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DESY 08-081 ISSN 0418-9833June 2008 On the Perturbative Stability of the QCD Preditionsfor the Ratio R = FL=FT in Heavy-Quark LeptoprodutionN.Ya. Ivanov�Yerevan Physis Institute, Alikhanian Br. 2, 375036 Yerevan, ArmeniaB.A. KniehlyII. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyWe analyze the perturbative and parametri stability of the QCD preditions for the Callan-Grossratio R(x;Q2) = FL=FT in heavy-quark leptoprodution. We onsider the radiative orretionsto the dominant photon-gluon fusion mehanism. In various kinemati regions, the following on-tributions are investigated: exat NLO results at low and moderate Q2 <� m2, asymptoti NLOpreditions at high Q2 � m2, and both NLO and NNLO soft-gluon (or threshold) orretions atlarge Bjorken x. Our analysis shows that large radiative orretions to the struture funtionsFT (x;Q2) and FL(x;Q2) anel eah other in their ratio R(x;Q2) with good auray. As a result,the NLO ontributions to the Callan-Gross ratio are less than 10% in a wide region of the variablesx and Q2. We provide ompat LO preditions for R(x;Q2) in the ase of low x � 1. A simpleformula onneting the high-energy behavior of the Callan-Gross ratio and low-x asymptotis of thegluon density is derived. It is shown that the obtained hadron-level preditions for R(x ! 0; Q2)are stable under the DGLAP evolution of the gluon distribution funtion. Our analyti resultssimplify the extration of the struture funtions F 2 (x;Q2) and F b2 (x;Q2) from measurements ofthe orresponding redued ross setions, in partiular at DESY HERA.PACS numbers: 12.38.Bx, 13.60.Hb, 13.88.+eKeywords: Perturbative QCD, Heavy-Flavor Leptoprodution, Struture Funtions, Callan-Gross RatioI. INTRODUCTIONIn the framework of perturbative quantum hromodynamis (QCD), the basi spin-averaged harateristis ofheavy-avor hadro- [1℄, photo- [2℄ and eletro-prodution [3℄ are known exatly up to the next-to-leading order(NLO). Although these expliit results are widely used at present for a phenomenologial desription of availabledata (for reviews, see Refs. [4, 5℄), the key question remains open: How to test the appliability of QCD at �xedorder to heavy-quark prodution? The basi theoretial problem is that the NLO orretions are sizeable; theyinrease the leading-order (LO) preditions for both harm and bottom prodution ross setions by approximatelya fator of two. Moreover, soft-gluon resummation of the threshold Sudakov logarithms indiates that higher-orderontributions an also be substantial. (For reviews, see Refs. [6, 7℄.) On the other hand, perturbative instabilityleads to a high sensitivity of the theoretial alulations to standard unertainties in the input QCD parameters. Forthis reason, it is diÆult to ompare pQCD results for spin-averaged ross setions with experimental data diretly,without additional assumptions. The total unertainties assoiated with the unknown values of the heavy-quark mass,m, the fatorization and renormalization sales, �F and �R, the asymptoti sale parameter �QCD and the partondistribution funtions (PDFs) are so large that one an only estimate the order of magnitude of the pQCD preditionsfor harm prodution ross setions in the entire energy range from the �xed-target experiments [8℄ to the RHICollider [5℄.Sine these prodution ross setions have suh slowly onverging perturbative expansions, it is of speial interest�Eletroni address: nikiv�mail.yerphi.amyEletroni address: kniehl�desy.de
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2to study those observables that are well-de�ned in pQCD. A nontrivial example of suh an observable was proposedin Refs. [9, 10, 11, 12, 13℄, where the azimuthal os(2') asymmetry in heavy-quark photo- and leptoprodution wasanalyzed.1;2 In partiular, the Born-level results were onsidered [9℄ and the NLO soft-gluon orretions to the basimehanism, photon-gluon fusion, were alulated [10℄. It was shown that, ontrary to the prodution ross setions,the azimuthal asymmetry in heavy-avor photo- and leptoprodution is quantitatively well de�ned in pQCD: theontribution of the dominant photon-gluon fusion mehanism to the asymmetry is stable, both parametrially andperturbatively. Therefore, measurements of this asymmetry should provide a useful test of pQCD. As was shown inRef. [11℄, the azimuthal asymmetry in open harm photoprodution ould be measured with an auray of aboutten perent in the approved E160/E161 experiments at SLAC [15℄ using the inlusive spetra of seondary (deay)leptons.In Ref. [13℄, the photon-(heavy-)quark sattering ontribution to '-dependent lepton-hadron deep-inelasti sat-tering (DIS) was investigated. It turned out that, ontrary to the basi photon-gluon fusion omponent, the quark-sattering mehanism is pratially os(2')-independent. This is due to the fat that the quark-sattering ontributionto the os(2') asymmetry is, for kinemati reasons, absent at LO and is negligibly small at NLO, of the order of 1%.This indiates that the azimuthal distributions in harm leptoprodution ould be a good probe of the harm PDFin the proton.In the present paper, we ontinue the studies of perturbatively stable observables by onsidering the photon-gluonfusion mehanism in heavy-quark leptoprodution,`(l) +N(p)! `(l � q) +Q(pQ) +X [ �Q℄(pX): (1)In the ase of unpolarized initial states and negleting the ontribution of Z-boson exhange, the ross setion ofreation (1) an be written asd2�lNdx dQ2 = 4��2emQ4 ��1 + (1� y)2�FT (x;Q2) + 2 (1� y)FL(x;Q2)	= 2��2emxQ4 ��1 + (1� y)2�F2(x;Q2)� 2xy2FL(x;Q2)	 ; (2)where �em is Sommerfeld's �ne-struture onstant, F2(x;Q2) = 2x(FT + FL) and the kinemati variables are de�nedby �S = (`+ p)2 ; Q2 = �q2; x = Q22p � q ;y = p � qp � ` ; Q2 = xy �S; � = Q2m2 : (3)In this paper, we investigate radiative orretions to the Callan-Gross ratio in heavy-quark leptoprodution, de�nedas R(x;Q2) = FL(x;Q2)FT (x;Q2) : (4)First, we onsider the exat NLO orretions to the quantity R(x;Q2) at low and moderate Q2 <� m2 using expliitresults [3, 16℄. Then, we analyze the high-Q2 regime with the help of the asymptoti NLO preditions for the struturefuntions FT (x;Q2) and FL(x;Q2) presented in Refs. [17, 18℄. Finally, the soft-gluon (or threshold) ontributionsare investigated in the large-x region in the framework of the formalism developed in Ref. [6℄. To next-to-leadinglogarithmi (NLL) auray, we alulate the NLO and NNLO soft-gluon orretions to both struture funtions. Ourmain results an be formulated as follows:� Exat NLO orretions to the ratio R(x;Q2) do not exeed 10% in the energy range x > 10�4 at low andmoderate Q2 <� m2.1 Well-known examples inlude the shapes of di�erential ross setions of heavy-avor prodution, whih are suÆiently stable underradiative orretions.2 Note also the reent paper [14℄, where the perturbative stability of the QCD preditions for the harge asymmetry in top-quarkhadroprodution has been observed.



3� At high Q2 � m2, the asymptoti NLO orretions to R(x;Q2) are less than 10% for 10�4 < x < 10�1.� At the NLL level, the NLO and NNLO soft-gluon preditions for R(x;Q2) a�et the LO results by less than afew perent at low and moderate Q2 and x >� 10�2.� In all the ases mentioned above, the NLO preditions for R(x;Q2) are suÆiently insensitive, to within tenperent, to standard unertainties in the QCD input parameters �F , �R and �QCD, and in the gluon PDFg(x; �F ).We onlude that, in ontrast to the prodution ross setions, the Callan-Gross ratio in heavy-quark leptoprodutionis an observable quantitatively well de�ned in pQCD. Perturbative stability of the photon-gluon fusion results forR(x;Q2) is mainly due to the anellation of large radiative orretions to the struture funtions FT (x;Q2) andFL(x;Q2) in their ratio, espeially in the large-x region. Measurements of the quantity R(x;Q2) in harm and bottomleptoprodution should provide a good test of the onventional parton model based on pQCD.Conerning the experimental aspets, perturbative stability of the QCD preditions for R(x;Q2) observed in ourstudies is very useful for the extration of the struture funtions F 2 (x;Q2) and F b2 (x;Q2) from the data. Usually, itis the so-alled \redued ross setion", ~�(x;Q2), that an diretly be measured in DIS experiments:~�(x;Q2) = 11 + (1� y)2 xQ42��2em d2�lNdxdQ2 = F2(x;Q2)� 2xy21 + (1� y)2FL(x;Q2) (5)= F2(x;Q2) �1� y21 + (1� y)2R2(x;Q2)� ; (6)where R2(x;Q2) = 2xFL(x;Q2)F2(x;Q2) = R(x;Q2)1 +R(x;Q2) : (7)In earlier HERA analyses of harm and bottom eletroprodution [19℄, the orresponding longitudinal struturefuntions were taken to be zero for simpliity. In this ase, ~�(x;Q2) = F2(x;Q2). In reent papers [20, 21℄, thestruture funtion F2(x;Q2) is evaluated from the redued ross setion (5) where the longitudinal struture funtionFL(x;Q2) is estimated from the NLO QCD expetations. Instead of this rather umbersome proedure, we proposeto use the expression (6) with the quantity R2(x;Q2) alulated in LO approximation. This simpli�es the extrationof F2(x;Q2) from measurements of ~�(x;Q2) but does not a�et the auray of the result in pratie.Indeed, the LO orretions to the extrated funtion F2(x;Q2) due to the non-zero value of R2(x;Q2) annot exeed30% beause the ratio R2(x;Q2) is itself less than 0.3 pratially in the entire region of the variables x and Q2. Forthis reason, the NLO orretions to R2(x;Q2), having a relative size of the order of 10%, annot a�et the valueof F2(x;Q2) by more than 3%. In reality, the e�et of radiative orretions to R2(x;Q2) on the extrated values ofF2(x;Q2) is less than 1% sine y � 1 in most of the experimentally aessible kinemati range.In the present paper, we derive ompat hadron-level LO preditions for the ratio R2(x;Q2) in the limit of lowx ! 0. Assuming the low-x asymptoti behavior of the gluon PDF to be of the type g(x;Q2) / 1=x1+Æ, we provideanalyti result for the ratio R2(x ! 0; Q2) � R(Æ)2 (Q2) for arbitrary values of the parameter Æ in terms of the Gausshypergeometri funtion. Furthermore, we onsider ompat formulae for R(Æ)2 (Q2) in two partiular ases: Æ = 1=2and Æ = 0. The simplest ase, Æ = 0, whih has already been studied reently in Ref. [22℄, leads to a non-singularbehavior of the struture funtions for x ! 0. The seond hoie, Æ = 1=2, historially originates from the BFKLresummation of the leading powers of ln(1=x) [23℄.In priniple, the parameter Æ is a funtion of Q2 and this dependene is alulated using the DGLAP evolutionequations [24℄. However, our analysis shows that hadron-level preditions for R2(x ! 0; Q2) depend weakly onÆ pratially in the entire region of Q2 for Æ > 0:2. In partiular, the relative di�erene between R(0:5)2 (Q2) andR(0:3)2 (Q2) is less than few perent at Q2 >� m2. For this reason, our simple formula for R(Æ)2 (Q2) with Æ = 1=2 (i.e.,without any evolution) desribes with good auray the low-x preditions for R2(x;Q2) of the CTEQ PDF versions[25, 26℄. We see that the hadron-level preditions for R2(x ! 0; Q2) are stable not only under the NLO orretionsto the partoni ross setions, but also under the DGLAP evolution of the gluon PDF.Finally, we show that our ompat LO formulae for R(Æ)2 (Q2) onveniently reprodue the HERA results for F 2 (x;Q2)and F b2 (x;Q2) obtained by H1 Collaboration [20, 21℄ with the help of more umbersome NLO estimations of FL(x;Q2).This paper is organized as follows. In Setion II, we analyze the exat NLO results for the Callan-Gross ratio atlow and moderate Q2 <� m2 and the asymptoti NLO preditions at high Q2 � m2. The soft-gluon ontributions toR(x;Q2) are investigated in Setion III. To NLL auray, we alulate the threshold NLO and NNLO orretionsto both struture funtions FT (x;Q2) and FL(x;Q2). The analyti LO results for the ratio R2(x;Q2) at low x aredisussed in Setion IV.
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FIG. 2: Left panel: x dependene of the Callan-Gross ratio, R(x;Q2) = FL=FT , in harm leptoprodution for � = 0:44, 4.4and 44 at LO (solid lines) and NLO (dashed lines). Right panel: x dependene of the K fator for the transverse struturefuntion, K(x;Q2) = FNLOT =FLOT , at the same values of �.B. Exat NLO Preditions at Low and Moderate Q2At NLO, O(�em�2s), the ontribution of the photon-gluon omponent is usually presented in terms of the dimen-sionless oeÆient funtions (n;l)k (z; �) (k = T; L), as�̂k(z; �;m2; �2) = e2Q�em�s(�2)m2 �(0;0)k (z; �) + 4��s(�2) �(1;0)k (z; �) + (1;1)k (z; �) ln �2m2 ��+O(�2s): (17)where we identify � = �F = �R.In this paper, we neglet the �q(�q) fusion subproesses. This is justi�ed as their ontributions to heavy-quarkleptoprodution vanish at LO and are small at NLO [3℄. To be preise, the light-quark-initiated orretions to bothFT and FL struture funtions are negative and less than 10% in a wide kinemati range [3℄. Our estimates show thatthese ontributions anel in the ratio R(x;Q2) = FL=FT with an auray less than few perent.The oeÆients (1;1)T (z; �) and (1;1)L (z; �) of the �-dependent logarithms an be evaluated expliitly using renormal-ization group arguments [3, 6℄. The results of diret alulations of the oeÆient funtions (1;0)k (z; �) (k = T; L) arepresented in Refs. [3, 16℄. Using these NLO preditions, we ompute the x dependene of the ratio R(x;Q2) = FL=FTat several values of � = 1=� = Q2=m2.The left panel of Fig. 2 shows the Callan-Gross ratio R(x;Q2) as a funtion of x for � = 0:44, 4.4 and 44. In ouralulations, we use the CTEQ5M parametrization of the gluon PDF together with the values m = 1:3 GeV and�3 = 373 MeV [26℄. Unless otherwise stated, we use � =p4m2 +Q2 throughout this paper.For omparison, the right panel of Fig. 2 shows the x dependene of the QCD orretion fator for the transversestruture funtion, K(x;Q2) = FNLOT =FLOT . One an see that large radiative orretions to the struture funtionsFT (x;Q2) and FL(x;Q2), espeially at non-small x, anel eah other in their ratio R(x;Q2) = FL=FT with goodauray. As a result, the NLO ontributions to the ratio R(x;Q2) are less than 10% for x >� 10�4 at low and moderateQ2 <� m2 .Another remarkable property of the Callan-Gross ratio losely related to fast perturbative onvergene is its para-metri stability.3 Our analysis shows that the �xed-order preditions for the ratio R(x;Q2) are less sensitive to stan-dard unertainties in the QCD input parameters than the orresponding ones for the prodution ross setions. Forinstane, suÆiently above the prodution threshold, hanges of � in the range (1=2)p4m2 +Q2 < � < 2p4m2 +Q2only lead to 10% variations of R(x;Q2) at NLO. For omparison, at x = 0:1 and � = 4:4, suh hanges of � a�et theNLO preditions for the quantities FT (x;Q2) and R(x;Q2) in harm leptoprodution by more than 100% and lessthan 10%, respetively.3 Of ourse, parametri stability of the �xed-order results does not imply a fast onvergene of the orresponding series. However, a fastonvergent series must be parametrially stable. In partiular, it must exhibit feeble �F and �R dependenes.
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FIG. 4: Q2-dependene of the asymptoti high-Q2 (Q2 � m2) preditions for the K fator, K(x;Q2) = FNLOT =FLOT , atx = 10�1, 10�2, 10�3 and 10�4.of the longitudinal struture funtion F asympL (x;Q2), the approah to F exatL (x;Q2) starts at muh larger values of� >� 4� 102.Using the analyti NLO results for the oeÆient funtions presented in Ref. [17℄, we alulate the asymptotihigh-Q2 behavior of the ratio R(x;Q2) = FL=FT at several values of x. Figure 3 shows Rasymp(x;Q2) in harmleptoprodution as a funtion of � for x = 10�1, 10�2, 10�3 and 10�4. In Fig. 4, we show the Q2 dependene ofthe asymptoti preditions for the K fator K(x;Q2) = FNLOT =FLOT at the same values of x. One an see that thequantity K(x;Q2) is pratially independent of Q2 at �xed values of x and tends to unity at low x. This implies thatperturbative stability of the Callan-Gross ratio at low x is due to the smallness of the radiative orretions to bothstruture funtions. At non-small x, the radiative orretions to FT (x;Q2) and FL(x;Q2) are large but anel eahother in their ratio R(x;Q2) = FL=FT with good auray.III. SOFT-GLUON CORRECTIONS AT NLO AND NNLOIn this Setion, we onsider the NLO and NNLO preditions for the Callan-Gross ratio due to the ontribution ofthe photon-gluon fusion mehanism in the soft-gluon approximation and propose an improvement. For the reader'sonveniene, we ollet the �nal results for the parton-level ross setions to NLL auray. More details may befound in Refs. [6, 10, 12℄.At NLO, photon-gluon fusion reeives ontributions from the virtual O(�em�2s) orretions to the Born proess (8)and from real-gluon emission, �(q) + g(kg)! Q(pQ) + �Q(p �Q) + g(pg): (19)The partoni invariants desribing the single-partile inlusive (1PI) kinematis ares0 = 2q � kg = s+Q2 = �S0; t1 = (kg � pQ)2 �m2 = �T1;s4 = s0 + t1 + u1; u1 = (q � pQ)2 �m2 = U1; (20)where � is de�ned through ~kg = �~p and s4 measures the inelastiity of the reation (19). The orresponding 1PIhadron-level variables desribing the reation (1) areS0 = 2q � p = S +Q2; T1 = (p� pQ)2 �m2;S4 = S0 + T1 + U1; U1 = (q � pQ)2 �m2: (21)The exat NLO alulations of unpolarized heavy-quark prodution in g [2℄, �g [3℄, and gg [1℄ ollisions showthat, near the partoni threshold, a strong logarithmi enhanement of the ross setions takes plae in the ollinear,j~pg;T j ! 0, and soft, j~pg j ! 0, limits. This threshold (or soft-gluon) enhanement is of universal nature in perturbationtheory and originates from an inomplete anellation of the soft and ollinear singularities between the loop and thebremsstrahlung ontributions. Large leading and next-to-leading threshold logarithms an be resummed to all orders



8of the perturbative expansion using the appropriate evolution equations [29℄. The analyti results for the resummedross setions are ill-de�ned due to the Landau pole in the oupling onstant �s. However, if one onsiders theobtained expressions as generating funtionals and re-expands them at �xed order in �s, no divergenes assoiatedwith the Landau pole are enountered.Soft-gluon resummation for the photon-gluon fusion was performed in Ref. [6℄ and on�rmed in Refs. [10, 12℄. ToNLL auray, the perturbative expansion for the partoni ross setions, d2�̂k(s0; t1; u1)=(dt1 du1) (k = T; L), an bewritten in fatorized form ass02 d2�̂kdt1du1 (s0; t1; u1) = BBornk (s0; t1; u1)"Æ(s0 + t1 + u1) + 1Xn=1��sCA� �nK(n)(s0; t1; u1)# ; (22)with the Born-level distributions BBornk (s0; t1; u1) given byBBornT (s0; t1; u1) = �e2Q�em�s� t1u1 + u1t1 + 4� ss0 � m2s0t1u1 ��s0(m2 �Q2=2)t1u1 + Q2s0 �� ; (23)BBornL (s0; t1; u1) = �e2Q�em�s 8Q2s0 � ss0 � m2s0t1u1 � : (24)Note that the funtions K(n)(s0; t1; u1) in Eq. (22) originate from the ollinear and soft limits and are the same forboth ross setions �̂T and �̂L. At NLO and NNLO, the soft-gluon orretions to NLL auray in the MS shemeread K(1)(s0; t1; u1) = 2" ln �s4=m2�s4 #+ � � 1s4 �+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + ln �2m2 �+ Æ(s4) ln �u1m2 ln �2m2 ; (25)K(2) (s0; t1; u1) = 2" ln3 �s4=m2�s4 #+� 3" ln2 �s4=m2�s4 #+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + 23 b2CA + ln �2m2 �+ 2" ln �s4=m2�s4 #+ �1 + ln u1t1 ��1� 2CFCA � (1 + ReL�) + ln �u1m2 + b2CA + 12 ln �2m2 �� ln �2m2 � � 1s4 �+ ln2 �2m2 �ln �u1m2 + b22CA � ; (26)where b2 = (11CA � 2nf ) =12 is the �rst oeÆient of the beta funtion,� (�s) = d ln�s ��2�d ln�2 = � 1Xk=1 bk+1 ��s� �k : (27)In Eqs. (25) and (26), CA = N, CF = (N2 � 1)=(2N), nf is the number of ative quark avors, N is the number ofquark olors, and L� = (1� 2m2=s)fln[(1� �z)=(1 + �z)℄+i�g with �z = p1� 4m2=s. The single-partile inlusive\plus" distributions are de�ned by" lnl �s4=m2�s4 #+ = lim�!0" lnl �s4=m2�s4 �(s4 � �) + 1l+ 1 lnl+1 �m2 Æ(s4)# : (28)For any suÆiently regular test funtion h(s4), Eq. (28) implies thatsmax4Z0 ds4 h(s4)" lnl �s4=m2�s4 #+ = smax4Z0 ds4 [h(s4)� h(0)℄ lnl �s4=m2�s4 + 1l + 1h(0) lnl+1 smax4m2 : (29)
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FIG. 5: Left panel: LO (solid lines), NLO (dashed lines) and NNLO (dotted lines) soft-gluon preditions for the x dependeneof the Callan-Gross ratio, R(x;Q2) = FL=FT , in harm leptoprodution at � = 1, 2 and 5. Right panel: x dependene of theK fators K(1)(x;Q2) = FNLOT =FLOT (solid line) and K(2)(x;Q2) = FNNLOT =FNLOT (dashed urve) for the transverse struturefuntion at the same values of �.In Eqs. (25) and (26), we have also preserved the NLL terms for the sale-dependent logarithms. Note thatEqs. (23){(25) agree to NLL auray with the exat O(�em�2s) alulations of the photon-gluon ross setions �̂Tand �̂L given in Ref. [3℄.Numerial investigation of the results (23){(26) was performed in Refs. [6, 12℄. It was shown that soft-gluonorretions reprodue satisfatorily the threshold behavior of the available exat results for the partoni ross setion�̂2 = �̂T + �̂L at � <� 1. Sine the gluon PDF supports just the threshold region, the soft-gluon ontribution dominatesthe hadron-level struture funtion F2 at energies not so far from the prodution threshold. It was shown in Ref. [6℄that Eqs. (23) and (25) render it possible to desribe with good auray the exat NLO preditions [3℄ for the funtionF2(x;Q2) at x >� 10�3 and relatively low virtuality Q2 � m2.In the present paper, we analyze separately the partoni ross setions �̂T and �̂L. It turns out that the qualityof the adopted soft-gluon approximation is worse for �̂L than for �̂T . To larify the situation, let us remember thatthe NLL approximation allows us to determine unambiguously only the singular s4 behavior of the ross setionsde�ned by Eq. (28). This implies that the s4 dependene of the Born-level distributions BBornT;L (s0; t1; u1)��u1=s4�s0�t1is hosen quite arbitrarily in Eqs. (23) and (24). To improve the situation, we propose the following proedure todetermine the s4 dependene of the di�erential ross setions based on a omparison of the soft-gluon preditions withthe exat NLO results. First, we de�ne the on-shell Born-level distributions in the LO kinematis, i.e. at s4 = 0, as~BBornT;L (s0; t1) = BBornT;L (s0; t1; u1)��u1=�s0�t1 . Then we introdue new quantities, B̂BornT;L (s0; t1; u1), with the following s4dependene: B̂BornT;L (s0; t1; u1) � ~BBornT;L (x4s0; x4t1), where x4 = �u1=(s0 + t1) = 1� s4=(s0 + t1). Comparison with theexat NLO results given by Eqs. (4.7) and (4.8) in Ref. [3℄ indiates that the usage of the distributions B̂BornT;L (s0; t1; u1)instead of BBornT;L (s0; t1; u1) leads to a more aurate aount of the leading-logarithmi (LL) and NLL ontributionsoriginating from ollinear gluon emission. Our numerial analysis shows that the new quantities B̂BornT;L (s0; t1; u1)improve essentially the quality of the soft-gluon approximation for both �̂T and �̂L. More details an be found inRef. [30℄. In our further studies, we use the improved Born-level distributions, B̂BornT;L (s0; t1; u1), instead of old onesgiven by Eqs. (23) and (24).Note that the rede�nition of the usual Born-level distributions used in the present paper does not a�et any previouspreditions of the standard resummation approah. The only purpose of our rede�nition is to extend the region ofappliability of the soft-gluon approximation to higher values of Q2.Our results for the x distributions of the Callan-Gross ratio R(x;Q2) = FL=FT in harm leptoprodution arepresented at several values of � in the left panel of Fig. 5. For omparison, the K fators K(1)(x;Q2) = FNLOT =FLOTand K(2)(x;Q2) = FNNLOT =FNLOT for the transverse struture funtion are shown at the same values of � in the rightpanel of Fig. 5. One an see that the sizeable soft-gluon orretions to the prodution ross setions a�et the Bornpreditions for R(x;Q2) both at NLO and NNLO very little, by a few perent only.Let us briey disuss the origin of the perturbative stability of the Callan-Gross ratio. Note that the mere spin-independent struture of the Sudakov logarithms an not explain our results, sine perturbative stability does nottake plae at the parton level. In fat, the ratios (1;0)L(1;0)T (z;Q2) and (0;0)L(0;0)T (z;Q2) di�er essentially from eah other, even



10near the threshold. This is due to the fat that, aording to Eq. (22), the soft-gluon orretions are determinedby onvolutions of the Born ross setions with the Sudakov logarithms, whih, apart from fatorized Æ(s4) terms,ontain also nonfatorizable ones, see Eq. (29). For instane, values of z � 10�1 allow s4=m2 � 1 at Q2 � m2, whihleads to signi�ant nonfatorizable orretions. In other words, ollinear bremsstrahlung arries away a large partof the initial energy. Sine the longitudinal and transverse Born-level partoni ross setions have di�erent energybehaviors, the so-alled soft-gluon radiation has di�erent impats on these quantities.Our analysis shows that two more fators are responsible for perturbative stability of the hadron-level ratio R(x;Q2).First, for relatively low virtuality Q2 � m2, both �̂T (z;Q2) and �̂L(z;Q2) take their maximum values pratially atthe same values of z not far from the threshold. Seond, at x � 10�2{10�1, the gluon distribution funtion supportsjust the threshold region ontribution. Aording to the saddle point arguments, both these fators together leadto an approximate fatorization of the Sudakov logarithms at the hadron level and essential anellation of theirontributions in the ratio R(x;Q2) = FL=FT .Note also that the situation with perturbative stability of the Callan-Gross ratio is very similar to the orrespondingone that takes plae for the azimuthal asymmetry in heavy-quark photo- and leptoprodution. In detail, the soft-gluonorretions to the azimuthal asymmetry were onsidered in Refs. [10, 12℄.IV. ANALYTIC LO PREDICTIONS AT LOW xSine the radiative orretions to the Callan-Gross ratio in heavy-avor leptoprodution are small, it makes sense toinvestigate in more detail the orresponding LO preditions. In this Setion, we derive ompat low-x approximationformulae for the ratio R2(x;Q2) = 2xFL=F2 at LO, whih greatly simplify the extration of the struture funtionF2(x;Q2) from measurements of the redued ross setion, ~�(x;Q2), de�ned by Eqs. (5) and (6). For this purpose,we onvolute the LO partoni ross setions given by Eqs. (9) and (10) with the low-x asymptotis of the gluon PDF:g(x;Q2) x!0�! 1x1+Æ : (30)The value of Æ in Eq. (30) is a matter of disussion. The simplest hoie, Æ = 0, leads to a non-singular behavior of thestruture funtions for x ! 0. Another extreme value, Æ = 1=2, historially originates from the BFKL resummationof the leading powers of ln(1=x) [23℄. In reality, Æ is a funtion of Q2 (for an experimental review, see Ref. [31℄).Theoretially, the Q2 dependene of Æ is alulated using the DGLAP evolution equations [24℄.First, we alulate the LO hadron-level ross setions for both extreme ases, Æ = 0 and 1=2. Our preditions forthe quantity R2(x;Q2) in the limit of x! 0 have the following form:R(0)2 (Q2) = 21 + 4� 1 + 6�� 4�(1 + 3�)J(�)1 + 2(1� �)J(�) ; (31)R(1=2)2 (Q2) = 81 + 4� [3 + 4� (13 + 32�)℄E(1=(1 + 4�))� 4� (9 + 32�)K(1=(1 + 4�))(�37 + 72�)E(1=(1 + 4�)) + 2 (23� 36�)K(1=(1 + 4�)) ; (32)where � is de�ned in Eq. (13), J(�) = 1p1 + 4� ln p1 + 4�+ 1p1 + 4�� 1 ; (33)and the funtions K(y) and E(y) are the omplete ellipti integrals of the �rst and seond kinds de�ned asK(y) = 1Z0 dtp(1� t2)(1� yt2) ; E(y) = 1Z0 dtr1� yt21� t2 : (34)The result in Eq. (31) was previously found in Ref. [22℄, where an approximation to its NLO ounterpart was alsopresented.The left panel of Fig. 6 shows the ratios R(0)2 (Q2) and R(1=2)2 (Q2) as funtions of �. One an see that the di�erenebetween these quantities varies slowly from 20% at low Q2 to 10% at high Q2. For omparison, also the LO resultsfor R2(x;Q2) alulated at several values of x using the CTEQ5L gluon PDF [26℄ are shown. We observe that, forx ! 0, the CTEQ5L preditions onverge to the funtion R(1=2)2 (Q2) pratially in the entire region of Q2. We haveveri�ed that the same situation takes also plae for all other LO and NLO CTEQ PDF versions [25, 26℄.
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FIG. 6: LO low-x preditions for the ratio R2(x;Q2) = 2xFL=F2 in harm leptoprodution. Left panel: Asymptoti ratiosR(0)2 (Q2) (gray points) and R(1=2)2 (Q2) (blak points), as well as CTEQ5L preditions for R2(x;Q2) at x = 10�2, 10�3 and10�4. Right panel: Asymptoti ratio R(Æ)2 (Q2) at Æ = 0, 0.2, 0.3, 0.4 and 0.5.Next, we derive an analyti low-x formula for the ratio R(Æ)2 (x;Q2) with arbitrary values of Æ, in terms of the Gausshypergeometri funtion. Our result has the following form:R(Æ)2 (Q2) = 4 2+Æ3+Æ��1 + Æ; 11+4��� (1 + 4�) ��2 + Æ; 11+4��h1 + Æ(1�Æ2)(2+Æ)(3+Æ)i��Æ; 11+4��� (1 + 4�)�4� Æ � 103+Æ���1 + Æ; 11+4�� ; (35)where the funtion �(r; z) is de�ned as� (r; z) = z1+r1 + r � (1=2)� (1 + r)� (3=2 + r) 2F1�12 ; 1 + r; 32 + r; z� : (36)The hypergeometri funtion 2F1(a; b; ; z) has the following series expansion:2F1 (a; b; ; z) = � ()� (a) � (b) 1Xn=0 � (a+ n) � (b+ n)� (+ n) znn! : (37)In the right panel of Fig. 6, the Æ dependene of the asymptoti ratio R(Æ)2 (Q2) is investigated. One an see that theratio R(Æ)2 (Q2) rapidly onverges to the funtion R(1=2)2 (Q2) for Æ > 0:2. In partiular, the relative di�erene betweenR(0:5)2 (Q2) and R(0:3)2 (Q2) varies slowly from 6% at low Q2 to 2% at high Q2.As mentioned above, the Q2 dependene of the parameter Æ is determined with the help of the DGLAP evolution.However, our analysis shows that hadron-level preditions for R2(x ! 0; Q2) depend weakly on Æ pratially in theentire region of Q2 for 0:2 < Æ < 0:9. For this reason, our simple formula (32) with Æ = 1=2 (i.e., without anyevolution) desribes with good auray the low-x CTEQ results for R2(x;Q2). We onlude that the hadron-levelpreditions for R2(x ! 0; Q2) are stable not only under the NLO orretions to the partoni ross setions, but alsounder the DGLAP evolution of the gluon PDF.Finally, we use the analyti expressions (31), (32) and (35) for the extration of the struture funtions F 2 (x;Q2)and F b2 (x;Q2) from the HERA measurements of the redued ross setions ~�(x;Q2) and ~�b(x;Q2), respetively. Theresults of our analysis of the HERA data on the harm and bottom eletroprodution are olleted in Tables I andII, respetively. In our alulations, the values m = 1:3 GeV and mb = 4:3 GeV for the harm and bottom quarkmasses are used. The LO preditions, F2(LO), for the ases of Æ = 0:5, 0:3 and 0 are presented and ompared withthe NLO values, F2(NLO), obtained in the H1 analysis [20, 21℄. One an see that all the onsidered LO preditionsagree with the NLO results with an auray better than 1%. This is beause the ontributions of the longitudinalstruture funtions, F L(x;Q2) and F bL(x;Q2), to the redued ross setions, ~�(x;Q2) and ~�b(x;Q2), are small, lessthan 5%, in the kinemati range of the HERA H1 experiment.



12TABLE I: Values of F 2 (x;Q2) extrated from the HERA measurements of ~�(x;Q2) at low [21℄ and high [20℄ Q2 (in GeV2)for various values of x (in units of 10�3). The NLO H1 results [20, 21℄ are ompared with the LO preditions orresponding tothe ases of Æ = 0:5, 0:3 and 0.Q2 x y ~� Error F 2 (NLO) F 2 (LO) F 2 (LO) F 2 (LO)(GeV2) (�10�3) (%) H1 Æ = 0:5 Æ = 0:3 Æ = 012 0.197 0.600 0.412 18 0:435 � 0:078 0:435 � 0:078 0:434 � 0:078 0:431 � 0:07712 0.800 0.148 0.185 13 0:186 � 0:024 0:185 � 0:024 0:185 � 0:024 0:185 � 0:02425 0.500 0.492 0.318 13 0:331 � 0:043 0:331 � 0:043 0:330 � 0:043 0:328 � 0:04325 2.000 0.123 0.212 10 0:212 � 0:021 0:212 � 0:021 0:212 � 0:021 0:212 � 0:02160 2.000 0.295 0.364 10 0:369 � 0:040 0:369 � 0:040 0:368 � 0:040 0:368 � 0:04060 5.000 0.118 0.200 12 0:201 � 0:024 0:200 � 0:024 0:200 � 0:024 0:200 � 0:024200 0.500 0.394 0.197 23 0:202 � 0:046 0:202 � 0:046 0:202 � 0:046 0:201 � 0:046200 1.300 0.151 0.130 24 0:131 � 0:032 0:130 � 0:031 0:130 � 0:031 0:130 � 0:031650 1.300 0.492 0.206 27 0:213 � 0:057 0:213 � 0:057 0:213 � 0:057 0:212 � 0:057650 3.200 0.200 0.091 31 0:092 � 0:028 0:091 � 0:028 0:091 � 0:028 0:091 � 0:028TABLE II: Values of F b2 (x;Q2) extrated from the HERA measurements of ~�b(x;Q2) at low [21℄ and high [20℄ Q2 (in GeV2)for various values of x (in units of 10�3). The NLO H1 results [20, 21℄ are ompared with the LO preditions orresponding tothe ases of Æ = 0:5, 0:3 and 0.Q2 x y ~�b Error F b2 (NLO) F b2 (LO) F 2 (LO) F b2 (LO)(GeV2) (�10�3) (%) H1 Æ = 0:5 Æ = 0:3 Æ = 012 0.197 0.600 0.0045 60 0:0045 � 0:0027 0:0046 � 0:0027 0:0046 � 0:0027 0:0046 � 0:002712 0.800 0.148 0.0048 45 0:0048 � 0:0022 0:0048 � 0:0022 0:0048 � 0:0022 0:0048 � 0:002225 0.500 0.492 0.0122 31 0:0123 � 0:0038 0:0124 � 0:0038 0:0124 � 0:0038 0:0123 � 0:003825 2.000 0.123 0.0061 39 0:0061 � 0:0024 0:0061 � 0:0024 0:0061 � 0:0024 0:0061 � 0:002460 2.000 0.295 0.0189 29 0:0190 � 0:0055 0:0190 � 0:0055 0:0190 � 0:0055 0:0190 � 0:005560 5.000 0.118 0.0130 36 0:0130 � 0:0047 0:0130 � 0:0047 0:0130 � 0:0047 0:0130 � 0:0047200 0.500 0.394 0.0393 31 0:0413 � 0:0128 0:0402 � 0:0125 0:0401 � 0:0125 0:0400 � 0:0124200 1.300 0.151 0.0212 38 0:0214 � 0:0081 0:0213 � 0:0081 0:0213 � 0:0081 0:0212 � 0:0081650 1.300 0.492 0.0230 51 0:0243 � 0:0124 0:0240 � 0:0122 0:0239 � 0:0122 0:0238 � 0:0121650 3.200 0.200 0.0124 44 0:0125 � 0:0055 0:0125 � 0:0055 0:0125 � 0:0055 0:0125 � 0:0055V. CONCLUSIONWe onlude by summarizing our main observations. In the present paper, we studied the radiative orretionsto the Callan-Gross ratio R(x;Q2) in heavy-quark leptoprodution. We onsidered the exat NLO results at lowand moderate Q2 <� m2, asymptoti NLO preditions at high Q2 � m2, and both NLO and NNLO soft-gluon (orthreshold) orretions at large Bjorken x. It turned out that large (espeially, at non-small x) radiative orretionsto the struture funtions FT (x;Q2) and FL(x;Q2) anel eah other in their ratio R(x;Q2) = FL=FT with goodauray. As a result, the NLO ontributions to the ratio R(x;Q2) are less than 10% in a wide region of the variablesx and Q2. Our analysis also shows that the NLO preditions for R(x;Q2) are suÆiently insensitive (to withinten perent) to standard unertainties in the QCD input parameters. We onlude that, unlike the prodution rosssetions, the Callan-Gross ratio in heavy-quark leptoprodution is quantitatively well de�ned in pQCD. Measurementsof the quantity R(x;Q2) in harm and bottom leptoprodution would provide a good test of the onventional partonmodel based on pQCD.Conerning the experimental aspets, we propose to exploit the observed perturbative stability of the Callan-Grossratio in the extration of the struture funtions F 2 (x;Q2) and F b2 (x;Q2) from the orresponding redued rosssetions. For this purpose, we provided ompat LO hadron-level formulae for the ratio R2(x;Q2) = 2xFL=F2 =R=(1 + R) in the limit x ! 0. We demonstrated that these analyti expressions simplify the extration of F2(x;Q2)without a�eting the auray of the result in pratie. In partiular, our LO formula for R2(x;Q2) with Æ = 1=2usefully reprodues the results for F 2 (x;Q2) and F b2 (x;Q2) obtained by the H1 Collaboration [20, 21℄ with the helpof the more umbersome NLO evaluation of FL(x;Q2).
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