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DESY-08-057OUTP-08-13-PAngular 
orrelations in multi-jet �nal states fromk?-dependent parton showersF. Hautmann1 and H. Jung21Theoreti
al Physi
s Department, University of Oxford, Oxford OX1 3NP2Deuts
hes Elektronen Syn
hrotron, D-22603 HamburgAbstra
tWe investigate parton-bran
hing methods based on transverse-momentum dependent (TMD)parton distributions and matrix elements for the Monte Carlo simulation of multi-parti
le �nalstates at high-energy 
olliders. We observe that re
ently measured angular 
orrelations in ep�nal states with multiple hadroni
 jets probe QCD 
oheren
e e�e
ts in the spa
e-like bran
hing,asso
iated with �nite-angle gluon radiation from partons 
arrying small longitudinal momenta, andnot in
luded in standard shower generators. We present Monte Carlo 
al
ulations for azimuthaltwo-jet and three-jet distributions, for jet multipli
ities and for 
orrelations in the transverse-momentum imbalan
e between the leading jets. We dis
uss 
omparisons with 
urrent experimentalmulti-jet data, and impli
ations of 
orre
tions to 
ollinear-ordered showers for LHC �nal states.
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I. INTRODUCTIONHadroni
 �nal states 
ontaining multiple jets have been investigated at the Tevatron andHERA 
olliders, and will play a 
entral role in the Large Hadron Collider (LHC) physi
sprogram. The interpretation of experimental data for su
h �nal states relies both on pertur-bative multi-jet 
al
ulations (see [1℄ for a re
ent overview) and on realisti
 event simulationby parton-shower Monte Carlo generators (see e.g. [2{4℄).Owing to the 
omplex kinemati
s involving multiple hard s
ales and the large phase spa
eopening up at very high energies, multi-jet events are potentially sensitive to e�e
ts of QCDinitial-state radiation that depend on the �nite transverse-momentum tail of partoni
 matrixelements and distributions. For an overview see [5℄. In perturbative multi-jet 
al
ulationstrun
ated to �xed order in �s [1℄, �nite-k? 
ontributions are taken into a

ount partially,order-by-order, through higher-loop 
orre
tions. This is generally suÆ
ient for in
lusive jet
ross se
tions, but likely not for more ex
lusive �nal-state observables.On the other hand, standard shower Monte Carlos re
onstru
ting ex
lusive events, su
has Herwig [6℄ and Pythia [7℄, are based on 
ollinear evolution of the initial-state jet.Finite-k? 
ontributions are not in
luded, but rather 
orrespond to 
orre
tions [8{10℄ to theangular or transverse-momentum ordering implemented in the parton-bran
hing algorithms.The theoreti
al framework to take these 
orre
tions into a

ount is based on using initial-state distributions (pdfs) unintegrated in both longitudinal and transverse momenta [10℄,
oupled to hard matrix elements (ME) suitably de�ned o� mass shell. See e.g. [11℄ fordis
ussion of the Monte Carlo shower implementation of the method. Event generatorsbased on k?-dependent showers of this kind in
lude [12{15℄. These generators are not asdeveloped as standard Monte Carlos like Herwig and Pythia. However, they have thepotential advantage of a more a

urate treatment of the spa
e-like parton shower at highenergy.Collinear-based shower generators like Herwig and the new Pythia 
ontain the e�e
tsof 
olor 
oheren
e for soft gluon emission from partons 
arrying longitudinal momentumfra
tion x � O(1). However as the energy in
reases and emissions that are not 
ollinearlyordered be
ome more important, 
oheren
e e�e
ts from spa
e-like partons 
arrying momen-tum fra
tions x� 1 set in. These small-x 
oheren
e e�e
ts are not in
luded in Herwig orPythia but are in
luded in k?-dependent parton showers, and 
hara
terize the stru
tureof the initial-state bran
hing at very high energies.This paper examines how 
orre
tions to spa
e-like parton showers a�e
t properties of�nal state jet 
orrelations and asso
iated distributions. We study azimuthal 
orrelations andtransverse-momentum 
orrelations for multi-jet pro
esses. We obtain numeri
al Monte Carloresults for 
ollinear and k?-dependent parton showers, and use the pre
ise experimental dataon tri-jets in ep 
ollisions that have re
ently be
ome available [16℄. We observe signi�
ant
orre
tions arising from regions [5℄ with three well-separated hard jets in whi
h the partoni
lines along the de
ay 
hain in the initial state are not ordered in transverse momentum.These give rise to quite distin
tive features in the jet angular 
orrelations.Besides jet �nal states, the 
oheren
e e�e
ts from highly o�-shell pro
esses dis
ussed inthis paper a�e
t a variety of di�erent �nal states at high energy. A signi�
ant example
on
erns the asso
iated produ
tion of heavy 
avors and heavy bosons at the LHC with twohigh-pt jets. We 
ome ba
k to this at the end of the paper in Se
. V.The paper is stru
tured as follows. We begin in Se
. II by des
ribing experimentalresults on multi-jet 
orrelations. In Se
. III we re
all basi
 aspe
ts on the implementation2
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orrelations measured by D0 along with the Herwig and Pythia re-sults [17℄.of transverse-momentum dependent pdfs and MEs in parton-bran
hing algorithms. Wethen 
ompute angular 
orrelations in three-jet �nal states by k?-dependent Monte Carloshowering. We 
ompare the results with Herwig and with experimental data. We 
onsider
orrelations in the azimuthal angle between the two hardest jets, and further analyze thedistribution of the third jet. We investigate in parti
ular the quantitative e�e
t of the �nitehigh-k? tail in the hard ME. In Se
. IV we present results for jet multipli
ity distributionsand for momentum 
orrelations. In Se
. V we dis
uss prospe
ts for LHC �nal states andgive 
on
lusions. Some details on u-pdf �ts and on time-like showering e�e
ts are left toAppendix A and Appendix B.II. MEASUREMENTS OF FINAL-STATE JET CORRELATIONSIn this se
tion we re
all experimental results from Tevatron and HERA on angular 
or-relations in multi-jet produ
tion.In a multi-jet event the 
orrelation in the azimuthal angle �� between the two hardestjets provides a useful measurement, sensitive to how well QCD multiple-radiation e�e
tsare des
ribed. In leading order one expe
ts two ba
k-to-ba
k jets; higher-order radiative
ontributions 
ause the �� distribution to spread out. At the LHC, measurements of ��distributions in multi-jet events may be
ome a

essible relatively early, and be used to testthe Monte Carlo des
ription of the events.Fig. 1 [17℄ shows the Tevatron �� measurements. The data are 
ompared with Herwigand Pythia results. The data are found [17, 18℄ to have little sensitivity to �nal-stateshowering parameters and to be in 
ontrast very sensitive to initial-state showering param-eters. In parti
ular, they have been used for re-tuning of these parameters in Pythia [18℄.A reasonably good des
ription of the measurements by Monte Carlo is obtained.On the other hand, the HERA �� measurements [16, 19, 20℄ are not so well des
ribedby the standard Herwig and Pythia Monte Carlo showers in most of the data kinemati
3



range. We will dis
uss more on this below. These measurements are 
hara
terized by thelarge phase spa
e available for jet produ
tion and relatively small values of the ratio betweenthe jet transverse momenta and 
enter-of-mass energy. For these reasons, despite the mu
hlower energy at HERA, they may be just as relevant as the Tevatron data for extrapolationof initial-state showering e�e
ts to the LHC.In the rest of this se
tion we fo
us on the re
ent, pre
ise ep measurements [16℄ of jet
orrelations, and dis
uss potential sour
es of large QCD 
orre
tions.In Ref. [16℄ the ZEUS 
ollaboration have presented data for two-jet and three-jet produ
-tion asso
iated with Q2 > 10 GeV2 ; 10�4 < x < 10�2 ; (1)and performed a 
omparison with next-to-leading-order 
al
ulations [21℄. ZEUS measureddi�erential distributions as fun
tions of jet transverse energy and pseudorapidity as wellas 
orrelations in azimuthal angles and transverse momenta. The sele
tion 
uts on the jetphase spa
e are given byEjet�1T;HCM > 7 GeV ; Ejet�2;3T;HCM > 5 GeV ; �1 < �lab < 2:5 ; (2)where ET;HCM are the jet transverse energies in the hadroni
 
enter-of-mass frame, and �labare the jet pseudorapidities in the laboratory frame. The overall agreement of data withNLO results is within errors [16℄. However, while in
lusive jet rates are reliably predi
tedby NLO perturbation theory, jet 
orrelations turn out to be a�e
ted by large theoreti
alun
ertainties at NLO. Results from [16℄ for di-jet distributions are reprodu
ed in Fig. 2 foreasier referen
e.The plot at the top in Fig. 2 shows the x-dependen
e of the di-jet distribution integratedover �� < 2�=3, where �� is the azimuthal separation between the two high-ET jets. Theplot at the bottom shows the di-jet distribution in �� for di�erent bins of x. We see thatthe variation of the predi
tions from order-�2s to order-�3s is signi�
ant. In the azimuthal
orrelation for a given x bin, the variation in
reases with de
reasing ��. In the distributionintegrated over ��, the variation in
reases with de
reasing x. The lowest order, where thedi�erential 
ross se
tion d�=d�� is non-trivial, is O(�2s) and the NLO 
al
ulation is labeledwith O(�3s).Given the large di�eren
e between order-�2s and order-�3s results, it seems to be ques-tionable to estimate the theoreti
al un
ertainty at NLO from the 
onventional method ofvarying the renormalization/fa
torization s
ale.Besides angular distributions, a behavior similar to that des
ribed above is also foundin [16℄ for other asso
iated distributions su
h as momentum 
orrelations.1 We will 
omeba
k to this in Se
. IV.Note that the Tevatron �� distribution in Fig. 1 drops by two orders of magnitudeover a fairly narrow range, essentially still 
lose to the two-jet region. The measurement isdominated essentially by leading-order pro
esses. Not surprisingly the Monte Carlos providea good des
ription of the data. In Fig. 2 a 
omparable two order of magnitude drop o

ursover the whole �� range. Mu
h more QCD dynami
s than leading order is probed.The stability of predi
tions for the jet observables under 
onsideration in Fig. 2 depends ona number of physi
al e�e
ts. Part of these 
on
ern the jet re
onstru
tion and hadronization.The ZEUS [16℄ and H1 [19, 20℄ jet algorithm has moderate hadronization 
orre
tions [22℄1 On the other hand, NLO results are mu
h more stable in the 
ase of in
lusive jet 
ross se
tions [16℄.4
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FIG. 2: (top) Bjorken-x dependen
e and (bottom) azimuth dependen
e of di-jet distributions atHERA as measured by ZEUS [16℄.and is free of nonglobal single-logarithmi
 
omponents [23℄. The kinemati
 
uts [16℄ on thehardest jet transverse momenta are set to be asymmetri
, so as to avoid double-logarithmi

ontributions in the minimum pT [24℄. Note that Q2 > 10 GeV2 (Eq. (1)), and nonper-turbative 
orre
tions a�e
ting the jet distributions at the level of inverse powers of Q areexpe
ted to be moderate.Further e�e
ts 
on
ern radiative 
orre
tions at higher order. Fixed-order 
al
ulationsbeyond NLO are not within present rea
h for multi-jet pro
esses in ep and pp 
ollisions. Re-summed 
al
ulations of higher-order logarithmi
 
ontributions from multiple infrared emis-sions are performed with next-to-leading a

ura
y in [25℄. These 
ontributions are enhan
edin the region where the two high-ET jets are nearly ba
k-to-ba
k. Multiple infrared emis-sions are also taken into a

ount by parton-bran
hing methods in shower Monte Carlos su
has Herwig [6℄. Note however that important 
orre
tions in Fig. 2 arise for de
reasing ��,where the two jets are not 
lose to ba
k-to-ba
k and one has e�e
tively three well-separatedhard jets [5℄. The 
orre
tions in
rease as x de
reases. E�e
ts analogous to those in Fig. 2are seen in the ZEUS results for the three-jet 
ross se
tion, shown in Fig. 3 [16℄, parti
u-
5
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FIG. 3: Three-jet 
ross se
tion versus azimuthal separation between the two highest-ET jets asmeasured by ZEUS [16℄.larly for the small-�� and small-x bins.2 In Se
. III we analyze the angular distribution ofthe third jet, and �nd signi�
ant 
ontributions for small �� from regions of the spa
e-likeshower where the transverse momenta in the initial-state de
ay 
hain are not ordered. These
ontributions are not fully taken into a

ount either by �xed-order 
al
ulations trun
ated toNLO or by parton showers implementing 
ollinear ordering su
h as Herwig and Pythia.In the next se
tion we present the results of 
omputing jets' angular 
orrelations byparton-shower methods that in
lude �nite-k? 
orre
tions to 
ollinear ordering. We 
omparethese results with the 
ollinear-based shower Herwig, and with experimental data.III. ANGULAR CORRELATIONS FROM K? SHOWER MONTE CARLOCorre
tions to the 
ollinear ordering in the spa
e-like shower 
an be in
orporated inMonte Carlo event generators by implementing transverse-momentum dependent (TMD)parton distributions (unintegrated pdfs) and matrix elements (ME) through high-energyfa
torization [10℄. This method allows parton distributions at �xed k? to be de�ned gauge-invariantly for small x. Basi
 aspe
ts of the parton-shower implementation of the methodare dis
ussed in [11℄. In this se
tion we start by brie
y re
alling the basis for the introdu
tionof unintegrated pdfs (u-pdfs) at high energy; we 
omment on generalizations relevant forlow energies and general-purpose tools; then we apply the k?-dependent parton bran
hingto the study of angular jet 
orrelations.2 The error band for the theory 
urves in Fig. 3 [16℄ is obtained by varying the value of the renormalizations
ale from (Q2 + E2T ) to (Q2 + E2T )=16, where ET is the average ET of the three hardest jets in ea
hevent.
6



A. Unintegrated pdfsTo 
hara
terize a transverse-momentum dependent parton distribution gauge-invariantlyover the whole phase spa
e is a nontrivial question [26, 27℄, 
urrently at the 
enter of mu
ha
tivity. See overview in [5℄. In the 
ase of small x a well-pres
ribed, gauge-invariant de�-nition emerges from high-energy fa
torization [10℄, and has been used for studies of 
olliderpro
esses both by Monte Carlo (see reviews in [5, 28℄) and by semi-analyti
 resummationapproa
hes (see [29, 30℄).The diagrammati
 argument for gauge invarian
e, given in [10℄, and developed in [31℄,is based on relating o�-shell matrix elements with physi
al 
ross se
tions at x � 1, andexploits the dominan
e of single gluon polarization at high energies.3 The main reason whya natural de�nition for TMD pdfs 
an be 
onstru
ted in the high-energy limit is that one
an relate dire
tly (up to perturbative 
orre
tions) the 
ross se
tion for a physi
al pro
ess,say, photoprodu
tion of a heavy-quark pair, to an unintegrated gluon distribution, mu
has, in the 
onventional parton pi
ture, one does for DIS in terms of ordinary (integrated)parton distributions. On the other hand, the diÆ
ulties in de�ning a TMD distribution overthe whole phase spa
e 
an largely be asso
iated with the fa
t that it is not obvious how todetermine one su
h relation for general kinemati
s.The evolution equations obeyed by TMD distributions de�ned from the high-energy limitare of the type of energy evolution [32℄. Fa
torization formulas in terms of TMD distribu-tions [10℄ have 
orre
tions that are down by logarithms of energy rather than powers ofmomentum transfer. On the other hand, it is important to observe that this framework al-lows one to des
ribe the ultraviolet region of arbitrarily high k? and in parti
ular re-obtainthe stru
ture of QCD logarithmi
 s
aling violations [29{31℄. This ultimately justi�es the useof this approa
h for jet physi
s. In parti
ular it is the basis for using 
orresponding MonteCarlo implementations [11{15, 33℄ to treat multi-s
ale hard pro
esses at the LHC.From both theoreti
al and phenomenologi
al viewpoints, it is one of the appealing featuresof the high-energy framework for TMD distributions that one 
an relate its results to a well-de�ned summation of higher-order radiative 
orre
tions. By expanding these results to �xedorder in �s, one 
an mat
h the predi
tions thus obtained against perturbative 
al
ulations.This has been veri�ed for a number of spe
i�
 pro
esses at next-to-leading order (see forinstan
e [34℄ for heavy 
avor produ
tion) and more re
ently at next-to-next-to-leading order(see for instan
e [35℄). Note that this fa
t also provides the basis for shower algorithmsimplementing this framework to be 
ombined with �xed-order NLO 
al
ulations by usingexisting te
hniques for su
h mat
hing.Later in this se
tion we use Monte Carlo implementing the high-energy de�nition of u-pdfs to analyze jet produ
tion. Before doing this, we 
omment brie
y on open issues andgeneralizations to low energies.B. Comments on unintegrated pdfs beyond low xIn the general 
ase, fa
torization formulas in terms of unintegrated parton distributionswill have a 
onsiderably 
omplex stru
ture [26℄. Full results are yet to be established. A3 It is emphasized e.g. in [27, 28℄ that a fully worked out operator argument, on the other hand, is highlydesirable but is still missing. 7



prototypi
al 
al
ulation that illustrates this stru
ture is 
arried out in [36℄, whi
h treats,rather than a general s
attering observable, a simpler problem, the ele
tromagneti
 formfa
tor of a quark. This 
ase is however suÆ
ient to illustrate 
ertain main features, inparti
ular the role of nonperturbative, gauge-invariantly de�ned fa
tors asso
iated withinfrared subgraphs (both 
ollinear and soft), and the role of infrared subtra
tive te
hniquesthat serve to identify these fa
tors. See also [37℄ for re
ent analyses along these lines formore general pro
esses involving fully unintegrated pdfs.One of the questions that a full fa
torization statement will address is the treatment ofsoft gluons ex
hanged between subgraphs in di�erent 
ollinear dire
tions. The underlyingdynami
s is that of non-abelian Coulomb phase, treated a long time ago in [38℄ for thefully in
lusive Drell-Yan 
ase. But a systemati
 treatment for more 
omplex observables,in
luding 
olor in both initial and �nal states, is still missing, as emphasized re
ently in [39{41℄ for di-hadron and di-jet hadroprodu
tion near the ba
k-to-ba
k region.4A further question 
on
erns light
one divergen
es [26℄ and the x! 1 endpoint behavior.The singularity stru
ture at x! 1 is di�erent in the TMD 
ase than for ordinary (integrated)distributions, giving divergen
es even in dimensional regularization with an infrared 
ut-o� [43℄. The singularities 
an be understood in terms of gauge-invariant eikonal-line matrixelements [43℄, and the TMD behavior 
an be related to 
usp anomalous dimensions [44, 45℄and la
k of 
omplete KLN 
an
ellations [46℄. In general this a�e
ts the pre
ise form offa
torization and relation with 
ollinear distributions.Appli
ations of u-pdfs at low energies in
lude semi-in
lusive leptoprodu
tion ([47{49℄, andreferen
es therein), spin asymmetries [50℄, ex
lusive rea
tions [51℄. In these 
ases infraredsubtra
tive te
hniques of the type [36, 52℄ serve for TMD-fa
torization 
al
ulations [53℄ andin parti
ular for the proper treatment of overlapping momentum regions.5 At high-energy
olliders, general 
hara
terizations of TMD distributions will be relevant for turning presentk?-showering generators into general-purpose tools to des
ribe hadroni
 �nal states over thewhole phase spa
e [5, 60℄.In the rest of this se
tion we will 
onsider appli
ations of k?-shower generators to multi-jet �nal states. The main fo
us is on regions where jets are far from ba
k-to-ba
k, andthe total energy is mu
h larger than the transferred momenta so that the values of x aresmall. In this regime the ambiguities related to soft Coulomb ex
hange and to light
onedivergen
es are not expe
ted to be 
ru
ial. We will �nd that the TMD distributions, aswell as the transverse-momentum dependen
e of short-distan
e matrix elements, play a veryessential role to des
ribe 
orrelations in angle and momentum of the jets.C. k? shower with u-pdfsMonte-Carlo event generators based on unintegrated pdfs use fa
torization at �xed k? [10℄in order to a) generate the hard s
attering event, in
luding dependen
e on the initial trans-4 Note that interestingly in [42℄, whi
h has a di�erent point of view than TMD, Coulomb/radiative mixingterms are found to be responsible for the breaking of angular ordering in the initial-state 
as
ade and theappearan
e of superleading logarithms in di-jet 
ross se
tions with a gap in rapidity.5 Subtra
tion te
hniques related to those of [36, 52℄ are developed in [54℄ for soft-
ollinear e�e
tive theory,and studied in [55℄ and [56℄ in relation with standard perturbative methods. See also SCET appli
ationsto shower algorithms [57℄, TMD pdfs [58℄ and jet event shapes [59℄ for use of these te
hniques.8



verse momentum, and b) 
ouple this to the evolution of the initial state to simulate theparton 
as
ade. Implementations of this kind in
lude [8, 12{15℄. The hard s
attering eventis generated by k?-dependent matrix elements (ME) 
omputed from perturbation theory.Di�erent generators di�er by the detailed model for initial state. For the 
al
ulations thatfollow we use the Monte Carlo implementation Cas
ade [12℄.The hard ME in the Monte Carlo are obtained by perturbative 
al
ulation [10℄, while theu-pdfs are determined from �ts to experimental data [33℄. The parton-bran
hing equationused for the unintegrated gluon distribution A is s
hemati
ally of the form [8, 12, 33℄A(x; k?; �) = A0(x; k?; �) + Z dzz Z dq2q2 �(�� zq)� �(�; zq) P(z; q; k?) A(xz ; k? + (1� z)q; q) : (3)The �rst term in the right hand side of Eq. (3) is the 
ontribution of the non-resolvablebran
hings between starting s
ale Q0 and evolution s
ale �, and is given byA0(x; k?; �) = A0(x; k?; Q0) �(�;Q0) ; (4)where � is the Sudakov form fa
tor, and the starting distribution A0(x; k?; Q0) at s
ale Q0is determined from data �ts. Details on the starting distribution used for the 
al
ulationsthat follow are given in Appendix A.The integral term in the right hand side of Eq. (3) gives the k?-dependent bran
hingsin terms of the Sudakov form fa
tor � and unintegrated splitting fun
tion P. The expli
it
α 1

α
p

xp

P

P P
+ + ..,

FIG. 4: (left) Coherent radiation in the spa
e-like parton shower for x� 1; (right) the unintegratedsplitting fun
tion P, in
luding small-x virtual 
orre
tions.expressions for these fa
tors are spe
i�ed in [33℄, and in
lude the e�e
ts of 
oherent gluonradiation not only at large x (as e.g. in Herwig) but also at small x [9℄ in the angularregion (Fig. 4) �=x > �1 > � ; (5)where the angles � for the partons radiated from the initial-state shower are taken withrespe
t to the initial beam jet dire
tion, and in
rease with in
reasing o�-shellness. Unlike
onventional showers, the splitting fun
tion P depends on transverse momenta and in
ludespart of the virtual 
orre
tions, in su
h a way as to avoid double 
ounting with the Sudakovform fa
tor while re
onstru
ting 
olor 
oheren
e in the small-x region (5).The Monte Carlo also 
ontains time-like parton showering. The impa
t of time-likeshowers on the jet observables that we will examine in this se
tion turns out to be verysmall. This is similar to what is found in the studies [17, 18℄ of Tevatron di-jets and ��9



distribution, based on Herwig and Pythia. See remark toward the beginning of Se
. II.Some details on the treatment of time-like showering e�e
ts are reported in Appendix B. Amore 
omplete a

ount of this topi
 may be found in [61℄.D. Azimuthal jet distributionsThe k?-dependent ME and parton bran
hing lead to a di�erent angular pattern of initial-state gluon radiation than standard, 
ollinear-based showers, e.g. Herwig. In parti
ular,while the Herwig angular ordering redu
es to ordering in transverse momenta for x ! 0,the k?-dependent shower 
ontains �nite-angle 
orre
tions in this limit [11℄. We now 
om-pute angular distributions for the ep three-jet 
ross se
tion by the k?-shower Monte CarloCas
ade and by Herwig. Let �� be the azimuthal separation between the two jets with
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FIG. 5: Cross se
tion in the azimuthal angle ��13 between the hardest and the 3rd jet for small(�� < 2, top) and large (�� > 2, bottom) azimuthal separations between the leading jets. Thek?Monte Carlo results Cas
ade are 
ompared with Herwig.
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the highest transverse energy ET , �� = �jet�1 � �jet�2 ; (6)where the azimuthal angle � for ea
h jet is de�ned in the hadroni
 
enter-of-mass frame.Similarly, we de�ne ��13 as the azimuthal separation between the hardest and the third jet.In Fig. 5 we 
ompute the three-jet 
ross se
tion and plot it versus the azimuthal angle��13, by distinguishing the 
ases in whi
h the two leading jets are at small angular separation(�� < 2) or large angular separation (�� > 2). Cas
ade gives large di�eren
es fromHerwig in the region where the azimuthal separations �� between the leading jets aresmall, see top plot of Fig. 5. This re
e
ts the fa
t that at small �� the phase spa
e opens
10 2

10 3

10 4

10 5

10 6

10 7

 d
2  σ

/d
xd

|∆
φ|

 (
p

b
)

 1.7 10-4 < x < 3 10-4  3 10-4 < x < 5 10-4  5 10-4 < x < 1 10-3

-1.2

0

1.2

1 2 3

∆φ

(t
h

eo
-d

at
)/

d
at

1 2 3

∆φ

1 2 3

∆φ

10 2

10 3

10 4

10 5

10 6

10 7

 d
2  σ

/d
xd

|∆
φ|

 (
p

b
)

 1.7 10-4 < x < 3 10-4  3 10-4 < x < 5 10-4  5 10-4 < x < 1 10-3

-1.2

0

1.2

1 2 3

∆φ

(t
h

eo
-d

at
)/

d
at

1 2 3

∆φ

1 2 3

∆φFIG. 6: Angular jet 
orrelations obtained by the k?-shower Cas
ade and by Herwig, 
omparedwith ep data [16℄: (top) di-jet 
ross se
tion; (bottom) three-jet 
ross se
tion. The Herwig resultsare multiplied by a fa
tor of 2.up for events in whi
h the partoni
 lines along the initial de
ay 
hain are not ordered intransverse momentum. Su
h 
on�gurations are taken into a

ount in Cas
ade with theappropriate matrix element, at least for small enough x, but not in Herwig. The x values11




onsidered in Fig. 5 are those 
orresponding to the three-jet measurements in [16℄. As ��in
reases, the results from Cas
ade and Herwig be
ome 
loser. See bottom plot of Fig. 5.This is asso
iated with the fa
t that for �� approa
hing the ba
k-to-ba
k region the phasespa
e for �nite-k?emissions is redu
ed. In this region one thus expe
ts both Monte Carlosto give reasonable approximations.Fig. 6 shows the angular 
orrelations for �nal states with two jets and three jets. We
ompute the azimuthal distribution of di-jet and three-jet 
ross se
tions in the separation ��between the leading jets. We show the distributions obtained by Cas
ade and by Herwig,
ompared with the measurement [16℄. We multiply the Herwig result by a 
onstant fa
torequal to 2, whi
h the top plot in Fig. 6 shows is the K-fa
tor needed in order to get thenormalization approximately 
orre
t for the two-jet region. Observe that the shape of thedistribution is di�erent for the two Monte Carlos. As expe
ted from the result of Fig. 5,Cas
ade gives the largest di�eren
es to Herwig at small ��, and be
omes 
loser toHerwig as �� in
reases. In parti
ular, we observe that while the K-fa
tor of 2 for Herwigis suÆ
ient for the two-jet region, the shape of the jet distribution is not properly des
ribedby Herwig as �� de
reases. The des
ription of the measurement by Cas
ade is good,whereas Herwig is not suÆ
ient to des
ribe the measurement in the small �� region. Wefurther see in the bottom plot of Fig. 6 that the three-jet 
ross se
tion is reasonably welldes
ribed by the k?-shower result but not by Herwig.
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FIG. 7: Azimuthal distribution normalized to the ba
k-to-ba
k 
ross se
tion: (solid red) full result(u-pdf � ME); (dashed blue) no �nite-k?
orre
tion in ME (u-pdf � ME
ollin:); (dotted violet)u-pdf with no resolved bran
hing.Note that the interpretation of the angular 
orrelation data in terms of 
orre
tions to
ollinear ordering is 
onsistent with the �nding [16℄ dis
ussed in Se
. II that while in
lusivejet rates are reliably predi
ted by NLO �xed-order results, NLO predi
tions are a�e
tedby large 
orre
tions to di-jet azimuthal distributions (going from O(�2s) to O(�3s)) in thesmall-�� and small-x region, and begin to fall below the data for three-jet distributions in12



the smallest �� bins (Fig. 3 [16℄).The physi
al pi
ture underlying the k?-shower 
al
ulation in Figs. 5,6 involves bothtransverse-momentum dependent parton distributions (determined from experiment) andmatrix elements (
omputed perturbatively). Fig. 7 illustrates the relative 
ontribution ofthese di�erent 
omponents to the result, showing di�erent approximations to the azimuthaldijet distribution normalized to the ba
k-to-ba
k 
ross se
tion. The solid red 
urve is thefull result. The dashed blue 
urve is obtained from the same unintegrated pdf's but bytaking the 
ollinear approximation in the hard matrix element,M(k?)!M
ollin:(k?) =M(0?) �(�� k?) : (7)The dashed 
urve drops mu
h faster than the full result as �� de
reases, indi
ating thatthe high-k?
omponent in the hard ME [10℄ is ne
essary to des
ribe jet 
orrelations for small�� [62℄. For referen
e we also plot, with the dotted (violet) 
urve, the result obtained fromthe unintegrated pdf without any resolved bran
hing,A(x; k?; �)! Ano�res:(x; k?; �) = A0(x; k?; Q0) �(�;Q0) : (8)Here A0 is the starting distribution at Q0 and � is the Sudakov form fa
tor, giving theno-radiation probability between Q0 and �. This represents the 
ontribution of the intrinsi
k?distribution only, 
orresponding to nonperturbative, predominantly low-k?modes. Thatis, in the dotted (violet) 
urve one retains an intrinsi
 k? 6= 0 but no e�e
ts of 
oheren
e.We see that the resulting jet 
orrelations in this 
ase are down by an order of magnitude.The results of Fig. 7 illustrate that the k?-dependen
e in the unintegrated pdf alone isnot suÆ
ient to des
ribe jet produ
tion quantitatively, and that jet 
orrelations are sensitiveto the �nite, high-k?tail of matrix elements [10℄ 
omputed from perturbation theory. Wenote that the in
lusion of the perturbatively 
omputed high-k? 
orre
tion distinguishes thepresent 
al
ulation of multi-jet 
ross se
tions from other shower approa
hes (see e.g. [15℄)that in
lude transverse momentum dependen
e in the pdfs but not in the matrix elements.
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FIG. 8: Comparison of the k?-shower Cas
ade with the NLO di-jet 
al
ulationDisent: (left) dis-tribution in single-jet transverse energy; (right) distribution in the di-jet transverse energy.To examine more 
losely the distribution in k? that results from highly o�-shell sub-pro
esses, in Fig. 8 we study the jet 
ross se
tion in transverse energy and 
ompare thek?-shower with the NLO result from the Disent event generator. It is noteworthy thatthe large-pt part of the di-jet spe
trum is very 
lose for the two 
al
ulations. At low pt onesees the Sudakov form-fa
tor e�e
t in the shower result. Di�eren
es in the single-jet spe
traare also of interest and 
an be shown to be asso
iated with quark 
ontributions [61℄. These13



detailed 
omparisons may be of use to relate [63℄ DIS event shapes measuring the transversemomentum in the 
urrent region to hadro-produ
tion pT spe
tra.
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FIG. 9: Azimuthal di-jet distribution obtained from the expansion of the k?-shower Cas
ade toone-gluon emission level, 
ompared with the NLO di-jet 
al
ulation Disent(gluon 
hannel).In Fig. 9 we push further the 
omparison at next-to-leading-order level. We swit
h o�hadronization, and use the k?-shower Monte Carlo Cas
ade as a parton-level generator.We evaluate the k?-shower by expanding in the number of extra emissions, and trun
ate tothe level of one gluon emission. We 
ompare this with the NLO Disent 
al
ulation, takingonly the gluon 
hannel in Disent. We 
ompute the azimuthal di-jet distribution at variousvalues of x. The plots in Fig. 9 indi
ate that for suÆ
iently small x the one-gluon expansion ofthe shower program agrees with the full NLO result. We view this as a numeri
al 
onsisten
y
he
k of the shower program in the 
ase of a relatively 
ompli
ated �nal-state 
orrelation,to be 
onsidered jointly with the analyti
 
ross-
he
ks quoted in Se
. IIIA, e.g. [34℄, for the
ase of analyti
 small-x results for in
lusive observables.We 
on
lude this se
tion by observing that the jets that we are 
onsidering are produ
edin the region of rapidities of Eq. (2), away from the forward region. While forward-regionobservables are relevant in their own right and have long been studied as probes of theinitial-state shower dynami
s (see e.g. [4, 28℄ and referen
es therein), Monte Carlo resultsfor su
h observables have a more pronoun
ed dependen
e on the details of the model usedfor u-pdf evolution [11℄ (see also dis
ussions in [27, 37, 48℄). It is thus interesting thatsigni�
ant e�e
ts of non-ordering in k? for the spa
e-like shower are found in the present
ase for 
entrally produ
ed hard jets.IV. JET MULTIPLICITIES AND MOMENTUM CORRELATIONSWe now turn to jet multipli
ities and transverse-momentum 
orrelations. These observ-ables provide further details on the stru
ture of the multi-jet �nal states. As noted in Se
. II,several of the transverse-momentum 
orrelations measured in [16℄ are a�e
ted by sizeabletheory un
ertainties at NLO [16, 21℄.Let us �rst 
onsider jet multipli
ity distributions. Finite-k? 
orre
tions in
rease the meangluon multipli
ity and broaden the spe
trum [8{10℄. In Fig. 10 we 
ompute the distributionin the number of jets N , normalized to the two-jet 
ross se
tion �. As in Fig. 5 we show14
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FIG. 10: Jet multipli
ities obtained by Cas
ade and Herwig for (top) �� < 2 and (bottom)�� > 2.separately the results for small and large azimuthal separations between the hardest jets,�� < 2 and �� > 2. Jet multipli
ities at small �� are where the 
learest di�eren
esappear between the two parton showers. The k?-shower result re
eives larger 
ontributionfrom high multipli
ities. Besides the absolute size of this 
ontribution, note that Fig. 10illustrates the di�eren
e in the shape between the two Monte Carlos.In Ref. [16℄ the ZEUS 
ollaboration has presented measurements of various momentum
orrelations. We examine two su
h distributions for three-jet 
ross se
tions in Figs. 11 and15
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FIG. 11: Momentum 
orrelations obtained by Cas
ade and Herwig, 
ompared with ep data [16℄:three-jet 
ross se
tion versus the variable jP p1;2T j introdu
ed in the text.12. In Fig. 11 is shown the distribution in the magnitude of the sum of the transversemomenta pT for the two jets with the highest ET , jP p1;2T j. The ba
k-to-ba
k region 
orre-sponds to jP p1;2T j ! 0 in this plot. The region of large jP p1;2T j is the region with at leastthree well-separated hard jets. The k?-shower result des
ribes this region reasonably well.The results from Herwig are quite lower.In Fig. 12 is the distribution in the ve
tor di�eren
e of the highest-ET jet transversemomenta, s
aled by twi
e the transverse energy of the hardest jet, j�p1;2T j=(2E1T ). The ba
k-to-ba
k region 
orresponds to j�p1;2T j=(2E1T ) ! 1 in this plot. The behavior of the MonteCarlo results 
ompared to the data is rather similar to that in Fig. 11.In summary, the 
al
ulations of this paper show that the k?-shower results des
ribewell the shape of multi-jet distributions observed experimentally, in
luding 
orrelations, andgive quite distin
tive features of the asso
iated distributions 
ompared to standard showerssu
h as Herwig. The largest di�eren
es between the two parton showers o

ur when the16
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FIG. 12: Momentum 
orrelations obtained by Cas
ade and Herwig, 
ompared with ep data [16℄:three-jet 
ross se
tion versus the variable j�p1;2T j=(2E1T ) introdu
ed in the text.azimuthal separations between the leading jets are small, whereas the results be
ome moresimilar in the two-jet region. See e.g. Figs. 6,10. In the region of small azimuthal distan
esthe largest variation o

urs between order-�2s and order-�3s results in the �xed-order NLO
al
ulations, parti
ularly for small x. In 
ases where 
orre
tions are not large, the NLOand k?-shower 
al
ulations are rather 
lose. The results support a physi
al pi
ture of multi-jet 
orrelations in whi
h sizeable radiative 
orre
tions arise not only from 
ollinear/softemission, in
luded in Herwig as well, but also from �nite-angle emission, asso
iated withthe growth of transverse momenta transmitted along the spa
e-like jet. Small-x 
oheren
ee�e
ts, 
omputed in this se
tion and the previous se
tion for jet multipli
ities, momentum
orrelations and angular 
orrelations, are in
luded in the k?-shower but not in Herwig.They are asso
iated with multi-gluon radiation terms to the initial-state shower that be
ome
17



non-negligible at high energy and small ��.6The above observations suggest the usefulness of 
ombining NLO and k?-shower for abroad range of multi-jet observables, in order to obtain more reliable predi
tions over a widerkinemati
 region. Monte Carlo results depend on the maximum angle parameter � [8, 11, 12℄at whi
h the shower is evaluated. The perturbative mat
hing will involve this angle. Studiesof the dependen
e of Monte Carlo results on � will be reported elsewhere.V. PROSPECTS FOR LHC FINAL STATES AND CONCLUSIONSExperimental analyses of multi-parti
le �nal states at the Large Hadron Collider dependon realisti
 parton-shower Monte Carlo simulations. Multi-parti
le produ
tion a
quires qual-itatively new features at the LHC 
ompared to previous hadron-hadron experiments due tothe large phase spa
e opening up for events 
hara
terized by multiple hard s
ales, possiblywidely disparate from ea
h other. This brings in both potentially large radiative 
orre
tionsand potentially new e�e
ts in the nonperturbative 
omponents of the pro
ess being probednear phase-spa
e boundaries. It is not at all obvious that the approximations involved instandard Monte Carlo generators that have su

essfully served for event simulation in past
ollider experiments will be up to the new situation.In this paper we have dis
ussed the method of k?-dependent Monte Carlo shower, basedon transverse-momentum dependent (TMD), or unintegrated, parton distributions and ma-trix elements de�ned by high-energy fa
torization. The main advantage of the method overstandard Monte Carlo generators is the in
lusion of 
orre
tions to 
ollinear-ordered showers,and of e�e
ts of QCD 
oheren
e asso
iated with �nite-angle radiation from spa
e-like par-tons 
arrying arbitrarily soft longitudinal momenta. Sensitivity to these dynami
al featuresis bound to be enhan
ed by the high-energy multi-s
ale kinemati
s. The theoreti
al basisof the k?-shower method allows one to go to arbitrarily high transferred-momentum s
ales,thus making it suitable for event simulation of jet physi
s at the LHC.In the paper we have pointed to developments of the approa
h toward general-purposeevent generators, and illustrated validation of k?-shower Monte Carlo using experimental epdata for �nal states with multiple hadroni
 jets. We have noted that while Tevatron di-jet
orrelations are dominated by leading-order pro
esses, and are reasonably well des
ribed by
ollinear-based event generators, this is not so in the 
ase of ep data. We have found thatin
luding �nite-k? radiative 
ontributions in the initial state shower gives sizeable e�e
tsand improves signi�
antly the des
ription of angular 
orrelations and transverse-momentum
orrelations. Despite the lower ep energy, the multi-jet kinemati
 region 
onsidered is 
har-a
terized by the large phase spa
e available for jet produ
tion and relatively small values ofthe ratio between the jet transverse momenta and 
enter-of-mass energy, and is thus relevantfor extrapolation of initial-state showering e�e
ts to the LHC.Besides jet �nal states, the 
orre
tions to 
ollinear-ordered showers that we are treatingwill also a�e
t heavy mass produ
tion at the LHC, in
luding �nal states with heavy bosonsand heavy 
avor. An example is provided by bottom-quark pair produ
tion. Going fromthe Tevatron to the LHC [64℄ implies a sharp in
rease in the relative fra
tion of events domi-nated by the g ! b�b subpro
ess 
oupling [10℄ to the spa
elike jet. This is bound to a�e
t the6 Near the ba
k-to-ba
k region of large ��, on the other hand, 
orre
tions due to mixed Coulomb/radiativeterms 
an also be
ome important [39, 40℄. 18



reliability of shower 
al
ulations based on 
ollinear ordering (as well as the stability of NLOperturbative predi
tions), as these do not properly a

ount for 
ontributions of b�b in asso
ia-tion with two hard jets, with pt of the heavy quark pair large 
ompared to the bottom-quarkmass but small 
ompared to the transverse momenta of the individual asso
iated jets. Thesekinemati
 regions are the analogue of the regions unordered in k? studied in this paper forjet 
orrelations. The fra
tion of b�b events of this kind is not very signi�
ant at the Tevatronbut will be sizeable at the LHC. The quantitative importan
e of unordered 
on�gurations
oupling to g ! b�b will redu
e the numeri
al stability of 
ollinear-based predi
tions (NLO,or parton-shower, or their 
ombination [65℄) with respe
t to renormalization/fa
torizations
ale variation in the 
ase of LHC. On the other hand, these are pre
isely the 
on�gurationsthat the k? Monte Carlo shower is designed to treat.Even more 
omplex multi-s
ale e�e
ts are to be expe
ted, and are beginning to be in-vestigated [61℄, in the asso
iated produ
tion of bottom quark pairs and W/Z bosons [66℄,and possibly in �nal states with Higgs bosons [33, 67℄7 espe
ially for measurements of theless in
lusive distributions and 
orrelations. The ve
tor boson 
ase is relevant for early phe-nomenology at the LHC, as small-x broadening of W and Z pT distributions [69℄ (see [70℄)a�e
ts the use of these pro
esses as luminosity monitor [71℄.The k?-shower method dis
ussed in this paper 
an be used all the way up to hightransferred-momentum s
ales. As an illustration in Fig. 13 we present a numeri
al 
al-
ulation for the transverse momentum spe
trum of top-antitop pair produ
tion at the LHC.Small-x e�e
ts are not large in this 
ase. Rather, this pro
ess illustrates how the showerworks in the region of �nite x and large virtualities on the order of the top quark mass.It is interesting to note that even at LHC energies the transverse momentum distributionof top quark pairs 
al
ulated from the k?-shower is similar to what is obtained from a fullNLO 
al
ulation (in
luding parton showers, MC�NLO [65℄), with the k?-shower giving asomewhat harder spe
trum, Fig. 13.
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FIG. 13: Comparison of transverse momentum distribution of t�t pairs 
al
ulated from the k?-shower Cas
ade with the NLO 
al
ulation MC�NLO at LHC energies.We 
on
lude by observing that using o�-shell matrix elements 
onvoluted with unin-7 Non-negligible numeri
al e�e
ts of high-energy subleading terms were noted [68℄ in the predi
tions for theHiggs transverse-momentum spe
trum at the LHC.19



tegrated parton distributions in
luding expli
it parton showering, many of the subleadinge�e
ts are properly simulated both in ep 
ollisions and at the LHC. We have found thatmulti-jet predi
tions provide 
omparable results to NLO 
al
ulations, where appli
able, andare mu
h 
loser to the measurements in a region where signi�
ant higher order 
ontributionsare expe
ted. The results provide a strong motivation for systemati
 studies of k?-dependentparton bran
hing methods.
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hing equations (3),(4) 
ontain the starting gluon distribution A0(x; k?; Q0) ats
ale Q0. This is determined from �ts to experimental data. In this appendix we report
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FIG. 14: (top) x-dependen
e and (bottom) k?-dependen
e of the unintegrated gluon distributionat di�erent values of the evolution s
ale �.results for this distribution.The starting A0(x; k?; Q0) at s
ale Q0 is parameterized as [11, 33℄xA0(x; k?; Q0) = A x�B (1� x)C exp ��(k? � �)2=�2� : (A1)21



The values of the parameters A, B, C, � and � in Eq. (A1) are determined from data�ts [33, 72℄. In the 
al
ulations of the present paper we use the u-pdf set spe
i�ed by thefollowing parameter values:Q0 = 1:1 GeV ; A = 0:4695 ; B = 0:025 ;C = 4:0 ; � = 1:5 GeV ; � = (1:5=p2) GeV : (A2)In Fig. 14 we plot the x-dependen
e and k?-dependen
e of the resulting gluon distributionat di�erent values of the evolution s
ale �.APPENDIX B: TIME-LIKE SHOWERING EFFECTSThe partons from the initial state 
as
ade are allowed to develop a time-like shower inCas
ade 2.0.2, to be published in [61℄. Full details will be reported in this publi
ation. Togive an idea of the e�e
ts, we in
lude one of the results in this appendix.
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t of in
luding time-like showering on the ep 
harged-parti
le spe
trum, alongwith the data [73℄.The maximum s
ale for the time-like 
as
ade is given by the transverse momentum ofthe initial state gluon. No additional 
onstraints are applied to the time-like shower. Itis found that the number of gluons after the initial state 
as
ade with time-like showeringin
reases; however the e�e
t on the angular 
orrelations 
onsidered in Se
. III of this paperis negligible (and smaller than the statisti
al error of the Monte Carlo simulation).22



In observables whi
h are more sensitive to the time-like showering, like the 
harged-parti
le transverse momentum spe
tra (Fig. 15), a small e�e
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oming from the time-likeshowering 
an be observed, and is of the same size as that obtained from Monte Carlo eventgenerators using the 
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