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Abstract. In this paper we generalize the construction of generally covariant quantum theories given in
[BEV03] to encompass the conformal covariant case. After introducing the abstract framework, we discuss
the massless conformally coupled Klein Gordon field theory, showing that its quantization corresponds
to a functor between two certain categories. At the abstract level, the ordinary fields, could be thought
as natural transformations in the sense of category theory. We show that, the Wick monomials without
derivatives (Wick powers), can be interpreted as fields in this generalized sense, provided a non trivial
choice of the renormalization constants is given. A careful analysis shows that the transformation law of
Wick powers is characterized by a weight, and it turns out that the sum of fields with different weights
breaks the conformal covariance. At this point there is a difference between the previously given picture
due to the presence of a bigger group of covariance. It is furthermore shown that the construction does
not depend upon the scale p appearing in the Hadamard parametrix, used to regularize the fields. Finally,
we briefly discuss some further examples of more involved fields.

1 Introduction

The systematic analysis of quantization in terms of functors given by Brunetti, Fredenhagen and
Verch [BEVO03], opened an interesting new way to interpret the quantum field theory on curved
spacetimes. With this new ideas, the expectation values of fields in different spacetimes can
be compared in a mathematically rigorous way. Some interesting new applications have been
developed following this line of thinking, we remind here the work of Buchholz and Schlemmer
[BS07] and Schlemmer and Verch [SV08], where the authors deal consistently with expectation
values of fields in different spacetimes. Another interesting use of similar ideas can be found
in the derivation of local energy bounds in curved spacetime as performed by Fewster [Fe(7].
The use of these concepts plays a central role in the development of a perturbative theory of
quantum gravity as well, to this end we would like to remind the interesting paper of Brunetti
and Fredenhagen [BF06].

A central role in the analysis performed in [BFV03] is played by the study of the isometric
embeddings between different spacetimes and their interplay with the quantization procedure. It
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was shown that the quantization of the massive Klein Gordon fields can be encompassed in the
new scheme. Furthermore, the field itself and its Wick powers, as constructed by Hollands and
Wald in [HWO01, [ HWO02, HW05], can be interpreted as generally covariant quantum fields. Here
we would like to address the same problem in the case of field theories having a larger group
of symmetry, namely the locally conformally covariant case. Hence, we introduce the notion
of generally conformally covariant fields by enlarging the abstract setup presented in [BEV03].
The idea of considering more complicated morphisms than isometries appeared for the first time
in the work of Brunetti [Br04], we would like to follow similar line of reasoning.

If the extension of the covariance to the conformal covariance is expected to hold true at
the level of canonical commutation relations and hence at the level of the simple scalar field,
the situation is expected to be different considering the extended algebra of fields, namely the
fields defined by means of a regularization. It usually happens that the regularization breaks the
conformal covariance, technically speaking this is due to the unavoidable presence of a length
scale in the Hadamard parametrix used to regularize the fields. It is then an unexpected fact,
that, in the four dimensional case, despite the presence of this length scale and more generally
despite the presence of quantum anomalies, a proper but large subset of the algebra of local
fields, contains locally conformally covariant fields. We shall show that the Wick powers (the
Wick monomial without derivatives) are contained in this subset, provided a non trivial choice
of renormalization freedom is performedEI. At this point it seems interesting to remark that the
requirement of being conformally covariant restricts the renormalization freedom usually present
in the construction of these fields. This fact seems to be a peculiarity of the four dimensional
case, it is in fact known that, for example, in the two dimensional case, the Wick powers (¢™)
are not locally conformally covariant (they are not primary in the language of CFT [DMS97]),
we shall furthermore comment on this restriction in a subsection devoted to the analyses of
the extension of this results to general dimensions. Another interesting difference that arises
in the case under investigation is that the transformations rules enjoyed by the Wick powers
are characterized by the presence of a weight. Furthermore, the sum of Wick monomials with
different weight breaks the conformal covariance.

The analysis performed in this paper allows to geometrically relate a larger class of spacetimes
than in [BEV03], namely those that are locally connected by a conformal transformation. In this
way it is possible, for example, to transplant observables (and states) from the de Sitter spacetime
to the Minkowksi one. This could be useful in the study of concepts like local equilibrium states
[BOR02] in the case of conformally covariant theories as well.

The paper is organized as follows: at first we introduce the notion of locally generally
conformal covariant quantum fields. The example of the massless conformally coupled scalar
Klein Gordon field is studied in the second section, we shall present the transformation rule of the
fundamental solutions and of the Hadamard parametrix in particular. The third section contains
the analysis of the Wick powers in four dimensions and a subsection devoted to the discussion
of the differences between this case and the case of spacetimes with general dimensions. Some

LA detailed analysis of the renormalization freedom can be found in the work of Hollands and Wald [HW01],
HWO35].



final comments and some further non trivial examples of more complicated fields are given in
the fourth section. The appendix contains some technical computation used in the derivation of
the results.

1.1. Categorical formulation of locally conformally covariant field theory. We are
going to enumerate the relevant categories that will be used later for the formulation of a
conformal quantum field theory in terms of a functor between certain categories. Before doing
it, we introduce some small modifications to the locally covariant picture of quantum field
theory presented for the first time in [BEVO03], in order to adapt the formalism to include
the case of conformal invariant theories. The key obervation is that conformal invariant field
theory should be invariant under a reacher group of transformations, namely the local conformal
transformations. It is interesting to notice that such transformations share a lot of nice properties
with isometries, the causal structure is preserved by such transformations in particular and this
fact will play a central role later on. For a better formalization of these concepts we would like
to introduce the notion of conformal embedding.

Definition 1.1. Consider two globally hyperbolic spacetime (Mi,g,) and (Ms,g2) then, a
map P : My — My is called conformal embedding if it is a diffeomorphism between M and
(My) and the push forward 1, acts on the metric g1 in the following way: 1,g; = Q2 82/ 401,
where Q is a strictly positive smooth function on (M), called conformal factor.

In the following we shall consider the case of a conformal embedding i between two globally
hyperbolic spacetimes (M, g1) and (Ms, g2) that preserves orientation and time orientation and
such that the image (¢)(M1),g2|y(ar,)) is also an open globally hyperbolic subset of (M2, gs2).
We would like to remark that, under the given hypotheses, 1/ preserves the causal structures of
the spacetimdg, mapping for example causal curves to causal curves and so on and so forth.

At this point it seems important to stress a difference between the conformal embeddings
used in this paper and the conformal transformations that form the so called conformal group.
The main difference arises because we are not simply considering coordinate transformations but
general mappings between different spacetimes. For example, in the four dimensional Minkowski
spacetime, the conformal transformations that can arise as coordinate transformations form a
finite-dimensional group SO(2, 4), while much more freedom is allowed by conformal embeddings.

The following action of weighted conformal transformations on test functions will play a
distinguished role in the definition of the weight of the field.

Definition 1.2.  Let 9 be a conformal embedding between (My,g1) and (Mas, gs) with confor-

mal factor Q then, the weighted action on test functions wi)‘) is the map from C°°(My)
to C®(p(My)) such that,

A — _
P (@) = QN @) (f oY) (a).
Where A € R is called the weight of the map.
The previously given definition deserves some comments regarding its domain of definition
and its inversion. While it is clear that 1/1,(‘)‘) can also be thought as acting on compactly supported

2See the Appendix D of [Wa84] for more details



smooth function 1/),(‘)‘) : C§° (M) — C§°(May), that is not true anymore considering smooth func-
tions, in fact ¢ (M) is in general a proper subset of Ms hence a smooth function f that is not
compactly supported on M is not mapped to a smooth function in C*°(M,). It is indeed im-

possible to extend uniquely 1/1,9) (f) on My outside 1(M;). Despite the presence of these domain

problems we would like to notice that 1/19) is invertible either on C§°(4(M;)) or on C*°(1p(My)).
The particular conformal embedding ¢ : (M,g) — (M,g') such that every p € M is mapped
to 1(p) = p, is called conformal transformation. Moreover, if the conformal factor €, of a
conformal transformation is a constant then it is called rigid conformal transformation or
rigid dilation.

We enumerate here the categories used later on; these definitions are very similar to those given
in [BFV03]. For this reason we shall stress, case by case, the differences we have to implement
in order to encompass also the conformal transformations in the framework.

CLoc: This is the category that encompasses all the geometric structures of the theory. The
object of CLoc are all the four dimensional oriented and time oriented globally hyperbolic
spacetimes. While the morphisms are all the conformal embeddings ¢ : (Mi,g1) —
(My, go) with the following additional properties, that are the same as previously given: (i)
(4(M1), 82|y(rry)) is an open globally hyperbolic subset of (M2, g2) and (i) the morphisms
preserve orientation and time orientatio. The composition of morphisms is defined as
the composition map of conformal embeddings in the usual way. The category ClLoc is an
extension of the category Loc given in [BFV03], in the sense that in CLoc there is a larger
class of morphisms then in Loc.

Alg: There is no need to modify the category of Alg introduced in [BFV]. The object of
Alg are all the C*-algebras built on a globally hyperbolic spacetime (M,g), possessing
the unit element, while their morphisms are the injective *—homomorphisms that pre-
serve the unit; once again the composition descends from the usual composition map of
x—homomorphism.

TAlg: The definition of a TAlg follows easily the one of Alg; the difference is that the object of
this category are taken to be only x—algebras with unit, instead of C'*-algebras. There is
no modification between this and the previously given definitions.

Test*: The objects of this category are the sets of compactly supported smooth functions C§°(M)

on the spacetimes (M, g). The morphisms are the weighted transformation w,(?) M — M’
with a fixed A and their action is like the one presented in definition

It seems interesting to notice that the categories Alg and TAlg are defined in the same way as on
[BEV03l Br04], in a certain sense the algebraic formulation of quantum field theory is already

3The requirement of global hyperbolicity for (M) is equivalent to the requirement of causal convexity of
(M) in Ms. In other words every causal curve with endpoints in (M) has to lie inside (M) too.



suitable to describe conformal transformations. Furthermore the scaling transformations have
already been considered as geometric morphisms in the work [Br04].

1.2. Quantum Conformal Field theory as a Functor and Conformal fields as Natural
transformations. We are now in place to define the locally covariant conformal quantum
field as a functor between the two categories CLoc and Alg, such that the objects of CLoc are
mapped to the objects of Alg whereas the morphisms ¢ of CLoc are mapped into the morphisms
ay, of Alg, in such a way that the following diagram commutes

(M,g) —— (M',g))

a| |4
AM,g) —= A(M',g))

and the following composition property holds:

QO Q= oyt 5 Oy = Tgqary -
The same construction can be repeated substituting the category Alg with TAlg.

Despite the meaningfulness of the previously given definition and the presence of examples
of the given framework, it is not at all clear if observables with a certain physical meaning in a
spacetime are mapped to observables with the same meaning, on the other spacetime. In general
this is indeed not the case and it is precisely because of this problem that the ordinary fields
need to be introduced in an alternative way. In the picture we are going to introduce, they will
assume the particular meaning of natural transformations between categories.

To this end it is useful to consider the set of weighted test functions D* as a functor between
CLoc and Test*. More precisely let’s indicate by DA(M,g) the category whose elements are the
sets of compactly supported smooth functions C§°(M), and the morphisms o between these
sets are defined by means of the weighted action on test functions as defined in Clearly
D can also be seen as a functor between the category of ClLoc to Test. We are now ready to
introduce the notion of conformal quantum field as a natural transformation between
two functors.

Definition 1.3. A field (I)E\M 2) of weight X is a linear transformation between the functor
that realizes the test functions D*=* : (M,g) — D*~*(M,g) and the functor that realizes the
topological algebras A : (M,g) — A(M,g) such that the following diagram commutes

A
q>(M,g)

®4_)\(M7 g) B ‘A(Mv g)

_ A
] [+

¢>\ I !
DINM'g) — A(M'g)
The preceding definition can be written more explicitly by means of the following conformal
covariance property:

0 (O ) (F) = @y gy BV (1))
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where 1/),(‘)‘)( f) is defined as a weighted transformation as given in the definition We call A
the weight of the field ®*.

The difference between the weight in the test functions and the weight in the fields can be
understood taking into account the transformation rule enjoyed by the volume form. Under a
conformal embedding v : (M, g) — (M',g'),

g (4(2))27" (¢ (2)) = Vg(x)

where g’ stands for the determinant of the metric computed in a chart of M’ containing ()
and g is for the determinant of 1,g computed in the same chart.

As a consequence of the given definitions, linear combinations of fields with different weights
are not conformally covariant fields. Precisely at this point there is a great difference with what
was addressed in [BEV03], where also the linear combinations of fields with different “weights”
were taken into account.

In two dimensional conformal field theory the fields that posses this property are called
primary fields [DMS97]. Hence there is a relation between the conformal covariance studied
here and the primarity addressed in ordinary CFT.

2 The model: Free conformal invariant scalar field.

In this section we present a model that shows the previously presented abstract structure. We
shall consider the massless conformally coupled scalar field theory. Here and in the next sections
we shall consider only the four dimensional case, that’s because many of the presented results
hold only in that case. Later on, we shall briefly discuss the difficulties that arise in generalizing
the outcomes to other dimensions.

Just to fix some notation let us remind that the classical equation of motion of the conformal
Klein Gordon scalar field ¢ on a spacetime (M, g) is

1
Py = _Dg"‘gRga Pgp =0, (1)

where Og is the d’Alembert opeartor constructed out of the four dimensional metric g and Rg
is the Ricci scalar of the metric g. We start our analysis with the study of the interplay between

conformal transformations, the fundamental solutions and the microlocal spectral condition
[Ra96, BFKI6].

2.1. Conformal transformation of the fundamental solutions. Let us start recalling
the transformation law satisfied by the operator Py under conformal embeddings.

Lemma 2.1.  Let 9 be a conformal embedding of (My,g1) into (Ms,gs), consider the cor-

responding weighted transformations 1,b£3) and 1,b£1) of test functions thought as mappings from
C§° (M) — C§°(¢(My)) C C§°(Mz). The following equivalence holds for every f in C§°(My):

Pe, (0 (1)) = 32 (P, (£)). (2)



Proof. Because of the support properties of f we know that the supports of the following
smooth functions, sz})( f) and wf’) o Py, (f), are contained in ¢(M;). Hence we can restrict our
attention to the image of M; under ¢, namely to the spacetime (¢(M1),g1). Furthermore the
conformal embedding 1 becomes a standard conformal transformation if restricted to (M),
and the proof of that proposition descends straightforwardly by means of a direct computation
(a detailed analysis is contained in the appendix D of Wald’s book [Wa84]). O

We can relax the hypotheses written above and use as test functions only the smooth func-
tions. In this case the equivalence (2)) works if restricted to the image (M;) C M. Another
important extent of the transformation law of the wave operator Py we would like to stress is
its interplay with weighted test functions. Actually, because of the presence of the conformal
factor in the transformation law of the operator defining the equations of motion we have that
P, maps test functions of weight 1 into test functions of weight 3.

In a globally hyperbolic spacetime (M, g), the advanced / retarded fundamental solutions
A+ of the partial differential equation Pz = 0 are the unique maps from C§°(M) to C*°(M)
such that PzA4 f = f and the domains of A f are contained in the causal future / past of the
support of f respectively supp Ax(f) C J*(supp f). For the issues regarding the uniqueness
see [BGPOT).

Let us study the transformation law enjoyed by the fundamental solutions under conformal
embeddings and hence by the causal propagator.

Lemma 2.2, Let 1 be a morphism in ClLoc, hence 1 is a conformal embedding between
P (M,g) = (M',g'), let Ay and Ay be the uniquely defined advanced/retarded fundamental
solutions of Py and Pg. Consider the following operators from C§°(¢(M)) to C®(p(M)):

AL =y oA og®
then Ai are the uniquely defined advanced / retarded fundamental solutions of Py in ((M),g').
Furthermore Ai = X(’L/J(M))Ali‘cgo(w(M)), where x(¢(M)) is the characteristic function of
P(M).
Proof. (¢(M),g') is a global hyperbolic subspace of (M',g'), then, in order to show that

Ai are the advanced / retarded fundamental solutions of Py in (0(M),g'), we have to check

two properties, the first one is that PgrAi f = f and the other one is that the support of
AY(f) C J*(supp Py for every fin C§°(¢(M)). First of all, consider the following chain

of equalities valid in ¢ (M) for every f' € C§°(¢(M)) and f = wf’)il(f’):
7' =90(5) = 0 0 Po(Asf) = Py ol (Asf) = Py (8L 0 (1)) = Py (AL(1)) -

The second step is to check that the domain property are preserved by 1. Nonetheless the
properties of 9 assure the validity of the following chain of inclusions,

supp AL f' = P(supp Avf) C (I (supp f)) € JE(P(supp [))



in ¢(M). Furthermore, 9 maps causal curves into causal curves preserving the orientation and
from this it descends the last inclusion. O

The causal propagator F is defined as the advanced minus retarded fundamental solution
E =A, — A_, it is a distribution on compactly supported smooth functions uniquely defined
in a globally hyperbolic spacetime once Py is given. It can be seen as map form C§°(M) to
C° (M) namely the set of solutions of Pg¢ = 0.
Knowing the interplay between advanced, retarded fundamental solutions and conformal em-
beddings, we can derive straightforwardly the way in which the causal propagator £ transforms
under conformal transformation, i.e.

Lemma 2.3.  Let ¢ be a morphism in CLoc between the two elements (M,g), (M',g') of
CLoc, then x(s(M))E' () (1)) = " (B(1)) for any | € C5=(M).

The two point functions of Hadamard type play a distinguished role in the formulation of a
quantum field theory in curved spacetime [KW91]. From the work of Radzikowski [Ra96] and
Brunetti, Fredenhagen and Koéhler [BFK96] we know that an Hadamard two-point function is
characterized by the microlocal spectral condition. Hence we shall say that a two-point distri-
bution wy is of Hadamard type if its antisymmetric part corresponds to the causal propagator
and if it satisfies the microlocal spectral condition, which means that the wave front set of wy
has a certain form:

WF(CL}Q) = {((L‘l,kl,ZEQ,kg) eT*M \ {0}|((L‘1,k1) ~ ((L‘Q,kQ),kl S V_|_}, (3)

where (z1,k1) ~ (x2,ks) if it exists a null geodesics v[0,a] — M such that v(0) = z; and
v(a) = x5 and ky is the cotangent, coparallel vector to the geodesic at z1 while k9 is equal to the
parallel transport along v of —k; on z3. The next preliminary task we have to accomplish is to
give the transformation rule for the Hadamard two-point function under conformal embeddings.
While we have already seen that the causal propagator satisfies an homogeneous transformation
rule we would like to see what happens to the symmetric part of an wy of Hadamard type.

Lemma 2.4. Let 9 be a morphism in Cloc from (M,g) to (M',g') and wo a distribution on
C3° (M x M) that satisfy the microlocal spectral condition then, consider

Wy (f,9) == w2(1/1£3)_1f,¢i3)_19)-

w;/} is a distribution on C§°(v(M)?) and it satisfy the microlocal spectral condition on (Y(M),g').

Proof. Since ¢£3) is a smooth invertible map from C§°(M) to C§°((M)), w;/’ is a distribution.
Let us analyze its wave front set of w;p in (¢(M),g'); the definition of wave front set does not
depend on the metric g’, we have simply to analyze the relation between M and v(M). Since
the 1ﬁ£3) is smooth and invertible, and since 1 is a diffeomorphisms we can immediately conclude
that (21, k1, T2, ko) is an element ofWF(w;p) if and only if (¢ (1), 9, (k1), ¢ (22), 9, L (k2)) €
(WF(ws)). Here ¢t : Ty (M)* — T, M* defined in the standard way. We have to show that



(z1,k1) ~ (22,k2) in (1p(M),g"). To this end we are seeking for a future directed null geodesic
7" in (M) whose extreme points are z; and z2 and whose cotangent vector in z7 is k1 and in
xo is —ky. Notice that, having (¢ (z1),9, (k1)) ~ (¥ (x2),9, (k) in (M,g), it exists a
future directed null geodesic v with such properties in (M, g). Because of the properties of the
conformal embedding, k; and ke are also null vectors in (¢)(M),g'). Since 9 is an orientation
and time orientation preserving conformal embedding, 4" = () turns out to be also a future
null geodesics in 1 (M), furthermore, let A and X' be the affine parameters of v and of (y),
then ‘% = c0? where c is a constant and € is the conformal factor of . Notice that if 1, 'k,
is a cotangent vector of y in 9y~!(z1), k1 has to be the cotangent vector of ¢)(7y) in z;, the same
also holds for —k9 in zo2. Finally, since the orientation is preserved by 1, the thesis turns out to
be proved. O

The singular structure of an Hadamard two point function, called Hadamard parametrix, is
fixed [KW91], to proceed with our analysis it will be useful to analyze it in more details. The
Hadamard parametrix H has the following expansion in a small geodesically convex neighbor-
hood containing the points z and y:

e = s (M0 s 252 g

where v and v are certain smooth functions that depend only on the geometry of the spacetime
(M,g), once the equations of motion are chosen and o, = o + i(T(z) — T(y))e + €2/2, where
T is any time function [KW91] and o is half of the squared geodesical distance between x and
y, taken with sign. We shall give further details on the local construction of u and v in the
appendix. The Hadamard parametrix depends on the dimensional parameter p, we shall fix this
parameter once and for every spacetime in CLoc. Finally we would like to analyze the difference
of the singular structures in the sense of the following lemma.

Lemma 2.5. Let i be a morphism in CLoc between the two elements (M,g), (M',g'). Let

H and H' be the Hadamard parametriz respectively on two geodesically complete neighborhood
O of M and O" of (M) such that O" C (O) then

AW 1 ) — H(f.9) = /O  T@A@)g(y) dug (2)dug (1)

where A(z,y) is a smooth symmetric function on O' x 0" and f,g € C§°(O' x 0'). Furthermore,
in general it is non vanishing, and its coinciding point limit is
1 -1 2
Az, x) = W (Rg(T/J (z)) — Qw(ﬁ)Rg’ (90)) )
where 1y, is the conformal factor associated to ).

Proof. The distribution H satisfy the microlocal spectral condition and its antisymmetric part
corresponds to the causal propagator hence, also because of the preceding lemma,

HY(f.9) = HGD 199 'g)



is of Hadamard type in (1(M),g) too. From this property it is clear that HY — H' must be a
smooth function. In the equation (IIJ) of the appendix we have shows that A(z, ), has precisely
the given form, hence, since A(z,y) is a smooth function it cannot vanish in general. Finally,
because of the lemma 23] the causal propagator in (M, g) is mapped to the causal propagator in
(¢(M),g). Since the antisymmetric part of H correspond s to the causal propagator, it descends
that the antisymmetric part of A must vanish. O

We would like to remark that A(z,z) does not depend upon the dimensional parameter p
present in the short distance expansion of the Hadamard parametrix (d). Moreover, a change
of the length scale i, does not affect the coinciding point limit of the v coefficient.

Proposition 2.1.  Consider a normal neighborhood O and two four dimensional Hadamard
parametriz H and H' defined on O, that differs by the length scale p and u' then

lim H(z,y) — H'(z,y) = 0.

T—Y

Proof. The difference H(z,y) — H'(z,y) is a smooth function and it is proportional to (logu —
log 1) v(z,y), hence the proposition descends from the analysis of the coinciding point limit of
the v coefficient performed in the appendix, where it is shown that v(x,z) vanishes. O

This result does not hold in general considering the coinciding point limit of the derivatives
of fields or in dimensions different then four as we shall briefly discuss later. We would like to
stress that this is an important issue for having conformally covariant Wick powers.

2.2. Quantization as a functor. In [BEV03| it was shown that the quantization in terms
of C* algebras (M, g) generated by the Weyl operators of the Klein Gordon field correspond
to a functor 2 from the category of isometrically related manifolds Loc to the category Alg. We
would like to briefly show that in the case of massless conformally coupled Klein Gordon fields
the functor 2 can be extended as a functor between CLoc and Alg as described in the section[[.2]
The difference between what we are considering here and the previously given picture [BEV03]
is that in the definition of CLoc, we have admitted conformal embeddings as morphisms between
the elements of Loc too. Hence we have simply to check the covariance of 2 with respect to the
larger group of morphisms of CLoc. In the sense of the discussion presented in section we
have to show that, being ¢ : (M,g) — (M',g') a conformal embedding in CLoc, there exists a
corresponding morphism ay, : A(M, g) — A(M', g') such that A(P(M,g)) = ay(A(M, g)).

We shall skip many details that can be easily reconstructed knowing the results of [Di80,
BEV03]. For our purpose it will be sufficient to know that the morphism a,; can be straight-
forwardly constructed once a symplectic map between the two symplectic spaces (S(M,g), o)
and (8(M',g'),o') is given. To be more precise let us analyze the construction of ($(M,g), o).
Using the causal propagator and the differential operator defined above we can construct the
set of wave functions 8 as follows:

$(M,g) := E(C;°(M)).

10



8(M,g) can be equipped with a symplectic form defined in the following way. Let ¢y = Ef
then, since the spacetime (M, g) is globally hyperbolic, consider the following non degenerate
symplectic form

a(er, pg) :/2(90f8a§09 — @g0atpp) ndps = /f(Eg)dug

where ¥ is a Cauchy surface, moreover o is independent on the particularly chosen Cauchy
surface ¥. Furthermore n is the unit vector normal to 3, g is the volume element induced by
the metric g, and py is the volume element restricted to the hypersurface 3.

We already know that for every isometric embedding v : (M,g) — (M',g') it exists a
symplectic map from (8(M,g),o) to (S(M',g'),c'). A similar symplectic map exists also for a
conformal embedding 1 : (M, g) — (M',g’). In fact, from the transformation properties of the
causal propagator seen in the lemma 23] we have that for every ¢; and @9 in 8(M, g)

o' (M (1), 9 (92)) = (1, p2).

It is now a simple task to construct the automorphism oy, from A(M,g) to A(M’',g’) in the
same way as in [BEV03]. Hence 2 can be promoted as conformally covariant functor.

3 Fields as natural transformations

In order to build more interesting examples it is important to have an algebra of local observables
that encompasses more complicated objects as the powers of fields and the component of the
stress tensor. Here we shall remind the construction of the fields algebra as presented in the book
[Wa94] and then we would like to show that that scalar field is really a natural transformation
between two functors.

3.1. The CCR algebra. We would like to follow the algebraic approach so the starting point
is the abstract *—algebra A(M,g) generated by the identity T and the smeared quantum fields
©(f), where f is a test function (a smooth compactly supported function contained in the set
denoted by D(M)). Furthermore the abstract fields ¢(f) must satisfy the following further
requirements

(i) plarfi+ azfz) = arp(fi) + a20(f2), where aq, a0 € C;
(i) o(f)* = o(f);

(ili) @(Pgf) = 0;

(iv) o(fi)e(f2) — o(f2)e(fi) = iE(f1, f2)I,

where, E is the causal propagator of the massless conformally coupled Klein Gordon field,
whose equation of motion is given by the operator P, given in (I). The sets of A(M,g) with
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the algebraic morphisms form a category TAlg. We would like to show that the abstract field ¢
can be interpreted as a natural transformation between that category and Test®.

Proposition 3.1. A is a functor between the two categories Test® and TAlg, in fact: to every
(M, g) it is possible to associate A(M,g) and be ¢ a conformal embedding between (M,g) and
(M',g") A(v) is defined as the morphism that acts on the fields in the following way

ap(@(h) - o(fn) == ¢ W (1) . D () (5)
where ¢, @' are the fields that generate A(M,g) and A(M',g') respectively.

The proof of the present proposition descends form the definitions given above, from the
transformation rules of the causal propagator and from the composition rules of the morphisms
between two algebras. Moreover, exploiting the definition of A and D and using (B]) for one
single field, we also have the following proposition

Proposition 3.2.  The scalar field ¢ is a natural transformation between the category Test?
and TAlg and hence it is a locally covariant conformal field of weight 1.

The difference in the weights between the field and the test functions can be understood
exploiting the present heuristic representation of the field

o(f) = /Mw(x)f(x)dug,

and considering the transformation rule enjoyed by the measure jig under conformal transfor-
mations.

3.2. Extension to the local algebra of fields and Wick monomials. As shown in
[DF01, HWO01], in order to study the Wick monomials we have to extend the algebra A(M,g)
to a bigger one, that we shall indicate as W(M, g). In this respect we follow the notation and
construction introduced in [HWO1] referring to that paper for technical details. Essentially the
normal ordered fields, when evaluated on states satisfying the microlocal spectral condition, turn
out to be distributions with certain wavefront sets. We can then smear them with more singular
objects, namely the compactly supported distributions characterized by a particular wave front
set. The normal ordering prescription plays a distinguished role in this construction, we would
like to remind its definition. The normal ordering with respect to the Hadamard singularity H
(where a unit of measure p is chosen) is defined as follows

o" 1 .
i)t @ (pFUe N 0)| o ©

The algebra A(M,g) can now be enlarged allowing the smearing by more singular object then
smooth functions in C§°(M™). In particular, let us consider the following set

: (Pn(ml) R (p(acn) =

T (M) = {t € D'(M),t symm. ,supp(t) is compact , WF(t) NV, UV_ = (Z)} ,
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where V. are the forwards or backwards light cones in T* M whose tip z is in M. The requirement
on the wave front set of the elements of T™(M) is introduced in such a way that fields smeared
by the distribution ¢ € T7™(M) can be unambiguously tested on states satisfying the microlocal
spectral condition. For a more complete analysis on the subject we refer to the papers [BF00,
HWO1]. The algebra W(M,g) can now by defined as the x-algebra generated by the elements
defined as in (6 smeared by t € T"(M).

Remark: It can be shown combining the results in [BF00, HWO01] that the algebra constructed
in that way is independent on the choice of the Hadamard two point function H. In other words,
substituting H in the definition of the normal ordering with another two point distribution with
the same singular structure, gives a set of generators of an isomorphic algebra. Part of this
freedom is encoded in the choice of the unit length p. It is in any case possible to add a smooth
symmetric function to H without really changing the *-algebra W(M, g).

We are now ready to study the Wick monomials that are defined as the normal ordered
products of fields smeared by some special test distributions. More precisely, suppose to have a
smooth function with compact support C§°(M) then a Wick monomial ¢"(f) of order n can be
defined as follows:

s g (f) = / so(xr) .o p(xn) tm tp(x, ..o Tn) dpg(21) - . dpg(xn) (7)

where t¢(21,...,2,) is f(z1)A(z1,...,2,) and A is the diagonal distribution A(zy,...,z,)=
d(z1,x2). .. 0(Tp—1,Ty).

The Wick powers defined in that way satisfy certain interesting properties, in particular
they turn out to be locally covariant field in the sense of [BEV03]. Another important extent
showed by : ¢* :p is the almost homogeneous scaling under rigid dilations, where the non
homogenous term is logarithmic in the scaling parameter. Hollands and Wald have used an
axiomatic approach, i.e., they have promoted these and other physically motivated properties
to a set of axioms that every reasonable definition of Wick powers should satisfy. In [HWO01],
they have furthermore shown that, the previously given definition for ¢* is the unique one that
satisfies the axioms up to the following renormalization freedom

¢ (z) = ¥ (2) + Z Ci(z)¢' (x) (8)

where Cj(z) are classical fields depending on the parameter of the Lagrangian, and on the metric
tensor, furthermore it is required that C; scale homogeneously under rigid dilation while the total
field ¥ scales almost homogeneously, where the non homogeneous term must be of logarithmic
type in the scaling parameter. Hence, it is not possible to get rid of this non homogeneous
logarithmic scaling behavior by a suitable choice of the renormalization constants C;(x).

3.3. Wick monomials and conformal covariance. It is known that the Wick monomials
previously defined are locally covariant quantum fields in the sense of the analysis performed in
[BEV03]. Here we would like to see that these fields are also locally conformal covariant. Let’s
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start our discussion analyzing the simplest case of ¢?(z). Here the freedom (§) consists of the
following redefinition

va(x) = 9" i (2) + aR(x) (9)

where R is the scalar curvature and « is a constant.

We would like to stress that this freedom is not included in the choice of a particular length
scale p in the Hadamard parametrix, in fact, as discussed in proposition 21l the change of the
length scale p does not affect the expectation value of : ¢? :5, while changing the parameter o
in (@) modifies its expectation value.

An interesting observation is the fact that both : ¢? ;i (z) and ¢2(z) scale homogeneously
under rigid dilations, as can be seen from the transformation rules of the scalar curvature and
the Hadamard singularity. Let Hg be the Hadamard singularity in the spacetime (M, g), usually
under rigid scaling A it should transform in the following way

>‘_2H/\*2g(xay) = Hg(xay) + Ug(ﬁay) IOg >‘23

notice that in the case under consideration vg(z,z) = 0, as can be seen form the appendix.
Furthermore, Rg transforms homogeneously under rigid re-scaling too

A Ry-2g = Ry,

hence the Wick monomial (@) transforms homogeneously under rigid dilation.

The second step in the analysis consists of testing 2 under local transformation. Let 1 be a
conformal transformation from (M, g) to (M,g'), then, taking into account the transformation
rule of the Hadamard singularity H as given in the appendix, we have

o (1) = ¢2f) - (ﬁ + a) /M(Rg ~ (204)” Ryg) fdug,

where 2 is the field on (M,g) while ¢'2 is the one on (M,g') The particular choice o =
—1/(127)? makes the field conformally covariant. We would like to see if this is the case also for
more involved fields. Namely we shall look for a particular redefinition of the Wick monomials, by
a suitable choice of the renormalization constants C;(x) in (8)), to get rid of the non homogeneous
behavior which is in general present in such cases. We are going to show that this is the case
by the following Theorem.

Theorem 3.1.  Let ¢* be a Wick power as given in (7), there is a non trivial choice of the
renormalization constants C; in () that makes ©* a conformal locally covariant field with weight
k in the sense of the Definition [[.3

Proof. The proof is constructive: let us consider the following smooth function B(z,y) =
m(Rg(x) + Rg(y)), then redefine the Wick monomials in the following way,

k k
=g igyB
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where
5k

(L‘l)

(o) lan) = e e (YU B 0 +ipl))

f=0

The algebra generated using this new normal ordering is isomorphic to W(M,g), the proof
is similar to the one of the independence of the state given in [HWOI]; furthermore, it can
be shown that : ¢ g1 is related to : ¢ : by a choice of the renormalization constants as
in ([8). The difficult part is to show that the Wick monomials defined with respect to the
new normal ordering, satisfy the covariance condition with respect to the conformal embedding
¢ :(M,g) = (M',g') in CLoc and its corresponding algebraic morphism «ay; defined as in (f)

ap: o min ()= @ mym WP () =0,

To this end, consider a general element W of the Wick expansion of : ¢* :ir, 5 (f)

W(a1,... ) = /(p(xl) e (@) (H + BY(@ns1, 5nss) - (H + B) (w51, 1)
tr(zi,...,op)dpy ... duk (10)
where t7(z1, .. 21) = f(@1) A1, .., 24). We would like to show that on 1(M)"
S(f') = ay(W(ty)) - W'(ty) =0

where W is as in (I0) and W'(z1, . . .,z) is the corresponding term of the expansion of : ¢'¥ s (f)
on (Yp(M),g) with f':= 1/1i4fk)(f). First of all notice that cy, has no action on (H + B) while

oy (p(2)) = Q7 (9 (2))¢' (¥ () -

Hence

sww=/¢wum¢mm

Q7 (@ns1) ... Q7 () (H + B)(Tnt1, Tng2) - - - (H + B)(w—1,7)—
(H'+ B')(#n+1,Tn42) - .. (H' + B') (g1, 21)]
fIA (@1, m)dpy - dpk,

where we have used the fact that f(z1)A(z1,22) = f(z2)A(z1,22). The proof can be con-
cluded using the analysis presented in the appendix (1), hence for y in a geodesically convex
neighborhood O of the point z in ¢(M ), we have that

. 1 _ _ 1 / ! _
?}%M(Hth)(z/; )y l(y))@—(ﬂ +B')(z,y) =0.

With this observation, the proof can be concluded. O
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The function B does not depend on the length scale p present in the Hadamard parametrix.
Hence even if the regularization procedure depends on that length scale, it does not appear
explicitly in the Wick powers. Once again, this is an unexpected result that permits the con-
struction of an infinite series of conformally covariant fields in the four dimensional case. On
the other hand, considering a general Wick monomial that contains also derivatives the length
scale u becomes important, in the sense that it affects the expectation value of such monomial.

3.4. Extension of the results on different dimensions. In this subsection we would
like to emphasize the difficulties that appear in a possible generalization of the found results
to spacetimes with general dimension d different than four. We shall discuss some aspects of
the two dimensional case and we shall stress the differences with the four dimensional case in
particular. We start recalling that, in analogy with (II), in a d dimensional spacetime (Mg, g4)
the conformal invariant fundamental scalar field ¢ has to satisfy the following equation
—Hepg + %R g =0

where O is the d’Alembert operator and R the scalar curvature of (Mg, g4).

Following the discussion presented above for the four dimensional case and the propositions
31 and in particular, it is a straightforward task to construct the CCR. algebra of this
field and to interpret it as a functor. Similarly, the conformal covariance of the microlocal
spectral condition on d dimensions can be shown to hold along the guidelines given in Lemma
24l The difficulties arise in considering the extended algebra of fields W, as done in four
dimensions in the subsection This become manifest in the analysis of the transformation
rules enjoyed by the Wick powers <p§ under conformal embeddings. In order to touch this fact
and to enlighten the difference it is helpful to consider once again the particular field @3, and
the Hadamard parametrix Hy(z,y) in particular. In the even d dimensional case, similarly to
@), the Hadamard parametrix takes the form

Ug\T, Y O¢
Hd(fL‘,y) = Cd (% + ’Ud(fL',y) IOg ﬁ) )
O¢

where ug and vg are again smooth functions and o is half of the squared geodesic distance taken
with sign regularized as in (), C, is a dimensional dependent constant. For a detailed analysis
of the Hadamard parametrix we refer to the paper [Mo03] and to the references therein.

Notice that in the even dimensional case the Hadamard parametrix contains a length scale
in the logarithmic part, and this length scale breaks the conformal covariance already at the
level of 2. To see this extent explicitly consider two Hadamard different parametrix H; and
H, constructed respectively with 4 and p', the difference between the two is simply the smooth
function

2C vq(z,y) log %

and the change in the expectation value of : @3 i, 1s 2C4 vq(z, x) log ﬁ
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As already discussed above, in four dimensions, it happens that v4(z,z) = 0 and hence a
change of p has no effect on : 3 :g,. Unfortunately this is not a general fact, and usually
vg(z,x) # 0. This computation is particularly easy in two and six dimensions. Being vg(z, ) #
0, it happens that the field (,03 transforms non-homogeneously under rigid dilations where in
the non-homogenous part a logarithmic term in the scaling parameter A appears. Following the
discussion of Hollands and Wald, it is then not possible to cancel this logarithmic term by a
judicious choice of other renormalization constants. The same extent is shown by the others
Wick powers (pfj.

On the other hand, in two dimensional conformal field theories , it is known that the fields
©* are only quasi-primary but not primary, and hence they cannot be thought as natural trans-
formations in the sense discussed in the present paper. As a final comment we would like to
stress that the study of conformal covariance in general dimensions requires a detailed case by
case analysis of the Hadamard coefficient v, that is out of the scope of the present paper.

4 Final comments

We have generalized the notion of generally covariant fields to encompass the conformally co-
variant transformations. This was done exploiting the theory of category in a similar way as
in [BEV03]. We have furthermore analyzed the case of the conformally coupled massless Klein
Gordon field, studying its Wick powers. Particularly we have shown that, using in a suitable
way the renormalization freedom, it is possible to get rid of the non homogeneous part carried
by the conformal transformation of those fields. In a certain sense the larger group of covariance
reduces the renormalization freedom. The situation presented here is different than the one given
in [BEVO03], due to the presence of the weights in front of the fields. It is indeed not possible to
linearly combine fields with different weights without breaking the conformal covariance, unless
position dependent coupling constants are taken into account.

Before concluding the discussion we would like to give some simple examples of other type of
fields that fit into the presented framework. As an example of conformally covariant field with
non constant couplings consider

Moot inan +(W2)1/2>\2 c Q% g W2 g
where A1, A2, A3 are constants and W? is the square of the Weyl tensor W% , namely W?2 =
WapeWabe, Such a field is a conformally covariant field in the sense of definition [3] and its
weight is 4.

Other interesting cases arise taking into account fields containing covariant derivatives. Usu-
ally that kind of fields are more complicated and it is difficult to draw some general conclusions
because of the presence of quantum anomalies, but also because of the non homogeneous trans-
formation rule enjoyed by the covariant derivatives. Nevertheless, also in that case it is possible

to construct fields that are conformally covariant, provided a renormalization constant is chosen.
As an example of these fields consider

R
—: VepOp g +1_2gva : 902 ‘H»
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notice that their classical counterparts are quite trivial since they vanish. On the other hand, also
in that case there is a renormalization freedom of the form (%; we can add to it an homogeneous
scaling constant C'. If C is chosen as C(z) = —2V,v1(z, z) [ that field turns out to vanish also
quantum mechanically and, even if it is a trivial field, it can be interpreted as a conformally
covariant field in the sense of definition [[.3]
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A Some technical computations

A.1. Transport equations. The coefficients v and v given in the Hadamard parametrix (4
are symmetric smooth functions [Mo00|] that satisfy the following relations:

2Vo(z,y)Vu(z,y) + (Ozo — 4)u(z,y) =0, —Pv =0.

Moreover the coefficient « is twice the square root of the van Vleck Morette determinant v =
2AY/2 for definition and details see [DB60, [Fr75, [Fu89, [Ta89]. Furthermore, on a geodesically
complete neighborhood, the function v can be expanded as follows

P
v = Zvnan + O(c™).
n=0

We have truncated the series at some order p because, in general, the whole series does not
converge, unless the coefficients of the metric are analytic functions. Furthermore, the coefficients
v, can be found, using the following two recursive relations valid for n. > 0

28(2) V2o Vavo + (Bp0(2,y) = 2)vo = Py ulz,y)
2n g(2)VyoVevn +n (Opo(x,y) + 2n — 2)v, = Pg(x)vn_l(x,y) .

A.2. Transformation laws for the Hadamard coefficients. Consider a conformal trans-
formation ¢ : (M,g) — (M,g') with conformal factor Q. Let H and H' be the Hadamard
singularities, as given in (@), on a (M, g) and (M, g') respectively. For y in a geodesically com-
plete neighborhood of the point z, we would like to compute the coinciding point limit of the

subtraction )

1 !
@H(%y)@ - H'(z,y).

“For technical details we refer to [Mo03, [HW05]
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Because of the Lemma 2.4] we know that the subtraction is a smooth function, hence we can

compute the following limit directly

: u(z,y) v(z,y) o, Rgl®)  Rg(x)

1 1 —— =2l = — 11
i 0@z, 9) ) | Q@) 7 o VBT TR0 T 18 (11)

where we have used the following expansions around z. Let o# = V4o, and L,, := V, log Q2 then

we can write the Taylor expansion

1
Qy) = Uz) (1 = Luo” + 5 (L + LyLy) UW) +0(5%?).
Furthermore using the notation of the book of Fulling [Fu89]

1
o' (z,y) = D (z)o(z,y) (1 — Lyo* — o (=20L,L* + (8L, L, + 4L,,) U”UV)> + 0(/?)

and the short distance analysis of van Vleck Morette determinant [DB60] gives
1
A2 =1— ERWU“U” + 0(c?). (12)

Notice that, in the case under investigation, because of the expansion (I2]), and the recursive
relations given before, vg(z,z) = v(z,z) = 0. Plugging the expansions written above into the
previous subtraction and knowing that v(z,z) = 0, (1)) holds.
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