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Two-Loop Eletroweak Corretions to the A0 andA0gg Couplings of the CP-Odd Higgs BosonJoahim BrodInstitut f�ur Theoretishe Teilhenphysik, Universit�at KarlsruheEngesserstra�e 7, 76128 Karlsruhe, GermanyFrank FugelPaul Sherrer Institut,5232 Villigen PSI, SwitzerlandBernd A. KniehlII. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstratUsing the asymptoti-expansion tehnique, we ompute the dominant two-loopeletroweak orretions, of O(GFm2t ), to prodution and deay via a pair of pho-tons or gluons of the CP-odd Higgs boson A0 in a two-Higgs-doublet model withlow- to intermediate values of the Higgs-boson masses and ratio tan� = v2=v1 ofthe vauum expetation values. We also study the inuene of a sequential heavy-fermion generation. The appearane of three 5 matries in losed fermion loopsrequires speial are in the dimensional regularisation of ultraviolet divergenes.The �nite renormalisation onstant for the pseudosalar urrent e�etively restor-ing the antiommutativity of the 5 matrix, familiar from perturbative quantumhromodynamis, is found not to reeive a orretion in this order. We also revisitthe dominant two-loop eletroweak orretion to the H !  deay width in thestandard model with a fourth fermion generation.PACS numbers:12.15.Lk, 13.66.Fg, 13.85.-t, 14.80.Cp
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1 IntrodutionThe searh for Higgs bosons is among the prime tasks at the Fermilab Tevatron and willbe so at the CERN Large Hadron Collider (LHC), to go into operation later during thisyear, and the International e+e� Linear Collider (ILC), whih is urrently being designed.The standard model (SM) ontains one omplex Higgs doublet, from whih one neutralCP-even Higgs boson (H) emerges in the physial partile spetrum after the eletroweaksymmetry breaking. Despite its enormous suess in desribing almost all experimentalpartile physis data available today, the SM is widely believed to be an e�etive �eldtheory, valid only at presently aessible energy sales, mainly beause of the naturalnessproblem related to the �ne-tuning of the ut-o� sale appearing quadratially in the Higgs-boson mass ounterterm, the failure of gauge oupling uni�ation, the absene of a oneptto inorporate gravity, and the lak of a old-dark-matter andidate. Supersymmetry(SUSY), whih postulates the existene of a partner, with spin shifted by half a unit, toeah of the established matter and exhange partiles, is ommonly viewed as the mostattrative extension of the SM solving all these problems. The Higgs setor of the minimalSUSY extension of the SM (MSSM) onsists of a two-Higgs-doublet model (2HDM) andaommodates �ve physial Higgs bosons: the neutral CP-even h0 and H0 bosons, theneutral CP-odd A0 boson, and the harged H�-boson pair. At the tree level, the MSSMHiggs setor has two free parameters, whih are usually taken to be the mass MA0 of theA0 boson and the ratio tan� = v2=v1 of the vauum expetation values of the two Higgsdoublets.The disovery of the A0 boson would rule out the SM and, at the same time, givestrong support to the MSSM. At the LHC, this will be feasible exept in the wedge ofparameter spae with MA0 �> 250 GeV and moderate value of tan�, where only the h0boson an be deteted [1℄. For low to intermediate values of tan �, gluon fusion is byfar the dominant hadroprodution mehanism. At large values of tan �, A0bb assoiatedprodution beomes important, too, espeially at LHC .m. energy, ps = 14 TeV [2,3℄. Atthe ILC operated in the  mode, via Compton bak-sattering of highly energeti laserlight o� the eletron and positron beams, single prodution of the A0 boson will allowfor its disovery, also throughout a large fration of the LHC wedge, and for a preisiondetermination of its pro�le [4℄. Two-photon ollisions, albeit with less luminosity, will alsotake plae in the regular e+e� mode of the ILC through eletromagneti bremsstrahlungor beamstrahlung o� the lepton beams.In the mass range MA0 < 2mt and for large values of tan � in the whole MA0 range,the A0 boson dominantly deays to a bb pair, with a branhing fration of about 90%[2,3℄. As in the ase of the H boson of the SM, the rare  deay hannel then providesa useful signature at the LHC if the b and b quarks annot be separated suÆiently wellfrom the overwhelming bakground from quantum hromodynamis (QCD). The A0 ! gghannel will greatly ontribute to the deay mode to a light-hadron dijet, whih will bemeasurable at the ILC.Sine the A0 boson is neutral and olourless, the A0 and A0gg ouplings are loopindued. As the A0 boson has no tree-level oupling to the W boson and its oupling to2



sfermions ips their \handedness" (left or right), the A0 oupling is mediated at leadingorder (LO) by heavy quarks and harged leptons and by light harginos, whereas heavyharginos deouple [5℄. The A0gg oupling is generated at LO by heavy-quark loops [6℄.Reliable theoretial preditions for the A0 and A0gg ouplings, inluding higher-order radiative orretions, are urgently required to math the high preision to be reahedby the LHC and ILC experiments [7,8℄. Spei�ally, the properties of the A0 boson,espeially its CP-odd nature, must be established, and the sensitivity to novel high-masspartiles irulating in the loops must be optimised. The present state of the art isas follows. The next-to-leading-order (NLO) QCD orretions, of relative order O(�s)in the strong-oupling onstant �s, to the partial deay widths �(A0 ! ) [9,10℄ and�(A0 ! gg) [10℄, and the prodution ross setion �(gg ! A0) [10,11℄ are available forarbitrary values of quark and A0-boson masses as one-dimensional integrals, whih weresolved in terms of harmoni polylogarithms for �(A0 ! ), �(A0 ! gg), and the virtualorretion to �(gg ! A0) [12,13℄. The latter was also obtained for general olour fatorsof the gauge group SU(N) in the limit mt ! 1 using an e�etive Lagrangian [14℄. Inthe same way, the O(�s) orretion to �(gg! A0) was �rst alulated in Ref. [15℄.The next-to-next-to-leading-order (NNLO) QCD orretions, of O(�2s), to �(A0 !gg) [16℄ and �(gg ! A0) [17℄ were found for mt ! 1 using an e�etive Lagrangian.The O(�s) SUSY QCD orretion, due to virtual squarks and gluinos besides the heavyquarks, to �(gg ! A0) was obtained from an e�etive Lagrangian onstruted by alsointegrating out the SUSY partiles [18℄. The two-loop master integrals appearing in thelatter alulation if the masses of the virtual salar bosons and fermions are kept �nitewere expressed in terms of harmoni polylogarithms [13℄.In this paper, we take the next step and present the dominant eletroweak orretionsto �(A0 ! ) and �(A0 ! gg) at NLO. Our key results were already summarisedin Ref. [19℄. Here, we present the full details of our alulation and a omprehensivedisussion of its phenomenologial impliations. Sine these orretions are purely virtual,arising from two-loop diagrams, they arry over to �( ! A0) and �(gg ! A0), via�(=gg! A0) = 8�2N2;gMA0 �(A0 ! =gg)Æ �ŝ�M2A0� ; (1)where N = 1 and Ng = N2 � 1 = 8 are the olour multipliities of the photon andthe gluon, respetively, and ŝ is the partoni .m. energy square. For the time being,we fous our attention on the partiularly interesting region of parameter spae with lowto intermediate Higgs-boson masses, Mh0;MH0 ;MA0 ;MH� < mt,1 and low to moderatevalue of tan�, tan� � mt=mb, and assume that the SUSY partiles are so heavy thatthey an be regarded as deoupled, yielding subdominant ontributions. The dominanteletroweak two-loop orretions are then indued by the top quark and are of relativeorder O(xt), where xt = GFm2t =(8�2p2) � 3:17� 10�3 with GF being Fermi's onstant.We also onsider the inuene of a sequential generation of heavy fermions F , beyond the1As for MA0 , we atually need MA0 < 2MW� ; 2MH� in order for asymptoti expansion to be appli-able. 3



established three generations, whih generate orretions of generi order O(xF ). Suhorretions were already studied for the H !  deay in the SM supplemented with afourth fermion generation in Ref. [20℄, and we revisit this analysis.In the alulation of two-loop eletroweak orretions to the A0 and A0gg ouplings,one enounters losed fermion loops involving three 5 matries, so that the use of the na��veantiommuting de�nition of the 5 matrix is bound to fail. This leads us to employ the't Hooft-Veltman-Breitenlohner-Maison (HVBM) [21℄ sheme and a �nite renormalisationonstant, Zp5 , for the pseudosalar urrent to e�etively restore the antiommutativity ofthe 5 matrix [22,23,24℄, whih is so far only known within QCD [24℄.This paper is organised as follows. In Setion 2, we explain our method of alulationand evaluate Zp5 to O(xt) and O(xF ). In Setion 3, we alulate the O(xt) and O(xF )orretions to �(A0 ! ) and �(A0 ! gg) in the 2HDM with three and four fermiongenerations. We also reover the O(�s) orretion to �(A0 ! ). In Setion 4, werealulate the O(xF ) orretion to �(H ! ) due to a fourth fermion generation addedon top of the SM. In Setion 5, we present our numerial results. We onlude with asummary in Setion 6.2 Method of alulationAs explained below, we assume a strong hierarhy between the heavy fermions on the onehand and the gauge and Higgs bosons on the other hand, so that we may extrat theleading orretions using the asymptoti-expansion tehnique [25℄. We use a ompletelyautomated set-up, whih relies on the suessive use of the omputer programs QGRAF [26℄,q2e, exp [27℄, and MATAD [28℄. First, QGRAF is used to generate the Feynman diagrams.Its output is then rewritten by q2e to be understandable by exp. The latter performs theasymptoti expansion and generates the relevant subdiagrams aording to the rules ofthe so-alled hard-mass proedure [25℄. Form [29℄ �les are generated. They an be readby MATAD, whih performs the alulation of the diagrams.Sine we onsider the SUSY partners to be deoupled, we may as well work in the2HDM without SUSY. We may thus extrat the ultraviolet (UV) divergenes by meansof dimensional regularisation, with d = 4 � 2� spae-time dimensions and 't Hooft masssale �, without introduing SUSY-restoring ounterterms [30℄. For onveniene, we workin 't Hooft-Feynman gauge. We take the Cabibbo-Kobayashi-Maskawa quark mixingmatrix to be unity, whih is well justi�ed beause the third quark generation is, to goodapproximation, deoupled from the �rst two [31℄. We adopt Sirlin's formulation of theeletroweak on-shell renormalisation sheme [32℄, whih uses GF and the physial partilemasses as basi parameters, and its extension to the MSSM [33℄. Various presriptionsfor the renormalisation of the auxiliary variable tan �, with spei� virtues and aws,may be found in the literature, none of whih is satisfatory in all respets (for a review,see Ref. [34℄). For de�niteness, we employ the Dabelstein-Chankowski-Pokorski-Rosiek(DCPR) sheme [35,36℄, whih maintains the relation tan� = v2=v1 in terms of the\true" vaua through the ondition Æv1=v1 = Æv2=v2, and demands the residue ondition4



Re �̂0A0(MA0) = 0 and the vanishing of the A0{Z0 mixing on shell as Re �̂A0Z0(MA0) = 0,where �̂A0(q2) and �̂A0Z0(q2) are the renormalised A0-boson self-energy and A0{Z0 mixingamplitude, respetively. It has been pointed out [34℄ that the DCPR de�nition of tan �is gauge dependent. We do not atually enounter this drawbak in our analysis, sinewe need to renormalise tan� to O(xf ), so that only fermion loops ontribute. However,this problem will show up when subleading terms of the two-loop eletroweak orretionsare to be omputed. Our �nal results an be straightforwardly onverted to any otherrenormalisation presription for tan�, by substituting the �nite relationship between theold and new de�nitions of tan�.As already mentioned in Setion 1, the evaluation of the relevant two-loop diagramsis aggravated by the appearane of three 5 matries inside losed fermion loops. Thisleads us to adopt the HVBM sheme [21℄, whih allows for a onsistent treatment of theDira algebra within the framework of dimensional regularisation. In this sheme, the 5matrix is given by 5 = i4!"���� ����; (2)where the totally antisymmetri Levi-Civita tensor is de�ned in d dimensions as"���� = 8><>:1 if (�; �; �; �) even permutations of (0,1,2,3),�1 if (�; �; �; �) odd permutations of (0,1,2,3),0 otherwise. (3)This de�nition leads to the following mixed antiommutation and ommutation relations,where we have to distinguish between 4 and (d� 4) dimensions:f�; 5g = 0; if � = 0; 1; 2; 3,[�; 5℄ = 0; otherwise. (4)By giving up the full antiommutation property of 5, we an retain the familiar expressionfor the trae of four  matries and one 5 matrix:tr(����5) = 4i"����: (5)Traes involving less than four  matries and one 5 matrix vanish. We introdue thefollowing projetors onto the 4- and (d� 4)-dimensional subspaes:~g�� =(g�� if � and � are smaller than 4,0 otherwise;ĝ�� =(g�� if � and � are larger than 3,0 otherwise. (6)Here and in the following, we label quantities in 4 dimensions with a tilde, quantities in(d� 4) dimensions with a hat, and quantities in d dimensions without supersript. For a5



given four-vetor V , we thus have ~V � = ~g��V�;V̂ � = ĝ��V�: (7)The projetors ful�l the following relations:~g�� = g��~g�� = ~g��~g�� = 4;ĝ�� = g�� ĝ�� = ĝ�� ĝ�� = d� 4;~g�� ĝ�� = 0: (8)More details may be found in Ref. [23℄. We expliitly veri�ed that, in our ase, the na��veantiommuting de�nition of the 5 matrix yields ambiguous results, whih depend on theway of exeuting the Dira traes.The atual implementation of these rules into the MATAD setup is aomplished in twoindependent ways. Firstly, we use the Mathematia pakage TRACER [37℄ and omputethe traes separately. Seondly, we implement our own FORM routine for evaluating thetraes in the HVBM sheme. Both methods yield the same results.The appliation of the HVBM sheme introdues loop momenta that are projeted ontothe (d� 4)-dimensional subspae. These have to be expressed through loop momenta inthe full d-dimensional spae beause MATAD performs the integration in d dimensions. Forinstane, in the ase of a massive one-loop tadpole with loop momentum q, we substituteq̂2 = 4dq2 (9)in the numerator of the integrand. Similar identities an be derived for all the other ases.Furthermore, we have to introdue an additional �nite ounterterm, Zp5 , in the renor-malisation of the pseudosalar urrent to e�etively restore the antiommutativity of the5 matrix [22,23,24℄. Within QCD, Zp5 is known through O(�3s) [24℄. Here, we need Zp5at O(xt) and O(xF ). In order to explain our proedure, we �rst repeat the derivation ofthe O(�s) term. For simpliity, we work in massless QCD with 't Hooft-Feynman gauge.As usual, we adopt the modi�ed minimal-subtration (MS) renormalisation sheme. Thepseudosalar urrent is de�ned in oordinate spae asP (x) = Z2ZpZp5 � (x)5 (x); (10)where Z2 and Zp are the usual wave-funtion and pseudosalar-urrent renormalisationonstants, respetively. Passing to momentum spae, we de�neiSF (p)�5(p; p0)iSF (p0) = Z ddxddy ei(p�x�p0�y)h0jT [ (x)P (0) (y)℄j0i; (11)where T denotes the time-ordered produt and iSF (p) = R ddx eip�xh0jT [ (x) (0)℄j0i isthe Feynman propagator of the quark. The key quantity for our purposes is then the6



amputated Green funtion �5(p; p) at zero momentum transfer. The Feynman diagramsrelevant through O(�s) are depited in Fig. 1, where rosses and dots indiate the inser-tions of P (x) and the operator renormalisation, respetively, and it is understood thatexternal legs are amputated. The tree-level diagram in Fig. 1(a) yields�(0)5 (p; p) = 5: (12)The one-loop diagram in Fig. 1(b) leads to the integral�(1)5 (p; p) = 4��sCF Z ddq(2�)d �i�=q5=q�(p� q)2(q2)2 ; (13)where CF = (N2 � 1)=(2N) = 4=3 is the eigenvalue of the Casimir operator of thefundamental representation of SU(N), with N = 3 for QCD. We deompose the stringof gamma matries in the numerator as�=q5=q� = �=q=q�5 + �=q(�2=q̂� � 2=̂q� + 4=̂q̂�)5: (14)The �rst term on the right-hand side of Eq. (14) is what we would obtain using anantiommuting 5 matrix. Upon loop integration it yields an expression proportional toEq. (12), the divergent part of whih is�(1); div5 (p; p) = �s� CF 1� 5: (15)This is removed by Fig. 1(), the O(�s) terms of Z2 and Zp being [24℄Z2 = 1� �s� CF 14� ;Zp = 1� �s� CF 34� : (16)The remaining terms on the right-hand side of Eq. (14) are evanesent; they live in theunphysial (d � 4)-dimensional part of spae-time and vanish if we let d ! 4. Yet theloop integral is divergent, so that an unphysial �nite ontribution remains. We anensure the vanishing of suh ontributions to all orders by a �nite renormalisation. Thisis exatly what is ahieved by the �nite renormalisation Zp5 . In this way, we ensure thatthe evanesent part does not mix into the physial part. Upon loop integration, theevanesent part of Eq. (14) yields�(1); eva5 (p; p) = 2�s� CF5; (17)so that, through O(�s), the �nite ounterterm isZp5 = 1 + ÆZp5 = 1� 2�s� CF ; (18)in agreement with Ref. [24℄. 7



q q q q

g

q q(a) (b) ()Figure 1: Feynman diagrams ontributing to Zp5 at O(�s). Crosses and dots indiate insertionsof P (x) and its operator renormalisation Z2ZpZp5 , respetively.We now apply the same proedure at O(xt) and O(xF ). To this end, we have toonsider the ounterparts of the diagram in Fig. 1(b) where the gluon is replaed byneutral or harged salar eletroweak bosons, S0 = �0; h0; H0; A0 and S� = ��; H�,where �0 and �� denote the Goldstone bosons. These are depited in Figs. 2(a) and(b), respetively. We �nd that the sets of diagrams in Figs. 2(a) and (b) add up to zeroseparately. In the three-generation ase, the diagrams in Figs. 2(b) do not ontribute inO(xt) at all. Consequently, we have ÆZp5 = 0 at O(xt) and O(xF ).
f f

S0

f f

S±

(a) (b)Figure 2: Feynman diagrams ontributing to Zp5 at O(xt) and O(xF ). Crosses indiate insertionsof P (x), and S0 = �0; h0;H0; A0, S� = ��;H�, and f = t; b; U;D;N;E denote generi neutraland harged salar bosons and fermions, respetively.
3 A0 !  and A0! ggIn this setion, we �rst disuss the ase of A0 !  in detail. Spei�ally, we reall theBorn result and reover the O(�s) orretion in Subsetion 3.1 and evaluate the O(xt)and O(xF ) orretions in Subsetion 3.2. In Subsetion 3.3, we then extrat from thelatter the orresponding orretions for A0 ! gg.We drop all terms inluding an even number of 5 matries in the fermion trae, sinethey do not give ontributions to the �nal results. Those with an odd number lead toexpressions that are proportional to the epsilon tensor. The transition amplitude an thusbe deomposed as follows: T = 14!"��Æ���(q1)���(q2)A����Æ; (19)8



where qi and ��(qi) are the four-momenta and polarisation four-vetors of the outgoingphotons i = 1; 2. By Lorentz ovariane, Eq. (19) an be written asT = "����q1�q2����(q1)���(q2)A; (20)where A = �~g[��~g��g�gÆ�℄1q�1q�248(q1 � q2)2 A����Æ: (21)Here, [ ℄1 denotes antisymmetrisation in the �rst indies of the metri tensors, and it isunderstood that the external momenta q1 and q2 have non-vanishing omponents only inthe physial four dimensions of spae-time. The partial width of the A0 !  deay isthen given by �(A0 ! ) = M3A064� jAj2: (22)The form fator A is evaluated in perturbation theory asA =Xf �ALOf +A�sf +Axff + : : :�+ : : : ; (23)where the sum is over heavy fermions f = t; F , ALOf is the one-loop ontribution induedby harged fermions, A�sf is the two-loop QCD orretion in the ase of f being a quark,Axff is the dominant two-loop eletroweak orretion due to weak-isospin doublets ofquarks and leptons, and the ellipses stand for the residual one- and two-loop ontributionsas well as all ontributions beyond two loops. The ounterpart of Eq. (22) for �(A0 ! gg)ontains an additional olour fator of Ng=4 = 2 on the right-hand side.The ouplings of the A0 boson to fermions are proportional to their masses. Therefore,we only onsider diagrams where the A0 boson ouples to the top quark or a fourth-generation fermion. However, we must bear in mind that diagrams where it ouples tothe bottom quark may beome sizeable for large values of tan �, for tan � = O(mt=mb),beause that oupling is proportional to tan �. In the following, we thus onentrate onlow to intermediate values of tan �.3.1 Born result for �(A0 ! ) and O(�s) orretionThe LO result arises from the diagrams shown in Fig. 3 and may be found in Ref. [5℄ ford = 4 spae-time dimensions. For d = 4 � 2� through O(�), we have in losed form andas an expansion in �f =M2A0=(2mf)2:ALOf = 21=4G1=2F �em� NfQ2fgf  4��2m2f e�E!� �� 1�f arsin2p�f +O(�)�= 21=4G1=2F �em� NfQ2fgf  4��2m2f e�E!� ��1� 13�f � 845� 2f � 435� 3f � 1281575� 4f +O(� 5f )+ O(�)� ; (24)9
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where � = 1=�� E + ln(4�). In total, our evaluation yieldsA�sq = 21=4G1=2F �em� �s� NQ2qgq ��169 �q � 6845� 2q � 5301242525� 3q � 3471233075� 4q +O(� 5q )� ; (27)whih agrees with the Taylor expansion of the analyti result derived in Refs. [12,13℄ fromthe integral representation originally obtained in Refs. [9,10℄.Notie that the O(� 0) term in Eq. (27) vanishes, so that the O(�s) orretion issuppressed for small values of MA0 . In fat, as a onsequene of the Adler-Bardeentheorem [38℄, the large-mt e�etive Lagrangian of the A0 interation does not reeiveQCD orretions at any order [9,15,39℄.3.2 O(xt) and O(xF ) orretions to �(A0 ! )
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indued by a sequential fermion generation, onsisting of an up-type quark U , a down-type quark D, a Dira neutrino N , and a harged lepton E. The ontributing diagramsare depited generially in Fig. 5. We have heked expliitly that diagrams inludingvirtual W bosons do not ontribute to our order.Let us �rst disuss the ounterterm ontributions. In ontrast to the QCD ase inEq. (25), we now also have to renormalise the A0 wave funtion, GF , and tan �. Theseadditional ontributions are universal. We thus haveAxff;CT = �21=4G1=2F �em� NfQ2fgf �ÆZp5 � 2�Æmfmf + Æu� ; (28)where, in the eletroweak on-shell sheme [32,33℄ supplemented with the DCPR [35℄ def-inition of tan �, Æu = Ævv � �r2 : (29)Here, Æv=v is the ommon DCPR ounterterm for the two Higgs doublets given in Eq. (3.11)of Ref. [36℄ and �r [32℄ ontains those radiative orretions to the muon lifetime whihthe SM introdues on top of those derived in the QED-improved Fermi model. In termsof (transverse) self-energies, we haveÆu = 12 ���W�;T (0)M2W � �0A0(M2A0) + (tan� � ot �)�A0Z0(M2A0)MZ � : (30)In the three-generation ase, we set mb = 0 and formally impose the following masshierarhies: MZ ;MW ;Mh0;MH0 ;MA0 ;MH� < mt; MA0 < 2MW ; 2MH�; (31)whih ensure the appliability of the asymptoti-expansion tehnique. In pratie, thisimplies that the unknown Higgs-boson masses obeyMh0 ;MH0 ;MA0 ;MH� < mt; MA0 < 2MH� : (32)The leading two-loop eletroweak orretions are then of O(xt). In the presene of fourth-generation fermions F = U;D;N;E, we assume that their masses obeyMZ ;MW ;Mh0 ;MH0;MA0 ;MH� < mU ; mD; mN ; mE: (33)For simpliity, we onsider the speial ases mU � mD, mU = mD, and mU � mD, andsimilarly for the leptoni weak-isospin doublet, so that we are e�etively dealing withsingle-sale problems yielding orretions of O(xF ).We �rst list the non-vanishing ounterterms entering Eq. (28) for a generi quarkdoublet (U;D). For the U quark, we haveÆmUmU = 8>>>>>><>>>>>>:
xUsin2 � �32� + 32 ln �2m2U + 4� if mU � mD;xU � 3sin2 � + 1os2 ���12� + 12 ln �2m2U + 32� if mU = mD;xDos2 � �12� + 12 ln �2m2D + 34� if mU � mD: (34)

12



The orresponding expression for the D quark is obtained from Eq. (34) by interhangingmU $ mD and sin� $ os �. Furthermore, we haveÆu = 8>>><>>>:N2 xU if mU � mD,0 if mU = mD,N2 xD if mU � mD. (35)The ounterparts of Eqs. (34) and (35) for a generi lepton doublet (N;E) are obtainedby substituting mU ! mN , mD ! mE, and N ! 1.Our �nal result for the three-generation ase readsAxtt = 21=4G1=2F �em� Nxt ot� �209 + 69 � 129 os2 �sin2 � � 129 sin2 �sin2 � + 209 ot2 � + 69 ot2 �� 29N� (36)= 21=4G1=2F �em� Nxt �149 ot3 � + 29(7�N) ot�� ; (37)where � is the angle that rotates the weak eigenstates of the neutral CP-even Higgs bosonsinto their mass eigenstates. On the right-hand side of Eq. (36), we exhibit separately the�nite ontributions from the �0, ��, h0, H0, A0, and H� bosons, and the universalounterterm, after top-quark mass renormalisation, in the order in whih they appearthere. The UV-divergent parts vanish after exploiting simple trigonometri identities.The same is true for the unrenormalised ontributions from neutral partiles as well asfor the na��ve ontributions from the asymptoti expansion of the diagrams ontainingharged partiles. However, the total result is nonzero, as opposed to the QCD ase. Weobserve that the � dependene arried by the ontributions from the neutral CP-evenHiggs bosons anels in their sum. This reets the fat that, by negleting their masses,we e�etively treat the h0 and H0 bosons as mass degenerate, so that we may rotate theangle � away.Now we examine the inuene of a sequential generation onsisting of heavy fermionsF as spei�ed above. Besides the appearane of new leading orretion terms quadrati intheir masses, of generi order O(xF ), also the O(xt) orretion is then modi�ed. This maybe understood by observing that the LO result then reeives three more mass-independentontributions in addition to the one from the top quark, from the harged fermions U;D;E,whih feed into the O(xt) orretion through the universal ounterterm Æu. This may beaommodated in Eq. (36) through the substitution� 29N ! �29N � 29N � N18 tan2 � � 12 tan2 �: (38)
13



The O(xF ) ontribution due to the (U;D) doublet is found to beAxF(U;D)21=4G1=2F (�em=�)N = 8>>>>>><>>>>>>:xU
�43 ot3 � + 13� 4N9 ot � � 7 +N18 tan�� if mU � mD,xU �43 ot3 � + 179 ot � + 89 tan� + 13 tan3 �� if mU = mD,xD �49(1�N) ot� + 5�N18 tan� + 13 tan3 �� if mU � mD.(39)In eah ase, we �nd that the ontributions from the various proper two-loop diagramsanel, so that we are only left with the ounterterm ontributions. Again, the total resultis non-zero, in ontrast to the QCD ase.The ounterpart of Eq. (39) for the (N;E) doublet is simply obtained by appropriatelyadjusting the quantum numbers Nf and Qf and reads:AxF(N;E)21=4G1=2F (�em=�) = 8>>>><>>>>:xN
��1� 49N� ot � + 12 �1� N9 � tan �� if mN � mE,xN �ot� + 4 tan� + 3 tan3 �� if mN = mE,xE ��49N ot� + 12 �5� N9 � tan� + 3 tan3 �� if mN � mE.(40)3.3 O(xt) and O(xF ) orretions to �(A0 ! gg)Now we turn to the O(xt) and O(xF ) orretions to �(A0 ! gg). They may be easilyextrated from the analogous alulation for �(A0 ! ) disussed in Setion 3.2, byretaining only those diagrams where both photons ouple to quark lines and substituting�emQqQq0N ! �s. Note that this does not a�et the fators of N originating from therenormalisation proedure.In the three-generation ase, we thus obtainAxtt = 21=4GF �s� xt ot � �5 + 3� 3os2 �sin2 � � 3sin2 �sin2 � + 5 ot2 � + 3 ot2 � � N2 � (41)= 21=4GF �s� xt �5 ot3 � + �5� N2 � ot �� ; (42)where the �ve terms on the right-hand side of Eq. (41) again represent the �nite ontribu-tions from the �0, ��, h0, H0, A0, and H� bosons, and the universal ounterterm, aftertop-quark mass renormalisation. The �nal result is again independent of �.In the presene of a sequential heavy-fermion generation, the universal ounterterm inEq. (41) is modi�ed aording to� N2 ! �N2 � N2 � N2 tan2 �: (43)14



The O(xF ) ontribution due to the (U;D) doublet is found to beAxF(U;D)21=4G1=2F (�s=�) = 8>>>><>>>>:xU
�3 ot3 � + (4�N) ot � + �1� N2 � tan�� if mU � mD,xU (3 ot3 � + 5 ot� + 5 tan� + 3 tan3 �) if mU = mD,xD �(1�N) ot� + �4� N2 � tan� + 3 tan3 �� if mU � mD.(44)The (N;E) doublet an generate a O(xF ) ontribution only through the universalounterterm, so thatAxF(N;E)21=4G1=2F (�s=�) = 8>>>><>>>>:xN

�� ot � � 12 tan �� if mN � mE,0 if mN = mE,xE �� ot � � 12 tan�� if mN � mE. (45)Note that the O(�s) orretion to �(A0 ! gg) annot be reovered from the one to�(A0 ! ) beause it reeives additional ontributions from diagrams involving gluonself-ouplings.4 O(xf) orretion to �(H ! )Applying similar tehniques as in Setion 3.2, we now also derive the O(xf ) orretion to�(H ! ) in the SM endowed with a sequential generation of heavy fermions. Due toeletromagneti gauge invariane, the transition-matrix element of H !  possesses thestruture T = [(q1 � q2)g�� � q�1q�2 ℄���(q1)���(q2)A: (46)To obtain a strong hek on our analysis, we atually verify eletromagneti gauge in-variane by separately projeting out the oeÆients of the Lorentz tensors (q1 � q2)g��and q�1q�2 in Eq. (46). Furthermore, we work in general R� gauge, so as to verify that thegauge parameter � anels in the �nal result. From Eq. (46), we obtain�(H ! ) = M3H64� jAj2; (47)where MH is the mass of the SM Higgs boson.The form fator A is evaluated in perturbation theory asA = ALOW +Xf �ALOf +A�sf +Axff + � � � �+ � � � ; (48)where ALOW denotes the one-loop ontribution due to the W� boson and the other ontri-butions arry similar meanings as in Eq. (23).15



A omprehensive review of the present theoretial knowledge of �(H ! ) may befound in Ref. [40℄. The LO result was �rst obtained in Ref. [41℄. The O(�s) [12,42℄ andO(�2s) [43℄ QCD orretions are also available. As for the two-loop eletroweak orretion,the ontributions indued by light [44℄ and heavy fermions [20,45℄ as well as the residualones [46℄ were reently evaluated. The O(xF ) orretion due to a sequential generation ofheavy fermions was studied in Ref. [20℄ for general values of their masses. In the following,we revisit this analysis for the mass hierarhies mU � mD, mU = mD, and mU � mD,and similarly for the leptons N and E using asymptoti expansion. We refrain fromonsidering �(H ! gg).
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where tadpole ontributions are marked by the supersript \tad." Note that ÆZH isobtained from the derivative of the Higgs-boson self-energy and thus has no tadpoleontribution.In the ase of the (U;D) doublet, the ounterterms in Eq. (49) read:ÆmUmU =8>>>><>>>>:xU
�32� + 32 ln �2m2U + 4� if mU � mD;2xU if mU = mD;xD ��32�� 32 ln �2m2D � 54� if mU � mD;ÆmtadUmU =8>>>>>><>>>>>>:xUNm2UM2H �4� + 4 ln �2m2U + 4� if mU � mD;xUNm2UM2H �8� + 8 ln �2m2U + 8� if mU = mD;xDNm2DM2H �4� + 4 ln �2m2D + 4� if mU � mD;ÆM2WM2W =8>>>>>><>>>>>>:xUN��2�� 2 ln �2m2U � 1� if mU � mD;xUN��4�� 4 ln �2m2U� if mU = mD;xDN��2�� 2 ln �2m2D � 1� if mU � mD;ÆM2;tadWM2W = 2ÆmtadUmU ;ÆM2HM2H =8>>>>>><>>>>>>:xUN �m2UM2H ��12�� 12 ln �2m2U � 4�+ 2� + 2 ln �2m2U � 43� if mU � mD;xUN �m2UM2H ��24�� 24 ln �2m2U � 8�+ 4� + 4 ln �2m2U � 83� if mU = mD;xDN �m2DM2H ��12�� 12 ln �2m2D � 4� + 2�+ 2 ln �2m2D � 43� if mU � mD;ÆM2;tadHM2H = 3ÆmtadUmU ;
ÆZH =8>>>>>><>>>>>>:xUN��2�� 2 ln �2m2U + 43� if mU � mD;xUN��4�� 4 ln �2m2U + 83� if mU = mD;xDN��2�� 2 ln �2m2D + 43� if mU � mD; (50)and similarly for ÆmD=mD and ÆmtadD =mD. The renormalisations of the Higgs-boson wavefuntion and the W -boson mass in the HFF Yukawa oupling ombine to a universal18



orretion [49℄, Æu = 12 �ÆZH � ÆM2WM2W � ; (51)whih should be ompared with Eq. (30) for the ase of the A0 boson. We have [50℄
Æu = 8>>>>>><>>>>>>:

76xUN if mU � mD,43xUN if mU = mD,76xDN if mU � mD. (52)
The ounterparts of Eqs. (50) and (52) for the (N;E) doublet are obtained by substitutingmU ! mN , mD ! mE, and N ! 1. Those for the three-generation SM may be found inEqs. (68){(71), (74){(76), and (80) of Ref. [48℄.We now list our �nal results for Axff due to the (U;D) doublet. For the sake ofomparison with Ref. [20℄, we exhibit the dependene on the eletri harge of the heavierquark, exploiting the relation QU = QD + 1. We �ndAxF(U;D)21=4G1=2F (�em=�)N =8>>>>>><>>>>>>:xU

��2536 � 6QU + 4Q2U � 79N �1� 2QU + 3Q2U�� if mU � mD,xU ��569 � 8QU + 8Q2U � 89N �1� 2QU + 3Q2U�� if mU = mD,xD ��2536 + 6QD + 4Q2D � 79N �2 + 4QD + 3Q2D�� if mU � mD,=8>>>>>><>>>>>>:xU
��3512 � 79N� if mU � mD,xU ��8� 89N� if mU = mD,xD ��94 � 79N� if mU � mD. (53)

Appropriately adjusting the quantum numbers in the various ontributions, we �ndAxff due to the (N;E) doublet to beAxF(N;E)21=4G1=2F (�em=�) = 8>>>>>><>>>>>>:xN
��2536 � 79N� if mN � mE,xN ��569 � 89N� if mN = mE,xE ��9736 � 79N� if mN � mE. (54)

In the remainder of this setion, we ompare our results with those obtained inRef. [20℄. That referene is more general than ours in the sense that no hierarhies19



among the heavy-fermion masses are assumed. However, we an ompare Eq. (53) withEqs. (56) and (57) of Ref. [20℄, where the hierarhies mU � mD and mU = mD, respe-tively, are onsidered. We an reprodue these equations if we inlude an overall minussign in our expression for ÆmU=mU in Eq. (50). In other words, there should be an overallminus sign on the right-hand side of Eq. (9) in Ref. [20℄, whih was already notied inRef. [45℄ in onnetion with the SM ase. In Ref. [45℄, it was also observed that the limitmD ! 0 of the fourth-generation result for MW � mD � mU di�ers from the alu-lation with mD = 0 from the beginning, whih is appropriate for the third generation,where mb � MW � mt. These two observations lead to a modi�ation of Eq. (60) inRef. [20℄, where the leading orretion due to the �ve heavy fermions t, U , D, N , and Eis presented. Adopting the notation of Ref. [20℄, we haveA4gen = �G1=2��23=4 53 �1 + G�8�2p2 ��19710 m2t � 10930 m2N � 18130 m2E � m2Nm2Em2N �m2E ln m2Nm2E� 18910 m2U � 332 m2D � 3 m2Um2Dm2U �m2D ln m2Um2D�� ; (55)where � = �em and G� = GF . By the same token, Eq. (59) of Ref. [20℄ beomes [45,46℄:ASM = �G1=2��23=4 479 �1 + G�8�2p2 ��36794 m2t�� : (56)In Ref. [20℄, the O(xf ) orretions to the Hgg oupling in the SM with and withouta sequential generation of heavy fermions were inferred from those H diagrams werethe photons are diretly oupled to loop quarks. In the ase of the O(xt) orretions, thee�ets due to the ipped sign in the top-quark mass ounterterm and the interhange ofmass limits in the proper diagrams inidentally ompensate eah other, so that Eq. (61)in Ref. [20℄ agrees with Refs. [45,51℄. In the ase of the O(xF ) orretions, where no masslimits are interhanged, the fermion mass ounterterms anel within eah isodoublet, sothat Eq. (62) of Ref. [20℄ goes unhanged.5 DisussionWe now explore the phenomenologial impliations of our results for �(A0 ! ) and�(A0 ! gg). For de�niteness, we onentrate on the more likely ase of three generations.As explained in Setion 1, we onsider a senario with low to intermediate values of theHiggs-boson masses and tan� and large values of the supersymmetri-partile masses,so that the dominant eletroweak two-loop orretions are of relative order O(xt). Weadopt the following values for our input parameters [31℄: GF = 1:166 37� 10�5 GeV�2,�s(MZ) = 0:1176, and mt = 170:9 GeV. As for the unknown 2HDM input parameters,we assume that MA0 < 160 GeV and 2 < tan� < 10. For larger values of tan �, ourapproximation of negleting the bottom-quark ontributions is likely to break down.20
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0 20 40 60 80 100 120 140 160Figure 9: O(xt) and O(�s) orretions to �(A0 ! gg) (a) for MA0 = 100 GeV as funtions oftan� and (b) for tan � = 2 as funtions of MA0 .As in the ase of A0 ! , this orretion is negative, has its maximum size for smallvalues of tan�, and is independent of MA0 , apart from the MA0 dependene arried byALOt . In Fig. 9, its evaluation aording to the �rst line of Eq. (58) is ompared with thefull O(�s) orretion [10℄ due to virtual top quarks, whih also involves three-parton �nalstates. In ontrast to the ase of A0 ! , the O(�s) orretion to �(A0 ! gg) doeshave a O(� 0t ) term, whih is about 68%. The O(� 0t ) term is also known at O(�2s), whereit is still as large as 23% [16℄. The O(xt) orretion to �(A0 ! gg) ranges from �2:8%at tan� = 2 to the asymptoti value �2:1% and partly sreens the sizeable O(�s) andO(�2s) orretions.Let us now briey omment on the O(xF ) orretions to �(A0 ! ) and �(A0 ! gg)due to a sequential generation of heavy fermions, given in Eqs. (39), (40), (44), and (45).These an be sizeable for large values of mF just beause of the prefator xF . For largevalues of tan �, further enhanement omes from the terms of maximum power in tan �,whih are ubi for mU � mD, mU � mD, mN � mE, and mN � mE in the ase ofA0 !  and for mU � mD and mU � mD in the ase of A0 ! gg, and (at most) linearfor the other mass hierarhies. For tan � > 2, the O(xF ) orretions redue the LO resultsfor �(A0 ! ) and �(A0 ! gg), exept for the orretions due to a (U;D) doublet withmU � mD and, in the ase of �(A0 ! gg), also those due to the (N;E) doublet. Beauseof the onstraint from eletroweak preision tests [31℄ on the rho parameter [20,52℄, thease of approximate mass degeneray within the (U;D) and (N;E) doublets is favoured,so that a tan3 �-enhaned sreening is likely to be enountered.6 ConlusionsIn onlusion, we analytially alulated the dominant eletroweak two-loop orretions,of order O(xt), to �(A0 ! ), �(A0 ! gg), �( ! A0), and �(gg ! A0) within the2HDM with low- to intermediate-mass Higgs bosons for small to moderate value of tan �using asymptoti expansion in M2A0=(2mt)2. We also studied how these orretions are22



modi�ed by the presene of a sequential generation of heavy fermions, with generi massmF , and provided the O(xF ) orretions arising then in addition. We also revisited theO(xt) and O(xF ) orretions to �(H ! ) and �( ! H) in the four-generation SMand lari�ed an inonsisteny in Ref. [20℄.We reovered the notion that the na��ve treatment of the 5 matrix being antiom-muting in d spae-time dimensions leads to ambiguous results, whih depend on theway of exeuting the Dira traes. To onsistently overome the non-trivial 5 problemof dimensional regularisation, we adopted the HVBM sheme [21℄ and inluded a �niterenormalisation onstant, Zp5 , for the pseudosalar urrent to e�etively restore the anti-ommutativity of the 5 matrix [22,23,24℄. The O(xt) and O(xF ) terms of Zp5 were foundto vanish. We worked in the eletroweak on-shell renormalisation sheme [32,33℄ endowedwith the DCPR de�nition of tan � [35,36℄.On the phenomenologial side, the O(xt) orretion to �(A0 ! ) and �( ! A0)is of relative importane, sine it more than ompensates the O(�s) enhanement forMA0 �< 120 GeV. It leads to a redution of the LO results, whih ranges between �1:7%and �1:2% for 2 < tan� < 10 and is independent of MA0 . Suh an e�et might bemeasurable for �( ! A0) at the ILC operated in the  mode on the A0-boson resonaneand possibly also for �(A0 ! ) at the ILC in the regular e+e� mode [7℄.As for �(A0 ! gg) and �(gg ! A0), the O(xt) orretion sreens the sizeable QCDenhanement, by between �2:8% and �2:1% for 2 < tan � < 10, and is independentof MA0. Suh a redution of �(gg ! A0) should matter at the high luminosities to beahieved at the LHC. E.g., given an annual luminosity of 100 fb�1 per LHC experiment,a pp ! A0 + X ross setion of about 35 pb (for MA0 = 100 GeV and tan � = 2) [3℄amounts to 7 � 106 A0 bosons per year, 2.8% of whih still orresponds to a substantialsubsample of 200.000 A0 bosons per year. Furthermore, the size of this orretion is inthe ballpark of the theoretial unertainty due to the parton distribution funtions [10℄and the sale dependene of the NNLO QCD predition [17℄.AknowledgementsWe would like to thank M. Gorbahn for helpful disussions, W. Hollik for a usefulommuniation onerning the renormalisation of tan �, P. Kant for providing us withthe series expansion of the analyti result for the O(�s) orretion to �(A0 ! ) inEq. (2.20) of Ref. [12℄, M. Spira for providing us with the numerial results for the fullO(�s) orretion to �(A0 ! gg) [10℄ shown in Fig. 9, and M. Steinhauser for providingus with an updated version of MATAD [28℄. This work was supported in part by BMBFGrant No. 05 HT6GUA and DFG Grant No. GRK 602.Referenes[1℄ F. Gianotti, et al., Eur. Phys. J. C 39 (2005) 293 [arXiv:hep-ph/0204087℄.
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