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Light baryon masses with two dynamial twisted massfermions
C. Alexandrou(a), R. Baron(b), B. Blossier(), M. Brinet(d), J. Carbonell(d), P. Dimopoulos(e),V. Drah(d), F. Farhioni(f), R. Frezzotti(e), P. Guihon(b), G. Herdoiza(), K. Jansen(), T. Korze(a),G. Koutsou(a), Z. Liu(h), C. Mihael(g), O. P�ene(h), A. Shindler(g), C. Urbah(j),U. Wenger(i)(a) Department of Physis, University of Cyprus, P.O. Box 20537, 1678 Niosia, Cyprus(b)CEA-Salay, IRFU/Servie de Physique Nul�eaire, 91191 Gif-sur-Yvette, Frane() NIC, DESY, Zeuthen, Platanenallee 6, D-15738 Zeuthen, Germany(d) Laboratoire de Physique Subatomique et Cosmologie, UJF/CNRS/IN2P3, 53 avenue des Martyrs, 38026 Grenoble, Frane(e) Dip. di Fisia, Universit�a di Roma Tor Vergata and INFN, Sez. di Roma Tor Vergata, Via della Riera Sienti�a, I-00133 Roma,Italy(f) Universit�at M�unster, Institut f�ur Theoretishe Physik, Wilhelm-Klemm-Strasse 9, D-48149 M�unster, Germany(h) Laboratoire de Physique Th�eorique (Bât. 210), Universit�e de Paris XI,CNRS-UMR8627, Centre d'Orsay, 91405 Orsay-Cedex, Frane(g) Theoretial Physis Division, Dept. of Mathematial Sienes, University of Liverpool, Liverpool L69 7ZL, UK(j) Humboldt Universit�at zu Berlin, Fahbereih Physik, Inst. fur Elementarteilhenphysik, Newtonstr. 15, D-12489 Berlin, Germany(i) Institute for Theoretial Physis, ETH Z�urih, CH-8093 Z�urih, SwitzerlandWe present results on the mass of the nuleon and the � using two dynamial degenerate twistedmass quarks and the tree-level Symanzik improved gauge ation. The evaluation is performed atfour quark masses orresponding to a pion mass in the range of about 300-600 MeV on lattiesof 2.1-2.7 fm at three lattie spaings less than 0.1 fm. We hek for ut-o� e�ets by evaluatingthese baryon masses on latties of spatial size 2.1 fm at � = 3:9 and � = 4:05 and on a lattie of2.4 fm at � = 3:8. The values we �nd are ompatible within our statistial errors. Lattie resultsare extrapolated to the physial limit using ontinuum hiral perturbation theory. Performing aombined �t to our lattie data at � = 3:9 and � = 4:05 we �nd a nuleon mass of 963� 12(stat:)�8(syst:) MeV where we used the lattie spaings determined from the pion deay onstant to onvertto physial units. The systemati error due to the hiral extrapolation is estimated by omparingresults obtained at O(p3) and O(p4) heavy baryon hiral perturbation theory. The nuleon mass atthe physial point provides an independent determination of the lattie spaing. Using heavy baryonhiral perturbation theory at O(p3) we �nd a�=3:9 = 0:0889� 0:0012(stat:)� 0:0014(syst:) fm, anda�=4:05 = 0:0691 � 0:0010(stat:) � 0:0010(syst:) fm, in good agreement with the values determinedfrom the pion deay onstant. Using results from our two smaller latties spaings at onstantr0m� we estimate the ontinuum limit and hek onsisteny with results from the oarser lattie.Results at the ontinuum limit are hirally extrapolated to the physial point. Isospin violating
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1lattie artifats in the �-system are found to be ompatible with zero for the values of the lattiespaings used in this work. Performing a ombined �t to our lattie data at � = 3:9 and � = 4:05we �nd for the masses of the �++;� and �+;0 1315 � 24(stat:) MeV and 1329 � 30(stat:) MeVrespetively. We on�rm that in the ontinuum limit they are also degenerate.PACS numbers: 11.15.Ha, 12.38.G, 12.38.Aw, 12.38.-t, 14.70.DjKeywords: Nuleon mass, � mass, Lattie QCD, hiral e�etive theories



2I. INTRODUCTIONTwisted mass fermions provide an attrative formulation of lattie QCD that allows for automati O(a) improve-ment, infrared regularization of small eigenvalues and fast dynamial simulations [1, 2, 3, 4, 5℄. A partiularlyattrative feature is that automati O(a) improvement is obtained by tuning only one parameter requiring no furtherimprovements on the operator level. A tree-level analysis of ut-o� e�ets for twisted mass fermions has been pre-sented in Ref. [6℄, while a preliminary non-perturbative investigation on saling of several observables is arried outin Ref. [7℄. Reent simulations with two degenerate avors of dynamial Wilson twisted mass fermions demonstratethat pion masses of m� >� 300 MeV an be reahed using Hybrid Monte Carlo methods [5, 8, 9℄. The theoretialframework to inlude the strange and harm quarks has been layed out and pratial simulations are being investi-gated [10, 11, 12℄. Important physial results are emerging using gauge on�gurations generated with two degeneratetwisted quarks: In the meson setor very preise results on the pion mass and deay onstant led to the determinationof the low energy onstants �l3, �l4, F and B0 [7, 13, 14℄ to an auray that had an immediate impat on hiralperturbation theory (�PT) preditions [15℄. Aurate results on the pion form fator are obtained [16℄ using the\one-end-trik" method developed in Refs. [17, 18℄. The kaon system is studied in a partially quenhed approah byimplementing non-degenerate valene twisted mass quarks maintaining automati O(a) improvement [19, 20, 21, 22℄.After determining the average up and down quark mass and the strange quark mass, the kaon deay onstant isextrated [23, 24℄. In a similar approah �rst results on the harm quark mass and deay onstant are obtained [25℄.Preliminary results on the �rst moment of the pion quark distribution funtion were reported in Ref. [26℄.In this work we present a detailed analysis of results in the light baryon setor, a subset of whih was given inRef. [27℄. Using two dynamial degenerate twisted mass quarks we evaluate the mass of the nuleon and � forpion masses down to about 300 MeV. We use the tree-level Symanzik improved gauge ation [28℄. We perform thealulation using three di�erent lattie spaings orresponding to � = 3:8, � = 3:9 and � = 4:05 to hek ut-o�e�ets, where � � 6=g2 with g being the bare oupling onstant. For eah value of � we have on�gurations at fourdi�erent values of the bare quark mass hosen so that the pion masses are in the range of about 300 MeV to 600 MeV.These gauge on�gurations belong to the same ensembles as those analyzed for the evaluation of the pion mass anddeay onstant. The values of the lattie spaing extrated from the pion deay onstant are a�=3:8 = 0:0995(7) fm,a�=3:9 = 0:0855(5) fm and a�=4:05 = 0:0667(5) fm [13, 14℄ and will be used in this work. At � = 3:9, for the smallestpion mass, there are gauge on�gurations at two di�erent volumes enabling us to assess �nite volume e�ets.Chiral perturbation theory has been suessfully applied in the extrapolation of lattie data obtained with twistedmass fermions in the pion setor yielding an aurate determination of the relevant low energy onstants. Applying�PT to the baryon setor is more involved and several variants exist. However, to leading one-loop order, the resultis well established and the quality of our lattie results allows for extrapolation to the physial point using this lowestorder result. Performing a ombined �t to our lattie data at � = 3:9 and � = 4:05 using the leading one-loop orderresult we �nd a nuleon mass of 963 � 12(stat:) MeV,where we onvert to physial units using the lattie spaingdetermined from f�. We would like to point out that in most other hiral extrapolations of lattie data the physialpoint is inluded in the �ts and therefore suh a onsisteny hek annot be made. The nuleon mass at the physialpoint provides an independent determination of the lattie spaing. We �nd that the lattie spaing thus determinedis in good agreement with the value extrated in the pion setor. This is a non-trivial hek of our lattie formulationand of the smallness of the systemati errors involved. To assess systemati errors due to the hiral extrapolation weperform hiral �ts to the nuleon and � mass using higher order hiral perturbation theory results, whih also inludeexpliitly the � degree of freedom.One of the drawbaks of twisted mass fermions is the O(a2) breaking of isospin symmetry, whih is only restoredin the ontinuum limit. In the baryon setor we an study isospin breaking by evaluating the mass di�erene between�++(��) and �+(�0). Unlike in the pion setor, where disonneted ontributions enter in the evaluation of themass of the �0, here there are none. We an therefore obtain an aurate evaluation of isospin splitting and itsdependene on the lattie spaing. We �nd no isospin splitting within our statistial auray. This is in agreementwith a theoretial analysis [29, 30℄ that shows potentially large O(a2) avor breaking e�ets to appear in the �0-massbut to be suppressed in other quantities. Like in the nuleon ase, we perform a ombined �t to our lattie data at� = 3:9 and � = 4:05 for the mass of the �++;� and �+;0 using the lowest one-loop order hiral perturbation result.We �nd for the mass of the �++;� and �+;0 1315�24(stat:) MeV and 1329�30(stat:) MeV respetively. We on�rmthat in the ontinuum limit they are also degenerate.This paper is organized as follows: In Setion II we present our lattie ation and in Setion III we explain ourlattie tehniques. In Setion IV we disuss lattie artifats and in Setion V we give results on the nuleon and �mass and also desribe the hiral extrapolations. Finally in Setion VI we provide a summary and onlusions.



3II. LATTICE ACTIONFor the gauge �elds we use the tree-level Symanzik improved gauge ation [28℄, whih inludes besides the plaquetteterm U1�1x;�;� also retangular (1� 2) Wilson loops U1�2x;�;�Sg = �3Xx  b0 4X�;�=11��<� �1�ReTr(U1�1x;�;�)	+b1 4X�;�=1�6=� �1�ReTr(U1�2x;�;�)	! (1)with b1 = �1=12 and the (proper) normalization ondition b0 = 1� 8b1. Note that at b1 = 0 this ation beomes theusual Wilson plaquette gauge ation.The fermioni ation for two degenerate avors of quarks in twisted mass QCD is given bySF = a4Xx ��(x)�DW [U ℄ +m0 + i�5�3��(x) (2)with �3 the Pauli matrix ating in the isospin spae, � the bare twisted mass and the massless Wilson-Dira operatorgiven by DW [U ℄ = 12�(r� +r��)� ar2 r�r�� : (3)where r� (x) = 1a�U y�(x) (x + a�̂)�  (x)� and r�� (x) = �1a�U�(x� a�̂) (x � a�̂)�  (x)� : (4)Maximally twisted Wilson quarks are obtained by setting the untwisted quark mass m0 to its ritial value mr, whilethe twisted quark mass parameter � is kept non-vanishing in order to work away from the hiral limit. In Eq. (2) thequark �elds � are in the so-alled "twisted basis". The "physial basis" is obtained for maximal twist by the simpletransformation  (x) = exp� i�4 5�3��(x);  (x) = �(x) exp� i�4 5�3� : (5)In terms of the physial �elds the ation is given byS F = a4Xx � (x)�12�[r� +r��℄� i5�3 ��ar2 r�r�� +mr�+ �� (x) : (6)In this paper, unless otherwise stated, the quark �elds will be understood as \physial �elds",  , in partiular whenwe de�ne the baryoni interpolating �elds.A ruial advantage of the twisted mass formulation is the fat that, by tuning the bare untwisted quark mass m0 toits ritial value mr, all physial observables are automatially O(a) improved. In pratie, we implement maximaltwist of Wilson quarks by tuning to zero the bare untwisted urrent quark mass, ommonly alled PCAC mass,mPCAC, whih is proportional to m0 �mr up to O(a) orretions. As detailed in Ref. [31℄, mPCAC is onvenientlyevaluated through mPCAC = limt=a>>1Pxh�4 ~Ab4(x; t) ~P b(0)i2Pxh ~P b(x; t) ~P b(0)i ; b = 1; 2 ; (7)where ~Ab� = ���5 �b2 � is the axial vetor urrent and ~P b = ��5 �b2 � the pseudosalar density in the twisted basis. Thelarge t=a limit is required in order to isolate the ontribution of the lowest-lying harged pseudosalar meson statein the orrelators of Eq. (7). This way of determining mPCAC is equivalent to imposing on the lattie the validity ofthe axial Ward identity �� ~Ab� = 2mPCAC ~P b; b = 1; 2, between the vauum and the harged zero three-momentumone-pion state. When m0 is taken suh that mPCAC vanishes, this Ward identity expresses isospin onservation, asit beomes lear by rewriting it in the physial quark basis. The value of mr is determined at eah � value at thelowest twisted mass, a proedure that preserves O(a) improvement and keeps O(a2) small [31, 32℄.The twisted mass fermioni ation breaks parity and isospin at �nite lattie spaing, as it is apparent from theform of the Wilson term in Eq. (6). In partiular, the isospin breaking in physial observables is a ut-o� e�et



4� = 4:05, a = 0:0667(5) fm323 � 64, Ls = 2:1 fm a� 0.0030 0.0060 0.0080 0.0120m� (GeV) 0.3070(18) 0.4236(18) 0.4884(15) 0.5981(18)� = 3:9, a = 0:0855(5) fm243 � 48, Ls = 2:1 fm a� 0.0040 0.0064 0.0085 0.010m� (GeV) 0.3131(16) 0.3903(9) 0.4470(12) 0.4839(12)323 � 64, Ls = 2:7 fm a� 0.0040m� (GeV) 0.3082(55)� = 3:8, a = 0:0995(7) fm243 � 48, Ls = 2:4 fm a� 0.0060 0.0080 0.0110 0.0165m� (GeV) 0.3667(17) 0.4128(16) 0.4799(9) 0.5855(10)TABLE I: The parameters of our alulation.of O(a2) [2℄. However the up- and down-propagators satisfy Gu(x; y) = 5Gyd(y; x)5, whih means that two-pointorrelators are equal with their hermitian onjugate with u- and d-quarks interhanged. Using in addition that themasses are omputed from real orrelators, it leads to the following pairs being degenerate: �+ and ��, proton andneutron and �++(�+) and ��(�0). A theoretial analysis [29℄ shows that potentially large O(a2) e�ets that appearin the �0-mass are suppressed in other quantities. Calulation of the mass of �0, whih requires the evaluation ofdisonneted diagrams, has been arried out on�rming large O(a2)-e�ets. In the baryon setor we study isospinbreaking by evaluating the mass di�erene between �++(��) and �+(�0). Sine no disonneted ontributionsenter, the mass splitting an be evaluated using �xed soure propagators. An aurate evaluation of the isospinsplitting and its dependene on the lattie spaing is an important omponent of this work. Examining the sizeof isospin breaking is a ruial aspet in partiular regarding future appliations of twisted mass fermions to studybaryon struture. We �nd that the isospin breaking for the values of the lattie spaing onsidered in this work isonsistent with zero within our statistial auray. Taking the ontinuum limit of our lattie results we on�rm that�++;� and �+;0 are indeed degenerate leading to the same mass at the physial point.III. LATTICE TECHNIQUESThe simulation parameters were hosen suh that the pion mass ranges from about 300-600 MeV. The lattievolumes and masses used in this alulation are olleted in Table I. Finite size e�ets are examined using the smallestpion mass at � = 3:9 as �nite volume e�ets are largest. At this mass we have simulations on latties of spatial size,Ls � 2:1 fm and Ls � 2:7 fm.In order to estimate �nite a-e�ets and the ontinuum limit we use two sets of results at � = 3:9 and � = 4:05.Although a further set of gauge on�gurations at � = 3:8 is analyzed this set is not used to extrapolate to the ontinuumlimit. The reason is that the performane of the HMC algorithm that we use for the simulations deteriorates whenwe go to small � values on this oarser lattie. The long autoorrelation times of the plaquette and the PCAC massthat we observe [13℄ make the tuning to maximal twist less reliable than for the �ner latties. An analysis aimed atquantifying the impat of possible numerial errors from the tuning proedure on observables [7℄ is still in progress.Therefore the set at � = 3:8 is used only as a ross-hek and to estimate ut-o� errors.A. Interpolating �eldsThe masses of the nuleon and the �'s are extrated from two-point orrelators using the standard interpolating�elds, whih for the proton, the �++ and �+, are given byJp = �ab�uTaC5db�u; J��++ = �ab�uTaC�ub�u;J��+ = 1p3�ab�2�uTaC�db�u + �uTaC�ub�d�; (8)where C = 42.Loal interpolating �elds are not optimal for suppressing exited state ontributions. We apply Gaussian smearing toeah quark �eld, q(x; t) [33, 34℄. The smeared quark �eld is given by qsmear(x; t) =Py F (x;y;U(t))q(y; t) using thegauge invariant smearing funtion F (x;y;U(t)) = (1 + �H)n(x;y;U(t)); (9)



5onstruted from the hopping matrix understood as a matrix in oordinate, olor and spin spae,H(x;y;U(t)) = 3Xi=1�Ui(x; t)Æx;y�a{̂ + Uyi (x� a{̂; t)Æx;y+a{̂�: (10)The parameters � and n are varied so that the root mean square (r.m.s.) radius obtained using the proton interpolating�eld is in the range of 0.3-0.4 fm. In Fig. 1 we show lines of onstant r.m.s radius as we vary � and n. The largerthe n the more time onsuming is the smearing proedure. On the other hand, for � >� 1, inreasing further � doesnot redue n signi�antly. Therefore, we hoose a value of � large enough so that the weak �-dependene sets in, andwe adjust n to obtain the required value of the r.m.s radius. We onsider two sets for these parameters giving r.m.sradius 0.32 fm and 0.41 fm, as shown in Fig. 1. For eah set of parameters we evaluate the e�etive mass asmPe� = � log(CP (t)=CP (t� 1)) (11)where CP (t) is the zero-momentum two-point orrelator of the partile P given byCP (t) = 12Tr(1� 4)XxsinkhJP (xsink; tsink) �JP (xsoure; tsoure)i; t = tsink � tsoure : (12)In Fig. 2, we show the nuleon e�etive mass, mNe� in lattie units for 10 on�gurations at � = 3:9 and a� = 0:0085.For the optimization of the parameters we apply Gaussian smearing at the sink, whereas for the soure we use loalinterpolating �elds so that no additional inversions are needed when we hange � and n. As an be seen, for bothsets of smearing parameters, the exited state ontributions are suppressed with the set � = 4, n = 50 produinga plateau a ouple of time slies earlier. If, in addition, we apply APE smearing [35℄ to the spatial links that enterthe hopping matrix in the smearing funtion, then gauge noise is redued resulting in a better identi�ation of theplateau. Therefore for all omputations at � = 3:9 we use Gaussian smearing with � = 4 and n = 50. Having hosenthe smearing parameters, for the results that follow, we apply smearing at the soure and ompute the mass usingboth loal (LS) and smeared sink (SS). For � = 4:05 we readjust the parameters so that the nuleon r.m.s radius isstill about 0.4 fm, obtaining � = 4 and n = 70. For � = 3:8 we use � = 4 and 30 to keep the r.m.s. radius at thesame value. Also for these two values of � we apply APE smearing to the gauge links that are used in F (x;y;U(t)).There are other methods to enhane ground state dominane besides Gaussian smearing. Smearing based on linkfuzzing has been e�etively used in the pion setor. In this work, having optimized our parameters for Gaussiansmearing we use only loal and Gaussian-smeared interpolating �elds.
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6B. Two point orrelatorsThe lowest energy state with whih the nuleon interpolating �eld given in Eq. (8) has a non-vanishing overlap isthe proton state jp(p; s)i h0jJpjp(p; s)i = Zpu(p; s) : (13)Zp is a onstant overlap fator and u(p; s), with s 2 f�1=2;+1=2g, is a solution of the Dira equation(6p�mN)u = 0 : (14)Averaging over the nuleon spins and hoosing the nuleon rest frame, we are led to the two point orrelatorC�N (t) = 12Tr(1� 4)XxsinkhJN (xsink; tsink) �JN (xsoure; tsoure)i; t = tsink � tsoure : (15)Spae-time reetion symmetries of the ation and the antiperiodi boundary onditions in the temporal diretionfor the quark �elds imply, for zero three-momentum orrelators, that C+N (t) = �C�N (T � t). The nuleon mass isextrated from the exponential deay of the orrelatorCN (t) = C+N (t)� C�N (T � t) : (16)To inrease the preision we also average over the proton and neutron orrelators sine these are degenerate in mass.

FIG. 3: Comparison of e�etive masses for �++;� fora� = 0:0085 at � = 3:9 on the lattie volume 243 � 48,obtained with (�lled triangles) or without (open squaresshifted to the left for larity) spin projetion, using asample of 90 on�gurations. The mass di�erene withprojetion and without projetion is muh smaller thanthe statistial error. FIG. 4: Comparison of e�etive masses for �+ fora� = 0:011 at � = 3:8 on the lattie volume 243 � 48,obtained with 3=2-spin (�lled triangles) or with 1=2-spinprojetion, using a sample of 50 on�gurations.In analogy to Eq. (13), the overlap of the �+ interpolating �eld with the �+ state is given byh0jJ��+ j�+(p; s)i = Z�+u�(p; s) : (17)Every vetor omponent of the Rarita-Shwinger spinor u� satis�es the Dira equation(6p�m�)u� = 0 � = 1 : : : 4 ; (18)and in addition the auxiliary onditions p�u� = 0 and �u� = 0 (19)are ful�lled. The four independent solutions are labeled by s 2 f�3=2;�1=2; 1=2; 3=2g. The � interpolating �eldsas de�ned in Eq. (8) have overlap also with the heavier spin-1/2 exitations. These overlaps an be removed when



7the onditions in Eq. (19) are enfored on the interpolating �elds. This an be ahieved by the inorporation of aspin-3/2 projetor in the de�nitions of the interpolating �eldsJ�3=2 = P��3=2J�� (20)P��3=2 = Æ�� � 13�� � 13p2 (6p�p� + p�� 6p) : (21)Similarly the spin 1=2-interpolating �eld, J�1=2, that has only overlap with the 1=2-state, is obtained by ating with thespin 1=2-projetor P ��1=2 = g�� � P��3=2 on J��. Using any of the three interpolating �elds, the � masses are extratedfrom the two-point funtionsC��(t) = 16Tr(1� 4)Xxsink 3Xi=1hJ i�(xsink; tsink) �J i�(xsoure; tsoure)i; t = tsink � tsoure: (22)Fig. 3 ompares e�etive masses extrated from orrelation funtions with and without the spin 3/2 projetion at� = 3:9. For this omparison we use 90 on�gurations, a number suÆient for the purpose of this hek. The resultsfor the e�etive mass are hardly a�eted by inluding the spin-3/2 projetor even at very short time separations.This is beause the overlap of the interpolating �eld J�� with the spin-1/2 state is small, a property that holds at allvalues of � This is learly seen in Fig. 4 at � = 3:8 where the e�etive mass obtained using the spin-1/2 projetedinterpolating �eld J�1=2 is muh more noisy than with J�3=2 due to the small overlap with the spin-1/2 state. Thisbehavior is in agreement with the results of Ref. [36℄ where the same spin projetions were implemented. Sinethe impat on the plateau value is negligible ompared to the statistial unertainty, we use only the non-projetedinterpolating �elds from here on. We average the orrelators of �++ with �� as well as �+ with �0. We do notaverage the �++ and �+ orrelators as they di�er by an O(a2) isospin breaking e�et.C. E�etive massesa� Interpolating �eld number of onfs. am� amN am�++;� am�+;0243 � 480:0040 LL 471 0:13587(68) 0:511(11) 0:699(15) 0:708(25)0:0040 LS 419 0:13587(68) 0:521(6) 0:694(11) 0:717(13)0:0040 SS 419 0:13587(68) 0:515(5) 0:682(12) 0:697(17)0:0064 LL 199 0:16937(36) 0:565(11) 0:727(15) 0:763(15)0:0064 LS 235 0:16937(36) 0:565(6) 0:715(13) 0:742(7)0:0064 SS 235 0:16937(36) 0:561(4) 0:710(11) 0:711(10)0:0085 LL 153 0:19403(50) 0:568(8) 0:754(12) 0:776(22)0:0085 LS 186 0:19403(50) 0:581(6) 0:746(9) 0:751(12)0:0085 SS 186 0:19403(50) 0:580(6) 0:738(11) 0:742(9)0:0100 LL 173 0:21004(52) 0:613(6) 0:823(7)* 0:767(12)0:0100 LS 213 0:21004(52) 0:595(7) 0:742(7) 0:760(7)0:0100 SS 213 0:21004(52) 0:589(9) 0:750(10) 0:755(10)323 � 640:0040 LS 201 0:13377(24) 0:518(5) 0:672(9) 0:670(14)0:0040 SS 201 0:13377(24) 0:510(5) 0:660(9) 0:660(14)TABLE II: Results for the nuleon and � mass at � = 3:9 for latties of size 243 � 48 and 323 � 64. LL stands for loal sinkand loal soure, LS for loal sink and smeared soure and SS for smeared sink and smeared soure. The results for the pionmass are taken from Table 2 of Ref. [13℄ omputed using more gauge on�gurations than we used for the evaluation of thebaryon masses as well as a di�erent smearing and therefore are the same for LL, LS and SS. With an asterisk we mark resultsfor whih the e�etive mass does not show a good plateau.In Fig. 5 we show the nuleon e�etive masses at � = 3:9 on a volume 243 � 48 for all the values of � onsidered.We smeared the soure as desribed in the previous setion and either use a loal sink or smear the sink with the samesmearing used for the soure. As expeted, the e�etive masses are onsistent for both smeared and loal sink yieldingasymptotially the same onstant. We �t the e�etive mass to a onstant in the region where me�(t) beomes timeindependent (plateau region) and vary the lower t-range of the �t so that �2 per degree of freedom (d.o.f.) beomes
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FIG. 5: Nuleon e�etive mass (LS: asterisks, SS: opentriangles) for � = 3:9 versus time separation in lattieunits, for a� = 0:010 (upper left), 0:0085 (upper right),0:0064 (lower left) and 0:0040 (lower right). The onstantlines are the best �ts to the data over the range spannedby the lines.
FIG. 6: �++;� (asterisks) and �+;0 (open triangles) ef-fetive masses using smeared-smeared (SS) orrelatorsfor � = 3:9 versus time separation in lattie units, fora� = 0:010 (upper left), 0:0085 (upper right), 0:0064(lower left) and 0:0040 (lower right). The straight linesare the best �ts to the data over the range spanned bythe lines. The solid line is for �++;� and the dashed for�+;0 and they oinide.less than one. We take this value for the mass of the nuleon. In Fig. 6 we show, for the same �-values, e�etivemasses for the �++;� and �+;0 using smeared soure and sink. We �t in the same way as in the nuleon ase toextrat the mass of the �. As an be seen, the quality of the plateaus in the nuleon ase is better than in the aseof the �. This explains why results on the � mass have larger errors. The errors are evaluated using jakknife andthe �-method [38℄ to hek onsisteny. The integrated auto-orrelation times for our baryoni observables are verysmall for our on�guration ensembles. Sine for our omputation we use gauge on�gurations that are separated by8-20 trajetory lengths, autoorrelations are negligible.The resulting masses using loal and smeared interpolating �elds are summarized in Table II for � = 3:9 usinglattie sizes of 243 � 48 and 323 � 64, while those obtained for � = 4:05 on a lattie volume of 323 � 64 are reportedin Table III. Results obtained at � = 3:8 are given in Table IV. The mass of the pion listed in Table II is taken fromRef. [13℄ and was evaluated using a larger set of on�gurations applying a di�erent smearing than the one used in thiswork. A detailed desription of this evaluation as well as the error analysis is presented in Ref. [31℄. The pion massesgiven in Tables III and IV are again obtained in a separate evaluation [37℄.IV. LATTICE ARTIFACTSA. Finite volume e�etsAt � = 3:9 and for a� = 0:004 we have gauge on�gurations on two latties of di�erent volume. This is thesmallest �-value onsidered at � = 3:9 and it is the one that potentially an have the largest �nite volume e�ets.On the lattie of spatial extension Ls = 24 the other three larger �-values satisfy the ondition m�Ls � 4, whereasfor a� = 0:004 we have m�Ls � 3:2. On the 323 lattie at a� = 0:004 we have m�Ls > 4. Applying the re-summed



9a� Interpolating �eld number of onfs. am� amN am�++;� am�+;00:0030 LL 70 0:1038(6) 0:403(15) 0:633(30)0:0030 LS 201 0:1038(6) 0:396(7) 0:536(18) 0:546(12)0:0030 SS 201 0:1038(6) 0:402(8) 0:538(19) 0:536(15)0:0060 LL 216 0:1432(6) 0:453(5) 0:597(8) 0:575(9)0:0060 LS 160 0:1432(6) 0:448(5) 0:564(7) 0:566(7)0:0060 SS 160 0:1432(6) 0:446(6) 0:562(6) 0:566(7)0:0080 LL 240 0:1651(5) 0:465(6) 0:627(6) 0:637(7)0:0080 LS 256 0:1651(5) 0:469(4) 0:590(7) 0:585(9)0:0080 SS 256 0:1651(5) 0:465(5) 0:594(7) 0:594(8)0:0120 LL 157 0:2025(6) 0:520(5) 0:670(4)* 0:677(5)0:0120 LS 162 0:2025(6) 0:509(4) 0:616(7)* 0:623(7)0:0120 SS 162 0:2025(6) 0:515(3) 0:616(7)* 0:620(7)TABLE III: Results for the nuleon and � mass at � = 4:05 for the 323 � 64 lattie. LL stands for loal sink and loal soure,LS for loal sink and smeared soure and SS for smeared sink and smeared soure. The results for the pion mass are omputedusing more gauge on�gurations than we used for the evaluation of the baryon masses as well as a di�erent smearing [37℄ andtherefore are the same for LL, LS and SS. . With an asterisk we mark results for whih the e�etive mass does not show agood plateau. Empty entries are due to the absene of a suÆient plateau region.a� Interpolating �eld number of onfs. am� amN am�++;� am�+;00:0060 LL 211 0:1852(10) 0:623(20) 0:792(25) 0:815(28)0:0060 SL 211 0:1852(10) 0:637(9) 0:818(11) 0:824(13)0:0080 LL 283 0:2085(8) 0:676(11) 0:859(11) 0:847(30)0:0080 SL 283 0:2085(8) 0:665(9) 0:827(17) 0:856(24)0:0110 LL 251 0:2424(5) 0:700(9) 0:861(13) 0:893(22)0:0110 SL 251 0:2424(5) 0:699(8) 0:854(14) 0:875(16)0:0165 LL 249 0:2957(5) 0:759(7) 0:948(12) 0:886(25)0:0165 SL 249 0:2957(5) 0:744(8) 0:942(13) 0:946(12)TABLE IV: Results for the nuleon and � mass at � = 3:8 for the 243 � 48 lattie. The notation is the same as that ofTable III with SL being a smeared sink and loal soure.L�usher formula to the nuleon mass and using the knowledge of the �N sattering amplitude to O(p2) and O(p4),the volume orretions are estimated to be about 3% to 5% [39℄ for Ls � 2 fm and m� � 300 MeV. In Table II wegive the results for the nuleon mass using our two lattie volumes. The smaller lattie volume has spatial length verylose to the 2 fm length of Ref. [39℄ namely Ls � 2:1 fm. The results for mN do not hange within our statistialauray when we use the larger lattie size of Ls � 2:7 fm. We make the assumption that for the larger lattie�nite volume orretions have beome negligible and take them to be a good approximation to the in�nite volumeresults. In other words we take mN (Ls = 1) ' mN (Ls = 2:7 fm). This assumption was shown to be valid in thepion setor where a �nite size analysis was arried out [31℄. We de�ne the ratio RN � �mN=mN (Ls = 1), where�mN � mN (Ls = 2:1 fm)�mN(Ls =1) and estimate RN with results obtained on our two volumes for the smallestpion mass. This gives us an estimate for our �nite volume errors. Using the results tabulated in Table II at a� = 0:004we onlude that �mN is positive as expeted. This is also true for the orresponding di�erene for the masses of�++;� and �+;0. In Table V we give the ratios RN , R�++;� and R�+;0 . For the nuleon this ratio is ompatible withzero and within our auray it an be at the most 2%. For the �++;� where the statistial errors are smaller thanfor the �+;0, the volume orretions range from 1% to 5%. From this study we onlude that �nite volume e�ets onthe nuleon mass are negligible whereas for the � we an at most have orretions on the few perent level.a� Interpolating �eld RN R�++;� R�+;00:0040 LS 0:006(15) 0:033(22) 0:070(26)0:0040 SS 0:010(14) 0:033(23) 0:056(33)TABLE V: Finite volume dependene at � = 3:9 for a� = 0:004. Results with a lattie of size 243 � 48 are ompared to thoseobtained with a lattie size of 323�64. For a hadron state P we de�ne RP � (mP (Ls = 2:1 fm)�mP (Ls = 2:7 fm))=mP (Ls =2:7 fm) ' (mP (Ls = 2:1 fm)�mP (1))=mP (1) assuming the masses at 2:7 fm to be lose enough to the in�nite volume limit.



10B. Isospin breaking

FIG. 7: The �++;� (upper graph) and �+;0 (lowergraph) mass as a funtion of m2� for � = 3:9 on a lat-tie of size 243 � 48 (�lled triangles) and on a lattie ofsize 323 � 64 (open triangles). Results at � = 4:05 areshown with the �lled squares. The physial � mass isshown with the asterisk.
FIG. 8: The mass splitting between �+;0 and �++;�normalized with the mean value of their mass m� as afuntion of m2� in lattie units. Results at � = 3:8 areshown with the asterisks. The rest of the notation is thesame as in Fig. 7.One of the main goals of this work is to examine isospin breaking in the baryon setor due to lattie artifats.As already explained the proton and the neutron are degenerate. Isospin breaking in the light baryon setor an beexamined for the �. In Fig. 7 we show results for the mass of �++;� as well as for the mass of �+;0. Results at� = 3:9 and � = 4:05 fall on the same urve pointing to small ut-o� e�ets. Small �nite volume e�ets are visible atthe smallest pion mass at � = 3:9 as disussed in the previous subsetion. To hek for isospin breaking we plot themass di�erene between the pairs �++;, �� and �+, �0 normalized by the mean value of their mass in Fig. 8 for� = 3:8, � = 3:9 and � = 4:05. As an be seen, the splitting is onsistent with zero for these values of �, indiatingthat isospin breaking in the � system is small.V. CHIRAL EXTRAPOLATIONA. Nuleon massWe show our results for the nuleon mass as a funtion of m2� in Fig. 9. The masses are extrated in lattie units.To onvert to physial units we need to know the value of the lattie spaing. A standard proedure is to maththe experimental value of f� to the one obtained on the lattie extrapolated to the physial pion mass. This givesa = 0:0855 fm at � = 3:9 and a = 0:0667 fm at � = 4:05 [14℄. We use these values to onvert lattie results to physialunits. The results at these two �-values fall on a ommon urve indiating that ut-o� e�ets are small for thesevalues of the lattie spaing. In Fig. 9 we inlude, for omparison, results obtained with dynamial staggered fermionsfrom Ref. [40, 41℄. Results using these two formulations are onsistent with eah other. As we already disussed,results obtained on latties of spatial length Ls = 2:1 fm and Ls = 2:7 fm at � = 3:9 for the lowest pion mass areonsistent indiating that �nite volume e�ets are small for the pion masses used in this work. Therefore as a �rstanalysis of our lattie results, we use ontinuum hiral perturbation theory in an in�nite volume to perform the hiralextrapolation to the physial point. An analysis arried out after taking the ontinuum limit will serve as a hek of
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FIG. 9: The nuleon mass as a funtion of m2� for � = 3:9on a lattie of size 243 � 48 (�lled triangles) and on alattie of size 323�64 (open triangle). Results at � = 4:05are shown with the �lled squares. The physial nuleonmass is shown with the asterisk. Results with dynamialstaggered fermions for NF = 2 + 1 (�lled irles) andNF = 2 (open irle) on a lattie of size 203 � 64 witha = 0:125 fm are from Refs. [40, 41℄.
FIG. 10: The variation of the �t parameters m0N and 1.The elliptial boundary is determined by hanging theseparameters so that the minimal value of �2 hanges byone. The most elongated ellipse is for � = 4:05 usingthe nuleon mass at the three lighter pion masses, theintermediate is for � = 3:9 using all �ve points and thesmallest is for a ombined �t to both �-values using atotal of eight points.ut-o� e�ets. The leading one-loop result in heavy baryon hiral perturbation theory (HB�PT) [42℄ is well known:mN = m0N � 41m2� � 3g2A32�f2�m3� (23)with m0N , the nuleon mass in the hiral limit, and 1 treated as �t parameters. This lowest order result is thesame in HB�PT with dimensional and infra-red regularization as well as when the � degree of freedom is expliitlyinluded. It is also the same in manifestly Lorenz-invariant formulation with infrared regularization. Thereforewe will use this well established result to predit the nuleon mass at the physial point as well as �x the lattiespaing using the experimental nuleon mass as input. The higher order results will only be used to estimate thesystemati error assoiated with the hiral extrapolation. We take for f� and gA their physial values, namelyf� = 0:092419(7)(25) GeV and gA = 1:2695(29), whih is what is ustomarily done in hiral �ts to lattie data on thenuleon mass [43, 44, 45℄. We will take the experimental values for f� and gA also when using higher order results.In higher orders new low energy onstants enter, and we also �x their values from experimental data. In order todetermine the errors on the �t parameters we allow for a variation in the parameters that inreases the minimal valueof �2 by one. In Fig. 10 we show the boundary of the allowed variation of the parameters. As expeted when thenumber of available lattie results inreases the error dereases. In Fig. 11 we show �ts to the O(p3) result with theerror band determined by the maximum allowed variation in the parameters that inrease the minimal �2 by one.As an be seen, this O(p3) result provides a very good �t to our lattie data both at � = 3:9 and � = 4:05. Sine�nite volume e�ets are small we use in the �t data on both volumes at � = 3:9. In Table VI we give the valuesof the parameters m0N and 1. In this determination we use the lattie spaing determined from f�. In the ase of� = 3:9 we inlude the result obtained using the larger volume. We would like to stress that, despite the fat that thephysial point is not inluded in the �t as ustomary done in other hiral extrapolations of lattie data. The value ofthe nuleon mass that we �nd at the physial pion mass using data at both � = 3:9 and � = 4:05 to �t to the O(p3)HB�PT of Eq. (23) is 963(12) MeV, where the error is only statistial.The nuleon sigma term is de�ned by �N = Xq=u;d�q dMNd�q (24)where we have negleted ontributions from other quarks. Following Ref. [46℄ we use the relation m2� � � to evaluate�N by omputing m2� dMNdm2� . Using the value of 1 determined from the nuleon �t we �nd at the physial point�N = 66:7� 1:3 MeV, where the error is statistial. This value is larger than the prevailing value of 45� 8 MeV [47℄
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FIG. 11: On the left set of graphs we show hiral �ts tothe nuleon mass for � = 3:9 using a�=3:9 = 0:0855 fmto onvert to physial units. On the right set of graphswe show the orresponding hiral �ts for � = 4:05 usinga�=4:05 = 0:0667 fm. The upper most graph shows the�t to O(p3) HB�PT where we use our results at the threelowest values of the pion mass. For the higher order�ts we perform a simultaneous �t to both � = 3:9 and� = 4:05 always exluding at � = 4:05 the result atthe largest pion mass. The physial point, shown by theasterisk, is not inluded in the �ts.
FIG. 12: Simultaneous hiral �ts to the nuleon massusing results at � = 3:9 and � = 4:05 exluding theheaviest pion value. The �ts are done so that the physialpoint shown by the asterisk is reprodued thereby �xingthe lattie spaings. The rest of the notation is the sameas that of Fig. 11.but in agreement with a new analysis [48℄ that inludes additional data. Our urrent alulation does not inlude adynamial strange quark and a better understanding of this term ould ome when simulations with dynamial strangequarks are available [49℄. Note that given the role of the sigma term for what onerns the hiral extrapolation aswell as its impliation in dark matter detetion [50℄ it is lear that a serious e�ort to better �x its experimental valueis highly desirable.Chiral orretions to the nuleon mass are known to O(p4) within several expansion shemes. In HB�PT to O(p4)with dimensional regularization [43, 51, 52℄ the result is given bymN = m0N � 41m2� � 3g2A32�f2�m3� � 4E1(�)m4� + 3m4�32�2f2� �14 �2 � 2g2Am0N ���2 � 81 + 43 + g2Am0N � log�m�� �� :(25)We take the ut-o� sale � = 1 GeV and �x the dimension two low energy onstants 2 = 3:2 GeV�1 [53℄ and3 = �3:45 GeV�1 [45, 52℄. This value is onsistent with empirial nuleon-nuleon phase shifts [54, 55℄. Theounter-term E1 is taken as an additional �t parameter. HB�PT with dimensional regularization is in agreementwith ovariant baryon �PT with infrared regularization up to a reoil term given by 3g2Am5�256�f2�m0N 2 that is of no numerialsigni�ane [45℄. We have inluded this term in our �ts. In the so alled small sale expansion (SSE) [45℄, the �-degrees of freedom are expliitly inluded in ovariant baryon �PT by introduing as an additional ounting parameter
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FIG. 13: Continuum limit of the nuleon mass using thelowest order HB�PT to interpolate exept for the heav-iest pion mass where we used linear interpolation. Forr0 and a we use the values determined in the pion se-tor, namely r0=a = 4:46(3); (r0 = 0:444(4) fm), r0=a =5:22(2); (r0 = 0:446(3) fm) and r0=a = 6:61(3); (r0 =0:441(4) fm) at � = 3:8, � = 3:9 and � = 4:05 respe-tively [7℄.
FIG. 14: Chiral �ts to the nuleon mass after extrapo-lating to the ontinuum limit at �xed r0m� using linearinterpolation i.e. the data given in the seond olumnof Table VIII. The �ts were done exluding the heaviestpion mass. The asterisk shows the physial point usingthe estimated ontinuum value of r0 = 0:444 fm.the �-nuleon mass splitting, � � m� �mN , taking O(�=mN ) � O(m�=mN ). In SSE the nuleon mass is given bymN = m0N � 41m2� � 3g2A32�f2�m3� � 4E1(�)m4� � 3 �g2A + 32A�64�2f2�m0N m4� � (3g2A + 102A)32�2f2�m0N m4� log�m�� �� 2A3�2f2� �1 + �2m0N ���4 m2� +��3 � 32m2��� log�m�2��+ (�2 �m2�)R(m�)� (26)where R(m�) =pm2� ��2 os�1 � �m�� if m� > � and R(m�) =p�2 �m2� log� �m� +q�2m2� � 1� for m� � �. Wetake A = 1:127 [45℄, � = 1 GeV and �t the ounter-term E1. A di�erent ounting sheme, known as Æ-sheme, takes�=mN � O(Æ) and m�=mN � O(Æ2) [44℄. Using the Æ�sheme in a ovariant hiral expansion to order p4=� oneobtains an expansion that has a similar form for the nuleon and � mass. The nuleon mass is given bymN = m0N � 41m2� � 12 m0N 3(8�f�)2"9g2AVloop�m�m0N ; 0�+ 4h2A�1 + �m0N �2Vloop�m�m0N ; �m0N �#+ 2m4� (27)The �N and �� loop funtion Vloop is given in Ref. [44℄ and, following the same referene, we take the value ofhA = 2:85. Here we use the variant of the Æ-sheme that inludes the ��-loop and adds the fourth order term 2m4�as an estimate of higher order e�ets, sine the omplete fourth order result is not available. The parameter 2 is to bedetermined from the lattie data. The �ts using these di�erent formulations are shown in Fig. 11. At � = 3:9 shownin the left panel we used a�=3:9 = 0:0855 fm to onvert to physial units. We have four values for the the 243 � 48lattie and one for the larger lattie. At � = 4:05 we only use results at the three smallest pion masses sine inludingthe result at the largest pion mass yields �ts with unaeptably large �2=d:o:f:. Therefore only at lowest order �PT



14� = 3:9 � = 4:05 � = 3:9 and � = 4:05 Continuum ContinuumLinear with O(p3) HB�PTm0N 1 m0N 1 m0N 1 m0N 1 m0N 1NuleonO(p3) HB�PT 0.886(14) -1.21(2) 0.901(37) -1.18(4) 0.889(13) -1.20(2) 0.904(14) -1.19(2) 0.898(9) -1.19(1)O(p4) HB�PT 0.875(50) -1.23(17) 0.929 -1.10 0.881(42) -1.22(12) 0.893(47) -1.21(12) 0.889(25) -1.21(7)O(p4) SSE 0.884(51) -1.19(14) 0.944 -1.02 0.891(47) -1.17(15) 0.903(52) -1.16(15) 0.901(30) -1.15(9)O(p4=�)Æ-sheme 0.867(54) -1.29(18) 0.927 -1.13 0.873(46 ) -1.28(15) 0.886(51) -1.27(16) 0.883(29) -1.26(9)m0� 1 m0� 1 m0� 1 m0� 1 m0� 1�++;�O(p3) HB�PT 1.248(31) -1.19(4) 1.222(68)* -1.20(5)* 1.241(27) -1.21(4) 1.274(33) -1.17(4) 1.251(16) -1.20(2)O(p4=�)Æ-sheme 1.258(126) -1.15(43) 1.347(90) -0.85(30) 1.267(80) -1.16(20) 1.261(54) -1.16(17)�+;0O(p3) HB�PT 1.255(40) -1.20(5) 1.261(6)* -1.19(8)* 1.256(33) -1.20(4 ) 1.264(32) -1.18(4) 1.262(19) -1.19(3)O(p4=�)Æ-sheme 1.302(43)* -1.03(7)* 1.372(104) -0.81(32) 1.373(65) -0.85(17) 1.267(42) -1.16(12)TABLE VI: Fit parameters m0N and m0� in GeV and 1 in GeV�1. Results with an asterisk have �2/d.o.f. larger than one. All�ts to the ontinuum results exluded the largest value of r0m� with the exeption of the �+;0 in the Æ-sheme where to obtaina good �t we use all six points. For � = 3:9 we use all masses inluding the results at the larger volume whereas for � = 4:05we use results at the three smaller pion masses. For the �ts to ontinuum results we give two sets of results: the �rst set isobtained when using linear interpolation to the referene pion masses and the seond using O(p3) HB�PT for interpolation.� = 3:9 � = 4:05 � = 3:9 and � = 4:05 Continuumm0N a�=3:9 m0N a�=4:05 m0N a�=3:9 a�=4:05 m0N r0O(p3) HB�PT 0.865(2) 0.0886(18) 0.868(5) 0.0708(37) 0.866(1) 0.0889(12) 0.0691(10) 0.868(2) 0.473(9)O(p4) HB�PT 0.862(9) 0.0869(46) 0.871 0.0717 0.863(4), 0.0875(26) 0.0681(24) 0.863(8) 0.461(23)O(p4) SSE 0.865(10) 0.0876(47) 0.876 0.0724 0.866(9) 0.0884(40) 0.0687(31) 0.866(9) 0.464(24)O(p4=�)Æ-sheme 0.859(11) 0.0865(65) 0.870 0.0717 0.861(9) 0.0873(39) 0.0678(31) 0.861(10) 0.458(25)TABLE VII: Determination of the lattie spaing in fm and m0N in GeV using the nuleon mass. Fitting to the nuleonontinuum results obtained by linear interpolation at the �ve lighter referene pion masses we extrat the ontinuum value ofr0 in fm by onstraining the �ts to reprodue the physial nuleon mass.where we have only two �tting parameters we an perform a �t. For the higher order we give the values of m0N and 1of the urves that pass through all the lattie points. Sine ut-o� e�ets are onsistent with zero for these two valuesof � we an use these two sets of results in a ombined �t. For the lattie data at � = 4:05 we use a�=4:0 = 0:0667 fmdetermined from f�, to onvert to physial units. The experimental value of the nuleon is shown with the asterisk.In Table VI we give the values of m0N and 1 when simultaneous �ts to both � = 3:9 and � = 4:05 data are done.We use the lattie spaings determined from the pion deay onstant to onvert to physial units [14℄. These �ts areshown in Fig. 11 when using higher order �PT. All formulations provide a good desription of the lattie results andyield a nuleon mass at the physial point onsistent with the experimental value. As already disussed, the valueof the nuleon mass that we �nd using Eq. (23) is 963(12) MeV. The orresponding value using O(p4) HB�PT is955(33) MeV. We take the di�erene between these two mean values as an estimate of the systemati error due tothe hiral extrapolation and quote 963� 12(stat:)� 8(syst:) MeV as our predition of the nuleon mass. Within thestatistial and estimated systematial unertainty this value is lose to the experimental one. Furthermore the valuesextrated for the nuleon at the hiral limit m0N as well as 1 are in agreement in all formulations. In addition thevalue of nuleon �N term de�ned in Eq. (24) an be evaluated using HB�PT to O(p4) of Eq. (25). If we use the nextto leading order relation between m2� and the quark mass �q [13, 14, 17℄ instead of the leading order relation m2� / �qwe �nd a value of 67 � 8:0 MeV at the physial point, whih is onsistent with the value obtained to O(p3) albeitwith a larger error. We note that the impat on �N of using Eq. (24) with the next to leading order result, ratherthan the lowest oder relation, between m2� and �q is small and yields a relative derease of its value at the physialpoint of about 2% only.The onsisteny between the O(p3) result and the higher order expansions allows for an extrapolation to the physialpoint and a determination of the lattie spaing using the nuleon mass. Fixing the lattie spaing from the nuleonmass allows for a omparison with the value obtained from the pion setor and provides a non-trivial hek of ourlattie formulation. We onsider a�=3:9 and a�=4:05 as independent �t parameters in a ombined �t of data at � = 3:9



15r0m� r0mN r0m�++;� r0m�+;0� = 3:80.70 2.654(95) 2.668(55) 3.596(119) 3.511(69) 3.502(161) 3.528(79)0.80 2.804(45) 2.807(41) 3.637(54) 3.614(47) 3.641(65) 3.652(53)0.90 2.935(40) 2.933(27) 3.667(75) 3.701(28) 3.790(111) 3.760(30)1.00 3.044(45) 3.043(21) 3.731(83) 3.767(31) 3.885(120) 3.850(33)1.10 3.133(34) 3.129(31) 3.831(63) 3.804(57) 3.918(72) 3.915(64)1.25 3.256(28) 3.201(63) 4.086(62) 3.793(111) 4.127(64) 3.950(127)� = 3:90.70 2.666(27) 2.672(17) 3.548(60) 3.481(35) 3.632(88) 3.498(46)0.80 2.840(27) 2.809(13) 3.621(65) 3.614(25) 3.641(61) 3.633(32)0.90 2.947(22) 2.933(12) 3.720(56) 3.734(16) 3.725(52) 3.754(20)1.00 3.013(31) 3.041(14) 3.841(60) 3.837(18) 3.861(46) 3.859(17)1.10 3.132(24) 3.125(20) 3.917(50) 3.916(30) 3.943(50) 3.938(31)1.25 3.313(76) 3.194(33) 4.028(66) 3.976(56) 4.061(105) 4.000(62)� = 4:050.70 2.676(56) 2.665(47) 3.565(124) 3.428(81) 3.550(97) 3.477(71)0.80 2.843(71) 2.795(36) 3.627(137) 3.571(59) 3.627(107) 3.609(51)0.90 2.903(40) 2.910(24) 3.669(45) 3.701(35) 3.690(45) 3.727(30)1.00 3.003(40) 3.007(16) 3.771(45) 3.815(18) 3.793(46) 3.827(18)1.10 3.086(24) 3.079(19) 3.932(43) 3.905(35) 3.936(50) 3.902(37)1.25 3.287(24) 3.126(42) 4.017(48) 3.982(85) 4.038(49) 3.953(84)Continuum0.70 2.667(24) 2.671(16) 3.551(54) 3.472(32) 3.595(65) 3.492(38)0.80 2.840(25) 2.807(12) 3.622(59) 3.608(23) 3.638(53) 3.626(27)0.90 2.936(19) 2.929(11) 3.687(35) 3.728(15) 3.705(34) 3.746(16)1.00 3.009(25) 3.025(11) 3.794(36) 3.826(13) 3.827(33) 3.844(12)1.10 3.109(17) 3.101(14) 3.926(33) 3.916(23) 3.939(35) 3.924(24)1.25 3.289(23) 3.168(26) 4.021(39) 3.978(47) 4.042(44) 3.984(50)TABLE VIII: Results for the nuleon, �++;� and �+;0 mass interpolated at the same value of r0m� for the three � values.The ontinuum limit is then taken at onstant r0m� using the results at � = 3:9 and � = 4:05. We give results using linearinterpolation in seond, fourth and sixth olumns whereas in the third, �fth and seventh olumns we give the results usinglowest order HB�PT.and � = 4:05 where the physial nuleon mass is inluded with no error. In this way the lattie spaings an bedetermined solely by using as input the nuleon mass at the physial point. Using the leading one-loop result we �nda�=3:9 = 0:0889(12) fm and a�=4:05 = 0:0691(10) fm. The quality of these �ts are shown in Fig. 12. The values ofthe lattie spaing obtained to O(p4) using Eq. (25) are given in Table VII. Both SSE and the Æ�sheme de�ned byEqs. (26) and (27), whih inlude expliitly �-degrees of freedom, yield values that are onsistent with those obtainedin HB�PT. The variation in the value of a in the di�erent hiral extrapolation shemes gives an estimate of thesystemati error involved in the hiral extrapolation. We take the di�erene between the mean values obtained usingO(p3) and O(p4) HB�PT as an estimate of the systemati error. Our lattie spaings �xed using the nuleon mass aretherefore a�=3:9 = 0:0889� 0:0012(stat:)� 0:0014(syst:) fm and a�=4:05 = 0:0691� 0:0010(stat:)� 0:0010(syst:) fmand are on the upper bound of the values obtained using f�.The physial spatial volumes of the 243 lattie at � = 3:9 and that of the 323 lattie at � = 4:05 are about(2:1)3 fm3. Bearing in mind that volume orretions for this lattie size are shown to be small we use results obtainedon these two almost equal volumes to estimate our masses at the ontinuum limit. In order to take the ontinuumlimit we interpolate data, expressed in units of r0, at the same value of r0m�, where the Sommer parameter r0 isdetermined from the fore between two stati quarks. We use r0=a = 4:46(3), r0=a = 5:22(2) and r0=a = 6:61(3) for� = 3:8, � = 3:9 and � = 4:05 respetively [7℄. The values of r0m� that we hoose are lose to the pion mass valueswhere our omputation is done and are given in Table VIII. We use a linear interpolation or the �t urves determinedusing hiral e�etive theories to obtain the nuleon mass at these referene values of r0m�. This proedure is donefor our three �-values. We use the results at onstant r0m� at � = 3:9 and � = 4:05 to estimate the ontinuum limitby �tting to a onstant under the assumption that residual ut-o� e�ets on the pion and nuleon masses as well ason r0 at � = 3:9 and � = 4:05 are negligible. This assumption is orroborated by our lattie data shown in Fig. 9Results at � = 3:8 at the same value of r0m� serve as a hek for the onsisteny of this proedure. This is illustratedin Fig. 13 where results at � = 3:8 are onsistent with the onstant �t. The results at the ontinuum limit are then



16hirally extrapolated. The parameters obtained are given in Table VI and the �ts are shown in Fig. 14 where weexluded the heaviest pion mass from these �ts. The values of m0N and 1 obtained from the �ts to ontinuum resultsare onsistent with the values obtained using results at �nite a. This demonstrates that ut-o� e�ets are small.The value of the parameter r0 an be determined from our results in the ontinuum limit using the value of thephysial nuleon mass. We give the extrated values in Table VII where we used linear interpolation to obtainthe nuleon mass at the referene values of r0m�. The values extrated for r0 in the ontinuum limit using these�ts are onsistent. Had we used hiral �ts at O(p3) to interpolate the value extrated would hange by 0:004 fmand at O(p4) by 0:002 fm. These hanges are smaller than the statistial errors. We again take the variation inthe value of r0 at O(p3) and O(p4) HB�PT as an estimate of the systemati error due to the hiral extrapolation.Using the values given in Table VII this di�erene is 0:012 fm. We add to this error the variation in the valuesobtained using a linear interpolation sheme and the O(p3) �t, whih is 0:004 fm. Therefore the value that we �ndis r0 = 0:473� 0:09(stat:)� 0:016(syst:) fm. This value of r0, like for the lattie spaing, is at the upper bound ofthe value r0 = 0:444(3) fm [14℄ determined using f�. The validation of these onsisteny heks suggests that lattieartifats that an a�et the value of the lattie spaing when using di�erent observables are small.B. � massWe perform a similar analysis as for the nuleon mass in the ase of the �.

FIG. 15: Chiral �ts to the �++;� and �+;0 mass us-ing Eq. (28) taking a�=3:9 = 0:0855 fm and a�=4:05 =0:0667 fm determined from f� . Filled triangles show re-sults on a Ls = 2:1 fm. The result on the 2:7 fm volumeat � = 3:9 is shown with the �lled irle. FIG. 16: Chiral �ts to the �++;� and �+;0 mass usingEq. (28) with the lattie spaing determined from thenuleon mass. The physial point shown by the asteriskis not inluded in the �ts.The leading one-loop HB�PT result in the ase of the � mass has the same form as that for the nuleon mass andis given by m� = m0� � 41m2� � 2581 3H2A32�f2�m3� (28)where m0�, is the � mass at the hiral limit and 1 now denotes the oeÆient of the m2�-term for the � mass. Forthe � axial oupling, HA, we use the SU(6) relation HA = (9=5)gA and therefore the one-loop ontribution takesthe same numerial value as in the nuleon ase. We also onsider the Æ�sheme to order O(p4=�) whih yields anexpression that is similar to the nuleon ase:m� = m0� � 41m2� � 12 m0�3(8�f�)2"g2AVloop�m�m0� ; 0�+ 4h2AVloop�m�m0� ; �m0���+ 2m4� : (29)
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FIG. 17: Continuum limit of the �+;0 mass using thelowest order HB�PT to interpolate exept for the heavi-est pion mass where we use linear interpolation. FIG. 18: Simultaneous hiral �ts to the �++;� and �+;0mass after extrapolating to the ontinuum limit at �xedr0m� exluding the heaviest pion mass. The asteriskdenotes the physial � mass using the r0 = 0:444(3) fmextrated in the pion setor and it is not inluded in the�ts. The ross denotes the physial point when we usethe value of r0 extrated from the nuleon setor withonly statistial errors.The �ts using the O(p3) HB�PT result at � = 3:9 and � = 4:05 are shown in Fig. 15 for the �++;� and �+;0masses using the lattie spaings determined from f�. It is useful to hirally extrapolate the � mass to see howlose urrent results are to �(1232) taking the lattie spaings as determined from the nuleon mass. The �ts in thisase are shown in Fig. 16 again using the O(p3) HB�PT result. Agreement with the experimental value of the �mass is better when one uses the lattie spaing determined from the nuleon mass. This indiates that for baryoniobservables is favorable to use the lattie spaing determined from the nuleon mass. We give the values of theparameters that we extrat in Table VI.The ontinuum extrapolation is arried out as in the nuleon ase. We show in Fig. 17 the results for the threedi�erent lattie spaings. As in the ase of the nuleon, the ontinuum limit found by averaging results from � = 3:9and � = 4:05 is onsistent with results at � = 3:8. Furthermore, we �nd that in the ontinuum limit �++;� and�+;0 are degenerate within errors, a result that orroborates absene of isospin breaking. We therefore performsimultaneous �ts to both �++;� and �+;0 mass using our ontinuum limit results at the �ve smallest pion referenemasses. These �ts using leading hiral perturbation theory and the Æ�sheme are shown in Fig. 18. The physialpoint is again not inluded in the �ts. We �nd a � mass at the physial point that is very lose to experiment. Again,this agreement improves when we use the value of r0 �xed from the nuleon mass. The values that we �nd for m0�and 1 from these simultaneous �ts using the ontinuum results are in good agreement with the values extrated for�++;� and �+;0 at �nite lattie spaing. This points to small ut-o� e�ets and to isospin breaking e�ets that aresmaller than statistial errors.
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