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AbstratWe investigate senarios in whih a harged, long-lived salar partile deouples fromthe primordial plasma in the Early Universe. We ompute the number density attime of freeze-out onsidering both the ases of abelian and non-abelian interationsand inluding the e�et of Sommerfeld enhanement at low initial veloity. We alsodisuss as extreme ase the maximal ross setion that ful�ls the unitarity bound.We then ompare these number densities to the exoti nulei searhes for stablerelis and to the BBN bounds on unstable relis and draw onlusions for the asesof a stau or stop NLSP in supersymmetri models with a gravitino or axino LSP.
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1 IntrodutionThe early Universe may have been populated by many exoti partiles that, espeially ifharged, should have easily been in thermal equilibrium. No harged reli seems to havesurvived to the present day. In fat there are very strong upper bounds on the density ofeletromagnetially and/or olour harged partiles with masses below 10{100 TeV fromextensive searhes for exoti nulei [1℄. The standard lore is therefore that only neutralrelis may have survived until today.However, it is possible that some unstable but very long-lived harged partile froze-out from thermal equilibrium and deayed muh later to a neutral one. A typial exampleof this kind in supersymmetri models with R-parity onservation is the next-to-lightestsupersymmetri partile (NLSP) if the LSP and Cold Dark Matter is very weakly interat-ing like the axino [2, 3, 4℄ or the gravitino [5, 6℄. Reently, suh andidates have attrateda lot of attention, and indeed the signal of a harged metastable NLSP at olliders wouldbe spetaular [7, 8℄.In general, strong bounds on the number density of any metastable reli with lifetimeof about 1 s or longer are provided by Big Bang Nuleosynthesis (BBN) [9℄. They omefrom two lasses of proesses: on one hand injetion of very energeti photons or hadronsfrom deays during or after BBN adds an additional non-thermal omponent to the plasmaand an modify the abundanes of the light elements [10℄; on the other hand, if the relipartile is eletromagnetially harged, bound states with nulei may arise that stronglyenhane some of the nulear rates and allow for atalysed prodution of e.g. 6Li [11℄. Thebounds of the �rst type are very tight for lifetimes of the order of 104 s and exlude, forinstane, a neutralino NLSP with a gravitino LSP in the CMSSM [6℄. An eletriallyharged NLSP like the ~� an instead esape the �rst lass of onstraints in part of theparameter spae, but it is exluded for long lifetimes by bound state e�ets [12℄. In theaxino LSP ase, the NLSP has a shorter lifetime; the BBN bounds are hene muh weakerand both, neutralino and stau, NLSP are still allowed [2℄.In this paper, we investigate the most general ase of a salar harged thermal reli.We ompute the number density and ompare it to the bounds on exoti nulei for stablepartiles and the BBN onstraints for unstable ones. Similar studies have been arriedout model-independently many years ago [13, 14, 15℄ for stable relis and we will updateand improve these omputations.1 We mostly onsider the role of the gauge interationfor two main reasons: i) the annihilation into gauge bosons is often the dominant hannelfor a harged partile and ii) it depends only on very few parameters, just the mass of thepartile and its harge or representation. It is also enhaned by the Sommerfeld e�et [17℄,analogous to heavy quark prodution at threshold, whih has previously been onsideredfor dark matter annihilations in [18, 19, 16, 20, 21℄ and reently also in the ontext ofleptogenesis in [22℄. We disuss this Sommerfeld enhanement for the general abelian andnon-abelian ases. Moreover, we ompare the ross setions with the unitarity bound andupdate the unitarity limit on the mass of a stable reli.Our main goal is to determine if it is at all possible to evade ompletely either theexoti nulei bounds or the BBN ones and how strongly the partile has to interat inthis ase. We then apply our �ndings to the Minimal Supersymmetri Standard Modeland disuss in more detail the ases of the stau and stop NLSP.1Reently the ase of general EW harged relis as DM was also onsidered in full detail [16℄.3



The paper is organised as follows. In Setion 2, we briey review the omputationof the number density from thermal freeze-out. The formulae for the annihilation rosssetion of a harged partile into gauge bosons are given in Setion 3. Here we dis-uss abelian and non-abelian ases, the Sommerfeld enhanement and the unitarity rosssetion. Moreover, we ompare the thermal averages with the �rst order in veloity ex-pansion. The resulting reli density is disussed in Setion 4. In Setion 5, we review theonstraints on stable and unstable relis. These are then applied in Setion 6 to the on-rete examples of reli staus and stops. Setion 7 �nally ontains our onlusions. Detailson the omputation of the annihilation ross setion and the ase of massive gauge bosonsare given in the Appendies A and B.2 Number density of a thermal reliThe number density of a stable or quasi-stable thermal reli is determined by its annihi-lation ross setion. In fat the number density of a partile in a thermal bath and anexpanding Universe is desribed by the Boltzmann equation [23, 24℄:_nX + 3HnX = Z dp3X(2�)32EX C[fX ℄ (1)where the dot indiates the time derivative, C denotes the ollision integral of all proessesthat hange the partile number and fX is the phase-spae density for the partile X.For a partile with a onserved parity, like R-parity, the lowest order proesses to beonsidered in the ollision integral are just two partile satterings, i.e. annihilations andoannihilations. If there is a lighter partile arrying the onserved parity number, Cinludes also the deay into this lighter state, but we will assume that suh a deay rateis so small it an be negleted at the time of freeze-out and beomes e�etive only muhlater. Then we have e�etively a two step proess and we an treat freeze-out and deayseparately. This is a general feature if the deay takes plae via a non-renormalisableinteration and is suppressed by an intermediate or even the Plank sale (see e.g. theaxino [2, 4℄ and gravitino ases [5, 6℄).Taking into aount only the annihilation of partile and antipartile, we an writethe ollision integral as [24℄C[fX ℄ = � Z dp3�X(2�)32E �X �fXf �X � f eqX f eq�X � 4q(pX � p �X)�m4X �ann (2)where �ann denotes the unpolarised annihilation ross setion of an X �X pair summed overinitial and �nal states. We are here assuming that CP is onserved and no asymmetryexists between nX and n �X . Note that the prodution ross setion is taken into aount bythe term proportional to f eqX f eq�X sine we are assuming that the produts of the annihilationare muh lighter than X and are still in thermal equilibrium.In this paper we will onsider harged relis and onentrate therefore on the annihi-lation into gauge bosons, whih is the dominant hannel in most of parameter spae anddoes depend only on the mass and harge of the reli. Note that adding more hannelsonly inreases the ross setion and redues the reli partile number density further.Instead, the inlusion of oannihilations for a harged partile does not always redue thenumber density as disussed in [25℄. 4



We an rewrite eq. (1) by hanging variable to YX = nX=s, where s(T ) = gS 2�245 T 3is the entropy density, so that the dilution due to the expansion of the universe anelsout in the ratio as long as entropy is onserved. It is also onvenient to replae the timevariable with x = mXT , thanks to the relation dt = dx(xH) . We thus obtaindYXdx = � xs(x)H(x)m2X h�vix �Y 2X � Y 2eq� (3)= �2�gS15  10g� !1=2 MPmX h�vix �Y 2X � Y 2eq� : (4)Here we have used H2 = �290 g� T 4M2P , for MP = 2:43� 1018 GeV, valid during the radiationdominated era. Moreover, we de�ne the thermally averaged ross setion as2h�vix = 14x4K22 (x) Z 12x dzz2~� �xz�K1(z) (5)where Ki(z) are the modi�ed Bessel funtions of order i, harateristi of Maxwell-Boltzmann statistis (we are assuming that we an approximate Bose-Einstein statistiswith Maxwell-Boltzmann statistis). In this expression the resaled ross setion ~� isgiven by the annihilation ross setion averaged over initial and summed over �nal statesand multiplied by a fator proportional to the squared M�ller veloity,~�  mXps ! = (s� 4m2X)�(mX ; s) : (6)Note that in the entre-of-mass system the M�ller veloity is equal to the relative veloitybetween the annihilating partiles and given byvM�l = 2� = 2s1� 4m2Xs : (7)The resaled ross setion ~� de�ned above is dimensionless and funtion only of x=z =mX=ps (or �) for the ase of annihilation into massless gauge bosons and it alwaysvanishes at threshold. Then it is easy to see that sine we integrate in both x; z, the maindependene on the harged reli mass is ontained in the prefator in eq. (4) and anbe reabsorbed in a resaling of YX ! YX=mX . For this reason we obtain nearly exatlyYX / mX if there is no other mass sale involved. Note that in priniple a muh weakerlogarithmi dependene on mX is present in the value of the freeze-out temperature, whenY begins to deviate from Yeq.We are here omputing the yield of the partile X and to obtain the yield of partileand antipartile we multiply by a fator of 2 or divide the ross setion by 1/2, sine weare assuming nX = n �X . Also note that, ontrary to intuition, for a partile with internaldegrees of freedom like a oloured state, the total yield is the solution of the Boltzmannequation (4) with the ross setion averaged over the initial states. Instead the yield perdegree of freedom is obtained from the ross setion averaged over X, but summed over2Note that our de�nition di�ers from the one in [24℄ by a fator m2X=x2 sine we prefer to work witha dimensionless quantity and to absorb here all the dependene on x.5



�X 3. The presene of many degrees of freedom in the initial state has then the e�et ofpartially ompensating the large ross setion oming from the multipliity of the �nalstates.3 Annihilation ross setion for a harged partileinto gauge bosons3.1 Abelian aseFor an abelian gauge symmetry, there are only three Feynman diagrams ontributing tothe annihilation ross setion, analogous to those shown in Fig. 1: the t- and u-hannelexhange of the salar partile itself, and the 4-boson vertex. The amplitude is symmetriin the exhange of the gauge bosons and for a partile of harge eXg1 it is given byA�� = ig21e2X "(2p1 � p3)�(2p2 � p4)�t�m2X + (2p1 � p4)�(2p2 � p3)�u�m2X + 2g��# : (8)The ross setion is a funtion of the mass and harge of the reli:�ab(mX ; s) = 4��21e4Xs� 4m2X 24s1� 4m2Xs  1 + 4m2Xs !
+ 4m2Xs  1� 2m2Xs ! log0BB�1�r1� 4m2Xs1 +r1� 4m2Xs 1CCA3775 (9)where �1 = g21=(4�) is the gauge oupling; note that a symmetry fator 1=2 has to beadded due to the symmetri �nal state of idential partiles. For the resaled ross setionthis gives ~�ab(�) = 8��21e4X� "1� 12�2 + 1� �44� log 1� �1 + �!# ; (10)whih is a funtion only of � = q1� 4m2X=s and the harge of the partile.3.2 Non-abelian aseThe omputation for the annihilation into non-abelian gauge bosons is slightly moreinvolved, sine there is an additional ontribution from the Feynman diagram with agauge boson in the s-hannel and the 3-gauge-boson vertex. The amplitude an be dividedinto a symmetri and an antisymmetri piee in the group indies. The symmetri one isanalogous to the abelian ase:A��sym = ig2N2 nT a; T boji "(2p1 � p3)�(2p2 � p4)�t�m2X+ (2p1 � p4)�(2p2 � p3)�u�m2X + 2g��# ; (11)3 In fat any resaling of the ross setion by a fator p due to a di�erent ounting of the degrees offreedom an be absorbed into a resaling 1=p of the yield(s).6



Figure 1: Feynman diagrams for the annihilation into gauge bosons, here for the aseof gluons. In the abelian ase, there is no 3-gauge-boson vertex, so the last diagram isabsent.while the antisymmetri part is given byA��asym = �ig2N2 hT a; T biji "(2p1 � p3)�(2p2 � p4)�t�m2X � (2p1 � p4)�(2p2 � p3)�u�m2X+ 2g��(t� u)� (2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�s # : (12)The two ontributions do not interfere due to the di�erent symmetry, so we have for theamplitude squared, summing only over physial polarisations of the �nal gauge bosons:jMj2 = 4g4N (��� nT a; T boji ���2 "12 + 2m4X(t�m2X)2 + 2m2Xt�m2X  1� 2m2Xs !#+ ��� hT a; T biji ���2 "12 (s+ 2(t�m2X))2s2 + 4m2Xs + 2m4X(t�m2X)2+ 2m2Xt�m2X  1 + 2m2Xs !#) : (13)Then the sum over all �nal and initial states for a salar in the fundamental repre-sentation T a of the gauge group SU(N), normalised suh that Tr(T aT b) = Æab=2, an beobtained from the usual group invariants:Xj;i;a;b 12 ��� nT a; T boji ���2 = Xa;b 12  1N Æab + 12X jdabj2!= CF (N)�1 + 12(C2A(N)� 4)� = (N2 � 1)(N2 � 2)4N ; (14)where we have separated the singlet and adjoint ontributions to the symmetri partfor later onveniene, inluded a fator 1=2 for idential partiles in the �nal states andused the Casimir invariants for the fundamental and adjoint representations, CF (N) =N2�12N ; CA(N) = N . Note that the ratio of the singlet to adjoint ontributions is givensimply by 2N2�4 . The antisymmetri hannel instead givesXj;i;a;b 12 ��� hT a; T biji ���2 = N2 � 14 CA(N) = N(N2 � 1)4 : (15)Finally we obtain for the ross setion averaged over initial states:�nab(mX ; s) = ��2Ns� 4m2X (N2 � 1)2N3 �7



24s1� 4m2Xs  1 + 4m2Xs � N23(N2 � 1)  1� 10m2Xs !!
+ 4m2Xs  1 + 2N2 � 1m2Xs ! log0BB�1�r1� 4m2Xs1 +r1� 4m2Xs 1CCA3775 : (16)This result oinides for N = 3 with that reported in [26℄ for the Born ross setion of apair of gluons into squarks, allowing for the exhange of the initial and �nal state.Then the resaled ross setion for SU(N) is~�nab(�) = 2��2N (N2 � 1)2N3 � "1 + N24(N2 � 1) � �22  1 + 5N26(N2 � 1)!+ 1� �22�  1 + 12(N2 � 1) � �22(N2 � 1)! log 1� �1 + �!# : (17)Note that the ontribution of order � in the expression above in the limit � ! 0 is dueto the symmetri part of the matrix element and that the antisymmetri piee insteadvanishes at that order. Therefore the symmetri part of the ross setion dominates atthreshold.So we see that for a non-abelian interation the ross setion is larger than for theabelian ase, not only due to the possibly larger oupling �N , but also due to the openingof an antisymmetri hannel and of ourse to the multipliity of the �nal states. In fatfor large N the averaged ross setion inreases as N and therefore the yield dereases as1=N .3.3 Annihilation into SU(N) gauge boson and photonThe annihilation ross setion into gluon and photon is just the same as the abelian one,but with a di�erent vertex for the gluon. Then onsidering a partile of eletromag-neti harge eXg1, in the representation T a of the gauge group SU(N) with oupling gN ,annihilating with its own antipartile, the amplitude is given by 4A�� = ig1eXgNT aji "(2p1 � p3)�(2p2 � p4)�t�m2X + (2p1 � p4)�(2p2 � p3)�u�m2X + 2g��# : (18)From this we easily obtain the ross setion as:�1N (mX ; s) = 8��1�Ne2Xs� 4m2X jT ajij2 24s1� 4m2Xs  1 + 4m2Xs !

+ 4m2Xs  1� 2m2Xs ! log0BB�1�r1� 4m2Xs1 +r1� 4m2Xs 1CCA3775 ; (19)4Stritly speaking, in this ase the �nal state partiles are di�erent and therefore there are no inde-pendent t- and u-hannels, but we an still write the amplitude to be symmetri in t and u in order tomake diret ontat with the previous results. 8



where �1;N are the gauge ouplings and the symmetry fator 1=2 in this ase is absentsine the �nal partiles are not idential.Averaging over the initial and summing over the �nal state, we have1N Xj;i;aT ajiT aij = 1N Xj;i CF (N)Æij = N2 � 12N (20)for the fundamental representation. This gives for the resaled ross setion~�1N (�) = 8��1�Ne2XN2 � 1N � "1� 12�2 + 1� �44� log 1� �1 + �!# (21)whih is a fator (N2�1)�N=(N�1e2X) larger than the pure U(1) ontribution. Again theross setion inreases as N for large N .3.4 Annihilation into physial Z and SU(N) gauge boson/photonThe annihilation ross setion into massive Z and photon/SU(N) gauge boson has thesame form as the abelian one. We onsider here a partile with Z-oupling g1eZ , in therepresentation T a of the gauge group SU(N) with oupling gN , annihilating with its ownantipartile and we obtainA�� = ig1eZgNT aji "(2p1 � p3)�(2p2 � p4)�t�m2X + (2p1 � p4)�(2p2 � p3)�u�m2X + 2g��# ; (22)where p4 is the Z boson momentum obeying p24 = M2Z ; the annihilation into photon andZ is easily read o� by taking just gNT aji ! g01eX . Then we easily obtain the ross setionas: �ZN (mX ;MZ ; s) = 8��1�Ne2Zs� 4m2X jT ajij2 24s1� 4m2Xs  1� M2Zs + 4(m2X �M2Z)s�M2Z !
+ 4m2Xs  1� 5M2Z8m2X � 4m2X � 3M2Z2(s�M2Z) ! log0BB�1�r1� 4m2Xs1 +r1� 4m2Xs 1CCA3775 ;(23)where �1;N are the gauge ouplings.Averaging over the initial and summing over the �nal state as in eq. (20), we have for theresaled ross setion~�1N (�; aZ) = 8��1�Ne2ZN2 � 12N � "1� aZ(1� �2) + (1� 4aZ)(1� �2)1� aZ(1� �2)+1� �2�  1� 52aZ � (1� �2) 1� 3aZ2� 2aZ(1� �2)! log 1� �1 + �!# ; (24)where aZ = M2Z=m2X . Note that the ross setion for annihilation into photon and Z,is given by the substitution �N N2�12N ! �01e2X . For the spei� ase of the right-handedstau (stop), the oupling with the Z boson and photon are respetively given by e2Z�1 =�em tan2 �W (e2Z�1 = 4=9�em tan2 �W ) and e2X�01 = �em (e2X�01 = 4=9�em), where �W isthe Weinberg angle. 9



3.5 Annihilation into massless EW gauge bosonsThe ross setion for annihilation into massless SU(2)L gauge bosons an be obtaineddiretly from the general formula for the non-abelian ase. One has to take into aount,however, that in this ase the salar SU(2)L doublet is not degenerate in mass and thatthe initial partiles an be a mixture of left- and right-hiral states. We neglet here thee�ets of EW symmetry breaking; the results are hene appliable for the ase of a heavyreli that deouples before EW symmetry breaking takes plae.Considering the salar reli to be X = XL os �+XR sin � and denoting with mX0 themass of its left-handed doublet partner, whih is suÆiently larger than mX to negletoannihilations, we obtain for the annihilation ross setion into W 1;2 gauge bosons:�W2(s;mX ; mX0) =2��22 os4 �s� 4m2X 24s1� 4m2Xs  23 + 133 m2Xs � m2X0s + (m2X +m2X0)2sm2X0 + (m2X0 �m2X)2! (25)+ 2 m2X0 +m2Xs � (m2X0 �m2X)22s2 ! log0�s+ 2(m2X0 �m2X)�qs(s� 4m2X)s+ 2(m2X0 �m2X) +qs(s� 4m2X)1A35 ;while the annihilation into W 3 is similar to the abelian one in eq. (9) for eX = os �=2.Note that the ross setion is suppressed by the mixing angle as os4 � and by the fatthat the group indies are not summed for the initial state. Also in this ase the resaledross setion is not just a simple funtion of �, but also of the mass di�erene in thedoublet. We have in fat~�W2(�; Æ2) = 2��22 os4 � � "52 + 116 �2 � Æ2 + 4�2Æ4(1 + 2Æ2)2 � �2+ 1� �2 + 2Æ2 � Æ4� log 1 + 2Æ2 � �1 + 2Æ2 + �!# ; (26)where Æ2 = (m2X0 � m2X)=s. The ross setion still vanishes for � = 0 and is �nite forÆ2 ! 1. The detailed expressions for the ase of broken EW symmetry are muh moreinvolved and inlude also the ontribution of the Higgs s-hannel allowing for resonaneenhanement. They are given in Appendix B.3.6 Sommerfeld enhanementIn the previous setions we have omputed the annihilation ross setions to lowest orderin the gauge oupling. However, it was shown long ago [17℄ that an expansion in termsof the oupling is inadequate lose to threshold, where the veloities of the annihilatingpartiles go to zero, � � s1� 4m2Xs ! 0 : (27)The enhanement at low veloities beomes apparent when one omputes the one-looporretions, whih are enhaned by a fator C��2� . Here, C is a proess-dependent onstant,� is the gauge oupling of the annihilating salars, �1 in the ase of U(1) boson exhanges,or �N for SU(N) gauge boson exhanges, respetively. To aount for this long-distane10



e�et, one therefore has to resum a whole lass of diagrams, whih onsist of t-hannelladder-type exhanges of massless soft Coulomb SU(N) or U(1) gauge bosons betweenthe annihilating harged partiles.This resummation of terms � �n=�n leads to the so-alled Sommerfeld fator whihmultiplies the lowest-order annihilation ross setion. The Sommerfeld enhanement isgiven by the modulus squared of the partile wave funtion at the origin,E � j	(0)j2 = z1� exp(�z) ; z = C��� : (28)Beause this e�et is a long-distane one, taking plae at a sale � �mX , it fatorisesfrom the annihilation ross setion whih is a short-distane e�et at the hard-satteringsale of order of the mass mX . Shematially,�SF(�;mX) = E(�(�mX))� �0(�) : (29)Here, �0 is the leading-order annihilation ross setion, whih has been presented in thepreeding subsetions. Eq. (29) is in priniple only valid if the annihilating partons arein a single SU(N) hannel, i.e. for partile in the fundamental representation either inthe singlet or adjoint on�gurations. If multiple hannels  ontribute, eq. (29) has to bemodi�ed to �SF(�;mX) =X E(�(�mX))� �0 (�) : (30)Here, �0 (�) is the projetion of the leading-order annihilation ross setion in the rele-vant hannel. For a salar in the fundamental representation of the SU(N) gauge groupannihilating into massless SU(N) gauge bosons, we have seen that only the ontributionproportional to the group-symmetri part survives in the limit of vanishing � and is en-haned at low veloities. Therefore at leading order the ross setions �0 an be taken tobe the same for the singlet and adjoint part up to olour fators and proportional to thetotal ross setion given in eq. (17) 5. We note also that due to the presene of more thanone hannel, the Sommerfeld fator for an SU(N) gauge theory beomes dependent alsoon the �nal states, sine not all hannels may ontribute to the annihilation into a given�nal state.However, the presene of the thermal bath ompliates things, as the interations withthe bakground gauge bosons may prevent the annihilating partons to be initially in ade�nite SU(N) hannel. The time sales for the Sommerfeld e�et and the interationswith the thermal bath are of ompeting order, so it is not lear how strong suh e�et anbe. In this paper we will onsider both extreme situations, i.e. the ase when the thermalbath has no e�et and the ase when there is no de�nite initial hannel. In the latterase, it was argued in the literature that due to the mixing of states one should just takean average Cav extrated from the averaged one-loop orretion, leading again to a singleSommerfeld fator as in eq. (29) (see, for example, ref. [27℄). While the two approahesgive idential results by onstrution at �rst order, they orrespond to two quite distintresummations of the higher orders and they are numerially substantially di�erent.We obtained the oeÆients C by omputing the 1=�-enhaned ontributions for t-hannel SU(N) gauge boson exhange at one loop in the threshold expansion (see for5 Taking the true �01 and �0A instead, di�ers from the total �0 only in the terms suppressed by �2 andamounts to a orretion smaller than 1% at threshold where the Sommerfeld fator is e�etive.11



example [28℄ and referenes therein). For the generation of the relevant one-loop graphsand the Lorentz algebra we used the Mathematia pakages FeynArts and FeynCal [29℄.We simpli�ed the resulting expressions to only keep terms that are leading in �, that is,we only kept terms that are enhaned in the soft region of the one-loop integrals, whihwere then simple enough to perform by hand. Alternatively, as mentioned above, oneobtains the form (28) diretly by omputing the normalised wave funtion at the originfrom the Shr�odinger equation, desribing the annihilating parton pair, with a Coulombinteration potential for positive energies � �2mX [17℄.The Sommerfeld enhanement due to exhanges of massless Coulomb SU(N) gaugebosons is the same for the singlet hannel of annihilation into SU(N) gauge bosons BNand the annihilation into U(1) gauge bosons B1,C1S �S!BNBN = CS �S!B1B1 = CF (N) = N2 � 12N : (31)The fator for the adjoint hannel is instead found to be negative and thus suppressing,CAS �S!BNBN = CF (N)� CA(N)2 = � 12N : (32)The same fators C1 or CA apply also for other �nal states of the singlet or adjointhannels. For example, the Sommerfeld fator for ~t~t� ! hh is C1SU(3) = 4=3, while thatfor ~t~t� ! gh; g; gZ is CASU(3) = �1=6.Even if the adjoint hannel leads to a suppression, upon summing over both ontri-butions in eq. (30), the net e�et is still quite enhaning for small N . We have then infat�SFsum(�;mX) = �0(�) "E1(�(�mX))� 2N2 � 2 + EA(�(�mX))� N2 � 4N2 � 2# ; (33)where, as desribed above, we have taken (N2�2)=2 �01 = (N2�2)=(N2�4) �0A = �0(�),and �0(�) is given in eq. (17). For SU(3) this gives�SFsumSU(3) (�;mX) = �0SU(3)(�) ��342� " 161� e� 43 ��3� � 51� e 16 ��3� # ; (34)so that the enhanement in the singlet dominates over the suppression in the adjointhannel.On the other hand, averaging the one loop ontribution over initial hannels 6 resultsin a fator CS �S!BNBN = N2 + 22N(N2 � 2) =: CavSU(N) ; (35)whih is although enhaning, muh less so than the net e�et of the summation oversinglet and adjoint hannels. For SU(3), this fator is CavSU(3) = 11=42, leading to�SFavSU(3)(�;mX) = �0SU(3)(�) ��342� 111� e� 11��342� : (36)6Averaging over initial hannels is not to be onfused with averaging over initial states whih is to bedone in addition when solving the Boltzmann equation.12
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Figure 2: Ratio of summed over averaged Sommerfeld enhanement, �SFsumSU(3) =�SFavSU(3), as afuntion of �. The full red line shows the SU(3) ase for a mass m = 100 GeV and thedashed blue line for a mass m = 1 TeV; the dotted green line is for the hypothetial aseof SU(10) with m = 500 GeV.Note that the �rst term of the expansion of eq. (36) oinides with the 1-loop result of[26℄ for gg ! ~q~q� near threshold.If the di�erene in the exponents in the denominators of eqs. (34) and (36) ould benegleted the two expression would be equal. However, in the small � region where theSommerfeld enhanement is relevant, the di�erene amounts to up to 50 % for SU(3),and is even larger for hypothetial larger N , see Figure 2.For salars harged under a U(1) group, there is of ourse a orresponding enhanementdue to U(1) boson exhanges. However, the enhanement fator is now governed by theU(1) oupling, and thus weaker than an enhanement under a strong SU(N) gauge group.The Sommerfeld fator for the dominant annihilation hannel into U(1) gauge boson pairsan very simply be determined from the abelian part of the alulation that led to thefator quoted above. We �nd, CS �S!B1B1 = 1 ; (37)for t-hannel U(1) exhange, and the oupling in eq. (28) is the U(1) oupling �1.Another issue regarding the thermal bath is the fat that gauge bosons aquire a massthrough interations with the plasma. This Debye sreening e�et happens at a saleof order � gT , whereas the Sommerfeld e�et is of order � �mX� � �pmXT � gT .Thus the thermal masses of initially massless gauge bosons do not a�et the Sommerfeldenhanement.Finally, there are also massive gauge bosons suh as W s and Zs to onsider. TheSommerfeld fator arises from instantaneous Coulomb exhanges of massless gauge bosonsbetween the slow moving annihilating pair lose to threshold, thus resulting in an 1=�enhanement, signalling the inadequay of trying to desribe this exhange in an expansionin terms of loop orretions. Naturally, massive gauge bosons have a �nite width, andthus annot be exhanged instantaneously. In terms of Feynman graphs, the momentumowing through a massive gauge boson that is exhanged between the annihilating pairis naturally ut o� by the mass of the exhanged boson and an never beome too soft.The Sommerfeld e�et is exponentially suppressed with the mass of the gauge boson, asan analysis of the wavefuntion piture reveals. It an nevertheless beome important forrelis with masses muh larger than the eletroweak sale, as a very heavy Wino disussed13



in [19℄. In the following we will onsider only the ase of massless gauge bosons, whih isthe dominant e�et for oloured relis and for purely right-handed sleptons. For a moredetailed disussion in ase of massive EW gauge bosons we refer the reader to [19, 16℄.3.7 Unitarity boundWe next ompare the above ross setions with the unitarity bound. Using unitarity andpartial wave expansion, the non-elasti ross setion for a partile with spin sp is givenby [15℄ �non�el;J = 4�(2J + 1)(1� �2J)(2sp + 1)2 ~p2i (38)where J is the angular momentum of the proess, ~pi is the initial partile momentum,4~p2i = s�2 in the entre of mass frame in our ase, and �2J is the ontribution of theelasti part. This gives an upper bound for the annihilation ross setion with angularmomentum J as �ann;J � 16�(2J + 1)(2sp + 1)2s�2 : (39)The lowest value is obtained taking J = 0 and sine the s-wave annihilation is usually thedominant ontribution for a salar non-relativisti partile with sp = 0, we will take it asa referene value. We therefore have for the maximal resaled ross setion:~�max = 16� (40)independent of the partile mass or energy. In this ase the thermal averaging is simpleand we obtain h�maxvix = 16�x2 K2(2x)K2(x)2 ; (41)whih we will onsider in the following to be the maximal ross setion per degree offreedom7. We see learly that the ross setions disussed above satisfy this bound andare suppressed at the very least by �2. Figure 3 shows the resaled ross setions forthe abelian and non-abelian ases, eqs. (10) and (17), together with the unitarity boundeq. (40) as a funtion of the relative veloity of the annihilating partiles.The unitarity ross setion ~�max an be used to obtain a lower bound of the yield.Moreover, it an be taken as the maximal annihilation ross setion possible even after theQCD phase transition, when the oloured states are on�ned into the equivalent of salarhadrons and fermioni mesons [30℄. Constraints from osmology on suh kind of hadronistates have been mostly studied for the ase of a stable exoti quark [14℄, a gluino LSP [27℄or for very long-lived gluino in the split SUSY senarios [18℄. It has been argued in [31℄that the annihilation ross setion for suh states ould beome muh stronger, if boundstates between two salar hadrons/fermioni mesons are formed with rate � �=�2QCDand in that ase the oloured reli abundane after the QCD phase transition is furtherredued below Y � 10�16 � 10�17. We will not onsider this possibility in the following,but note however that, while most of the osmologial bounds for a deaying reliare thensatis�ed, one still needs to onsider the bounds for a stable reli.7 Note that here we are omputing expliitly in the entre of mass frame, while the Boltzmann equationrequires to use the ovariant or lab frame. The di�erene between the two frames has been disussed in[24℄ and gives only a small orretion for non-relativisti partiles, whih we neglet here.14
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Xh2 = mXYX+ �X(Tnow)s(Tnow)=� � 0:13 (48)gives us for a single degree of freedom the onstraintmXYX+ �X(Tnow)GeV � 4:6� 10�10 (49)resulting for a salar partile in mX � 280 TeV : (50)Note that for a fermioni spin 1/2 reli the unitarity ross setion is redued by a fatorfour and therefore the bound on the mass is stronger by a fator two.5 Constraints on osmologial relisWe review here the onstraints on the abundane of osmologial relis that we willompare with the number density of a harged salar reli in the next setion. First wewill onsider the ase of stable relis (i.e. with lifetimes longer than 1027 s) and next relis18



with lifetimes in the window 0:1 � 1012s. Note that for shorter lifetimes the onstraintsare non-existent, as long as the partile did not dominate the universe dynamis beforedeaying or produe a large amount of entropy, while for lifetimes between 1010 � 1027sbounds from CMB distortion [33℄ and from the measured photon di�use ux [34℄ apply,but will not be disussed here.5.1 Stable relisThe possibility of existene of some more exoti osmologial relis than the known lightelements stimulated many years ago the searh for exoti nulei in water and other ma-terials on the earth. Those searhes were unsuessful and provide a very strong limit onthe number density of any reli that would bind eletromagnetially with an eletron orin nulei, under the assumption that suh partiles are equally distributed in the Universeompared to baryons. If suh relis were present long before struture formation, it ishighly probable that they were trapped together with baryons when the universe's densitywas still nearly homogeneous, so that we an expet their number density not to be toostrongly dependent on the loal environment. Note that in any ase these bounds are sostrong that the possibility of suh a reli to be Dark Matter is ompletely exluded.The most reent onstraints are those obtained by [35℄ looking for anomalously heavyhydrogen in deep sea water, whih apply to an eletrially positively harged reli, andgive for masses 5 GeV � mX � 1:6 TeV:YX+ � 4� 10�17 YB = 3:5� 10�27  
Bh20:0223! (51)Taking into aount the gravitational e�et in deep sea, this orresponds to a onentrationof the order of 10�28 at sea level or equivalentlyYX+ � 0:9� 10�38  
Bh20:0223! ; (52)whih is omparable to other limits in the same mass range, [36℄. For larger masses up toa TeV, a slightly looser bound YX+=YB < 3�10�20 was found by [37℄, while for even largermasses 10 TeV � mX � 6� 104 TeV it weakens even further to YX+=YB < 7� 10�15, asgiven by [38℄, i.e. YX+ � 6� 10�25  
Bh20:0223! : (53)For eletromagnetially neutral, but oloured relis, the bounds are obtained fromonsidering heavier elements and are onsiderably weaker; using the results of [37℄ forCarbon, the limits are of the order YX+=YB � 4�8�10�20 formX = 0:1�1 TeV, reahing2� 10�16 at the largest mass onsidered 10 TeV. For larger masses mX � 100 TeV onlythe onstraint by [39℄ for lead is present, givingYX � 1:5� 10�13 YB = 1:3� 10�25  
Bh20:0223! : (54)We see that these onstraints are very strong. In order to reah even the weakest boundof YX � 10�25, the unitarity ross setion is way too weak and needs to be inreased at19



least by nine orders of magnitude, i.e.XJ (2J + 1) > 109 : (55)Therefore stable relis are allowed only if their interation does not belong to the StandardModel and they annot form exoti atoms/nulei or if their annihilation rate beomesmuh larger than the unitarity one as it an happen if they interat strongly and anform intermediate bound states. But in any ase, note that ross setions of the order�=�2QCD that an arise after the QCD phase transition are not suÆient to evade theseonstraints [31℄, so their interation would have to be stronger than QCD.5.2 Unstable relisDi�erent osmologial onstraints exist on the density of an unstable reli, depending onits lifetime. For lifetimes between 0:1 s and 1010 s, the strongest onstraints ome fromBig Bang Nuleosynthesis. In fat, if the reli deay injets very energeti partiles intothe thermal bath during BBN, it an hange the abundanes of the light elements. Sinestandard BBN agrees quite well with the primordial abundanes of Helium-4, Deuteriumand (within a fator of two) Lithium-7 inferred from present astronomial observations [9℄,the reli density has to be low enough not to hange those preditions too strongly. Thesee�ets are present for any deaying partile and have been studied in various papers(see [10, 40, 41, 42℄ and referenes therein). For lifetimes above 3000 s, orrespondingto the time of prodution of Lithium, additional onstraints are present if the reli iseletromagnetially harged and an form a bound state with positively harged nuleiinreasing the rates for Lithium-6 prodution [11℄. The Standard BBN predition forthe 6Li abundane is atually way too small ompared to the observed one, so that thepresene of a harged reli with appropriate lifetime an help reoniling BBN with themeasured abundanes of 6Li; 7Li [43℄, but we will disregard this possibility and onlyonentrate on the exlusion region.We summarise here the main results from various BBN analyses and give onservativebounds on the energy density of the deaying reli and ompare them with our om-putation of the reli density. Sine we are interested in esaping the BBN onstraints,we fous mainly on the strongest bounds, but we keep onservative values for the lightelement abundanes. Note that in many of the analysis slightly di�erent ranges for theseabundanes are onsidered, orresponding to slightly di�erent onstraints on the deayingreli.In general, the deay an produe very energeti SM partiles that an initiate eitherhadroni or eletromagneti showers in the plasma. The most stringent bounds are ob-tained for a reli that produes mostly hadroni showers, sine eletromagneti partileslike photons or eletrons an thermalise very quikly by interating with the tail of theCMB distribution until times of about 106 s. So we will onsider in the following theonstraints for relis produing hadroni showers with a branhing ratio BH = 1. Wewill omment later on the ase where this branhing ratio is smaller. There are thenpratially three regions of the lifetimes as disussed in [40℄:� 10�1 s � � � 102 s : the dominant e�et is the interonversion between protons andneutrons, that hanges the Helium abundane, overproduing it;20



� 102 s � � � 107 s: hadrodissoiation is the most eÆient proess and the boundome from the non-thermal prodution of Li and D;� 107 s � � � 1012 s: photodissoiation aused both by diret eletromagneti show-ers and by those generated by the daughter hadrons starts to dominate and theoverprodution of 3He is the main result.It is lear that these limits depend on the deay branhing ratio BH into hadrons forlifetimes � � 107 s, while they are independent of BH for longer lifetimes. In Table 1,we give onservative bounds taken from the general analysis of [40℄ for the three regions,assuming BH = 1. Similar onstraints were obtained independently also by [41℄. Notethat the bound for short lifetimes beomes approximately one order of magnitude weakerif one takes a more reent value of the 4He abundane as disussed in [42℄. Unfortunatelythis new publiation does not provide onstraints for a general reli, but disusses onlythe expliit ases of a bino neutralino or a right-handed stau.The limits we use an be parameterised asYX+ �X � 1:0� 10�13 � mX1TeV��0:3 for �X � 0:1� 102 s ; (56)YX+ �X � 1:1� 10�16 � mX1TeV��0:57 for �X � 102 � 107 s : (57)The assumption BH = 1 is surely valid if the deaying reli is oloured, while BH an bedi�erent if it is only eletromagnetially harged, as in the ase of the stau. If the branh-ing ratio into hadroni modes for the reli is less than one, the hadroni BBN bounds arerelaxed aordingly by a fator 1=BH . For intermediate lifetimes, then eletromagnetishowers an beome a more important e�et, but only if BH < 0:01.For eletromagnetially harged relis with lifetimes longer than about 3000 s and lowBH < 0:1� 0:01, strong bounds also ome from onsidering the atalysed overprodutionof 6Li [11℄. In fat when bound states between nulei and the reli an form suh as4HeX�, many nulear rate are modi�ed and hange the �nal abundane espeially of 6Liand 7Li. For partiles deaying after 5� 105s it has been argued that unertainties in thenulear rates make suh onstraints weaker than the general ones disussed above [44℄, sowe will onsider here atalysed BBN onstraints only for the intermediate lifetime range.Unfortunately, di�erent values for these bounds are given in the literature; in [45, 46℄they are found to be maximally at the level of YX� < 1:4 { 2�10�16, while the latest valuein [44℄ is maximally YX� < 10�14, taking a larger window for the ratio 6Li=7Li. Here wewill use as a onstraint the simple interpolation for the total yield 8YX+ �X � 8<: 2� 10�12 � �X3�103s��2 for �X �< 105s2� 10�15 for �X � 105s (58)that lies somewhat in between. The bounds from atalysed BBN do not apply for olouredsalar relis beause these should have a large branhing ratio into hadrons, suh that the`onventional' BBN bounds from hadroni showers are muh stronger. In passing notealso that up-type squarks would mostly hadronise into neutral fermioni mesons whihare lighter than the harged ones [30℄.8The atalysed BBN onstraints restrit only the abundane of the negatively harged partiles, butwe give here the onstraint for the total yield assuming 2YX� = YX+ �X .21



Maximal values of mXYX+ �X (GeV) allowed by BBNmX (TeV) 10�1 � 102 s 102 � 107 s 107 � 1012 s0:1 2� 10�11 5� 10�14 10�141 1� 10�10 10�13 10�1410 5� 10�10 3� 10�13 10�14Table 1: Maximal allowed values of mXYX+ �X in the di�erent region of lifetimes takenfrom Figures 38{40 of [40℄. We are assuming here that the energy released in StandardModel partiles is one half of mX as happens in a two body deay of the NLSP into LSPand the NLSP non-supersymmetri partner and that all the energy is released in hadrons.In general the strongest bound is for longer lifetimes and it is independent of mX and thehadroni branhing ratio. The bounds in the seond olumn ome from D, but the 6Liones, that are sometimes onsidered too strong [43℄, are not very far away.We summarise the onstraints in Fig. 7, whih shows our onservative bounds in theplane of total number density vs lifetime. Note that the onstraint from atalysed BBNare for the stau stronger than the hadroni ones for lifetimes longer than � 104 s andexlude a light stau NLSP with a 100 GeV gravitino LSP in the CMSSM [12℄.Comparing with Fig. 6, we see that even for a harged reli that an annihilate ef-�iently, the BBN bounds are very strong; in partiular the ase of a simple abelianinteration seems to be exluded for any harged reli whose lifetime is longer than 0.1 sand produes hadroni showers with BH = 1. For the oloured ase the situation is lesssevere, but even with the Sommerfeld enhanement, whih redues the yield substantially,it is not possible to evade the bounds ompletely. Still all masses above approximately50 GeV are exluded for lifetimes longer than 100 s, while for shorter lifetimes masses upto 700 GeV are allowed. A muh larger number of olours than three would be needed torelax all bounds. Even the unitarity ase reahes the strongest BBN onstraint at massesaround 700 GeV for 3 degrees of freedom or 1 TeV for a single one.6 Appliation to the MSSMUntil now we have onsidered the ideal ase that the reli partile has only one singleinteration. In realisti models, however, more than one interation { and hene morethan one annihilation hannel { is present, making the BBN bounds less stringent.In this setion, we disuss the onrete examples of a reli stau or stop in the MSSM.We use the MICROMEGAS pakage [47℄ to take into aount all relevant annihilationand o-annihilation hannels, but ompare also with the results for Yab or Ynab for the22
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Figure 9: BBN-exluded regions for a gravitino LSP in the plane m3=2 vs. m~� . On theleft a zoom on m~� = 50{500 GeV for Y~� = Yab (light grey ), Y~� = Yab=2 (medium grey)and Y~� = Yab=4 (dark grey). On the right for m~� = 0:1{10 TeV. Note that LEP exludedm~� � 99:4 GeV for a harged partile stable within the detetor [50℄.entral range omputed reently for the stau deay into tau, gravitino and a q�q pair, andwe refer to that result for a more detailed analysis [48℄. (A full omputation inluding amore omplete treatment of the hadroni deays of the tau for the ase of a right-handedstau has been given in [42℄.) We have then to apply the BBN bounds disussed in theprevious setion orreted by these branhing ratio fators, aording to the time of deay.Regarding the stau lifetime, this depends strongly on the nature of the LSP. For thease of the axino LSP, the deay rate is given by�(~�R ! �~a) = (25 s)�1�2 � m~�102 GeV�� m ~B102 GeV�2  1011 GeVfa !2  1� m2~am2~� ! (59)where m~a is the axino mass, m ~B is the Bino mass, fa is the Peei-Quinn sale, and � isa fator of order 1 taking into aount some unertainties in the loop omputation [49℄.Therefore only the weakest BBN bound applies and atually disappears ompletely forlarge stau mass: in fat even for the onservative ase m ~B = 1:1m~� and fa = 1011 GeV,the lifetime beomes shorter than 0.1 s for m~� � 590 GeV. We are here negleting thease of a strong degeneray between the stau and axino masses. We see therefore that foraxino LSP a very light stau is a viable possibility and, depending on the supersymmetrispetrum, only the mass window between 125=250� 590 GeV is possibly exluded by theBBN onstraints, as an be seen from Fig. 8. In that region however probably a moreproper omputation of the stau hadroni branhing ratio and its e�et in the early stagesof BBN is needed, as disussed in [42℄. In fat omparing our exlusion region with theirs,we �nd that their onstraints are muh weaker for short lifetimes, due to an up-datedvalue of the Helium abundane and a larger systemati error, allowing all the stau regionfor an axino LSP.
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For a gravitino LSP, the deay rate is given by [49℄�(~�R ! � ~G) = (5:9� 108 s)�1 � m~�100 GeV�5  100 GeVm3=2 !2  1� m23=2m2~� !4 ; (60)whih typially gives longer stau lifetimes than the axino ase. Figure 9 shows the BBN-exluded region in the m3=2 vs m~� plane. We onsider a number density Y~� equal to1/2 and 1/4 times Yab to aount for the possible variation depending on m ~B. As anbe seen, to avoid all bounds we need either a very light gravitino in the MeV range form~� � O(100) GeV, or a very heavy stau, e.g. m~� �> 1:4 TeV (9 TeV) for m3=2 = 1 GeV(100 GeV), orresponding to a stau lifetime shorter than 0:1 s. On the other hand, form~� � 100{250 GeV and a lifetime longer than 100 s, BH � 10�3 an bring the e�etiveyield below the bound of mY � 5 � 10�14 required by hadroni showers. Last but notleast, note that the onstraint from atalysed BBN beomes stronger than the hadroniones for lifetimes longer than about 104 s and exludes a light stau NLSP for gravitinomasses above 10-100 GeV.6.2 Reli stopTo disuss the ase of a reli stop, we assume that only ~tR is light while all other SUSYpartiles are heavy and deouple. Moreover, we assume that the light Higgs is SM-likewith a mass of mh = 115 GeV, and that the other Higgs bosons are also heavy and donot ontribute to the stop annihilation.Results for the yield as a funtion of the stop mass are shown in Fig. 10. Let us �rstdisuss the left plot, Fig. 10(a), whih shows the yield at leading order (LO). Here the fullline is the pure QCD result, Ynab for SU(3), without Sommerfeld orretion. As an beseen, ~t~t� ! gg alone is eÆient enough to avoid the BBN onstraints up to stop massesof about 700 GeV. In the full theory, the stop an also annihilate into other partiles,in partiular into EW gauge and Higgs bosons. The yield for the QCD+EW ase, stillassuming heavy spartiles, is shown as the dashed line in Fig. 10(a). The dip at m~t � 120GeV is due to the onset of ~tR~t�R ! hh. Other important hannels are annihilation intoW+W� and g, ontributing about 10% eah to the total annihilation ross setion form~t �> 200 GeV. Annihilation into ZZ ontributes about 5%. Annihilation into top quarksis suppressed by the heavy gluino mass, and also by mt. However, if m~t > 200 GeVand m~g � 2m~t, ~tR~tR ! tt further redues the yield by 10{20%. This is shown as thedash-dotted line in Fig. 10(a). All in all, annihilation into gluons is, however, always thedominant hannel, ontributing at least 50%. We therefore take Ynab=2 as a rough limit,whih is shown as the dotted line in Fig. 10(a). Comparing with the BBN onstraints wesee that a reli ~tR with a lifetime of 0.1{100 s an be in agreement with BBN even forhigh masses of about 1 TeV.The impat of the Sommerfeld enhanement is illustrated in Fig. 10(b) for the ase~t~t� ! gg. As an be seen, taking the averaged Sommerfeld fator of CavSU(3) = 11=42 ineq. (29) redues the LO yield by roughly a fator of 2, while a summed fator aordingto eq. (34) redues the LO yield by roughly a fator of 3. These results are in qualitativeagreement with those of [20℄, that onsidered the Sommerfeld orretion in the neutralino-stop oannihilation region. Here note that for olour-singlet hannels like, for instane,~t~t� !W+W� a fator of C = 4=3 applies, hene leading to even larger enhanement. We26
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200 400 600 800 1000
mt
� @GeVD

-4

-3

-2

-1

0

1

Lo
g

m
3
�2
@G

eV
D 0.1 s

100 s
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fundamental representation of SU(N) (N > 100 for mX � 10 TeV) or for ross setionsnearly ful�lling the unitarity bound. For the ases of SM gauge groups, the allowed regionsonly orrespond to very light reli masses, where the number density is low enough, orto suÆiently heavy reli masses so that the deay takes plae in the �rst stages of BBN.The latter allowed region depends strongly on the reli deay hannel, and, in ase ofa gravitino LSP with onserved R-parity, also on the gravitino mass. Let us mentionhere that if R-parity is just marginally broken, the NLSP an deay with shorter lifetimethrough R-parity violating hannels and the BBN onstraints an be easily evaded forany NLSP while keeping the gravitino LSP as Dark Matter [53℄.More spei�ally, for the stau NLSP the light mass window has nearly ompletely beenexluded by diret searhes at LEP, even if the annihilation ross-setion is maximal �4�(~� ~� � ! ), unless the gravitino is lighter than a few tens of GeV, while the large massregion is unfortunately out of reah at the LHC for gravitino masses m3=2 > 100GeV. Thedetetion of a quasi-stable stau at the LHC would then point to a senario with relativelylight gravitino mass, R-parity breaking or an axino LSP and ould probably exlude thegravity mediated supersymmetry breaking senario. In that ase the determination ofthe stau lifetime and its deays will beome ruial in distinguishing the di�erent LSPs[7, 49℄.The stop ase is muh less onstrained thanks to the stronger annihilation ross-setion, even if in this ase the deay always produes mainly hadrons. We have pratiallyno onstraints if the LSP is an axino and even for a gravitino LSP, we an allow forrelatively light stops up to approximately 700 GeV (1 TeV for lifetimes below 107 s), ifthe annihilation ross setion reahes the unitarity one after the QCD phase transition.The window between the present Tevatron bound around 250 GeV and 1 TeV should besurely ompletely overed by the LHC, the signature being a quasi-stable heavy fermionimeson. The detetion of suh a state would all for a non-minimal SUSY breaking setorwith a oloured NLSP and a very weakly interating LSP. In this ase again only theanalysis of the stop deays would allow to distinguish between the lightest states.AknowledgementsWe thank Nans Baro, Fawzi Boudjema, Lane Dixon, Koihi Hamaguhi, Wolfgang Kilian,Tom Rizzo, Masato Senami and Iain Stewart for useful disussions and ommuniations.We thank speially Alexander Pukhov for valuable help with implementing the Sommer-feld enhanement in Miromegas.CFB's work is supported in part by funds provided by the U.S. Department of Energy(D.O.E.) under ooperative researh agreement DE-FC02-94ER40818 and by the NationalSiene Foundation under Grant No. PHY05-51164.LC would like to thank the Institute of Theoretial Physis of the Warsaw Univer-sity for their hospitality during part of this work; the visit was supported by a MariaCurie Transfer of Knowledge Fellowship of the European Community's Sixth FrameworkProgramme under ontrat number MTKD-CT-2005-029466 (2006-2010). LC also a-knowledges the support of the "Impuls- und Vernetzungsfond" of the Helmholtz Assoia-tion under the ontrat number VH-NG-006 and of the European Network of TheoretialAstropartile Physis ILIAS/N6 under ontrat number RII3-CT-2004-506222.This work is also part of the Frenh ANR projet ToolsDMColl, BLAN07-2-194882.29



A Annihilation into massless SU(N) gauge bosonsA.1 Amplitudes for the annihilationWe onsider the ase of one partile and antipartile in the representation T ai and itsonjugate, with momenta p1; p2 and mass m annihilating into two massless gauge bosonswith group indies a; b, momenta p3; p4 and Lorentz indies �; � respetively.The proess has four di�erent ontributions, orresponding to the following four Feyn-man diagrams:t partile exhange in the t-hannel desribed by the amplitudeA��t = ig2N �T bT a�ji (2p1 � p3)�(2p2 � p4)�t�m2 ; (62)u partile exhange in the u-hannel desribed by the amplitudeA��u = ig2N �T aT b�ji (2p1 � p4)�(2p2 � p3)�u�m2 ; (63)note that this ontribution is idential to the t-hannel under interhange of a$ b,�$ �, (p3; t)$ (p4; u);4 supersymmetri four-salar oupling giving the amplitude:A��4 = ig2N nT a; T boji g�� ; (64)this ontribution is symmetri in the exhange of a; b and therefore also �; �;s o�-shell gauge boson in the s-hannel deaying into two bosons via the non-abelianinteration:A��s = �ig2N hT a; T biji 1s [g��(t� u)� (2p4 + p3)�(p1 � p2)�+(p1 � p2)�(2p3 + p4)�℄ ; (65)this ontribution is ompletely antisymmetri under the exhange of the gaugebosons group indies and therefore also under the exhange of their momenta andLorentz indies.For onveniene, we an then separate the amplitude into symmetri and antisymmet-ri part in olours a; b; then the interferene between the two parts vanishes. UsingT aT b = 12 nT a; T bo+ 12 hT a; T bi (66)we have thenA��sym = ig2N2 nT a; T boji "(2p1 � p3)�(2p2 � p4)�t�m2 + (2p1 � p4)�(2p2 � p3)�u�m2 + 2g��#(67)30



and A��asym = ig2N2 hT a; T biji "�(2p1 � p3)�(2p2 � p4)�t�m2 + (2p1 � p4)�(2p2 � p3)�u�m2�2g��(t� u)� (2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�s # : (68)In the Boltzmann equation, we have to insert the averaged ross-setion, so �rst we haveto sum over all the �nal and initial states, i.e. sum over the gauge bosons polarisationsand over all the group indies.A.2 The matrix elementThe omputation for the symmetri piee is straightforward:jAsymj2 = g4N j nT a; T boji j2 "(t+m2)2(t�m2)2 + (u+m2)2(u�m2)2 + 12 (s� 4m2)2(t�m2)(u�m2)+4 + s=2� 4m2 � 2(t�m2)t�m2 + s=2� 4m2 � 2(u�m2)u�m2 # (69)= 4g4N j nT a; T boji j2 "12 + 2m4(t�m2)2 + 2m2t�m2  1� 2m2s !# : (70)In the antisymmetri part instead we have to take into aount ghost subtration andthe total result isjAasymj2 = g4N j hT a; T biji j2 "(t+m2)2(t�m2)2 + (u+m2)2(u�m2)2 � 4�12 (s� 4m2)2(t�m2)(u�m2) + 2(t� u)2s2 + 16m2s+(t� u)(3=2s� t� 3m2) + 2(s� 4m2)(u�m2)s(t�m2)+(u� t)(3=2s� u� 3m2) + 2(s� 4m2)(t�m2)s(u�m2) # (71)= 4g4N j hT a; T biji j2 "(t� u)22s2 + 4m2s + 2m4(t�m2)2+ 2m2t�m2  1 + 2m2s !# : (72)So for the total matrix element we havejMj2 = 4g4N (j nT a; T boji j2 "12 + 2m4X(t�m2X)2 + 2m2Xt�m2X  1� 2m2Xs !#+j hT a; T biji j2 "12 (s+ 2(t�m2X))2s2 + 4m2Xs + 2m4X(t�m2X)2+ 2m2Xt�m2X  1 + 2m2Xs !#) : (73)and the ross setion is given in eq. (16). 31



A.3 Comparison with QCD resultFor the ase of SU(3) we have Xa;b;i;j ��� nT a; T boji ���2 = 283 (74)and Xa;b;i;j ��� hT a; T biji ���2 = 12 Xa;b; f 2ab = 12 : (75)So after the sum over olours, we getjMj2 = 4g43 "143 + 6(t� u)2s2 + 48m2s + 2m4(t�m2)2 �283 + 12�+ 2m2t�m2  283 + 12 + 2m2s ��283 + 12�!# (76)= 4g43 "323 + 24t�m2s + 24(t�m2)2s2 + 48m2s+1283 m4(t�m2)2 + 1283 m2t�m2  1 + 14m2s !# : (77)This result oinides with the one given in the literature for the QCD ase [26℄. Com-pare in general with [26℄:jM(gg! ~q�~q)j2 = 4nfg43 "C0  1� 2(t�m2)(u�m2)s2 !� CK#� (78)� "1� 2 sm2(t�m2)(u�m2)  1� sm2(t�m2)(u�m2)!#= 4nfg43 "C0 � CK + 2C0 t�m2s + 2C0 (t�m2)2s2+4C0m2s + 4(C0 � CK) m4(t�m2)2+4 m2t�m2  C0 � CK + 2CKm2s !# (79)using again the symmetry in u$ t and eliminating u.We have also thatC0 = Xa;b; f 2ab = N(N2 � 1) = 24 CK = N2 � 1N = 83 (80)and for a single RH stop, we must use 2nf = 1. Then we getjM(gg! ~tR �~tR)j2 = 4g43 "323 + 24t�m2s + 24(t�m2)2s2 + 48m2s+1283 m4(t�m2)2 + 1283 m2t�m2  1 + 14m2s !# ; (81)32



whih oinide with our result above eq. (77).Now integrate over t and obtain�(m; s) = 32 4��23s� 4m2 24s1� 4m2s  524 + 3112m2s !+43m2s  1 + 14m2s ! log0�1�q1� 4m2s1 +q1� 4m2s 1A35 ; (82)whih oinides with [26℄ allowing for the exhange of initial and �nal state (s� 4m2 ! sin the denominator) and the initial state averaging, i.e. a fator of 1/64 for the two gluonsinitial state.B Annihilation into SU(2)L gauge bosonsAnother important hannel of annihilation for light stops or staus is into EW gauge bosons.Let us onsider �rst the pure SU(2)L ase, negleting the gauge boson masses, but witha split SU(2) multiplet. We onsider here the ase of one left-handed spartile and oneleft-handed antispartile of momenta p1; p2, mass m1 and SU(2) index 1, annihilating into2 gauge bosons of SU(2)L index i; j, momenta p3; p4 and Lorentz indies �; � respetively.Then we an diretly use the result for SU(N), only taking into aount that T a ! �i=2,with �i denoting the Pauli matries, and that in this ase we have an initial state madeof the upper omponents of the SU(2)L doublet, while the lower omponent is exhangedin the t- and u-hannel and an have a di�erent mass m2.We have then for the two amplitudes, symmetri and antisymmetri in the group andLorentz indies,A��sym = ig228 n�i; �jo11 "(2p1 � p3)�(2p2 � p4)�t�m22 + (2p1 � p4)�(2p2 � p3)�u�m22 + 2g��#(83)and A��asym = ig228 [�i; �j℄11 "�(2p1 � p3)�(2p2 � p4)�t�m22 + (2p1 � p4)�(2p2 � p3)�u�m22�2g��(t� u)� (2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�s # : (84)To ompute the annihilation ross setion, we have to sum over all the �nal states andinitial states; this means that we have to sum over the W polarisations and over theSU(2)L indies i; j, but in this ase the initial state group indies are �xed.The symmetri piee givesjAsymj2 = g4216 j n�i; �jo11 j2 "(t +m21)2(t�m22)2 + (u+m21)2(u�m22)2 + 12 (s� 4m21)2(t�m22)(u�m22)+4 + s=2� 4m21 � 2(t�m21)t�m22 + s=2� 4m21 � 2(u�m21)u�m22 # (85)33



= g424 j n�i; �jo11 j2 "12 + 12 (m21 +m22)2(t�m22)2 (86)+ 1t�m22  3m22 +m212 � (m21 +m22)2s+ 2m22 � 2m21!# :In the antisymmetri part instead givesjAasymj2 = g4216 j[�i; �j℄11j2 " (t+m21)2(t�m22)2 + (u+m21)2(u�m22)2 � 4 (87)�12 (s� 4m21)2(t�m22)(u�m22) + 2(t� u)2s2 + 16m21s+(t� u)(3=2s� t� 3m21) + 2(s� 4m21)(u�m21)s(t�m22)+(u� t)(3=2s� u� 3m21) + 2(s� 4m21)(t�m21)s(u�m22) #= g424 j[�i; �j℄11j2 "(t� u)22s2 + 5m21 �m22s + 12 (m21 +m22)2(t�m22)2 (88)+ 1t�m22  m22 + 3m212 + (m22 +m21)2s+ 2m22 � 2m21 � (m22 �m21)2s !# :B.1 SU(2)L sum and total matrix elementIn this ase the sum over the indies i; j is simple. We have thatXi;j 14 j n�i; �jo11 j2 = Xi;j 14 j2Æji I11j2 =Xi Æii = 2 + 1 (89)where we have onsidered the annihilation into W 1;2 separately from that into W3. Infat the intermediate partile has a di�erent mass in the two ases.On the other hand the antisymmetri produt givesXi;j 14 j[�i; �j℄11j2 = Xi;j 14 j2�ijk�k11j2 =Xi;j j�ij3j2 = 2 (90)sine in this ase only W 3 an be exhanged in the s-hannel for W 1;2 in the �nal state.Then the matrix element for annihilation into W 1;2 gauge bosons is given byjMW12j2 = g42 "1 + (t� u)2s2 + 10m21 � 2m22s + 2(m21 +m22)2(t�m22)2 (91)+ 4t�m22  m22 +m21 � (m22 �m21)22s !# ;while the annihilation into W 3 has only the abelian ontribution with the presene of asingle mass m1 jMW3j2 = g42 "12 + 2m41(t�m21)2 + 2m21t�m21  1� 2m21s !# :34



The ross setion for the �rst ase is then�W12 = 2��22s� 4m21 24s1� 4m21s  23 + 133 m21s � m22s + (m21 +m22)2sm22 + (m22 �m21)2!+2 m22 +m21s � (m22 �m21)22s2 !�� log0�s+ 2(m22 �m21)�qs(s� 4m21)s+ 2(m22 �m21) +qs(s� 4m21)1A35 ; (92)while the annihilation into W 3 is idential to the abelian one in eq. (9) for eX = 1=2.B.2 Annihilation into physial W+W�Let us now onsider the ase of a broken SU(2)L symmetry like the Standard Modeland massive gauge bosons whih mix to give the physial W+;W�; Z; . At the sametime let us onsider a general initial state given by the light stau mass eigenstate ~�1 =~�L os �~� + ~�R sin �~� and its antipartile. In this ase the intermediate partile exhangedin the t- and u-hannel an be only a left-handed sneutrino and therefore we an negletthe mixing for the intermediate state.Then the annihilation into W+W� is given by the following hannels:t sneutrino exhange in the t-hannel desribed by the amplitudeA��t = ig222 os2 �~� (2p1 � p3)�(2p2 � p4)�t�m2~� ; (93)u NO u-hannel sine W+ and W� are di�erent partiles !4 supersymmetri four-salar oupling giving the amplitude:A��4 = ig222 os2 �~�g�� ; (94)this ontribution is symmetri in the exhange of �; �;s o�-shell Z= in the s-hannel deaying into twoWW via the non-abelian interation:A��s = ig222 os2 �~�  1� 43 sin2 �Wos2 �~t ! 1s�M2Z [g��(t� u) (95)�(2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�℄+ie2 23 1s [g��(t� u)� (2p4 + p3)�(p1 � p2)�+(p1 � p2)�(2p3 + p4)�℄= ig222 os2 �~�  1� 43 sin2 �Wos2 �~� M2Zs ! (96)g��(t� u)� (2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�s�M2Z ;35



this ontribution is ompletely antisymmetri under the exhange of the W momentaand Lorentz indies. Note that the photon ontribution is proportional to e2 =g22 sin2 �W and anels exatly with the seond term due to the Z-boson in thease of equal mass. In that limit in fat the U(1)Y fator deouples and does notpartiipate in the non-abelian interation.s-H o�-shell h=H in the s-hannel deaying into twoWW via the non-abelian interation;in this ase we have to onsider both neutral Higgses:A��sH = ig222 os2 �~�g��M2Ws " CHss�M2H + Chss�M2h # ; (97)where CH=h is oming from the produt of the oupling of the staus to the Higgsesand of the Higgses to the WW pair. These onstants depend on the whole SUSYbreaking parameters. For the staus these ouplings are probably negligible. Wehave in fatCH=h = (Z1H=h)2 � (Z2H=h)2 tan2 �(1 + tan2 �) os4 �W �1� 43 sin2 �W (1� tan2 �~� )�+4 Y 2� tan�Z2H=h(Z1H=h + Z2H=h tan �)g22 os2 �W (1 + tan2 �) �1 + tan2 �~��� tan �~� p2(Z1H=h + Z2H=h tan�)g2 os2 �WMWq1 + tan2 � �� �Z2H=hA� + Z1H=h(A0� + �?Y� ) + h::� ; (98)where Z is the matrix whih diagonalises the Higgs mass matrix, Y� is the tauYukawa oupling, A� ; A0� are the SUSY breaking trilinear terms and � the Higgssupersymmetri mass parameter. This ontribution is suppressed by M2W=s forlarge s. We an inlude it easily into the 4-vertex ontribution by substituting1! 1 + CHM2Ws�M2H + ChM2Ws�M2h = 1 +KH(s) : (99)Now we an write the t-hannel as the sum of a symmetri and antisymmetri part,adding and subtrating a �titious u-hannel, as(2p1 � p3)�(2p2 � p4)�t�m2~� = 12 "(2p1 � p3)�(2p2 � p4)�t�m2~� + (2p1 � p4)�(2p2 � p3)�u�m2~� #+ 12 "(2p1 � p3)�(2p2 � p4)�t�m2~� � (2p1 � p4)�(2p2 � p3)�u�m2~� #(100)so that we an make ontat with the previous omputation and �nd for the symmetriand antisymmetri amplitudes respetively:A��sym = +ig224 os2 �~� "(2p1 � p3)�(2p2 � p4)�t�m2~�+(2p1 � p4)�(2p2 � p3)�u�m2~� + 2g��(1 +KH(s))# (101)36



and A��asym = ig224 os2 �~� "(2p1 � p3)�(2p2 � p4)�t�m2~� (102)�(2p1 � p4)�(2p2 � p3)�u�m2~� + 2 (1�GZ(s))��g��(t� u)� (2p4 + p3)�(p1 � p2)� + (p1 � p2)�(2p3 + p4)�s�M2Z # :where GZ(s) = 43 sin2 �Wos2 �~� M2Zs vanishes in the limit of zero Z mass. This oinides withthe previous result for KH ; GZ;MZ = 0, a part for a sign, whih just orresponds inexhanging i$ j.B.3 Polarisation sumThe sum over the W polarisation in this ase is given by the polarisation tensor���0 = �g��0 + p�3p�03M2W (103)where p3 is the gauge boson momentum.We have then for the matrix elementjMj2 = A���A�� � jp�3A�� j2M2W � jp�4A��j2M2W + jp�3p�4A�� j2M4W ; (104)in this ase neither amplitude vanishes when ontrated with the gauge boson's momen-tum. Note that the seond and third ontributions are related again by the symmetryp3 $ p4; � $ � and are equal sine the �nal state has two partile with the same mass.B.4 Symmetri partWe must ompute the four ontributions, and we have thenA���A�� = g42 os4 �~�2 "1 + (m2~� +m2~� �M2W=2)2(t�m2~�)2 + 2KH(s)(1 +KH(s)) (105)+12 1t�m2~� �4(m2~� +m2~� )� 2M2W + s� 4(m2~� +m2~� ) + 2M2W� (s� 4m2~� +M2W )2s+ 2(m2~� �m2~� �M2W ) +KH(s)(s� 4m2~� � 4m2~� + 2M2W )!#= g42 os4 �~�2 "1 + (m2~� +m2~� �M2W=2)2(t�m2~�)2 + 2KH(s)(1 +KH(s)) (106)+ 1t�m2~�  m2~� + 3m2~� � 2M2W � 12 (2m2~� + 2m2~� � 3M2W )2s+ 2(m2~� �m2~� �M2W )+KH(s)2 (s� 4m2~� � 4m2~� + 2M2W )!# ;whih in the limit of vanishing MW and m~� = m~� oinides with our old result.37



The other piees give insteadjp�3A�� j2M2W + jp�4A��j2M2W = g42 os4 �~�4 "(m2~� �m2~� )2M2W  2m2~� + 2m2~� �M2W(t�m2~�)2 (107)+ 2t�m2~� 2m2~� + 2m2~� � 3M2W )2s + 2(m2~� �m2~� �M2W )!�4KH(s)m2~� �m2~�M2W  1 + m2~� �m2~� + s=2t�m2~� !+ 2K2H(s)#and the last part:jp�3p�4A�� j2M4W = g42 os4 �~�4 "(m2~� �m2~� )2M4W  1 + 12 (m2~� �m2~� )2(t�m2~�)2 (108)+2m2~� �m2~�t�m2~�  1� 14 m2~� �m2~�s+ 2(m2~� �m2~� +M2W )!!+KH(s)m2~� �m2~�M2W  sM2W � 2! 1 + m2~� �m2~�t�m2~� !+14K2H(s) sM2W � 2!235 :Both these ontributions vanish in the limit of equal stau and sneutrino masses and zerogauge boson mass as they should.So summing all together the result isjMsymj2 = g42 os4 �~�2 "1 + (m2~� +m2~� �M2W=2)2(t�m2~�)2 (109)+ 1t�m2~�  m2~� + 3m2~� � 2M2W � 12 (2m2~� + 2m2~� � 3M2W )2s+ 2(m2~� �m2~� �M2W )!� (m2~� �m2~� )2M2W (t�m2~�)  m2~� +m2~� �M2W=2t�m2~� + 2m2~� + 2m2~� � 3M2Ws+ 2(m2~� �m2~� �M2W )!+12 (m2~� �m2~� )2M4W  1 + 12 (m2~� �m2~� )2(t�m2~�)2+2m2~� �m2~�t�m2~�  1� 14 m2~� �m2~�s+ 2(m2~� �m2~� +M2W )!!+KH(s) 2� 3m2~� �m2~�M2W + s2M2W m2~� �m2~�M2W !+KH(s)t�m2~� �s2 � 2m2~� � 2m2~� +M2W�m2~� �m2~�M2W  s+ 3(m2~� �m2~� )(1� s2M2W )!!+K2H(s) 72 � s2M2W + s28M4W !# :Note that the in the limit of large s, sKH(s) remains �nite and therefore there is noproblem with unitarity. 38



B.5 Antisymmetri partThe antisymmetri piee is more involved. We haveA���A�� = g42 os4 �~�4 "2 + 2(m2~� +m2~� �M2W=2)2(t�m2~�)2 (110)+ 1t�m2~�  4(m2~� +m2~� )� 2M2W + (s� 4m2~� +M2W )2s+ 2(m2~� �m2~� �M2W )!+(1�GZ(s))2 5=2(t� u)2 � 4(s� 4m2~� )(s+M2W=2)(s�M2Z)2� (1�GZ(s)) 2(t� u) + 4(s� 4m2~� )s�M2Z+(1�GZ(s)) (t� u)(3s� 2m2~� � 6m2~� + 2M2W )(s�M2Z)(t�m2~�)� (1�GZ(s)) 4(s+m2~� �m2~� )(s� 4m2~� )(s�M2Z)(t�m2~�) #whih in the limit of vanishing MW ;MZ and m~� = m~� oinides with our old result.The other piees give insteadjp�3A��j2M2W + jp�4A�� j2M2W = g42 os4 �~�2 � (111)� "12 (t� u)2(s�M2Z)2 (1�GZ(s)) M2ZM2W � 12 �GZ(s) sM2W � 12!!�(s� 4m2~� )M2W(s�M2Z)2  M2ZM2W � 1�GZ(s)( sM2W � 1)!2�m2~� �m2~�s�M2Z t� u� 2(s� 4m2~� )t�m2~�  M2ZM2W � 1�GZ(s)( sM2W � 1)!� (m2~� �m2~� )2M2W (s�M2Z) (1�GZ(s)) t� ut�m2~�+ (m2~� �m2~� )2M2W (t�m2~�)  1 + s� 4m2~� +M2Ws+ 2(m2~� �m2~� �M2W ) + m2~� +m2~� �MW=2t�m2~� !# ;in the limit of vanishing m2~� �m2~� ;MZ ;MW masses keeping MZ=MW ! 1 we havejp�3A�� j2M2W + jp�4A�� j2M2W ! g42 os4 �~�4 (t� u)22s ; (112)as expeted from the QCD result.The last part gives insteadjp�3p�4A�� j2M4W = g42 os4 �~�16M4W " (t� u)2(s�M2Z)2 �M2Z �GZ(s)s�2 (113)�4(m2~� �m2~� )2 t� u(t�m2~�)(s�M2Z) �M2Z �GZ(s)s�+2(m2~� �m2~� )4(t�m2~�)  1(t�m2~�) + 2 1s+ 2(m2~� �m2~� �M2W )!# :39



Note that this ontribution does not vanish in the limit of equal stop and sbottom massesand massless gauge bosons.In fat keeping MZ=MW ! 1, we havejp�3p�4A�� j2M4W ! g42 os4 �~�8 (t� u)22s ; (114)whih gives the annihilation into the Goldstone part of the Higgs �eld.We an now put all together to givejMasymj2 = g42 os4 �~�2 "1 + (m2~� +m2~� �M2W=2)2(t�m2~�)2 (115)+ 1t�m2~�  2(m2~� +m2~� )�M2W + 12 (s� 4m2~� +M2W )2s+ 2(m2~� �m2~� �M2W )!+12 (1�GZ(s))2 5=2(t� u)2 � 4(s� 4m2~� )(s+M2W=2)(s�M2Z)2� (1�GZ(s)) (t� u) + 2(s� 4m2~� )s�M2Z+12 (1�GZ(s)) (t� u)(3s� 2m2~� � 6m2~� + 2M2W )(s�M2Z)(t�m2~�)� (1�GZ(s)) 2(s+m2~� �m2~� )(s� 4m2~� )(s�M2Z)(t�m2~�)� (t� u)22(s�M2Z)2 (1�GZ(s)) M2ZM2W � 12 �GZ(s) sM2W � 12!!+M2W (s� 4m2~� )(s�M2Z)2  M2ZM2W � 1�GZ(s)( sM2W � 1)!2+m2~� �m2~�s�M2Z  M2ZM2W � 1�GZ(s)( sM2W � 1)! t� u� 2(s� 4m2~� )t�m2~�+ (m2~� �m2~� )2M2W (s�M2Z) (1�GZ(s)) t� ut�m2~�� (m2~� �m2~� )2M2W (t�m2~�)2 �m2~� +m2~� �MW=2�� (m2~� �m2~� )2M2W (t�m2~�)  1 + s� 4m2~� +M2Ws+ 2(m2~� �m2~� �M2W )!+ (t� u)28(s�M2Z)2  M2ZM2W �GZ(s) sM2W !2�12 (m2~� �m2~� )2M2W t� u(t�m2~�)(s�M2Z)  M2ZM2W �GZ(s) sM2W !+14 (m2~� �m2~� )4M4W (t�m2~�)  1(t�m2~�) + 2 1s+ 2(m2~� �m2~� �M2W )!# :Note that to redue these expressions in terms of only the t variable, we have used thesimple deompositions, i.e. from s+ t+ u = 2m2~t + 2M2W one obtains1(t�m2~�)(u�m2~�) = � 1s + 2(m2~� �m2~� �M2W )  1t�m2~� + 1u�m2~�! : (116)40



B.6 Results for the ross setionWe an integrate the matrix element to obtain the ross setion in the two ases:�sym(s) = g42 os4 �~�32�(s� 4m2~� )vuut 1� 4m2~�s ! 1� 4M2Ws !"1 + 12 (m2~� �m2~� )2M4W+ (m2~� +m2~� �M2W=2)2m2~�(s+m2~� � 2m2~� � 2M2W ) + (m2~� �M2W )2�� 1� (m2~� �m2~� )2M2W (2m2~� + 2m2~� �M2W )!2+KH(s) 2� 3m2~� �m2~�M2W + s2M2W m2~� �m2~�M2W !+K2H(s) 72 � s2M2W + s28M4W !+ Ln(s)q(s� 4m2~� ) (s� 4M2W ) �m2~� + 3m2~� � 2M2W�12 (2m2~� + 2m2~� � 3M2W )2s+ 2(m2~� �m2~� �M2W ) � (m2~� �m2~� )2M2W 2m2~� + 2m2~� � 3M2Ws+ 2(m2~� �m2~� �M2W )+(m2~� �m2~� )3M4W  1� 14 m2~� �m2~�s+ 2(m2~� �m2~� �M2W )!+KH(s) s2 � 2m2~� � 2m2~� +M2W � s(m2~� �m2~� )M2W�3(m2~� �m2~� )2M2W  1� s2M2W !!!# :where Ln(s) = ln24s+ 2(m2~� �m2~� �M2W )�q(s� 4m2~� ) (s� 4M2W )s+ 2(m2~� �m2~� �M2W ) +q(s� 4m2~� ) (s� 4M2W )35 (117)The antisymmetri part gives instead:�asym(s) = g42 os4 �~�32�(s� 4m2~� )vuut 1� 4m2~�s ! 1� 4M2Ws !� (118)� "1 + (1�GZ(s)) s� 2m2~� + 2m2~� + 2M2Ws�M2Z� (1�GZ(s))2 (s� 4m2~� )(2s+M2W )(s�M2Z)2+M2W (s� 4m2~� )(s�M2Z)2  M2ZM2W � 1�GZ(s)( sM2W � 1)!2+2m2~� �m2~�s�M2Z  M2ZM2W � 1�GZ(s)( sM2W � 1)!41
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