism, photon-gluon fusion, were 
al
ulated [10℄. It was shown that, 
ontrary to the produ
tion 
ross se
tions,the azimuthal asymmetry in heavy-
avor photo- and leptoprodu
tion is quantitatively well de�ned in pQCD: the
ontribution of the dominant photon-gluon fusion me
hanism to the asymmetry is stable, both parametri
ally andperturbatively. Therefore, measurements of this asymmetry should provide a useful test of pQCD. As was shown inRef. [11℄, the azimuthal asymmetry in open 
harm photoprodu
tion 
ould be measured with an a

ura
y of aboutten per
ent in the approved E160/E161 experiments at SLAC [15℄ using the in
lusive spe
tra of se
ondary (de
ay)leptons.In Ref. [13℄, the photon-(heavy-)quark s
attering 
ontribution to '-dependent lepton-hadron deep-inelasti
 s
at-tering (DIS) was investigated. It turned out that, 
ontrary to the basi
 photon-gluon fusion 
omponent, the quark-s
attering me
hanism is pra
ti
ally 
os(2')-independent. This is due to the fa
t that the quark-s
attering 
ontributionto the 
os(2') asymmetry is, for kinemati
 reasons, absent at LO and is negligibly small at NLO, of the order of 1%.This indi
ates that the azimuthal distributions in 
harm leptoprodu
tion 
ould be a good probe of the 
harm PDFin the proton.In the present paper, we 
ontinue the studies of perturbatively stable observables by 
onsidering the photon-gluonfusion me
hanism in heavy-quark leptoprodu
tion,`(l) +N(p)! `(l � q) +Q(pQ) +X [ �Q℄(pX): (1)In the 
ase of unpolarized initial states and negle
ting the 
ontribution of Z-boson ex
hange, the 
ross se
tion ofrea
tion (1) 
an be written asd2�lNdx dQ2 = 4��2emQ4 ��1 + (1� y)2�FT (x;Q2) + 2 (1� y)FL(x;Q2)	= 2��2emxQ4 ��1 + (1� y)2�F2(x;Q2)� 2xy2FL(x;Q2)	 ; (2)where �em is Sommerfeld's �ne-stru
ture 
onstant, F2(x;Q2) = 2x(FT + FL) and the kinemati
 variables are de�nedby �S = (`+ p)2 ; Q2 = �q2; x = Q22p � q ;y = p � qp � ` ; Q2 = xy �S; � = Q2m2 : (3)In this paper, we investigate radiative 
orre
tions to the Callan-Gross ratio in heavy-quark leptoprodu
tion, de�nedas R(x;Q2) = FL(x;Q2)FT (x;Q2) : (4)First, we 
onsider the exa
t NLO 
orre
tions to the quantity R(x;Q2) at low and moderate Q2 <� m2 using expli
itresults [3, 16℄. Then, we analyze the high-Q2 regime with the help of the asymptoti
 NLO predi
tions for the stru
turefun
tions FT (x;Q2) and FL(x;Q2) presented in Refs. [17, 18℄. Finally, the soft-gluon (or threshold) 
ontributionsare investigated in the large-x region in the framework of the formalism developed in Ref. [6℄. To next-to-leadinglogarithmi
 (NLL) a

ura
y, we 
al
ulate the NLO and NNLO soft-gluon 
orre
tions to both stru
ture fun
tions. Ourmain results 
an be formulated as follows:� Exa
t NLO 
orre
tions to the ratio R(x;Q2) do not ex
eed 10% in the energy range x > 10�4 at low andmoderate Q2 <� m2.1 Well-known examples in
lude the shapes of di�erential 
ross se
tions of heavy-
avor produ
tion, whi
h are suÆ
iently stable underradiative 
orre
tions.2 Note also the re
ent paper [14℄, where the perturbative stability of the QCD predi
tions for the 
harge asymmetry in top-quarkhadroprodu
tion has been observed.



3� At high Q2 � m2, the asymptoti
 NLO 
orre
tions to R(x;Q2) are less than 10% for 10�4 < x < 10�1.� At the NLL level, the NLO and NNLO soft-gluon predi
tions for R(x;Q2) a�e
t the LO results by less than afew per
ent at low and moderate Q2 and x >� 10�2.� In all the 
ases mentioned above, the NLO predi
tions for R(x;Q2) are suÆ
iently insensitive, to within tenper
ent, to standard un
ertainties in the QCD input parameters �F , �R and �QCD, and in the gluon PDFg(x; �F ).We 
on
lude that, in 
ontrast to the produ
tion 
ross se
tions, the Callan-Gross ratio in heavy-quark leptoprodu
tionis an observable quantitatively well de�ned in pQCD. Perturbative stability of the photon-gluon fusion results forR(x;Q2) is mainly due to the 
an
ellation of large radiative 
orre
tions to the stru
ture fun
tions FT (x;Q2) andFL(x;Q2) in their ratio, espe
ially in the large-x region. Measurements of the quantity R(x;Q2) in 
harm and bottomleptoprodu
tion should provide a good test of the 
onventional parton model based on pQCD.Con
erning the experimental aspe
ts, perturbative stability of the QCD predi
tions for R(x;Q2) observed in ourstudies is very useful for the extra
tion of the stru
ture fun
tions F 
2 (x;Q2) and F b2 (x;Q2) from the data. Usually, itis the so-
alled \redu
ed 
ross se
tion", ~�(x;Q2), that 
an dire
tly be measured in DIS experiments:~�(x;Q2) = 11 + (1� y)2 xQ42��2em d2�lNdxdQ2 = F2(x;Q2)� 2xy21 + (1� y)2FL(x;Q2) (5)= F2(x;Q2) �1� y21 + (1� y)2R2(x;Q2)� ; (6)where R2(x;Q2) = 2xFL(x;Q2)F2(x;Q2) = R(x;Q2)1 +R(x;Q2) : (7)In earlier HERA analyses of 
harm and bottom ele
troprodu
tion [19℄, the 
orresponding longitudinal stru
turefun
tions were taken to be zero for simpli
ity. In this 
ase, ~�(x;Q2) = F2(x;Q2). In re
ent papers [20, 21℄, thestru
ture fun
tion F2(x;Q2) is evaluated from the redu
ed 
ross se
tion (5) where the longitudinal stru
ture fun
tionFL(x;Q2) is estimated from the NLO QCD expe
tations. Instead of this rather 
umbersome pro
edure, we proposeto use the expression (6) with the quantity R2(x;Q2) 
al
ulated in LO approximation. This simpli�es the extra
tionof F2(x;Q2) from measurements of ~�(x;Q2) but does not a�e
t the a

ura
y of the result in pra
ti
e.Indeed, the LO 
orre
tions to the extra
ted fun
tion F2(x;Q2) due to the non-zero value of R2(x;Q2) 
annot ex
eed30% be
ause the ratio R2(x;Q2) is itself less than 0.3 pra
ti
ally in the entire region of the variables x and Q2. Forthis reason, the NLO 
orre
tions to R2(x;Q2), having a relative size of the order of 10%, 
annot a�e
t the valueof F2(x;Q2) by more than 3%. In reality, the e�e
t of radiative 
orre
tions to R2(x;Q2) on the extra
ted values ofF2(x;Q2) is less than 1% sin
e y � 1 in most of the experimentally a

essible kinemati
 range.In the present paper, we derive 
ompa
t hadron-level LO predi
tions for the ratio R2(x;Q2) in the limit of lowx ! 0. Assuming the low-x asymptoti
 behavior of the gluon PDF to be of the type g(x;Q2) / 1=x1+Æ, we provideanalyti
 result for the ratio R2(x ! 0; Q2) � R(Æ)2 (Q2) for arbitrary values of the parameter Æ in terms of the Gausshypergeometri
 fun
tion. Furthermore, we 
onsider 
ompa
t formulae for R(Æ)2 (Q2) in two parti
ular 
ases: Æ = 1=2and Æ = 0. The simplest 
ase, Æ = 0, whi
h has already been studied re
ently in Ref. [22℄, leads to a non-singularbehavior of the stru
ture fun
tions for x ! 0. The se
ond 
hoi
e, Æ = 1=2, histori
ally originates from the BFKLresummation of the leading powers of ln(1=x) [23℄.In prin
iple, the parameter Æ is a fun
tion of Q2 and this dependen
e is 
al
ulated using the DGLAP evolutionequations [24℄. However, our analysis shows that hadron-level predi
tions for R2(x ! 0; Q2) depend weakly onÆ pra
ti
ally in the entire region of Q2 for Æ > 0:2. In parti
ular, the relative di�eren
e between R(0:5)2 (Q2) andR(0:3)2 (Q2) is less than few per
ent at Q2 >� m2. For this reason, our simple formula for R(Æ)2 (Q2) with Æ = 1=2 (i.e.,without any evolution) des
ribes with good a

ura
y the low-x predi
tions for R2(x;Q2) of the CTEQ PDF versions[25, 26℄. We see that the hadron-level predi
tions for R2(x ! 0; Q2) are stable not only under the NLO 
orre
tionsto the partoni
 
ross se
tions, but also under the DGLAP evolution of the gluon PDF.Finally, we show that our 
ompa
t LO formulae for R(Æ)2 (Q2) 
onveniently reprodu
e the HERA results for F 
2 (x;Q2)and F b2 (x;Q2) obtained by H1 Collaboration [20, 21℄ with the help of more 
umbersome NLO estimations of FL(x;Q2).This paper is organized as follows. In Se
tion II, we analyze the exa
t NLO results for the Callan-Gross ratio atlow and moderate Q2 <� m2 and the asymptoti
 NLO predi
tions at high Q2 � m2. The soft-gluon 
ontributions toR(x;Q2) are investigated in Se
tion III. To NLL a

ura
y, we 
al
ulate the threshold NLO and NNLO 
orre
tionsto both stru
ture fun
tions FT (x;Q2) and FL(x;Q2). The analyti
 LO results for the ratio R2(x;Q2) at low x aredis
ussed in Se
tion IV.
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QFIG. 1: Feynman diagrams of photon-gluon fusion at LO.II. NLO PREDICTIONS FOR THE CALLAN-GROSS RATIO R(x;Q2)A. Born-Level Cross Se
tionsAt LO, O(�em�s), leptoprodu
tion of heavy 
avors pro
eeds through the photon-gluon fusion me
hanism,
�(q) + g(kg)! Q(pQ) + �Q(p �Q): (8)The relevant Feynman diagrams are depi
ted in Fig. 1. The 
�g 
ross se
tions, �̂(0)k (z; �) (k = 2; T; L), have the form[27℄: �̂(0)2 (z; �) = �s(�2R)2� �̂B(z)��(1� z)2 + z2 + 4�z(1� 3z)� 8�2z2� ln 1 + �z1� �z � [1 + 4z(1� z)(�� 2)℄�z� ; (9)�̂(0)L (z; �) = 2�s(�2R)� �̂B(z)z��2�z ln 1 + �z1� �z + (1� z)�z� ; (10)�̂(0)T (z; �) = �̂(0)2 (z; �)� �̂(0)L (z; �); (11)with �̂B(z) = (2�)2e2Q�emQ2 z; (12)where eQ is the ele
tri
 
harge of quark Q in units of the positron 
harge and �s(�2R) is the strong-
oupling 
onstant.In Eqs. (9){(12), we use the following de�nition of partoni
 kinemati
 variables:z = Q22q � kg ; � = m2Q2 ; �z =r1� 4�z1� z : (13)The hadron-level 
ross se
tions, �k(x;Q2) (k = 2; T; L), have the form�k(x;Q2) = 1Zx(1+4�) dz g(z; �F )�̂k �xz ; �; �F ; �R� ; (14)where g(z; �F ) is the gluon PDF of the proton. The leptoprodu
tion 
ross se
tions �k(x;Q2) are related to thestru
ture fun
tions Fk(x;Q2) as follows:Fk(x;Q2) = Q28�2�emx�k(x;Q2) (k = T; L); (15)F2(x;Q2) = Q24�2�em�2(x;Q2): (16)
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FIG. 2: Left panel: x dependen
e of the Callan-Gross ratio, R(x;Q2) = FL=FT , in 
harm leptoprodu
tion for � = 0:44, 4.4and 44 at LO (solid lines) and NLO (dashed lines). Right panel: x dependen
e of the K fa
tor for the transverse stru
turefun
tion, K(x;Q2) = FNLOT =FLOT , at the same values of �.B. Exa
t NLO Predi
tions at Low and Moderate Q2At NLO, O(�em�2s), the 
ontribution of the photon-gluon 
omponent is usually presented in terms of the dimen-sionless 
oeÆ
ient fun
tions 
(n;l)k (z; �) (k = T; L), as�̂k(z; �;m2; �2) = e2Q�em�s(�2)m2 �
(0;0)k (z; �) + 4��s(�2) �
(1;0)k (z; �) + 
(1;1)k (z; �) ln �2m2 ��+O(�2s): (17)where we identify � = �F = �R.In this paper, we negle
t the 
�q(�q) fusion subpro
esses. This is justi�ed as their 
ontributions to heavy-quarkleptoprodu
tion vanish at LO and are small at NLO [3℄. To be pre
ise, the light-quark-initiated 
orre
tions to bothFT and FL stru
ture fun
tions are negative and less than 10% in a wide kinemati
 range [3℄. Our estimates show thatthese 
ontributions 
an
el in the ratio R(x;Q2) = FL=FT with an a

ura
y less than few per
ent.The 
oeÆ
ients 
(1;1)T (z; �) and 
(1;1)L (z; �) of the �-dependent logarithms 
an be evaluated expli
itly using renormal-ization group arguments [3, 6℄. The results of dire
t 
al
ulations of the 
oeÆ
ient fun
tions 
(1;0)k (z; �) (k = T; L) arepresented in Refs. [3, 16℄. Using these NLO predi
tions, we 
ompute the x dependen
e of the ratio R(x;Q2) = FL=FTat several values of � = 1=� = Q2=m2.The left panel of Fig. 2 shows the Callan-Gross ratio R(x;Q2) as a fun
tion of x for � = 0:44, 4.4 and 44. In our
al
ulations, we use the CTEQ5M parametrization of the gluon PDF together with the values m
 = 1:3 GeV and�3 = 373 MeV [26℄. Unless otherwise stated, we use � =p4m2
 +Q2 throughout this paper.For 
omparison, the right panel of Fig. 2 shows the x dependen
e of the QCD 
orre
tion fa
tor for the transversestru
ture fun
tion, K(x;Q2) = FNLOT =FLOT . One 
an see that large radiative 
orre
tions to the stru
ture fun
tionsFT (x;Q2) and FL(x;Q2), espe
ially at non-small x, 
an
el ea
h other in their ratio R(x;Q2) = FL=FT with gooda

ura
y. As a result, the NLO 
ontributions to the ratio R(x;Q2) are less than 10% for x >� 10�4 at low and moderateQ2 <� m2
 .Another remarkable property of the Callan-Gross ratio 
losely related to fast perturbative 
onvergen
e is its para-metri
 stability.3 Our analysis shows that the �xed-order predi
tions for the ratio R(x;Q2) are less sensitive to stan-dard un
ertainties in the QCD input parameters than the 
orresponding ones for the produ
tion 
ross se
tions. Forinstan
e, suÆ
iently above the produ
tion threshold, 
hanges of � in the range (1=2)p4m2
 +Q2 < � < 2p4m2
 +Q2only lead to 10% variations of R(x;Q2) at NLO. For 
omparison, at x = 0:1 and � = 4:4, su
h 
hanges of � a�e
t theNLO predi
tions for the quantities FT (x;Q2) and R(x;Q2) in 
harm leptoprodu
tion by more than 100% and lessthan 10%, respe
tively.3 Of 
ourse, parametri
 stability of the �xed-order results does not imply a fast 
onvergen
e of the 
orresponding series. However, a fast
onvergent series must be parametri
ally stable. In parti
ular, it must exhibit feeble �F and �R dependen
es.
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Dashed: NLOFIG. 3: Q2 dependen
e of the asymptoti
 high-Q2 (Q2 � m2) predi
tions for the Callan-Gross ratio, R(x;Q2) = FL=FT , in
harm leptoprodu
tion at x = 10�1, 10�2, 10�3 and 10�4 in LO (solid lines) and NLO (dashed lines).Keeping the value of the variable Q2 �xed, we analyze the dependen
e of the pQCD predi
tions on the un
ertaintiesin the heavy-quark mass. SuÆ
iently above the produ
tion threshold, i.e. in the plateau regions of the x distributionsof R(x;Q2) in Fig. 2, 
hanges of the 
harm-quark mass in the interval 1.3 GeV < m
 < 1:7 GeV a�e
t the Callan-Grossratio by 2%{3% at Q2 = 10 GeV2. The 
orresponding variations of the stru
ture fun
tions FT (x;Q2) and FL(x;Q2)are about 20%. We also verify that all the CTEQ versions [25, 26℄ of the gluon PDF lead to NLO predi
tions forR(x;Q2) that 
oin
ide with ea
h other with an a

ura
y of about 5% pra
ti
ally at all x >� 10�4.C. Asymptoti
 NLO Results at High Q2 � m2The analyti
 form of the heavy-quark 
oeÆ
ient fun
tions for lepton-hadron DIS in the kinemati
al regimeQ2 � m2is presented in Refs. [17, 18℄. The 
al
ulations were performed up to NLO in �s using operator produ
t expansionte
hniques.4 In the asymptoti
 regime � ! 1, the produ
tion 
ross se
tions have the following de
omposition interms of the 
oeÆ
ient fun
tions al;(n;m)k (z) (k = 2; L):�̂k(z;Q2;m2; �2) = e2Q�em4�m2 1Xl=1 �4��s(�2)�l nXm+n<l al;(n;m)k (z) lnn �2m2 lnm Q2m2 +O�m2Q2� : (18)It was found in Refs. [17, 18℄ that the hadron-level stru
ture fun
tion F asymp2 (x;Q2) approa
hes, to within tenper
ent, the 
orresponding exa
t value F exa
t2 (x;Q2) for � >� 10 and x < 10�1 both at LO and NLO. In the 
ase4 For the longitudinal 
ross se
tion �̂L(z;Q2;m2; �2), the asymptoti
 heavy-quark 
oeÆ
ient fun
tions al;(n;m)L (z) are known up to NNLOin �s [28℄.
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e of the asymptoti
 high-Q2 (Q2 � m2) predi
tions for the K fa
tor, K(x;Q2) = FNLOT =FLOT , atx = 10�1, 10�2, 10�3 and 10�4.of the longitudinal stru
ture fun
tion F asympL (x;Q2), the approa
h to F exa
tL (x;Q2) starts at mu
h larger values of� >� 4� 102.Using the analyti
 NLO results for the 
oeÆ
ient fun
tions presented in Ref. [17℄, we 
al
ulate the asymptoti
high-Q2 behavior of the ratio R(x;Q2) = FL=FT at several values of x. Figure 3 shows Rasymp(x;Q2) in 
harmleptoprodu
tion as a fun
tion of � for x = 10�1, 10�2, 10�3 and 10�4. In Fig. 4, we show the Q2 dependen
e ofthe asymptoti
 predi
tions for the K fa
tor K(x;Q2) = FNLOT =FLOT at the same values of x. One 
an see that thequantity K(x;Q2) is pra
ti
ally independent of Q2 at �xed values of x and tends to unity at low x. This implies thatperturbative stability of the Callan-Gross ratio at low x is due to the smallness of the radiative 
orre
tions to bothstru
ture fun
tions. At non-small x, the radiative 
orre
tions to FT (x;Q2) and FL(x;Q2) are large but 
an
el ea
hother in their ratio R(x;Q2) = FL=FT with good a

ura
y.III. SOFT-GLUON CORRECTIONS AT NLO AND NNLOIn this Se
tion, we 
onsider the NLO and NNLO predi
tions for the Callan-Gross ratio due to the 
ontribution ofthe photon-gluon fusion me
hanism in the soft-gluon approximation and propose an improvement. For the reader's
onvenien
e, we 
olle
t the �nal results for the parton-level 
ross se
tions to NLL a

ura
y. More details may befound in Refs. [6, 10, 12℄.At NLO, photon-gluon fusion re
eives 
ontributions from the virtual O(�em�2s) 
orre
tions to the Born pro
ess (8)and from real-gluon emission, 
�(q) + g(kg)! Q(pQ) + �Q(p �Q) + g(pg): (19)The partoni
 invariants des
ribing the single-parti
le in
lusive (1PI) kinemati
s ares0 = 2q � kg = s+Q2 = �S0; t1 = (kg � pQ)2 �m2 = �T1;s4 = s0 + t1 + u1; u1 = (q � pQ)2 �m2 = U1; (20)where � is de�ned through ~kg = �~p and s4 measures the inelasti
ity of the rea
tion (19). The 
orresponding 1PIhadron-level variables des
ribing the rea
tion (1) areS0 = 2q � p = S +Q2; T1 = (p� pQ)2 �m2;S4 = S0 + T1 + U1; U1 = (q � pQ)2 �m2: (21)The exa
t NLO 
al
ulations of unpolarized heavy-quark produ
tion in 
g [2℄, 
�g [3℄, and gg [1℄ 
ollisions showthat, near the partoni
 threshold, a strong logarithmi
 enhan
ement of the 
ross se
tions takes pla
e in the 
ollinear,j~pg;T j ! 0, and soft, j~pg j ! 0, limits. This threshold (or soft-gluon) enhan
ement is of universal nature in perturbationtheory and originates from an in
omplete 
an
ellation of the soft and 
ollinear singularities between the loop and thebremsstrahlung 
ontributions. Large leading and next-to-leading threshold logarithms 
an be resummed to all orders



8of the perturbative expansion using the appropriate evolution equations [29℄. The analyti
 results for the resummed
ross se
tions are ill-de�ned due to the Landau pole in the 
oupling 
onstant �s. However, if one 
onsiders theobtained expressions as generating fun
tionals and re-expands them at �xed order in �s, no divergen
es asso
iatedwith the Landau pole are en
ountered.Soft-gluon resummation for the photon-gluon fusion was performed in Ref. [6℄ and 
on�rmed in Refs. [10, 12℄. ToNLL a

ura
y, the perturbative expansion for the partoni
 
ross se
tions, d2�̂k(s0; t1; u1)=(dt1 du1) (k = T; L), 
an bewritten in fa
torized form ass02 d2�̂kdt1du1 (s0; t1; u1) = BBornk (s0; t1; u1)"Æ(s0 + t1 + u1) + 1Xn=1��sCA� �nK(n)(s0; t1; u1)# ; (22)with the Born-level distributions BBornk (s0; t1; u1) given byBBornT (s0; t1; u1) = �e2Q�em�s� t1u1 + u1t1 + 4� ss0 � m2s0t1u1 ��s0(m2 �Q2=2)t1u1 + Q2s0 �� ; (23)BBornL (s0; t1; u1) = �e2Q�em�s 8Q2s0 � ss0 � m2s0t1u1 � : (24)Note that the fun
tions K(n)(s0; t1; u1) in Eq. (22) originate from the 
ollinear and soft limits and are the same forboth 
ross se
tions �̂T and �̂L. At NLO and NNLO, the soft-gluon 
orre
tions to NLL a

ura
y in the MS s
hemeread K(1)(s0; t1; u1) = 2" ln �s4=m2�s4 #+ � � 1s4 �+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + ln �2m2 �+ Æ(s4) ln �u1m2 ln �2m2 ; (25)K(2) (s0; t1; u1) = 2" ln3 �s4=m2�s4 #+� 3" ln2 �s4=m2�s4 #+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + 23 b2CA + ln �2m2 �+ 2" ln �s4=m2�s4 #+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + ln �u1m2 + b2CA + 12 ln �2m2 �� ln �2m2 � � 1s4 �+ ln2 �2m2 �ln �u1m2 + b22CA � ; (26)where b2 = (11CA � 2nf ) =12 is the �rst 
oeÆ
ient of the beta fun
tion,� (�s) = d ln�s ��2�d ln�2 = � 1Xk=1 bk+1 ��s� �k : (27)In Eqs. (25) and (26), CA = N
, CF = (N2
 � 1)=(2N
), nf is the number of a
tive quark 
avors, N
 is the number ofquark 
olors, and L� = (1� 2m2=s)fln[(1� �z)=(1 + �z)℄+i�g with �z = p1� 4m2=s. The single-parti
le in
lusive\plus" distributions are de�ned by" lnl �s4=m2�s4 #+ = lim�!0" lnl �s4=m2�s4 �(s4 � �) + 1l+ 1 lnl+1 �m2 Æ(s4)# : (28)For any suÆ
iently regular test fun
tion h(s4), Eq. (28) implies thatsmax4Z0 ds4 h(s4)" lnl �s4=m2�s4 #+ = smax4Z0 ds4 [h(s4)� h(0)℄ lnl �s4=m2�s4 + 1l + 1h(0) lnl+1 smax4m2 : (29)
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FIG. 5: Left panel: LO (solid lines), NLO (dashed lines) and NNLO (dotted lines) soft-gluon predi
tions for the x dependen
eof the Callan-Gross ratio, R(x;Q2) = FL=FT , in 
harm leptoprodu
tion at � = 1, 2 and 5. Right panel: x dependen
e of theK fa
tors K(1)(x;Q2) = FNLOT =FLOT (solid line) and K(2)(x;Q2) = FNNLOT =FNLOT (dashed 
urve) for the transverse stru
turefun
tion at the same values of �.In Eqs. (25) and (26), we have also preserved the NLL terms for the s
ale-dependent logarithms. Note thatEqs. (23){(25) agree to NLL a

ura
y with the exa
t O(�em�2s) 
al
ulations of the photon-gluon 
ross se
tions �̂Tand �̂L given in Ref. [3℄.Numeri
al investigation of the results (23){(26) was performed in Refs. [6, 12℄. It was shown that soft-gluon
orre
tions reprodu
e satisfa
torily the threshold behavior of the available exa
t results for the partoni
 
ross se
tion�̂2 = �̂T + �̂L at � <� 1. Sin
e the gluon PDF supports just the threshold region, the soft-gluon 
ontribution dominatesthe hadron-level stru
ture fun
tion F2 at energies not so far from the produ
tion threshold. It was shown in Ref. [6℄that Eqs. (23) and (25) render it possible to des
ribe with good a

ura
y the exa
t NLO predi
tions [3℄ for the fun
tionF2(x;Q2) at x >� 10�3 and relatively low virtuality Q2 � m2.In the present paper, we analyze separately the partoni
 
ross se
tions �̂T and �̂L. It turns out that the qualityof the adopted soft-gluon approximation is worse for �̂L than for �̂T . To 
larify the situation, let us remember thatthe NLL approximation allows us to determine unambiguously only the singular s4 behavior of the 
ross se
tionsde�ned by Eq. (28). This implies that the s4 dependen
e of the Born-level distributions BBornT;L (s0; t1; u1)��u1=s4�s0�t1is 
hosen quite arbitrarily in Eqs. (23) and (24). To improve the situation, we propose the following pro
edure todetermine the s4 dependen
e of the di�erential 
ross se
tions based on a 
omparison of the soft-gluon predi
tions withthe exa
t NLO results. First, we de�ne the on-shell Born-level distributions in the LO kinemati
s, i.e. at s4 = 0, as~BBornT;L (s0; t1) = BBornT;L (s0; t1; u1)��u1=�s0�t1 . Then we introdu
e new quantities, B̂BornT;L (s0; t1; u1), with the following s4dependen
e: B̂BornT;L (s0; t1; u1) � ~BBornT;L (x4s0; x4t1), where x4 = �u1=(s0 + t1) = 1� s4=(s0 + t1). Comparison with theexa
t NLO results given by Eqs. (4.7) and (4.8) in Ref. [3℄ indi
ates that the usage of the distributions B̂BornT;L (s0; t1; u1)instead of BBornT;L (s0; t1; u1) leads to a more a

urate a

ount of the leading-logarithmi
 (LL) and NLL 
ontributionsoriginating from 
ollinear gluon emission. Our numeri
al analysis shows that the new quantities B̂BornT;L (s0; t1; u1)improve essentially the quality of the soft-gluon approximation for both �̂T and �̂L. More details 
an be found inRef. [30℄. In our further studies, we use the improved Born-level distributions, B̂BornT;L (s0; t1; u1), instead of old onesgiven by Eqs. (23) and (24).Note that the rede�nition of the usual Born-level distributions used in the present paper does not a�e
t any previouspredi
tions of the standard resummation approa
h. The only purpose of our rede�nition is to extend the region ofappli
ability of the soft-gluon approximation to higher values of Q2.Our results for the x distributions of the Callan-Gross ratio R(x;Q2) = FL=FT in 
harm leptoprodu
tion arepresented at several values of � in the left panel of Fig. 5. For 
omparison, the K fa
tors K(1)(x;Q2) = FNLOT =FLOTand K(2)(x;Q2) = FNNLOT =FNLOT for the transverse stru
ture fun
tion are shown at the same values of � in the rightpanel of Fig. 5. One 
an see that the sizeable soft-gluon 
orre
tions to the produ
tion 
ross se
tions a�e
t the Bornpredi
tions for R(x;Q2) both at NLO and NNLO very little, by a few per
ent only.Let us brie
y dis
uss the origin of the perturbative stability of the Callan-Gross ratio. Note that the mere spin-independent stru
ture of the Sudakov logarithms 
an not explain our results, sin
e perturbative stability does nottake pla
e at the parton level. In fa
t, the ratios 
(1;0)L
(1;0)T (z;Q2) and 
(0;0)L
(0;0)T (z;Q2) di�er essentially from ea
h other, even



10near the threshold. This is due to the fa
t that, a

ording to Eq. (22), the soft-gluon 
orre
tions are determinedby 
onvolutions of the Born 
ross se
tions with the Sudakov logarithms, whi
h, apart from fa
torized Æ(s4) terms,
ontain also nonfa
torizable ones, see Eq. (29). For instan
e, values of z � 10�1 allow s4=m2 � 1 at Q2 � m2, whi
hleads to signi�
ant nonfa
torizable 
orre
tions. In other words, 
ollinear bremsstrahlung 
arries away a large partof the initial energy. Sin
e the longitudinal and transverse Born-level partoni
 
ross se
tions have di�erent energybehaviors, the so-
alled soft-gluon radiation has di�erent impa
ts on these quantities.Our analysis shows that two more fa
tors are responsible for perturbative stability of the hadron-level ratio R(x;Q2).First, for relatively low virtuality Q2 � m2, both �̂T (z;Q2) and �̂L(z;Q2) take their maximum values pra
ti
ally atthe same values of z not far from the threshold. Se
ond, at x � 10�2{10�1, the gluon distribution fun
tion supportsjust the threshold region 
ontribution. A

ording to the saddle point arguments, both these fa
tors together leadto an approximate fa
torization of the Sudakov logarithms at the hadron level and essential 
an
ellation of their
ontributions in the ratio R(x;Q2) = FL=FT .Note also that the situation with perturbative stability of the Callan-Gross ratio is very similar to the 
orrespondingone that takes pla
e for the azimuthal asymmetry in heavy-quark photo- and leptoprodu
tion. In detail, the soft-gluon
orre
tions to the azimuthal asymmetry were 
onsidered in Refs. [10, 12℄.IV. ANALYTIC LO PREDICTIONS AT LOW xSin
e the radiative 
orre
tions to the Callan-Gross ratio in heavy-
avor leptoprodu
tion are small, it makes sense toinvestigate in more detail the 
orresponding LO predi
tions. In this Se
tion, we derive 
ompa
t low-x approximationformulae for the ratio R2(x;Q2) = 2xFL=F2 at LO, whi
h greatly simplify the extra
tion of the stru
ture fun
tionF2(x;Q2) from measurements of the redu
ed 
ross se
tion, ~�(x;Q2), de�ned by Eqs. (5) and (6). For this purpose,we 
onvolute the LO partoni
 
ross se
tions given by Eqs. (9) and (10) with the low-x asymptoti
s of the gluon PDF:g(x;Q2) x!0�! 1x1+Æ : (30)The value of Æ in Eq. (30) is a matter of dis
ussion. The simplest 
hoi
e, Æ = 0, leads to a non-singular behavior of thestru
ture fun
tions for x ! 0. Another extreme value, Æ = 1=2, histori
ally originates from the BFKL resummationof the leading powers of ln(1=x) [23℄. In reality, Æ is a fun
tion of Q2 (for an experimental review, see Ref. [31℄).Theoreti
ally, the Q2 dependen
e of Æ is 
al
ulated using the DGLAP evolution equations [24℄.First, we 
al
ulate the LO hadron-level 
ross se
tions for both extreme 
ases, Æ = 0 and 1=2. Our predi
tions forthe quantity R2(x;Q2) in the limit of x! 0 have the following form:R(0)2 (Q2) = 21 + 4� 1 + 6�� 4�(1 + 3�)J(�)1 + 2(1� �)J(�) ; (31)R(1=2)2 (Q2) = 81 + 4� [3 + 4� (13 + 32�)℄E(1=(1 + 4�))� 4� (9 + 32�)K(1=(1 + 4�))(�37 + 72�)E(1=(1 + 4�)) + 2 (23� 36�)K(1=(1 + 4�)) ; (32)where � is de�ned in Eq. (13), J(�) = 1p1 + 4� ln p1 + 4�+ 1p1 + 4�� 1 ; (33)and the fun
tions K(y) and E(y) are the 
omplete ellipti
 integrals of the �rst and se
ond kinds de�ned asK(y) = 1Z0 dtp(1� t2)(1� yt2) ; E(y) = 1Z0 dtr1� yt21� t2 : (34)The result in Eq. (31) was previously found in Ref. [22℄, where an approximation to its NLO 
ounterpart was alsopresented.The left panel of Fig. 6 shows the ratios R(0)2 (Q2) and R(1=2)2 (Q2) as fun
tions of �. One 
an see that the di�eren
ebetween these quantities varies slowly from 20% at low Q2 to 10% at high Q2. For 
omparison, also the LO resultsfor R2(x;Q2) 
al
ulated at several values of x using the CTEQ5L gluon PDF [26℄ are shown. We observe that, forx ! 0, the CTEQ5L predi
tions 
onverge to the fun
tion R(1=2)2 (Q2) pra
ti
ally in the entire region of Q2. We haveveri�ed that the same situation takes also pla
e for all other LO and NLO CTEQ PDF versions [25, 26℄.
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FIG. 6: LO low-x predi
tions for the ratio R2(x;Q2) = 2xFL=F2 in 
harm leptoprodu
tion. Left panel: Asymptoti
 ratiosR(0)2 (Q2) (gray points) and R(1=2)2 (Q2) (bla
k points), as well as CTEQ5L predi
tions for R2(x;Q2) at x = 10�2, 10�3 and10�4. Right panel: Asymptoti
 ratio R(Æ)2 (Q2) at Æ = 0, 0.2, 0.3, 0.4 and 0.5.Next, we derive an analyti
 low-x formula for the ratio R(Æ)2 (x;Q2) with arbitrary values of Æ, in terms of the Gausshypergeometri
 fun
tion. Our result has the following form:R(Æ)2 (Q2) = 4 2+Æ3+Æ��1 + Æ; 11+4��� (1 + 4�) ��2 + Æ; 11+4��h1 + Æ(1�Æ2)(2+Æ)(3+Æ)i��Æ; 11+4��� (1 + 4�)�4� Æ � 103+Æ���1 + Æ; 11+4�� ; (35)where the fun
tion �(r; z) is de�ned as� (r; z) = z1+r1 + r � (1=2)� (1 + r)� (3=2 + r) 2F1�12 ; 1 + r; 32 + r; z� : (36)The hypergeometri
 fun
tion 2F1(a; b; 
; z) has the following series expansion:2F1 (a; b; 
; z) = � (
)� (a) � (b) 1Xn=0 � (a+ n) � (b+ n)� (
+ n) znn! : (37)In the right panel of Fig. 6, the Æ dependen
e of the asymptoti
 ratio R(Æ)2 (Q2) is investigated. One 
an see that theratio R(Æ)2 (Q2) rapidly 
onverges to the fun
tion R(1=2)2 (Q2) for Æ > 0:2. In parti
ular, the relative di�eren
e betweenR(0:5)2 (Q2) and R(0:3)2 (Q2) varies slowly from 6% at low Q2 to 2% at high Q2.As mentioned above, the Q2 dependen
e of the parameter Æ is determined with the help of the DGLAP evolution.However, our analysis shows that hadron-level predi
tions for R2(x ! 0; Q2) depend weakly on Æ pra
ti
ally in theentire region of Q2 for 0:2 < Æ < 0:9. For this reason, our simple formula (32) with Æ = 1=2 (i.e., without anyevolution) des
ribes with good a

ura
y the low-x CTEQ results for R2(x;Q2). We 
on
lude that the hadron-levelpredi
tions for R2(x ! 0; Q2) are stable not only under the NLO 
orre
tions to the partoni
 
ross se
tions, but alsounder the DGLAP evolution of the gluon PDF.Finally, we use the analyti
 expressions (31), (32) and (35) for the extra
tion of the stru
ture fun
tions F 
2 (x;Q2)and F b2 (x;Q2) from the HERA measurements of the redu
ed 
ross se
tions ~�
(x;Q2) and ~�b(x;Q2), respe
tively. Theresults of our analysis of the HERA data on the 
harm and bottom ele
troprodu
tion are 
olle
ted in Tables I andII, respe
tively. In our 
al
ulations, the values m
 = 1:3 GeV and mb = 4:3 GeV for the 
harm and bottom quarkmasses are used. The LO predi
tions, F2(LO), for the 
ases of Æ = 0:5, 0:3 and 0 are presented and 
ompared withthe NLO values, F2(NLO), obtained in the H1 analysis [20, 21℄. One 
an see that all the 
onsidered LO predi
tionsagree with the NLO results with an a

ura
y better than 1%. This is be
ause the 
ontributions of the longitudinalstru
ture fun
tions, F 
L(x;Q2) and F bL(x;Q2), to the redu
ed 
ross se
tions, ~�
(x;Q2) and ~�b(x;Q2), are small, lessthan 5%, in the kinemati
 range of the HERA H1 experiment.



12TABLE I: Values of F 
2 (x;Q2) extra
ted from the HERA measurements of ~�
(x;Q2) at low [21℄ and high [20℄ Q2 (in GeV2)for various values of x (in units of 10�3). The NLO H1 results [20, 21℄ are 
ompared with the LO predi
tions 
orresponding tothe 
ases of Æ = 0:5, 0:3 and 0.Q2 x y ~�
 Error F 
2 (NLO) F 
2 (LO) F 
2 (LO) F 
2 (LO)(GeV2) (�10�3) (%) H1 Æ = 0:5 Æ = 0:3 Æ = 012 0.197 0.600 0.412 18 0:435 � 0:078 0:435 � 0:078 0:434 � 0:078 0:431 � 0:07712 0.800 0.148 0.185 13 0:186 � 0:024 0:185 � 0:024 0:185 � 0:024 0:185 � 0:02425 0.500 0.492 0.318 13 0:331 � 0:043 0:331 � 0:043 0:330 � 0:043 0:328 � 0:04325 2.000 0.123 0.212 10 0:212 � 0:021 0:212 � 0:021 0:212 � 0:021 0:212 � 0:02160 2.000 0.295 0.364 10 0:369 � 0:040 0:369 � 0:040 0:368 � 0:040 0:368 � 0:04060 5.000 0.118 0.200 12 0:201 � 0:024 0:200 � 0:024 0:200 � 0:024 0:200 � 0:024200 0.500 0.394 0.197 23 0:202 � 0:046 0:202 � 0:046 0:202 � 0:046 0:201 � 0:046200 1.300 0.151 0.130 24 0:131 � 0:032 0:130 � 0:031 0:130 � 0:031 0:130 � 0:031650 1.300 0.492 0.206 27 0:213 � 0:057 0:213 � 0:057 0:213 � 0:057 0:212 � 0:057650 3.200 0.200 0.091 31 0:092 � 0:028 0:091 � 0:028 0:091 � 0:028 0:091 � 0:028TABLE II: Values of F b2 (x;Q2) extra
ted from the HERA measurements of ~�b(x;Q2) at low [21℄ and high [20℄ Q2 (in GeV2)for various values of x (in units of 10�3). The NLO H1 results [20, 21℄ are 
ompared with the LO predi
tions 
orresponding tothe 
ases of Æ = 0:5, 0:3 and 0.Q2 x y ~�b Error F b2 (NLO) F b2 (LO) F 
2 (LO) F b2 (LO)(GeV2) (�10�3) (%) H1 Æ = 0:5 Æ = 0:3 Æ = 012 0.197 0.600 0.0045 60 0:0045 � 0:0027 0:0046 � 0:0027 0:0046 � 0:0027 0:0046 � 0:002712 0.800 0.148 0.0048 45 0:0048 � 0:0022 0:0048 � 0:0022 0:0048 � 0:0022 0:0048 � 0:002225 0.500 0.492 0.0122 31 0:0123 � 0:0038 0:0124 � 0:0038 0:0124 � 0:0038 0:0123 � 0:003825 2.000 0.123 0.0061 39 0:0061 � 0:0024 0:0061 � 0:0024 0:0061 � 0:0024 0:0061 � 0:002460 2.000 0.295 0.0189 29 0:0190 � 0:0055 0:0190 � 0:0055 0:0190 � 0:0055 0:0190 � 0:005560 5.000 0.118 0.0130 36 0:0130 � 0:0047 0:0130 � 0:0047 0:0130 � 0:0047 0:0130 � 0:0047200 0.500 0.394 0.0393 31 0:0413 � 0:0128 0:0402 � 0:0125 0:0401 � 0:0125 0:0400 � 0:0124200 1.300 0.151 0.0212 38 0:0214 � 0:0081 0:0213 � 0:0081 0:0213 � 0:0081 0:0212 � 0:0081650 1.300 0.492 0.0230 51 0:0243 � 0:0124 0:0240 � 0:0122 0:0239 � 0:0122 0:0238 � 0:0121650 3.200 0.200 0.0124 44 0:0125 � 0:0055 0:0125 � 0:0055 0:0125 � 0:0055 0:0125 � 0:0055V. CONCLUSIONWe 
on
lude by summarizing our main observations. In the present paper, we studied the radiative 
orre
tionsto the Callan-Gross ratio R(x;Q2) in heavy-quark leptoprodu
tion. We 
onsidered the exa
t NLO results at lowand moderate Q2 <� m2, asymptoti
 NLO predi
tions at high Q2 � m2, and both NLO and NNLO soft-gluon (orthreshold) 
orre
tions at large Bjorken x. It turned out that large (espe
ially, at non-small x) radiative 
orre
tionsto the stru
ture fun
tions FT (x;Q2) and FL(x;Q2) 
an
el ea
h other in their ratio R(x;Q2) = FL=FT with gooda

ura
y. As a result, the NLO 
ontributions to the ratio R(x;Q2) are less than 10% in a wide region of the variablesx and Q2. Our analysis also shows that the NLO predi
tions for R(x;Q2) are suÆ
iently insensitive (to withinten per
ent) to standard un
ertainties in the QCD input parameters. We 
on
lude that, unlike the produ
tion 
rossse
tions, the Callan-Gross ratio in heavy-quark leptoprodu
tion is quantitatively well de�ned in pQCD. Measurementsof the quantity R(x;Q2) in 
harm and bottom leptoprodu
tion would provide a good test of the 
onventional partonmodel based on pQCD.Con
erning the experimental aspe
ts, we propose to exploit the observed perturbative stability of the Callan-Grossratio in the extra
tion of the stru
ture fun
tions F 
2 (x;Q2) and F b2 (x;Q2) from the 
orresponding redu
ed 
rossse
tions. For this purpose, we provided 
ompa
t LO hadron-level formulae for the ratio R2(x;Q2) = 2xFL=F2 =R=(1 + R) in the limit x ! 0. We demonstrated that these analyti
 expressions simplify the extra
tion of F2(x;Q2)without a�e
ting the a

ura
y of the result in pra
ti
e. In parti
ular, our LO formula for R2(x;Q2) with Æ = 1=2usefully reprodu
es the results for F 
2 (x;Q2) and F b2 (x;Q2) obtained by the H1 Collaboration [20, 21℄ with the helpof the more 
umbersome NLO evaluation of FL(x;Q2).



13In this paper, we investigated the 
ontribution to R(x;Q2) from the dominant me
hanism, photon-gluon fusion,within the �xed-
avor-number s
heme. To take into a

ount the photon-heavy-quark s
attering 
omponent, oneshould adopt the variable-
avor-number s
heme, whi
h allows one to resum potentially large mass logarithms of thetype �s ln �Q2=m2�, whose 
ontribution dominates at Q2 � m2. Some re
ent developments 
on
erning this s
hememay be found in Ref. [32℄. The variable-
avor-number-s
heme predi
tions for the Callan-Gross ratio as well as thepossibility to dis
riminate experimentally between photon-gluon fusion and quark-s
attering 
ontributions to R(x;Q2)will be 
onsidered in a forth
oming publi
ation. A
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