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AbstratWe alulate the O(�2s) massive operator matrix elements for the twist{2 operators, whihontribute to the heavy avor Wilson oeÆients in unpolarized deeply inelasti satteringin the region Q2 � m2, up to the O(") ontributions. These terms ontribute throughthe renormalization of the O(�3s) heavy avor Wilson oeÆients of the struture funtionF2(x;Q2). The alulation has been performed using light{one expansion tehniques with-out using the integration-by-parts method. We represent the individual Feynman diagramsby generalized hypergeometri strutures, the "{expansion of whih leads to in�nite sumsdepending on the Mellin variable N . These sums are �nally expressed in terms of nestedharmoni sums using the general summation tehniques implemented in the Sigma pakage.
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1 IntrodutionThe heavy avor orretions to deeply inelasti sattering onstitute an important part of thestruture funtions in the lower x region, f. [1℄. The urrent world data for the nuleon struturefuntions F p;d2 (x;Q2) reahed the preision of a few per ent over a wide kinemati region.Therefore both for the determination of the QCD sale �QCD and the detailed shapes of thepartoni distribution funtions the analysis at the level of the O(�3s) orretions is required toontrol the theory-errors on the level of the experimental auray and below [2℄. In a reentnon{singlet analysis [3℄ errors for �s(M2Z) of O(1:5 %) were obtained extending the analysise�etively to N3LO. In the avor singlet ase the yet unknown 3{loop heavy avor WilsonoeÆients prevent a onsistent 3{loop analysis. Due to the large statistis in the lower x regionone may hope to eventually improve the auray of �s(M2Z) beyond the above value.The heavy avor orretions to F p;d2 (x;Q2) were alulated to 2{loop order in the wholekinemati domain in a semi-analyti way in x-spae in Refs. [4℄. A fast implementation foromplex N{spae was given in [5℄. In the range of higher values of Q2 one may alulate theheavy avor Wilson oeÆients to the struture funtions F2(x;Q2) and FL(x;Q2) in analytiform. For F2(x;Q2) this alulation has been performed to 2{loop order in [6,7℄ and for FL(x;Q2)to 3{loop order in [8℄. In the region Q2 � m2 the heavy avor Wilson oeÆients for deep{inelasti sattering fatorize into massive operator matrix elements Aij(�2=m2) and the masslessWilson oeÆients Ck(Q2=�2) [9{11℄ for all but the power suppressed ontributions. The massiveoperator matrix elements are universal and ontain all the mass dependene in the logarithmiorders and the onstant term. The proess dependene is due to the massless Wilson oeÆients.In the ase of the struture funtion F2(x;Q2) the asymptoti heavy avor ontributions beomequantitatively very lose to those obtained in the omplete alulation [4, 12℄ at LO and NLOalready for Q2 >� 10 m2. These sales are suÆiently low and math with the region analyzed indeeply inelasti sattering.In the present paper we perform a �rst step towards the 3{loop heavy avor Wilson oeÆ-ients for the struture funtion F2(x;Q2). The renormalization of the massive operator matrixelements to 3{loop order enounters also the ontributions of O(") at O(�2s), whih have not yetbeen alulated before. 1 The 2{loop O(") terms form �nite ontributions to the O(a3s) matrixelements with the single pole terms emerging at 1st order. We extend the work presented previ-ously in Ref. [7℄. For the alulation of the O(") 2{loop ontributions our representation whihis based on hypergeometri integrals was extended straightforwardly. However, many more in-�nite nested sums, whih ontain the Mellin variable N , had to be evaluated for the �rst time,sine other available tehniques [15{17℄ ould not be used for this purpose. We applied bothsuitable integral representations and the summation pakage Sigma [18℄, whih solves these sumsin ��{�elds. In the result all sums an be expressed in terms of nested harmoni sums [15,19℄.The paper is organized as follows. In setion 2 the struture of the heavy avor ontributionsto the deeply inelasti struture funtion is summarized for the kinemati region Q2 � m2. Therenormalization of the massive operator matrix elements to 3{loop order is desribed in setion 3.In setion 4 the O(") ontributions to the 2{loop operator matrix elements are alulated. Se-tion 5 ontains the onlusions. In the appendies we present details of the alulation, newlyderived in�nite sums and related funtions depending on the Mellin parameter N , and a furtherhek on our result omparing the Abelian part of the �rst moment with the orresponding part1In the massless ase the o�{shell operator matrix elements were alulated to this order for spae{likemomenta in the MS{sheme for unpolarized and polarized deeply inelasti sattering in [13,14℄, whih are neededin the alulation of the 3{loop anomalous dimensions. 2



of the on{shell photon propagator,2 Basi FormalismIn the twist{2 approximation, the deep{inelasti nuleon struture funtions Fn(x;Q2); n = 2; L;are desribed as Mellin onvolutions between the parton densities fj(x; �2) and the WilsonoeÆients Cji (x;Q2=�2) Fn(x;Q2) = Xj Cjn�x; Q2�2 �
 fj(x; �2) (1)to all orders in perturbation theory due to the fatorization theorem. Here �2 denotes thefatorization sale and the Mellin onvolution is given by the integral[A
 B℄(x) = Z 10 dx1 Z 10 dx2 Æ(x� x1x2) A(x1)B(x2) : (2)The distributions fj refer to massless partons and the heavy avor e�ets are ontained inthe Wilson oeÆients only. As was shown in Ref. [6℄ in the region Q2 � m2 all non{powerontributions to the heavy quark Wilson oeÆients obeyHn;i�Q2m2 ; m2�2 ; x� = Cn;k�Q2�2 ; x�
 Ak;i�m2�2 ; x� ; (3)where Cn;k (Q2=�2; x) are the Wilson oeÆients for massless partons and Ak;i (m2=�2; x) are themassive operator matrix elements. Here � refers to the fatorization sale between the heavyand light ontributions in Cjn. In the onvolution (3) only those terms are aounted for whihontribute to the respetive heavy avor Wilson oeÆient funtions. The index  denotes theavor-deomposition and labels the pure{singlet and gluon ontributions (PS,G) and three non-singlet (NS�, NSv) ombinations. Due to the fat that the diagrams onsidered here ontainone heavy quark line, at O(as) only AQg ontributes. Beginning with O(a2s) there is also thepure-singlet APSQq and the non-singlet term ANS+Qq , while at O(a3s) also the two other non-singletterms ANS�Qq and ANSvQq ontribute. The orresponding ombinations of quark distributions for thesinglet and non-singlet terms are �(x;Q2) and qNSl(x;Q2) with�(x;Q2) = NlXk=1 �qk(x;Q2)� qk(x;Q2)� (4)qNS�mn (x;Q2) = �qm(x;Q2)� qm(x;Q2)�� �qn(x;Q2)� qn(x;Q2)� (5)qNSv(x;Q2) = NfXk=1 �qk(x;Q2)� qk(x;Q2)� : (6)Nl denotes the number of light quark avors. The massless Wilson oeÆients were alulatedin [9{11℄ to 3{loop orders. The massive operator matrix elements are proess independentquantities. The fatorization (3) is a onsequene of the renormalization group equation. InMellin spae the operator matrix elements Ak;i and light avor Wilson oeÆients obey the3



following expansions :Ak;i�m2�2 � = hijOkjii = Æk;i + 1Xl=1 alsA;(l)k;i ; i = q; g (7)C2;i�Q2�2 � = Æi;q + 1Xl=1 alsC;(l)2;i ; i = q; g (8)of the twist{2 avor singlet, non{singlet and gluon operators ONS;S;gk between partoni states jii,whih are related by ollinear fatorization to the initial{state nuleon states jNi. The loaloperators are given byONS;�1;:::;�Nq;r (z) = 12iN�1S �q(z)�1D�2 : : :D�N �r2 q(z)�� Trae Terms (9)OS;�1;:::;�Nq (z) = 12iN�1S [q(z)�1D�2 : : :D�N q(z)℄� Trae Terms (10)O�1;:::;�Ng (z) = 12iN�2S [F a;�1� (z)D�2 : : :D�N�1F a;�;�N (z)℄� Trae Terms : (11)Here S denotes the operator whih symmetrizes all Lorentz-indies and D�1 = ��1�gtaAa�1 is theovariant derivative, q(z), q(z) and F a;��(z) denote the quark-, anti-quark �eld and the gluon�eld-strength operators, with g = (4��s)1=2 = (16�2as)1=2 the strong oupling onstant, ta thegenerators of SU(3), and �r the Gell-Mann matries of SU(3)F . The Feynman rules for theoperator insertions are given in [7, 20℄.3 Renormalization of the Matrix ElementsThe massive operator matrix elements ontain ultraviolet and ollinear singularities whih haveto be renormalized. Charge-, mass-, operator-, and wave funtion renormalization have to beperformed. Collinear singularities appear in those parts of the diagrams with verties whih linkonly to massless lines, and are spei� to the partiular lasses of diagrams. Sine in the presentase at least one losed fermion line is massive, ollinear singularities appear only at O(a2s). Theun-renormalized massive operator matrix elements read^̂Aij = Æij + 1Xk=0 âks ^̂A(k)ij : (12)Here âs denotes the bare oupling onstant. To 2{loop order, the orresponding diagrams weregiven in Ref. [6℄. Here one has to distinguish one-partile irreduible and reduible diagrams,whih both ontribute in the alulation. We would like to remind the reader the bakground ofthis aspet.If one evaluates the heavy-quark Wilson oeÆients in an usual Feynman-diagram alulation,the matrix elements are given by diagrams of the type depited in Figure 1. The inoming gluonis fatorized from the nuleon, i.e. we assume the parton life-time �L being muh longer than theinteration time �I of the virtual photon with the nuleon. As is well-known [21℄, this onditionis ful�lled whenever k2? � Q2 and neither the Bjorken variable x is very small (x�= 1) nor large(x �= 1). This is the ase performing the Bjorken limit and applying the ollinear parton model,in whih the inoming massless partons are dealt with as on{shell partiles. Also in this ase,4



Figure 1: Massive quark self-energy orretion to virtual salar{gluon satteringself-energy diagrams for the inoming parton lines are present. However, one may fatorize theseontributions into the non{perturbative parton densities at leading twist, resp. parton orrelationfuntions at higher twist, sine these ontributions are virtual and are always present whateverhard sattering ross setion is onsidered. They do not form a heavy quark signature whih anbe identi�ed in a subspae of the omplete �nal{state Fok{spae emerging in deeply inelastilepton{nuleon sattering. This proedure was adopted in Ref. [4℄. One onsequene is that atO(a2s) there are no diagrams with two fermion lines, resp. at O(a3s) none with three fermionlines in the general heavy avor Wilson oeÆients. The situation is di�erent in ase of theoperator matrix elements obtained after the light{one expansion is being performed. Here, theline between the two virtual photon- or weak gauge boson verties is ontrated. This line mayontain virtual orretions, see e.g. Figure 1, whih would be lost in the proess of ontration.They have to be aounted for in attahing these self{energies to outer lines of the ontrateddiagram, see Figure 2. From the ase of the fermion{fermion anomalous dimension at leadingorder these aspets are known for long [22{24℄.
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Figure 2: O(as) Self-energy orretion due to massive quarks for the operator matrix element A(1)gg .In kinemati regions, where higher twist e�ets an be safely negleted [3, 25℄ and at suÆ-iently high sales Q2, the saling violations of deeply inelasti struture funtions are due tothe running oupling onstant and heavy quark mass e�ets, after target mass e�ets [26℄ havebeen aounted for. We will further assume that we are in a region where power orretionsdue to heavy quarks are negligibly small, i.e., the heavy quark e�ets ontribute logarithmially/ lnl(m2=�2); l � 0. In this region one may express the struture funtions Fi(N;Q2) in Mellinspae byFi(N;Q2) = NlXl=1 Ci;q(N;Q2=�2f ; as(�2r)) � �ql(N; �2f=�20; as(�2r)) + ql(N; �2f=�20; as(�2r))�+Ci;g(N;Q2=�2f ; as(�2r)) � g(N; �2f=�20; as(�2r))
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+ NlXh=1Hi;q(N;Q2=�2f ; as(�2r)) � �ql(N; �2f=�20; as(�2r)) + ql(N; �2f=�20; as(�2r))�+Hi;g(N;Q2=�2f ; as(�2r)) � g(N; �2f=�20; as(�2r)) : (13)Here �r and �f denote the renormalization and fatorization sales, respetively, �0 is a hadronisale, and q; q and g denote the quark- and gluon distribution funtions. Furthermore, the heavyquark Wilson oeÆients fatorize aording to (3), whih is desribed by the sale �. In thefollowing we identify all these sales � = �r = �f . Sine the struture funtions Fi(N;Q2) donot depend on these sales they obey the following renormalization group equation (RGE) [27℄[D+ 2j℄ Fn(N;Q2) = 0 ; (14)where the di�erential operator D is de�ned byD = �2 ���2 + �(as(�2)) ��as(�2) � m(as(�2))m2(�2) ��m2(�2) : (15)�(as) denotes the �-funtion, m(as) the mass anomalous dimension, and j denote the anoma-lous dimensions of the quark �elds. Here we disuss the ase of onserved urrents, whih havevanishing anomalous dimensions. 2The RGE for the Wilson oeÆients and the parton distributions read [23, 28℄�D Ækj � Nkj(as)�Cjn(N;Q2=�2) = 0 (16)�(D+ 2j) Ækk0 + Nkk0(as)� fjk0(N; �2=�20) = 0 ; (17)with fjk(N; �2=�20) = hjjOkjji : (18)In the following we desribe the renormalization to O(a3s).3.1 Charge RenormalizationWe perform the harge renormalization in the MS-sheme. This allows to ompare the resultsobtained in the QCD analysis of deeply inelasti sattering data with analyzes of other data.The bare oupling onstant âs is expressed by the renormalized oupling as in the MS shemeby âs(") = Z2g ("; �2)as(�2)= as(�2) �1 + Æas;1as(�2) + Æas;2a2s(�2)�+O(a4s) (19)Æas;1 = S"2�0" (20)Æas;2 = S2" �4�20"2 + �1" � ; (21)with Zg the Z{fator for the strong harge. Here the spherial fator S" is given byS" = exp h"2 (E � ln(4�))i ; (22)2Calulating the evolution of the transversity struture funtion h1(x;Q2) using the forward Compton ampli-tude, this is not the ase, f. [29℄. 6



with E the Euler{Masheroni number, " = D � 4, and D the dimension of spae{time. �0 and�1 [30℄ denote the �rst expansion oeÆients of the �-funtion in the massless asedas(�2)d ln(�2) = 12"as(�2)� 1Xk=0 �kak+2s (�2) (23)�0 = 113 CA � 43TFnf (24)�1 = 343 C2A � 4�53CA + CF�TFnf : (25)The olor fators for SU(3) are CF = (N2 � 1)=(2N) = 4=3; CA = N = 3; TF = 1=2. nfdenotes the number of ative avors. The renormalized oupling onstant is obtained absorbingZg into the bare oupling ĝ.In [6℄ a slightly di�erent point of view was taken, inluding mass e�ets in the evolutionof as(�2) whih usually means to hoose another sheme, as e.g. the MOM-sheme [31℄. Tomaintain the Slavnov-Taylor identities of QCD the alulation has to be performed using thebakground-�eld method [32℄ in [33℄. 3 Sine various mass sales ontribute even in ase powerorretions an be disregarded, to treat as inluding mass e�ets is also somewhat non pratial.We treat the orresponding mass e�ets expliitly, whih is outlined in Setion 3.4 below.3.2 Mass RenormalizationWe hoose the on{mass{shell sheme for quarks. In ase of the heavy quarks the bare mass m̂is related to the renormalized mass bym̂ = m + âsÆm1 + â2sÆm2 +O(a3s) (26)Æm1 = CFS"m�m2�2 �"=2 �6" � 4 + �4 + 34�2� "� (27)Æm2 = CFS2"m�m2�2 �" " 1"2 (18CF + 22CA � 8TF (Nl +Nh))+1" ��452 CF + 912 CA � 14TF (Nl +Nh)�+CF �1998 � 512 �2 + 48 ln(2)�2 � 12�3�+ CA��6058 + 52�2 � 24 ln(2)�2 + 6�3�+TF �Nl �452 + 10�2� +Nh�692 � 14�2��# (28)(27) is easily obtained. The pole terms to (28) were given in [35℄, after harge renormalization,and the onstant term in [36℄, see also [37℄. The 3{loop orretions were given in [38℄. Therenormalized mass is obtained absorbing Zm into the bare mass m̂. Heavy quark mass e�etsour also for massless quark self-energies, see Setion 3.4.3Earlier alulations [26, 34℄ illustrated this reporting di�erent expressions for Zg depending on the vertexonsidered. 7



3.3 Operator RenormalizationThe loal operators whih emerge in the light one expansion ontain ultraviolet divergenes.These are renormalized by the following Z{fators for the avor non-singlet (NS), singlet (S),and pure singlet (PS) ontributions. The formulae are partly generi and have to be adapted,e.g. for the three avor non{singlet ontributions. Here we suppress the argument N in theanomalous dimensions ij;k.ZNS(N; as; ") = 1 + asS"NS;0" + a2sS2" � 1"2 �122NS;0 + �0NS;0�+ 12"NS;1�+a3sS3" � 1"3 �163NS;0 + �02NS;0 + 43�20NS;0�+ 1"2 �12NS;0NS;1 + 23�0NS;1 + 23�1NS;0�+ 13"NS;2� (29)Zqq(N; as; ") = 1 + asS"qq;0" + a2sS2" � 1"2 �12 �2qq;0 + qg;0gq;0�+ �0qq;0�+ 12"qq;1�+a3sS3" � 1"3 �16 �3qq;0 + 2qq;0qg;0gq;0 + qg;0gg;0gq;0�+ �0 �2qq;0 + qg;0gq;0�+43�20qq;0�+ 1"2 �12qq;0qq;1 + 13qg;0gq;1 + 16qg;1gq;0 + 23 (�0qq;1 + �1qq;0)�+qq;23" o (30)Zqg(N; as; ") = asS"qg;0" + a2sS2" � 1"2 �12 (qg;0gg;0 + qq;0qg;0) + �0qg;0�+ 12"qg;1�+a3sS3" � 1"3 �16 �qg;02gg;0 + qq;0qg;0gg;0 + qg;0gq;0qg;0�+�0 (qg;0gg;0 + qq;0qg;0) + 43�20qg;0�+ 1"2 �16 (qg;1gg;0 + qq;1qg;0 + 2qq;0qg;1 + 2qg;0gg;1) + 23 (�0qg;1 + �1qg;0)�+qg;23" o (31)Zgq(N; as; ") = asS"gq;0" + a2sS2" � 1"2 �12 (gq;0qq;0 + gg;0gq;0) + �0gq;0�+ 12"gq;1�+a3sS3" � 1"3 �16 �gq;02qq;0 + gg;0gq;0qq;0 + gq;0qg;0gq;0�+�0 (gq;0qq;0 + gg;0gq;0) + 43�20gq;0�+ 1"2 �16 (gq;1qq;0 + gg;1gq;0 + 2gg;0gq;1 + 2gq;0qq;1) + 23 (�0gq;1 + �1gq;0)�+gq;23" o (32)
8



Zgg(N; as; ") = 1 + asS"gg;0" + a2sS2" � 1"2 �12 �2gg;0 + gq;0qg;0�+ �0gg;0�+ 12"gg;1�+a3sS3" � 1"3 �16 �3gg;0 + 2gg;0gq;0qg;0 + gq;0qg;0gg;0�+ �0 �2gg;0 + gq;0qg;0�+43�20gg;0�+ 1"2 �12gg;0gg;1 + 13gq;0qg;1 + 16gq;1qg;0 + 23 (�0gg;1 + �1gg;0)�+gg;23" o (33)The pure{singlet operator has the following Z{fator.ZPSqq (N; as; ") = a2sS2" � 12"2qg;0gq;0 + 12"PSqq;1�+a3sS3" � 16"3 (2qq;0qg;0gq;0 + qg;0gg;0gq;0) + 16"2 (2qg;0gq;1 + qg;1gq;0)+PSqq;23" # (34)The anomalous dimensions ij;k(N) are related to the splitting funtions byij;k(N) = � Z 10 dzzN�1P (k)ij (z) : (35)The renormalized operators are obtained absorbing ZNS; Zij;S, and ZPSqq , into the bare operators,resp. operator matrix elements.3.4 Wave Funtion RenormalizationThe external legs of the operator matrix elements are treated on{shell to be able to apply theirfatorization from the nuleon wave-funtions in the light one expansion as outlined above.Here the mass sale is set by a heavy quark mass. To the operator matrix elements also one-partile reduible diagrams ontribute. If either the self-energy insertion on the external legs orthe remainder diagram ontain only massless lines, with the exeption of the tree-level terms,the diagrams are vanishing sine one of the fators has no sale. I.e. �nite ontributions are dueto the self-energy insertions ontaining a massive line. The orresponding orretions are due tothe massive ontributions to the massless quark self{energy up to 3{loop order and the gluonself{energies up to 2{loop order. The former terms emerge in ase of the avor non{singlet termsANSl;(3)qq;Q and the latter in A(3)Qg, while the pure singlet ontributions APS;(3)Qq obtain no orretions.3.4.1 Massless External Quark LinesThe 2-loop orretion reads�(2)ij = a2sÆijTFCF �m2�2 �" S2" �2" + 56 + �8972 + �22 � "+O("2)� � ip= : (36)At O(a2s) this ontribution implies, that the 1st moment of the non{singlet operator matrixelement vanishes. 9



3.4.2 External Gluon LinesThe gluon vauum polarization is given by�ab��(q) = ��g��q2 + q�q���ab(q2) ; (37)with a and b the olor indies. The 1-loop and 2-loop orretions read�ab(1)(0) = �iasÆabTFS"�m̂2�2 �"=2 43 �2" + "4�2 +O("2)� (38)�ab(2)(0) = �ia2sÆabTFS2" �m̂2�2 �"(CF �12" + 133 + �3512 + 3�2� "�+CA � 4"2 � 5" � �1312 � �2�� �169144 + 54�2 � �33 � "�+O("2)) (39)The CF -term an be ompared with a orresponding ontribution in the photon propagator,(180), before mass renormalization. At 2{loop order the diagrams u and v from [6℄ and the termZ�1;(1)qg Â(1)gg ombine toÂ(2)Qg���u;v + Z�1;(1)qg Â(1)gg = �2a(1)Qg 6XH=4 �0;H �m2H�2 �"=2�1 + "28 �2�= T 2F �23 P (0)qg (N) 6XH=4�m2H�2 �"=2�1 + "28 �2� ; (40)with �0;H = �43TF : (41)(40) yields a �nite ontribution / T 2F in the MS sheme. Our treatment di�ers from that inRef. [6℄ as we do not inlude the mass e�ets of (40) into the running oupling, beause we havehosen to de�ne it in the MS{sheme. This is onvenient for diret omparisons of the partondensities and the QCD{sale �QCD measured in other analyzes of hard sattering ross setions.3.5 Mass FatorizationThe mass singularities are fatored into the funtions �NS, �ij;S and �qq;PS, respetively. If allquarks were massless these funtions were given by�NS = Z�1NS (42)�ij;S = Z�1ij;S (43)�qq;PS = Z�1qq;PS ; (44)with �NS(N; as; ") = 1� asS"NS;0" + a2sS2" � 1"2 �122NS;0 � �0NS;0�� 12"NS;1� (45)�ij;S(N; as; ") = Æij � asS"ij;0" + a2sS2" � 1"2 �12ik;0kj;0 � �0ij;0�� 12"ij;1� (46)�qq;PS(N; as; ") = �a2sS2" � 12"2qg;0gq;0 + 12"qq;PS;1� : (47)10



In the present alulation at least one quark line is massive in eah diagram. Therefore the�{matries (45{47) apply to the parts of the diagrams whih ontain massless lines only, whihare at most 2{loop sub-graphs. The mass fatorization is therefore di�erent in various sub{lasses of ontributing Feynman diagrams. The funtions �NS;�ij;S, and �qq;PS do thus enterthe renormalization of the operator matrix elements only in produts with other funtions. Thesingularities ontained in �NS;�ij;S, and �qq;PS are absorbed into the bare parton densities, whihbeome sale{dependent in this way.3.6 The renormalized operator matrix elementsThe operator matrix element reads after harge and mass renormalizationÂij = Æij + as ^̂A(1)ij + a2s � ^̂A(2)ij + Æm1 ddm ^̂A(1)ij + Æa(1)s ^̂A(1)ij �+a3s � ^̂A(3)ij + Æm1 ddm ^̂A(2)ij + Æm2 ddm ^̂A(1)ij + Æm2112 d2dm2 ^̂A(1)ij + Æa(2)s ^̂A(1)ij + Æa(1)s ^̂A(2)ij � :(48)The renormalized operator matrix elements are obtained removing the ultraviolet singularitiesand ollinear singularities of the operator matrix elements,Aij = Z�1ik Âkl��1lj = Æij + asA(1)ij + a2sA(2)ij + a3sA(3)ij : (49)Here self energy insertions ontaining massive lines in the external legs of the operator matrixelements have to be kept.4 The O(") ContributionsThe O(") ontributions to AQg; APSQq and ANSqq;Q at O(a2s) ontribute to these quantities at O(a3s)in ombination with the various single pole terms emerging at 1{loop, as outlined in Setion 3.The diagrams to be evaluated are shown in [6,7℄. The results for the individual un-renormalizeddiagrams in O(") are given in Appendix A. As outlined before in Ref. [7℄, we alulate themassive operator matrix elements performing the Feynman-parameter integrals diretly, i.e.,without using the integration-by-parts method [39℄ whih was applied in [6℄ up to the terms O("0)before. We obtain representations in terms of generalized hypergeometri funtions [40℄, whihmay be expanded to the desired order in ". With inreasing depth in ", more and more involvednested in�nite sums are obtained, whih depend on the Mellin{parameter N . These sums an besummed applying analyti methods, as integral representations, and general summation methods,as enoded in the Sigma pakage [18℄. We applied both methods to evaluate the sums whihemerge at O("). The underlying algorithms of Sigma are based on a re�ned version [41℄ of Karr'sdi�erene �eld theory of ��-�elds [42℄. In this algebrai setting one an represent ompletelyalgorithmially inde�nite nested sums and produts without introduing any algebrai relationsbetween them. Note that this general lass of sum expressions overs as speial ases, e.g., theharmoni sums [15, 19℄ or generalized nested harmoni sums f. [43{46℄. Given suh an optimalrepresentation, by introduing as less sums as possible, various summation priniples are availablein Sigma. In this artile we applied the following strategy whih has been generalized from thethe hypergeometri ase [47℄ to the ��-�eld setting.11



1. Given a de�nite sum that involves an extra parameter N , for typial sums see the Ap-pendix B. We ompute a reurrene relation in N that is ful�lled by the input sum. Theunderlying di�erene �eld algorithms exploit Zeilberger's reative telesoping priniple [47℄.2. Then we solve the derived reurrene in terms of the so-alled d'Alembertian solutions [47℄.Sine this lass overs the harmoni sums, we �nd all solutions in terms of harmoni sums.3. Taking the initial values of the original input sum, we an ombine the solutions foundfrom step 2 in order to arrive at a losed form representation in terms of harmoni sums.A detailed example for the sum (120) with all its omputation steps has been arried out in [48℄.In Appendix B we present the details for the alulation of a further example, Eq. (151), insetion (B.8).The results for new sums ontributing are listed in Appendix B. In the alulation also morewell-known sums are ourring whih were found before in [7℄ or an be easily solved using theFORM{ode [49℄ summer [15℄.The O(") ontribution to A(2)Qg reads :a(2)Qg(N) = TFCF( N2 +N + 2N(N + 1)(N + 2)�16S2;1;1 � 8S3;1 � 8S2;1S1 + 3S4 � 43S3S1 � 12S22 � S2S21�16S41 + 2�2S2 � 2�2S21 � 83�3S1�� 8 N2 � 3N � 2N2(N + 1)(N + 2)S2;1 + 23 3N + 2N2(N + 2)S31+23 3N4 + 48N3 + 43N2 � 22N � 8N2(N + 1)2(N + 2) S3 + 2 3N + 2N2(N + 2)S2S1 + 4 S1N2 �2+23 (N2 +N + 2)(3N2 + 3N + 2)N2(N + 1)2(N + 2) �3 + P1N3(N + 1)3(N + 2)S2+N4 � 5N3 � 32N2 � 18N � 4N2(N + 1)2(N + 2) S21 � 5N6 + 15N5 + 36N4 + 51N3 + 25N2 + 8N + 4N3(N + 1)3(N + 2) �2�22N5 � 2N4 � 11N3 � 19N2 � 44N � 12N2(N + 1)3(N + 2) S1 � P2N5(N + 1)5(N + 2))+TFCA( N2 +N + 2N(N + 1)(N + 2)��16S�2;1;1 � 4S2;1;1 � 8S�3;1 � 8S�2;2 � 4S3;1 � 23� 000 + 9S4�16S�2;1S1 + 403 S1S3 + 4� 00S1 � 8� 0S2 + 12S22 � 8� 0S21 + 5S21S2 + 16S41 � 103 S1�3�2S2�2 � 2S21�2 � 4� 0�2 � 175 �22� + 4(N2 �N � 4)(N + 1)2(N + 2)2��4S�2;1 + � 00 � 4� 0S1��163 N5 + 10N4 + 9N3 + 3N2 + 7N + 6(N � 1)N2(N + 1)2(N + 2)2 S3 + 23N3 � 12N2 � 27N � 2N(N + 1)2(N + 2)2 S2S1�23N3 + 8N2 + 11N + 2N(N + 1)2(N + 2)2 S31 � 8 N2 +N � 1(N + 1)2(N + 2)2 �2S1�23 9N5 � 10N4 � 11N3 + 68N2 + 24N + 16(N � 1)N2(N + 1)2(N + 2)2 �3 + 8N4 + 2N3 + 7N2 + 22N + 20(N + 1)3(N + 2)3 � 012



� P3(N � 1)N3(N + 1)3(N + 2)3S2 � 2P4(N � 1)N3(N + 1)3(N + 2)2 �2� P5N(N + 1)3(N + 2)3S21 + 2P6N(N + 1)4(N + 2)4S1� 2P7(N � 1)N5(N + 1)5(N + 2)5) : (50)Here the argument N of the harmoni sums, and (N + 1) in the funtion�(N) = 12 � �N + 12 ��  �N2 �� (51)S�1(N) = (�1)N�(N + 1)� ln(2) (52)and in the polynomials Pi(N) was omitted as well as the fatorS2"a2s�m2�2 �" : (53)In the gluon and pure{singlet ase we did not write the overall fator1 + (�1)N2 :It does not emerge generially in the non{singlet ase. In aordane with the light{one ex-pansion only even integer moments ontribute in the present ase. The polynomials in Eq. (50)areP1 = 3N6 + 30N5 + 15N4 � 64N3 � 56N2 � 20N � 8 ; (54)P2 = 24N10 + 136N9 + 395N8 + 704N7 + 739N6 + 407N5 + 87N4 + 27N3 + 45N2 + 24N + 4 ;P3 = N9 + 21N8 + 85N7 + 105N6 + 42N5 + 290N4 + 600N3 + 456N2 + 256N + 64 (55)P4 = (N3 + 3N2 + 12N + 4)(N5 �N4 + 5N2 +N + 2) ; (56)P5 = N6 + 6N5 + 7N4 + 4N3 + 18N2 + 16N � 8 ; (57)P6 = 2N8 + 22N7 + 117N6 + 386N5 + 759N4 + 810N3 + 396N2 + 72N + 32 ; (58)P7 = 4N15 + 50N14 + 267N13 + 765N12 + 1183N11 + 682N10 � 826N9 � 1858N8 (59)�1116N7 + 457N6 + 1500N5 + 2268N4 + 2400N3 + 1392N2 + 448N + 64 : (60)The avor non-singlet and pure-singlet ontributions read :aNS;(2)qq;Q = TFCF(43S4 + 43S2�2 � 89S1�3 � 209 S3 � 209 S1�2 + 23N2 + 3N + 29N(N + 1) �3 + 11227 S2+3N4 + 6N3 + 47N2 + 20N � 1218N2(N + 1)2 �2 � 65681 S1 + P8648N4(N + 1)4) : (61)P8 = 1551N8 + 6204N7 + 15338N6 + 17868N5 + 8319N4+944N3 + 528N2 � 144N � 432 : (62)13



aPS;(2)Qq = TFCF(�2(5N3 + 7N2 + 4N + 4)(N2 + 5N + 2)(N � 1)N3(N + 1)3(N + 2)2 �2S2 + �2��43 (N2 +N + 2)2(N � 1)N2(N + 1)2(N + 2)�3S3 + �3�+ 2 P9(N � 1)N5(N + 1)5(N + 2)4):(63)P9 = 5N11 + 62N10 + 252N9 + 374N8 � 400N6 + 38N7 � 473N5�682N4 � 904N3 � 592N2 � 208N � 32 : (64)The harmoni sums ontributing to the individual diagrams, see Appendix A, are listed inTable 1.Table 1: Complexity of the results in Mellin spae for the individual diagrams in the unpolarized ase,f. [7℄, up to O(")Diagram S1 S2 S3 S4 S�2 S�3 S�4 S2;1 S�2;1 S�2;2 S3;1 S�3;1 S2;1;1 S�2;1;1A + +B + + + + + + +C + +D + + + +E + + + +F + + + + + +G + + + +H + + + +I + + + + + + + + + + + + + +J + +K + +L + + + + + + +M + +N + + + + + + + + + + + + + +O + + + + + + +P + + + + + + +S + +T + +PSa + +PSb + +NSaNSb + + + +Here we have already made use of the algebrai relations [50℄. Moreover, two of the sums,S�2;2(N) and S3;1(N), an be related by strutural relations [51℄ to other harmoni sums, i.e.,they lie in orresponding equivalene lasses and may be obtained by either rational argument14



relations and/or di�erentiation w.r.t. N . Referene to these equivalene lasses is useful sinethe representation of these sums forN �C needs not to be derived newly, exept of di�erentiationwhih is easily arried out. Therefore the two{loop massive operator matrix elements to O(")depend on six basi harmoni sums.
diagram/order 1/ε2 1/ε 1 ε ε2

B N = 2 −8 4.66666 −8.82690 2.47728 −5.69523

N = 6 −7.73333 0.81936 −8.89777 −1.84111 −7.25674

C N = 2 −4 19.8 −3.61715 17.33108 3.26445

N = 6 −1.33333 8.26984 −1.34024 7.12612 1.38782

D N = 2 −8 7.86666 −6.34542 4.71236 −2.18586

N = 6 −2.66666 −0.69523 −2.60657 −1.74990 −2.37611

E N = 2 8.88889 −11.2593 9.82824 −12.8921 2.39145

N = 6 2.93878 −4.24257 3.39094 −4.3892 0.826978

F N = 2 2.66667 −4.88889 9.1707 −1.2618 8.10105

N = 6 1.65714 −3.43645 6.12836 −0.81895 5.43478

G N = 2 2.66666 −9.55555 4.59662 −8.92015 1.07313

N = 6 0.57142 −2.00204 1.04814 −1.89142 0.32219

H N = 2 −2.66666 3.55555 −3.76328 4.57782 −2.02934

N = 6 −0.57143 0.83061 −0.9478 1.08896 −0.55443

I N = 2 0 0 0 0 0

N = 6 0.34285 CA −0.38979 CA 0.45862 CA −0.33621 CA 0.27344 CA

+0.CF +0.30793 CF −0.00949 CF +0.32243 CF +0.10405 CF

L N = 2 22.22222 −8.07407 21.63853 −1.09400 14.38017

N = 6 9.42675 0.69179 9.99619 4.12879 8.49503

M N = 2 −0.44444 −1.66666 −0.25375 −2.19775 −0.72592

N = 6 0.09977 −0.21941 0.12862 −0.23387 0.03250

N N = 2 5.77778 −1.70370 4.24641 −0.06679 2.27892

N = 6 4.26462 0.17238 4.61023 1.71768 3.87767

O N = 2 −4.44444 3.14815 −4.96659 2.01274 −3.0498

N = 6 −1.03605 0.56098 −1.12332 0.27406 −0.73034Table 2: Numerial values for the moments N = 2; 6 for the the expansion of the un-renormalizedmatrix element A2Qg for the terms O(1="2) to O("2) for individual diagrams.In the omplex Mellin-N plane these funtions, up to more simple terms due to the soft- andvirtual orretions, are meromorphi funtions with poles at the non{positive integers, whih15



possess both an analyti regular asymptoti representation and reursion relations, throughwhih they may be alulated. To apply the results obtained in the present alulation in Mellinspae in a QCD{analysis of deeply inelasti struture funtions, their sale evolution is �rstevaluated in Mellin spae, inorporating the heavy avor Wilson oeÆients for omplex valuesof N . This requires analyti ontinuations of the orresponding harmoni sums as worked outin [52℄. The result in x{spae is obtained by a single, fast numeri Mellin-inversion performedby a ontour integral around the singularities of the problem loated at the real axis left to somevalue r. In ase one wants to inlude small{x resummations as well, this an be done in a similarway, see [53℄.We performed an independent hek on our alulation evaluating �xed moments in N for theun-renormalized diagrams using the Mellin-Barnes method [54, 55℄. Here we use an extensionof a method developed for massless propagators in [56℄ to massive on{shell operator matrixelements [57℄. The Mellin-Barnes integrals are evaluated numerially using the pakage MB [58℄.In Table 2, we present the moments N = 2 and N = 6 for the more diÆult two{loop diagrams,f. [7℄, for the O(1="2) to the O("2) terms.A further test for the Abelian part of the �rst moment of the un-renormalized massive oper-ator matrix element A(2)Qg after mass renormalization, i.e., the term / TFCF , an be performedafter analyti ontinuation of even values of N . This term is related to a orresponding ontri-bution of the on{shell photon polarization funtion as noted in [6℄. We apply this method to theO(") term in Appendix C and �nd agreement.5 ConlusionsWe alulated the O(") ontributions to the massive operator matrix elements at O(a2s) whihontribute to the heavy avor Wilson oeÆients in deeply inelasti sattering to the non power-suppressed ontributions. In the renormalization of the heavy avor Wilson oeÆients to 3{loop order they ontribute together with with the single pole terms at O(as). These terms, andthe O(a2s") ontributions to the operator matrix element Agg(N) to be published soon, formall but the onstant terms of the 3{loop heavy avor unpolarized operator matrix elementsneeded to desribe the 3{loop heavy avor Wilson oeÆients, together with the known 3{loopmassless Wilson oeÆients [11℄, in the region Q2 � m2. In the alulation, we made use ofthe representation of the Feynman{parameter integrals in terms of generalized hypergeometrifuntions in a diret alulation, without applying the integration-by-parts method. The "{expansion leads to new in�nite sums whih had to be solved by analyti and advaned algebraimethods. We heked our results for �nite values of N , using the Mellin-Barnes method, andfor a series of diagrams by a seond program. Here, the alulation an be extended to higherorretions in ". For N = 1, one may ompare in addition the terms / TFCF in a(2)Qg withthe orresponding ontribution in the 2{loop on{shell photon propagator. The terms a(2)(N)an be expressed in terms of polynomials of the basi nested harmoni sums up to weightw = 4 and derivatives thereof. They belong to the omplexity-lass of the general two-loopWilson oeÆients or hard sattering ross setions in massless QED and QCD found for spae{and time{like unpolarized and polarized anomalous dimensions, massless Wilson oeÆients fordeeply inelasti sattering, parton fragmentation, the Drell{Yan proess, hadroni Higgs{ andpseudosalar Higgs prodution in the heavy mass limit as well as the soft- and virtual ontributionto Bhabha-sattering, f. [60℄, and are desribed by six basi funtions and their derivatives inMellin spae. Their analyti ontinuation to omplex values of N is known in expliit form.16



The pakage Sigma [18℄ proved to be a useful tool to solve the sums ourring in the presentproblem and was extended aordingly. One advantage to seek for solutions of the reurrenesemerging in ��-�elds onsists in �nding irreduible strutures for the representation. In thepresent alulation these were nested harmoni sums. In even more ompliated single saleproblems in higher orders, this needs not to be the ase. The new basis elements, however,would be uniquely found applying the present proedure.
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A The O(") Terms for the Individual DiagramsIn the following we list the results for the individual diagrams for omparisons and to illustratethe analyti strutures emerging in the alulation. The alulation is performed in Feynmangauge. Again we suppress the fator (53) and the argument N in the sums and polynomials.AQga = TFCF(4 3S3 + �33N2(N + 1) + 2 2N3 �N � 2N3(N + 1)2(N + 2)�2S2 + �2�� 2P̂1N5(N + 1)4(N + 2)3) ;(65)P̂1 = 2N9 � 16N8 � 89N7 � 166N6 � 135N5 � 6N4 + 85N3 + 94N2 + 44N + 8 :AQgb = TFCF( 1N �8S2;1;1 � 8S3;1 + 11S4 � 8S2;1S1 � 43S3S1 + 72S22 � S2S21 � 16S41 + 6S2�2�2S21�2 � 83S1�3 + 83�3� + N2 + 7N + 2N(N + 1)(N + 2)�8S2;1 + 2S2S1 + 23S31 + 4S1�2��4N5 + 3N4 + 19N3 + 37N2 + 16N + 4N2(N + 1)2(N + 2)2 S2 � 4N3 + 9N2 + 8N + 4N2(N + 2)2 S21�8 N2 + 5N + 2N(N + 1)(N + 2)�2 + 43 N2 � 17N + 2N(N + 1)(N + 2)S3 + 16P̂2N2(N + 1)3(N + 2)3S1� 16P̂3N(N + 1)4(N + 2)3) ; (66)P̂2 = N7 + 14N6 + 65N5 + 153N4 + 197N3 + 134N2 + 44N + 8 ;P̂3 = 2N7 + 27N6 + 130N5 + 306N4 + 385N3 + 266N2 + 100N + 16 :AQg = TFCF( 2N �5S3 � 13�3�� 27N3 + 29N2 + 15N + 2N2(N + 1)(N + 2) S2+13N4 + 82N3 + 82N2 +N � 6N2(N + 1)(N + 2)(N + 3) �2 + P̂4N4(N + 1)3(N + 2)3(N + 3)) ; (67)P̂4 = 32N10 + 448N9 + 2177N8 + 5123N7 + 6312N6 + 3863N5 + 902N4+9N3 � 74N2 � 68N � 24 :AQgd = TFCF( 1N ��4S2;1 � 23S3 � S2S1 � 13S31 � 2S1�2 � 43�3�+N4 + 8N3 + 43N2 + 36N + 12N2(N + 1)2(N + 2) �S2 + S21� + 2 N3 + 10N2 + 59N + 42N(N + 1)(N + 2)(N + 3)�2� 4P̂5N2(N + 1)3(N + 2)2S1 + 4P̂6N(N + 1)4(N + 2)3(N + 3)) ; (68)P̂5 = N6 + 8N5 + 79N4 + 207N3 + 205N2 + 96N + 20 ;P̂6 = 2N8 + 24N7 + 262N6 + 1371N5 + 3514N4 + 4775N3 + 3544N2 + 1404N + 240 :AQge = TF"CF � CA2 #(�2 N + 2N(N + 1)�2S2;1 + S1�2�� 23 13N4 + 60N3 + 111N2 + 4N � 36N(N + 1)2(N + 2)(N + 3) S3�13 N3 �N2 � 8N � 36N(N + 1)(N + 2)(N + 3)�3S2S1 + S31�+ 43 N + 3(N + 1)2 �3 � 23N3 + 9N2 + 12N + 4N(N + 1)3(N + 2) �218



+ P̂7N2(N + 1)3(N + 2)(N + 3)S2 + 4N5 + 11N4 + 15N3 � 86N2 � 92N � 24N2(N + 1)2(N + 2)(N + 3) S21�2 P̂8N2(N + 1)3(N + 2)2(N + 3)S1 � 2 P̂9N3(N + 1)5(N + 2)3(N + 3)) ; (69)P̂7 = 20N6 + 119N5 + 290N4 + 105N3 � 290N2 � 212N � 24 ;P̂8 = 8N7 + 62N6 + 181N5 + 127N4 � 226N3 � 404N2 � 296N � 96 ;P̂9 = 38N10 + 394N9 + 1775N8 + 4358N7 + 6323N6 + 5788N5 + 3626N4 + 1462N3+100N2 � 184N � 48 :AQgf = TF"CF � CA2 #( 4N �2S2;1;1 � 2S4 � S22 � �2S2�+ 16(S1 � 1)�33(N + 1)(N + 2)�8 2N2 � 5N � 2N2(N + 1)(N + 2)S2;1 + 43 26N2 � 33N � 10N2(N + 1)(N + 2)S3+23 2N2 � 3N + 2N2(N + 1)(N + 2)�3S2S1 + S31�+ 4 5N + 2N2(N + 1)(N + 2)S1�2�22N3 + 15N2 + 12N � 4N(N + 1)2(N + 2)2 S21 + 214N3 + 85N2 + 132N + 52N(N + 1)2(N + 2)2 S2+42N5 + 18N4 + 25N3 + 10N2 + 44N + 56N(N + 1)3(N + 2)3 S1 � 8�2(N + 1)2(N + 2)�86N5 + 52N4 + 178N3 + 309N2 + 264N + 84(N + 1)4(N + 2)3 ) : (70)AQgg = TFCF(12S2;1 � 58S3 + 3S2S1 + S31 + 6�2S1 + 8�33(N + 1)(N + 2) + (9N + 8)(5N2 + 9N � 1)N(N + 1)2(N + 2)2 S2�3N3 + 31N2 + 45N + 8N(N + 1)2(N + 2)2 S21 � 217N2 + 47N + 28(N + 1)2(N + 2)2 �2+26N5 + 104N4 + 376N3 + 514N2 + 277N + 48N(N + 1)3(N + 2)3 S1 � 2P̂10(N + 1)4(N + 2)4) ; (71)P̂10 = 74N6 + 722N5 + 2697N4 + 4960N3 + 4700N2 + 2143N + 368 :AQgh = TF"CF � CA2 #( 4(N + 3)N(N + 1)(N + 2)�2S2;1 + S1�2�� 43 N2 � 26N + 9N(N + 1)(N + 2)(N + 3)S3�23 N2 � 2N + 9N(N + 1)(N + 2)(N + 3)�3S2S1 + S31�� 8�33(N + 1)(N + 2)�2 N2 + 7N + 8(N + 1)2(N + 2)2 �2 � N4 + 115N3 + 335N2 + 265N + 84N(N + 1)2(N + 2)2(N + 3) S2+7N4 +N3 � 31N2 � 37N � 36N(N + 1)2(N + 2)2(N + 3) S21� 2P̂11N(N + 1)3(N + 2)3(N + 3)S1 + 2P̂12(N + 1)4(N + 2)4(N + 3)) ; (72)P̂11 = 10N6 + 38N5 � 43N4 � 533N3 � 1267N2 � 1269N � 456 ;19



P̂12 = 36N7 + 344N6 + 1287N5 + 2143N4 + 818N3 � 2153N2 � 2795N � 960 :AQgi = TFCA( 8N + 2�4S�2;1;1 � 2S�3;1 � 2S�2;2 � 4S�2;1S1 + S�4 + 2S�3S1+2S�2S2 + 2S�2S21 + S�2�2�+ 8 N2 �N � 4(N + 1)(N + 2)2�2S�2;1 � S�3 � 2S�2S1�+ 1(N + 1)(N + 2) 4(4N + 7)S2;1;1 � 4(6N + 7)S3;1 � 4(4N + 5)S2;1S1 + 32N + 272 S4+23(36N + 35)S3S1 � 16N + 254 S22 + 16N + 152 S2S21 � 112S41�S21�2 + 43S1�3 + (4N + 3)S2�2!+ 2N3 + 9N2 + 17N + 8N(N + 1)2(N + 2)2 S1�2+42N4 +N3 �N2 + 9N + 8N(N + 1)2(N + 2)2 S2;1 � 23 18N4 + 3N3 � 67N2 � 39N + 8N(N + 1)2(N + 2)2 S3�8N4 � 3N3 � 47N2 � 29N + 8N(N + 1)2(N + 2)2 S2S1 + 13 3N3 + 7N2 � 3N � 8N(N + 1)2(N + 2)2 S31� 4(N + 4)�33(N + 1)(N + 2)2 + 8N4 + 2N3 + 7N2 + 22N + 20(N + 1)2(N + 2)3 S�2 + P̂13S2N(N + 1)3(N + 2)3�6N5 + 40N4 + 92N3 + 94N2 + 49N + 16N(N + 1)3(N + 2)3 S21 � 22N3 + 8N2 + 19N + 16(N + 1)2(N + 2)3 �2+ 2P̂14N(N + 1)4(N + 2)4S1 � 2P̂15(N + 1)4(N + 2)5)+TFCF( 1(N + 1)(N + 2)��32S2;1;1 + 16S3;1 � 6S4 + 83S3S1 + 16S2;1S1+S22 + 2S2S21 + 13S41 � 4S2�2 + 4S21�2 + 32�2 + 224�� 162S2;1 + S1�2N(N + 2)�43 3N � 2N(N + 1)(N + 2)�3S2S1 + S31� + 163 3N + 1N(N + 1)(N + 2)S3�8 2N2 + 2N � 1N(N + 1)2(N + 2)S2 + 8 3N2 + 3N + 1N(N + 1)2(N + 2)S21�811N3 + 33N2 + 38N + 14N(N + 1)3(N + 2) S1) ; (73)P̂13 = 4N6 + 10N5 + 12N4 + 8N3 � 18N2 � 37N � 16 ;P̂14 = 10N7 + 114N6 + 533N5 + 1374N4 + 2144N3 + 2027N2 + 1057N + 224 ;P̂15 = 20N7 + 236N6 + 1202N5 + 3384N4 + 5688N3 + 5720N2 + 3195N + 768 :AQgj = TFCA(�23 4N2 + 4N � 5N2(N + 1)2 �3S3 + �3� + P̂16N5(N + 1)5(N + 2)3+4N5 + 22N4 + 11N3 + 13N2 + 35N + 10N3(N + 1)3(N + 2) �2S2 + �2�) ; (74)20



P̂16 = 28N10 + 148N9 + 342N8 + 285N7 � 212N6 � 114N5 + 1117N4 + 1587N3 + 826N2+260N + 40 :AQgk = TFCA(23 3N2 � 23N � 20(N � 1)N(N + 1)2(N + 2)�3S3 + �3�� P̂17(N � 1)N(N + 1)5(N + 2)4�10N4 + 7N3 + 51N2 + 172N + 112(N � 1)N(N + 1)3(N + 2)2 �2S2 + �2�) ; (75)P̂17 = 14N8 + 70N7 + 96N6 � 375N5 � 1493N4 � 1056N3 + 2392N2 + 4192N + 1792 : (76)AQgl = TFCA( 1N ��4S2;1;1 + 4S3;1 + 52S4 + 4S2;1S1 + 23S3S1 + 94S22 + 12S2S21 + S2�2 + 112S41+S21�2 + 43S1�3� + 2N(N + 1)��4S2;1 � S2S1 � 13S31 � 2S1�2��23 6N3 + 5N2 � 4N � 6N2(N + 1)2 S3 + 8N5 + 18N4 + 11N3 +N2 + 6N + 4N3(N + 1)3 S2�(N + 2)(2N + 1)N2(N + 1)2 S21 + 27N3 + 15N2 + 7N + 4N2(N + 1)3 S1 + 23 2N3 + 5N2 + 4N + 2N2(N + 1)2 �3� P̂18�2N3(N + 1)3(N + 2) � P̂19N5(N + 1)5(N + 2)) ; (77)P̂18 = 4N6 + 30N5 + 55N4 + 38N3 + 4N2 � 10N � 4 ;P̂19 = 16N10 + 152N9 + 454N8 + 628N7 + 447N6 + 180N5 + 52N4�10N3 � 28N2 � 18N � 4 ;AQgm = TFCA(23N2 � 2N � 2N2(N + 1)2 �3S3 + �3�� 2N5 + 11N4 + 12N3 + 2N2 + 6N + 4N3(N + 1)3(N + 2) �2S2 + �2��6N8 + 28N7 + 53N6 + 30N5 � 14N4 + 2N3 + 18N2 + 14N + 4N5(N + 1)5(N + 2) ) ; (78)AQgn = TFCA( 4(N � 1)N(N + 1)��4S�2;1;1 + 2S�3;1 + 2S�2;2 � S�4 + 4S�2;1S1 � 2S�3S1 � 2S�2S2�2S�2S21 � S�2�2�+ 2N2 + 3N + 224N(N + 1)(N + 2)�S41 + 12S21�2 + 16�3S1��2 6N2 + 7N � 6N(N + 1)(N + 2)�S2;1;1 � S2;1S1� + 2 8N2 + 9N � 10N(N + 1)(N + 2)S3;1 � 54N2 + 97N � 104N(N + 1)(N + 2)S4� 34N2 + 33N � 743N(N + 1)(N + 2)S3S1 + 2N2 � 37N � 788N(N + 1)(N + 2)S22 � 14N2 + 13N � 344N(N + 1)(N + 2)S2S21� 10N2 + 21N + 62N(N + 1)(N + 2)S2�2 + 8 N2 �N � 4(N + 1)2(N + 2)��2S�2;1 + S�3 + 2S�2S1��25N5 + 10N4 � 20N3 � 62N2 � 40N � 8N2(N + 1)2(N + 2)2 S2;1 � 2N(N + 3)3(N + 1)2(N + 2)�3+35N5 + 66N4 � 118N3 � 294N2 � 152N � 403N2(N + 1)2(N + 2)2 S3�N5 + 6N4 + 4N3 � 30N2 � 40N � 8N2(N + 1)2(N + 2)2 �2S121



+15N5 + 10N4 � 100N3 � 98N2 + 40N + 82N2(N + 1)2(N + 2)2 S2S1�N5 + 6N4 + 4N3 � 30N2 � 40N � 86N2(N + 1)2(N + 2)2 S31 � 8N4 + 2N3 + 7N2 + 22N + 20(N + 1)3(N + 2)2 S�2� P̂20S2 � P̂21S212N(N + 1)3(N + 2)3 + 2N4 + 11N3 + 15N2 + 12N + 8(N + 1)3(N + 2)2 �2� P̂22S1N(N + 1)4(N + 2)4 + P̂23(N + 1)5(N + 2)4) ; (79)P̂20 = 6N6 + 36N5 + 60N4 � 99N3 � 390N2 � 316N � 40 ;P̂21 = 2N6 + 20N5 + 40N4 � 45N3 � 170N2 � 100N + 8 ;P̂22 = 4N8 + 50N7 + 224N6 + 544N5 + 927N4 + 1140N3 + 712N2 � 64N � 208 ;P̂23 = 8N8 + 86N7 + 370N6 + 805N5 + 807N4 � 16N3 � 772N2 � 568N � 96 :AQgo = TFCA( 12N(N + 2)�8S2;1;1 � 8S3;1 � 5S4 � 8S1S2;1 � 43S3S1 � 92S22 � S2S21�16S41 � 2S2�2 � 2S21�2 � 83S1�3�+ 2N2 + 9N + 122N(N + 1)(N + 2)2�4S2;1 + S2S1 + 13S31 + 2S1�2��23 N2 + 7N + 8(N + 1)2(N + 2)2 �3+13 14N3 + 41N2 + 51N + 36N(N + 1)2(N + 2)2 S3 � 12N5 + 124N4 + 472N3 + 817N2 + 641N + 1762N(N + 1)3(N + 2)3 S2+4N4 + 16N3 � 4N2 � 61N � 482N(N + 1)2(N + 2)3 S21 + N(11N3 + 56N2 + 92N + 49)(N + 1)3(N + 2)3 �2� P̂24S1N(N + 1)3(N + 2)4 + P̂25(N + 1)5(N + 2)5) ; (80)P̂24 = 16N6 + 101N5 + 194N4 + 4N3 � 421N2 � 501N � 192 ;P̂25 = 62N8 + 668N7 + 3073N6 + 7849N5 + 12052N4 + 11127N3 + 5640N2 + 1065N � 128 :AQgp = TFCA( N � 42N(N + 1)(N + 2)�4S2;1;1 � 4S3;1 � 4S2;1S1 � 23S3S1 � 12S2S21 � 112S41 � S21�2�43S1�3� + N3 � 17N2 � 41N � 162N(N + 1)2(N + 2)2 �4S2;1 + S2S1 + 13S31 + 2S1�2�+ 11N + 204N(N + 1)(N + 2)S4+ 7N + 368N(N + 1)(N + 2)S22 + 3N + 42N(N + 1)(N + 2)S2�2 � 13 11N3 + 17N2 �N + 16N(N + 1)2(N + 2)2 S3�23 N + 4(N + 1)(N + 2)2 �3 + 10N5 + 48N4 + 122N3 + 222N2 + 213N + 642N(N + 1)3(N + 2)3 S2+2N5 + 48N4 + 174N3 + 242N2 + 161N + 642N(N + 1)3(N + 2)3 S21 + 4N3 + 26N2 + 51N + 32(N + 1)2(N + 2)3 �2� P̂26S1N(N + 1)4(N + 2)4 + P̂27(N + 1)4(N + 2)5) ; (81)22



P̂26 = 8N7 + 120N6 + 595N5 + 1538N4 + 2432N3 + 2419N2 + 1329N + 256 ;P̂27 = 22N7 + 266N6 + 1360N5 + 3826N4 + 6400N3 + 6376N2 + 3515N + 832 :AQgs = TFCA(�23 3S3 + �3N2(N + 1)2 + 2N3 +N2 � 3N � 1N3(N + 1)3 �2S2 + �2�+ P̂28N5(N + 1)5(N + 2)2) ; (82)P̂28 = 4N9 + 8N8 + 6N7 + 35N6 + 66N5 � 6N4 � 85N3 � 61N2 � 24N � 4 :AQgt = TFCA(23 N2 + 3N + 4(N � 1)N(N + 1)2(N + 2)�3S3 + �3��2N4 + 5N3 � 3N2 � 20N � 16(N � 1)N(N + 1)3(N + 2)2 �2S2 + �2�� P̂29(N � 1)N(N + 1)5(N + 2)4) ;(83)P̂29 = 2N8 + 10N7 + 28N6 + 91N5 + 213N4 + 160N3 � 248N2 � 512N � 256 : (84)AQgu = a2sS2"( 83"TF�1 + �28 "2� 3Xi=1 m2i�2 !"=2)(�8TF m2�2 !"=2 1" N2 + 3N + 2N(N + 1)(N + 2)� 1(N + 1)(N + 2) + "� 12(N + 1)(N + 2) + �28N �!) ; (85)AQgv = a2sS2"( 83"TF�1 + �28 "2� 3Xi=1 m2i�2 !"=2)(16TF m2�2 !"=2� 1" � 12 + "�14 + �28 �! 1(N + 1)(N + 2)) : (86)Note that for diagram u and v the sum runs over all heavy quark avors.The diagrams ontributing to the pure singlet ontributions yieldAQqa = TFCF(�43 (N + 2)(N � 1)N2(N + 1)2 �3S3 + �3�� 25N3 � 5N2 � 16N � 4N3(N + 1)3(N + 2) �2S2 + �2�+ 2P̂30N5(N + 1)5(N + 2)3) ; (87)P̂30 = 5N9 + 25N8 � 35N7 � 229N6 � 107N5 + 481N4 + 688N3 + 360N2 + 112N + 16 :AQqb = TFCF(�323 3S3 + �3(N � 1)N(N + 1)(N + 2) � 32 2N + 3(N � 1)N(N + 1)2(N + 2)2�2S2 + �2�+32(2N + 3)(N4 + 6N3 + 5N2 � 12N � 16)N(N � 1)(N + 1)4(N + 2)4 ) : (88)
23



The avor non{singlet ontributions are given byAqq;Qa = TFCF(�29 (N + 2)(N � 1)N(N + 1) �3 � 29N4 + 2N3 � 10N2 � 5N + 3N2(N + 1)2 �2� 281 P̂31N4(N + 1)4) ; (89)P̂31 = 49N8 + 196N7 � 83N6 � 533N5 � 374N4 � 59N3 � 33N2 + 9N + 27:Aqq;Qb = TFCF(43S4 + 43S2�2 � 89S1�3 � 209 S3 � 209 S1�2 + 89�3 + 11227 S2 + 89�2�65681 S1 + 39281 ) ; (90)Aqq;Q = TFCF(��22 � 8972) : (91)

24



B In�nite SumsIn this appendix we list a series of in�nite sums whih were needed in the present analysisand are newly alulated. In addition we made use of the sums in [7℄. �1 is a symbol forP1k=1(1=k) and the orresponding sums are divergent. The alulation was partly performedusing integral representations, solving di�erene equations and using the summation pakageSigma, see also [48℄.B.1 Weighted Beta funtions1Xi=1 B(N; i)(i+N + 2)3 = (�1)N"4S1;�2(N + 2) + 2S�3(N + 2) + 2�2S1(N + 2) + 2�3N(N + 1)(N + 2)+�6S�2(N + 2)� 3�2N(N + 1)(N + 2) #+ 1N(N + 1)(N + 2)2 ; (92)1Xi=1 B(N; i)(i+N + 3)2 = 6(�1)N 2S�2(N + 3) + �2N(N + 1)(N + 2)(N + 3) + N4 + 5N3 + 13N2 + 18N + 13N(N + 1)2(N + 2)2(N + 3)2 ;(93)1Xi=1 B(N; i)(i+N + 4)2 = 24(�1)N 2S�2(N + 4) + �2N(N + 1)(N + 2)(N + 3)(N + 4)+N6 + 11N5 + 54N4 + 143N3 + 213N2 + 178N + 100N(N + 1)2(N + 2)2(N + 3)2(N + 4)2 ; (94)1Xi=1 B(N; i)(i + 1)2 = �1 + 2NN + (1�N)S1;2(N) + �1 +N +N2N S2(N)+�1�N �N2N + (�1 +N)S1(N)��2 + (1�N)�3 (95)1Xi=1 B(N; i)(i + 4) = ��144 + 300N � 415N2 + 241N3 � 63N4 + 6N5144N2+(N � 1)(N � 2)(N � 3)(N � 4)24 ��2 � S2(N)� : (96)B.2 Weighted Beta funtions and harmoni sums1Xi=1 B(N; i)i+ 1 S1(i) = (N � 1)S3(N � 1)� (N � 1)�3 � S2(N � 1) + �2 ; (97)1Xi=1 B(N; i)i+ 2 S1(i) = ��3 � S3(N � 1)�(N � 1)(N � 2)2 + ��2 � S2(N � 1)�N2 � 3N + 32+2�N2 ; (98)1Xi=1 B(N; i)i+ 3 S1(i) = ���3 + S3(N � 1)�(N � 1)(N � 2)(N � 3)625



���2 � S2(N � 1)�3N3 � 18N2 + 33N � 2212 + (6N � 13)(N � 3)24 ;(99)1Xi=1 B(N; i)i+ 4 S1(i) = ��864 + 2040N2 � 3746N3 + 2453N4 � 675N5 + 66N6864N3+300� 550N + 385N2 � 110N3 + 11N4144 ��2 � S2(N)�+(N � 1)(N � 2)(N � 3)(N � 4)24 ��3 � S3(N)� (100)1Xi=1 B(N; i)i+N + 3S1(i) = �2 � S2(N + 2)N + 3 + 3N6 + 15N5 + 36N4 + 51N3 + 52N2 + 36N + 8N3(N + 1)3(N + 2)3 ;(101)1Xi=1 B(N; i)i+N + 4S1(i) = �2 � S2(N + 3)N + 4 + 22N9 + 24N8 + 129N7 + 408N6 + 854N5 + 1270N4N3(N + 1)3(N + 2)3(N + 3)3+21405N3 + 1158N2 + 594N + 108N3(N + 1)3(N + 2)3(N + 3)3 ; (102)1Xi=1 B(N; i)(i +N + 1)2S1(i) = (�1)N 2S1;�2(N) + S�3(N) + �2S1(N) + �3N(N + 1) + �2 � S2(N)(N + 1)2 ; (103)1Xi=1 B(N; i)i + 1 S1(i +N) = (N � 1)�2S3(N) + S1(N)S2(N)� �2S1(N)� 2�3��N � 1N �S2(N)� �2�+ 1�N +N2N2 S1(N) + 1N3 (104)1Xi=1 B(N; i)i + 2 S1(i +N) = (N � 1)(N � 2)2 ��2S3(N)� S1(N)S2(N) + �2S1(N) + 2�3�+(N � 2)(2N � 1)2N �S2(N)� �2�� �4 + 6N � 7N2 + 2N34N2 S1(N)+2� 2N2 +N32N3 : (105)1Xi=1 B(N; i)i + 3 S1(i +N) = (N � 1)(N � 2)(N � 3)6 �2S3(N) + S1(N)S2(N)� �2S1(N)� 2�3��(N � 3)(3N2 � 6N + 2)6N �S2(N)� �2���12 + 21N2 � 19N3 + 4N412N3+36� 66N + 85N2 � 39N3 + 6N436N2 S1(N) (106)1Xi=1 B(N; i)i + 4 S1(i +N) = 144� 340N2 + 397N3 � 150N4 + 18N5144N3��144 + 300N � 415N2 + 241N3 � 63N4 + 6N5144N2 S1(N)26



+n�(N � 4)(2N � 3)(1� 3N +N2)12N+(N � 1)(N � 2)(N � 3)(N � 4)24 S1(N)o��2 � S2(N)�+(N � 1)(N � 2)(N � 3)(N � 4)12 ��3 � S3(N)� (107)1Xi=1 B(N; i)(i+N + 1)2S1(i +N) = (�1)N+1N(N + 1)�4S1;�2(N + 1)� 2S�3(N + 1)�2S1(N + 1)S�2(N + 1) + �2S1(N + 1)� �3 � 2S�2(N + 1)��2� + S1(N + 1)N(N + 1)2 + 1N(N + 1)3 ; (108)1Xi=1 B(N; i)(i+N + 2)2S1(i +N) = (�1)N+1N(N + 1)(N + 2)�8S1;�2(N + 2)� 4S�3(N + 2)�4S1(N + 2)S�2(N + 2) + 2�2S1(N + 2)� 2�3�10S�2(N + 2)� 5�2� + 1 +N +N2N(N + 1)2(N + 2)2S1(N + 2)�1 + 7N + 6N2 +N3N(N + 1)3(N + 2)3 ; (109)1Xi=1 B(N; i)(i+N + 3)S1(i +N) = 16N3 + 12 + 40N + 30N2 + 6N4 +N5N3(N + 1)2(N + 2)2(N + 3)+85N2 + 36 + 66N + 69N3 + 34N4 + 9N5 +N6N2(N + 1)2(N + 2)2(N + 3)2 S1(N)�6(�1)N �(2) + 2S�2(N)N(N + 1)(N + 2)(N + 3)! ; (110)1Xi=1 B(N; i)(i+N + 4)S1(i +N) = 144 + 564N + 564N2 + 361N3 + 180N4 + 62N5 + 12N6 +N7N3(N + 1)2(N + 2)2(N + 3)2(N + 4)+ 424N5 + 110N6 + 16N7 +N8N2(N + 1)2(N + 2)2(N + 3)2(N + 4)2S1(N)+576 + 1200N + 1660N2 + 1576N3 + 1013N4N2(N + 1)2(N + 2)2(N + 3)2(N + 4)2 S1(N)�24(�1)N �(2) + 2S�2(N)N(N + 1)(N + 2)(N + 3)(N + 4)! ; (111)1Xi=1 B(N; i)S1(i+N)2 = �2 + 5N � 2N2 +N3(N � 1)3N3 + 2(1�N +N2)S1(N)(N � 1)2N2 + S1(N)2N � 1+2(�1)NS�2(N)(N � 1)N + (�1)N�2(N � 1)N (112)1Xi=1 B(N; i)i S1(i+N)2 = 2N4 + 2S1(N)N3 + S21(N)N2 � S21(N)S2(N)� 4S1(N)S3(N)�3S4(N)� 2(�1)NS�2(N)N2 + 2S2�2(N)� (�1)N�2N227



+S21(N)�2 + 2S�2(N)�2 + 1710�22 + 4S1(N)�3 ; (113)1Xi=1 B(N; i)i+N S1(i+N)2 = (�1)N+1N2 ��2 + 2S�2(N)� + S1(N)2N2 + 2S1(N)N3 + 2N4 (114)1Xi=1 B(N; i)i+N + 1S1(i+N)2 = (�1)NN(N + 1)��6S�2;1(N � 1) + 2S�2(N � 1)S1(N � 1)+S�3(N � 1) + �2S1(N � 1)� 3�3 � 2S�2(N � 1)� �2�+1 +N +N2N2(N + 1)2S1(N � 1)2 + 2 1 + 2NN2(N + 1)2S1(N � 1)+ 2 + 3NN3(N + 1)2 ; (115)1Xi=1 B(N; i)i+N + 2S1(i+N)2 = (�1)NN(N + 1)(N + 2)��12S�2;1(N � 1) + 4S�2(N � 1)S1(N � 1)+2S�3(N � 1) + 2�2S1(N � 1)� 6�3 + 2(N � 1)S�2(N � 1)+(N � 5)�2� + 4 + 6N + 7N2 + 4N3 +N4N2(N + 1)2(N + 2)2 S1(N � 1)2+4 3 + 3N +N2N2(N + 1)(N + 2)2S1(N � 1) + 4 + 11N + 5N2N3(N + 1)(N + 2)2 ;(116)1Xi=1 B(N; i)i+N S1(i)2 = S1;2(N � 1)� 2S3(N � 1)� �2S1(N � 1) + 3�3N ; (117)1Xi=1 B(N; i)i +N + 1S1(i)2 = S1;2(N)� 2S3(N)� �2S1(N) + 3�3N + 1 � S2(N)� �2N2 + 2N4 ;(118)1Xi=1 B(N; i)i +N + 2S1(i)2 = S1;2(N + 1)� 2S3(N + 1)� �2S1(N + 1) + 3�3N + 2�2N2 +N + 1N2(N + 1)2 �S2(N + 1)� �2�+5N4 + 8N3 + 13N2 + 8N + 2N4(N + 1)4 ; (119)1Xi=1 B(N; i)i +N + 2S1(i)S1(N + i) = (�1)NN(N + 1)(N + 2) 4S�2;1(N)� 6S�3(N)� 4S�2(N)S1(N)�2�2S1(N)� 2�3 � 2 �2(N + 1) � 4S�2(N)(N + 1)!� 2S3(N)N + 2�S1(N)S2(N)N + 2 + �2S1(N)N + 2 + 2�3N + 2+2 + 7N + 7N2 + 5N3 +N4N3(N + 1)3(N + 2) S1(N)28



+22 + 7N + 9N2 + 4N3 +N4N4(N + 1)3(N + 2) ; (120)1Xi=1 B(N; i)S2(N + i) = 1(N � 1)N2 + S2(N)N � 1 � 2(�1)NS�2(N)(N � 1)N � (�1)N�2(N � 1)N (121)1Xi=1 B(N; i)i S2(N + i) = �3S4(N)� 2S�2(N)2 � S2(N)2 � 2S�2(N)�2 + S2(N)�2 + 710�22+(�1)N �(2) + 2S�2(N)N2 + S2(N)N2 ; (122)1Xi=1 B(N; i)N + i S2(N + i) = (�1)N �(2) + 2S�2(N)N2 + S2(N)N2 ; (123)1Xi=1 B(N; i)N + i+ 1S2(N + i) = 1 +N +N2N2(N + 1)2S2(N) + (�1)N"�2S1;�2(N)N(N + 1) + 2S�2(N)N2� S�3(N)N(N + 1) + �2N2 � S1(N)�2N(N + 1) � �3N(N + 1)# ; (124)1Xi=1 B(N; i)N + i+ 2S2(N + i) = N4 + 4N3 + 7N2 + 6N + 4N2(N + 1)2(N + 2)2 S2(N) + 2N(N + 1)2(N + 2)+(�1)N"� 4S1;�2(N)N(N + 1)(N + 2) � 2(N � 2)S�2(N)N2(N + 2)� 2S�3(N)N(N + 1)(N + 2) + �2�� 2S1(N)N(N + 1)(N + 2) � N � 2N2(N + 2)�� 2�3N(N + 1)(N + 2)# ; (125)1Xi=1 B(N; i)N + i + 2S2(i) = S1;2(N)N + 2 � S1(N)�2N + 2 + �3N + 2 � (2 + 3N + 4N2 +N3)S2(N)N2(N + 1)2(N + 2)+(2 + 3N + 4N2 +N3)�2N2(N + 1)2(N + 2) + 2N(N + 1)4(N + 2) ; (126)1Xi=1 B(N; i)(N + i+ 2)2S1(i) = �8 +N + 3N2N(N + 1)4(N + 2)2 � S2(N)(N + 2)2 + �2(N + 2)2+� 2�2N(1 +N)2(N + 2) + 2S1(N)�2N(N + 1)(N + 2)+ 2�3N(N + 1)(N + 2) + 4S�2(N)N(N + 1)2(N + 2)+ 2S�3(N)N(N + 1)(N + 2) + 4S1;�2(N)N(N + 1)(N + 2)�(�1)N ; (127)
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B.3 Weighted Harmoni Sums1Xi=1 S1(i)S1(i+N)i+N = �31 � �3 � S31(N)� 2S3(N)3 + S21(N) + S2(N)N � S1(N)S2(N) ; (128)1Xi=1 S1(i)S1(i+N)i+N + 1 = �31 � 4�33 + S3(N)� S31(N)3 � S1(N)�2 ; (129)1Xi=1 S1(i)S1(i+N)i+N + 2 = �31 � 4�33 + S3(N)� S31(N)3 � S21(N)N + 1 � S1(N)�2 � �2N + 1� (N + 2)(N + 1)2S1(N)� 1(N + 1)2 ; (130)1Xi=1 S1(i)S1(i+N)i+ 3 = �31 � �33 + S1;1;1(N)� 3N2 � 6N + 2N(N � 1)(N � 2)S1;1(N) + 13N � 194(N � 1)(N � 2)�(N + 1)(7N � 6)4N(N � 1) S1(N) ; (131)1Xi=1 S1(i)S1(i+N)i+ 4 = 13�31 � (N + 1)(132� 232N + 85N2)36(N � 2)(N � 1)N S1(N)� 13�3 + S1;1;1(N)�2(�3 + 2N)(1� 3N +N2)(N � 3)(N � 2)(N � 1)NS1;1(N) + 809� 909N + 232N236(N � 3)(N � 2)(N � 1)(132)1Xi=1 S1(i+N)S21(i)i = �414 + 4320�22 + 3S1(N)�3 + S21(N)� S2(N)2 �2 � S1(N)S2;1(N)+S21(N)S2(N)2 + 23S1(N)S3(N)� S22(N)4 + S41(N)12 ; (133)1Xi=1 S21(i+N)S1(i)i = �414 + 4320�22 + 5S1(N)�3 + 3S21(N)� S2(N)2 �2 � 2S1(N)S2;1(N)+S21(N)S2(N) + S1(N)S3(N)� S22(N)4 + S41(N)4 ; (134)1Xi=1 S1(i)S2(i+N)i = �212 �2 � 15�22 � S1(N)�3 � S21(N)� 3S2(N)2 �2 � 2S3;1(N) + 12S4(N)+S21(N)S2(N)2 + S1(N)S3(N) ; (135)1Xi=1 S1(i+N)S2(i)i = �212 �2 � �225 + S1(N)�3 + S21(N)� S2(N)2 �2 + 2S1;1;2(N)�2S1;3(N) + S1(N)S2;1(N)� S21(N)S2(N) + S4(N)� S22(N)2 ; (136)1Xi=1 S1;1(i+N)S1(i)i+N = �418 + �214 �2 � 940�22 � 3S4(N)4 + S31(N)2N � S41(N)8 � 3S21(N)S2(N)4�3S22(N)8 + S1(N)�3S2(N)2N � S3(N)� + S3(N)N ; (137)30



1Xi=1 S1;1(i+N)S1(i)i = �418 + �21�24 + 3940�22 + 2S1(N)�3 + S21(N) + S2(N)2 �2 � S3;1(N)+3S21(N)S2(N)4 + S41(N)8 � S22(N)8 + S1(N)��S2;1(N) + S3(N)�+S4(N)4 : (138)1Xi=1 S1(i)S2(i +N)i +N = �212 �2 � 910�22 + ��S1(N)N + S21(N)2 + S2(N)2 ��2 � S21(N)S2(N)�S22(N)2 � S2;1(N)N + S1(N)�2S2(N)N + S2;1(N)� 2S3(N)�+2S3(N)N + S3;1(N)� 3S4(N)2 ; (139)1Xi=1 S2(i)S1(i +N)i +N = �212 �2 � 710�22 + � 2N � 2S1(N)��3 + �S1(N)N � S21(N)2 � S2(N)2 ��2�S21(N)N2 � S2(N)N2 + S22(N)2 � S2;1(N)N + S1(N)S2;1(N) + S3;1(N)+S4(N)2 ; (140)1Xi=1 S1(i+N)S1(i)(i+N)2 = 65�22 + �� 2N + 2S1(N)��3 + S21(N)N2 + S2(N)N2 � S22(N)2 + S2;1(N)N�S1(N)S2;1(N)� S3;1(N)� S4(N)2 ; (141)1Xi=1 S1(i+N)S21(i)i +N = �414 � 3�224 + � 2N � 2S1(N)��3 + �S1(N)N � S21(N)2 � S2(N)2 ��2+S31(N)N � S41(N)4 + S21(N)�� 1N2 � 3S2(N)2 �� S2(N)N2 � S22(N)4�S2;1(N)N + S1(N)�3S2(N)N + S2;1(N)� 2S3(N)� + 2S3(N)N + S3;1(N)�S4(N) ; (142)B.4 Harmoni Sums1Xi=1 S3(i+N)� S3(i) = S2(N)� (N + 1)S3(N) +N�3 ; (143)1Xi=1 (S3(i+N)� S3(i))i = S1(N)� S2(N) +N(N + 1)S3(N)�N(N + 1)�32�NS2(N) +N�2 ; (144)1Xi=1�S1(i+N)� S1(i)�3 = �32S21(N)� S31(N)� 12S2(N) + 3NS2;1(N)�NS3(N)+N�3 ; (145)31



1Xi=1�S1(i +N)� S1(i)�3i = N2 ��(N + 1)�3 � 3(N + 1)S2;1(N) + (N + 1)S3(N)+(3N � 1)�2� + 1 + 2N + 6N24 S2(N) + 34S21(N)+2� 6N4 S1(N) ; (146)1Xi=1�S1(i+N)� S1(i)�S2(i) = �12S21(N)� 12S2(N) +NS2;1(N) +N�2 �NS1(N)�2+N�1�2 � 2N�3 ; (147)1Xi=1�S1(i+N)� S1(i)�S2(i+N) = �(1 + S1(N))S2(N) +NS3(N)�NS1(N)�2+N(�2 + �1�2 � �3) ; (148)B.5 Misellaneous Sums l�1Xk=0 B(k + 2; "=2)k + 1 = 4"2 � 2"B(1 + l; "=2) ; (149)N�1Xl=0 �N � 1l �(�1)lB(l + 1� "=2; 2� "=2) = B(1� "=2; N + 1� "=2) : (150)B.6 Double and Other Sums1Xi;j=1 S1(i)S1(i+ j +N)i(i + j)(j +N) = 6S1(N)N �3 + �2�2S21(N)N + S2(N)N � + S41(N)6N + S21(N)S2(N)N�S22(N)N + 4S2;1;1(N)N + S1(N)��3S2;1(N)N + 4S3(N)3N ��2S3;1(N)N � S4(N)2N ; (151)1Xk=1 B(k + "=2; N)N + k = 1N2+ "2((�1)N 2S�2(N) + �2N � S1(N)N2 )
+ "2(�(�1)N S�2;1(N)N + (�1)N 2S�3(N)� �34N+(�1)N 2S�2(N) + �24N S1(N) + S21(N) + S2(N)8N2 )
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+ "348N(125 (�1)N�22 � 6(�1)NS1(N)�3 + �2�3(�1)NS21(N)+3(�1)NS2(N)� + 48(�1)NS�2;1;1(N)� 24(�1)NS�3;1(N)�24(�1)NS�2;2(N) + 12(�1)NS�4(N) + 6(�1)NS21(N)S�2(N)+6(�1)NS2(N)S�2(N)� 2S3(N)N � S31(N)N+S1(N)��3S2(N)N � 24(�1)NS�2;1(N) + 12(�1)NS�3(N)�)+O("4) : (152)1Xk=1 B(N + 1; k + "=2)N + k = (�1)N NXj=1(�1)j 1Xk=1 B(j; k + "=2)j + k + B(j; 1 + "=2)j !
+(�1)N 1Xk=1 B(1; k + "=2)k ; (153)1Xk=1 B(k + "=2; N + 1)N + k = (�1)Nh2S�2(N) + �2i+ "2(�1)Nh��3 + �2S1(N) + 2S1;�2(N)� 2S�2;1(N)i+ "24 (�1)N"25�22 � �3S1(N) + �2S1;1(N)+2nS1;1;�2(N) + S�2;1;1(N)� S1;�2;1(N)o#+ "3(�1)N"��58 + S1(N)20 �22 � S1;1(N)8 �3 + S1;1;1(N)8 �2+S1;�2;1;1(N) + S1;1;1;�2(N)� S�2;1;1;1(N)� S1;1;�2;1(N)4 #+O("4) : (154)B.7 Expansion of harmoni sums for small argumentOne may expand nested harmoni sums into Taylor series w.r.t. the outer argument, using theorresponding di�erentiation rules [51℄. In the present alulation we made use of the followingrelations. S1(") = �2"� �3"2 + 25�22"3 � �5"4 +O("5) ; (155)S2(") = 2�3"� 65�22"2 + 4�5"3 � 87�32"4 +O("5) ; (156)S3(") = 65�22"� 6�5"2 + 167 �32"3 � 15�7"4 +O("5) ; (157)33



S4(") = 4�5"� 167 �32"2 + 20�7"3 � 245 �42"4 +O("5) ; (158)S2;1(") = 710�22"+ �2�3�2 � 112 �5�"2 +O("3) ; (159)S3;1(") = �92�5 � �3�2�"+O("2) ; (160)S2;1;1(") = �112 �5 � 2�3�2�"+O("2) : (161)These relations an be obtained expanding the representation of the sums in terms of Mellintransforms of Nielsen integrals weighted by 1=(1� x). In ase of the single harmoni sums theexpansions result from Euler's  {funtion and its derivatives.B.8 Sample Calulation for one of the SumIn the following we illustrate the alulation of sum (151) in using the Sigma pakage :1Xj=1 1j +N 1Xi=1 S1(i)S1(i+ j +N)i(i + j) : (162)First, we treat the inner sum for N �xed,F (j) = 1Xi=1 S1(i)S1(i + j +N)i(i + j) : (163)By Sigma's reative telesoping algorithm we ompute the reurrene relation�(j +N + 1)j2F (j) + (j + 1) �3j2 + 3Nj + 7j + 2N + 4�F (j + 1)�(j + 2) �3j2 + 3Nj + 11j + 4N + 10�F (j + 2)+(j + 2)(j + 3)(j +N + 3)F (j + 3) = A(j) +B(j)S1(j +N)(164)whereA(j) = 1(j2 + 3j + 2) (j2 + (2N + 3)j +N2 + 3N + 2)2��3j5 + (9N + 26)j4 + �10N2 + 63N + 86� j3 + �5N3 + 49N2 + 156N + 137� j2+ �N4 + 12N3 + 74N2 + 163N + 106� j + 5N3 + 34N2 + 61N + 32�; (165)B(j) = 3j3 + (4N + 13)j2 + (�N2 + 11N + 18) j �N3 � 2N2 + 7N + 8(j + 1)(j + 2)(j +N + 1)(j +N + 2) : (166)Next, we apply Sigma's reurrene solver and obtain three linearly independent solutions of thehomogeneous version of the reurrene:1j ; S1(j +N)j ; �jS1(j) + jS1(j +N) + 1j2(N + 1)34



and one solution of the reurrene itself:p(j) = S1(j +N)36j � S1(j +N)22j2 + ��S2(N)2j + S2(j +N)2j + 3Nj + j�S1(j +N)� S3(N)3j+ S1(N)22Nj + 2j + 3N + 2j2(N + 1)2 + (j � 2(N + 1))S1(N)2j2(N + 1)2 + S2(N)2j2 � S2(j +N)2j2 + S3(j +N)3j+Pji=1 S1(i+N)i2j � Pji=1 S1(i+N)ij2 � Pji=1 S1(i)S1(i+N)ij + Pji=1 S2(i+N)i2j + Pji=1 S1(i+N)2i2j+S1(j) �3N � 2j(N + 1)2 + S1(N)Nj + j � S2(N)2j + Pji=1 S1(i+N)ij !� Pji=1 S1(i+N)(i+N)2j : (167)The funtion F (j) is given byF (j) = a1 1j + a2S1(j +N)j + a3�jS1(j) + jS1(j +N) + 1j2(N + 1) + p(j) (168)for some properly hosen onstants a1, a2 and a3 whih are free of j. Looking at the initial valuesfor j = 1; 2; 3 of F (j) we an onlude thata1 = �16S1(N)3 � S1(N)22N + 2 + ��12S2(N)� 12(N + 1)2�S1(N)� S2;1(N) + 2�3; (169)a2 = 12�� S1(N)2 � 2S1(N)N + 1 + S2(N) + 2 ((N + 1)2�2 � 1)(N + 1)2 �; (170)a3 = 12(N + 1)S1(N)2 + S1(N)� 3N + 2N + 1 : (171)One obtainsF (j) = �S1(N)36j + S1(N)22j2 + � 12jN2 � S2(N)2j �S1(N) + S1(j +N)36j � S1(j +N)22j2+S1(j)2��S1(j +N)2j � 12jN� + S2(N)2j2 � S2(j +N)2j2 � S3(N)3j + S3(j +N)3j�S2;1N)j + Pji=1 S1(i)2i+N2j + Pji=1 S1(i+N)i22j � (j +N)Pji=1 S1(i+N)ij2N � Pji=1 S1(i+N)(i+N)2j+S1(j) �S1(N)22j + S1(j +N)jN � S2(N)2j + Pji=1 S1(i+N)ij + 12jN2!+Pji=1 S1(i+N)2i2j + Pji=1 S2(i+N)i2j + S1(j +N)�S2(j +N)2j � 1N2 � 2�22j �+ 2�3j :(172)Finally, we look at the inde�nite nested sumS(N; a) = aXj=1 F (j)j +N (173)
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with lima!1S(N; a) = aXj=1 1Xj=1 S1(i)S1(i+ j +N)i(i + j)(j +N) : (174)At this point we emphasize that the sum expression (173) with the derived sum representationof F (j) �ts into the input lass of Sigma. Hene, we an apply Sigma's mahinery again andarrive for S(a;N) at the following sum representationS(a;N) = �S1(N)48N + S1(a+N)S1(N)36N + �S2(a)4N � S2(N)4N + �22N�S1(N)2+�S1(a+N)�S2(N)2N � 12N3�� S2;1(N)N + 2�3N �S1(N)� S1(a+N)424N+S2(N)28N � S2(a+N)28N + �Pai=1 S1(i+N)i �22N + S1(a)3��S1(a+N)3N � 13N2�+S1(a)2��S1(N)24N + S1(a+N)2N2 � S2(N)4N + 14N3�+ S2(a)�S2(N)4N + 112N3�+S3(N)3N2 � S3(a+N)3N2 + S4(N)4N � S4(a +N)4N � Pai=1 S1(i)(i+N)33N � Pai=1 S1(i)2(i+N)22N+�S1(a)2N � S1(a +N)2N + 12N2� aXi=1 S1(i)2i +N � Pai=1 S1(i)3i+N6N � Pai=1 S1(i+N)i36N+�S1(a)2N � S1(a +N)2N � aXi=1 S1(i+N)i2+��S1(a)N + S1(a+N)N + 1N2� aXi=1 S1(i+N)(i +N)2+Pai=1 S1(i+N)(i+N)3N � Pai=1 S1(i)S1(i+N)i22N + Pai=1 S1(i)S1(i+N)(i+N)2N + Pai=1 S1(i)2S1(i+N)i+NN+�S1(a)2N � S1(a +N)2N � 1N2� aXi=1 S1(i+N)2i � Pai=1 S1(i+N)2(i+N)2N+2Pai=1 S1(i+N)3i3N + Pai=1 S1(i+N)S2(i)i2N + �S1(a)2N � S1(a+N)2N � aXi=1 S2(i+N)i+Pai=1 S1(i)S1(i+N)2i2N � Pai=1 S1(i)S2(i+N)i2N + Pai=1 S1(i+N)S2(i+N)iN+S2(a+N) (1� 3N2�2)6N3 + S2(N) (3N2�2 � 1)6N3 + S1(a+N)N2+ aXi=1 S1(i +N)i ! S1(a)22N + ��S1(a+N)N � 1N2�S1(a)� S1(N)22N�S2(a)2N � S2(N)2N + �2N � 12N3!+ S1(a+N)2 �1�N2�22N3 � S2(a+N)4N �
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+S1(a+N)�S3(N)3N � S3(a+N)3N + S2;1(N)N � 2�3N �+S1(a) � S1(N)36N + S1(a+N)S1(N)22N + � 12N3 � S2(N)2N �S1(N)+S1(a+N)�S2(N)2N � 12N3�� S3(N)3N + S3(a +N)3N � S2;1(N)N + 2�3N !: (175)We remark that all the sums in this expression are algebraially independent, i.e., no relationsour that ould anel some of the involved sums.Finally, we send a to in�nity in the last expression and note that the involved sum expressionsan be simpli�ed by the sum identities (128){(142) and some additional identities of similar type.In the �nal expression divergenes of the type �k1 being ontained in some of the terms vanish.We �nd the right hand side of (151).
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C The �rst moment of the operator matrix elementAfter the analyti ontinuation from the even values of N to N � C is performed one mayonsider the limit N ! 1. In this proedure the term (1 + (�1)N )=2 equals to 1. At O(a2s) theterms / TFCA ontain 1=z ontributions in momentum fration spae and their �rst momentdiverges. For the other ontributions to the un{renormalized operator matrix element (aftermass renormalization to 2{loop order), the �rst moment is related to the Abelian part of thetransverse ontribution to the gluon propagator �V (p2; m2)jp2=0, Figure 3, exept the term / T 2F
+2Figure 3: Abelian part of the gluon self-energy due to heavy quarks.whih results from wave funtion renormalization. This was shown in [6℄ up to the onstant termin ". One obtains�V (p2; m2) = S"asTF�(1)V (p2; m2) + S2"a2sCFTF�(2)V (p2; m2) +O(a3s) ; (176)with limp2!0�(1)V (p2; m2) = 12 ^̂A(1);N=1Qg (177)limp2!0�(2)V (p2; m2) = 12 ^̂A(2);N=1Qg jCF : (178)Here we extend the relation to the linear terms in ". For the �rst moment the double poleontributions in " vanish in (177,178). From the orresponding QED-expressions �V (k)T given in[59℄ by asymptoti expansion of the photon propagator (1=p2)~�(k)V (p2; m2) inm2=p2 and adjustingthe relative olor fator for k = 2 to 1=4 = 1=(CFCA), due to the transition from QED to QCD,the omparison an be performed up to the onstant term in ". One obtainslimp2!0 1p2 ~�(1)V (p2; m2) = 12TF ^̂A(1);N=1Qg = ��m2�2 �"=2 S" � 83" + "3�2� (179)limp2!0 1p2 ~�(2)V (p2; m2) = 12TFCF ^̂A(2);N=1Qg jCF = �m2�2 �" ��4" + 15� �314 + �2� "� : (180)The latter term is easily obtained using MATAD [61℄.Aknowledgments. We would like to thank K. Chetyrkin, F. Jegerlehner and M. Steinhauserfor useful onversations. We thank P. Paule for his interest in this work. This work was sup-ported in part by DFG Sonderforshungsbereih Transregio 9, Computergest�utzte TheoretisheTeilhenphysik, Spezialforshungsbereih F1305, projet P20347-N18 of the Austrian FWF, andStudienstiftung des Deutshen Volkes. We used the ode axodraw [62℄ to draw Feynman dia-grams. 38



Referenes[1℄ P. D. Thompson, J. Phys. G 34 (2007) N177 [arXiv:hep-ph/0703103℄.[2℄ J. Bl�umlein, arXiv:0706.2430 [hep-ph℄;S. Bethke, Nul. Phys. Pro. Suppl. 135 (2004) 345 [arXiv:hep-ex/0407021℄.[3℄ J. Bl�umlein, H. B�otther and A. Gu�anti, arXiv:hep-ph/0607200.[4℄ E. Laenen, S. Riemersma, J. Smith and W. L. van Neerven, Nul. Phys. B 392 (1993) 162;229;S. Riemersma, J. Smith and W. L. van Neerven, Phys. Lett. B 347 (1995) 143 [arXiv:hep-ph/9411431℄.[5℄ S. I. Alekhin and J. Bl�umlein, Phys. Lett. B 594 (2004) 299 [arXiv:hep-ph/0404034℄.[6℄ M. Buza, Y. Matiounine, J. Smith, R. Migneron and W. L. van Neerven, Nul. Phys. B 472(1996) 611 [arXiv:hep-ph/9601302℄.[7℄ I. Bierenbaum, J. Bl�umlein and S. Klein, Nul. Phys. B 780 (2007) 40 [arXiv:hep-ph/0703285℄.[8℄ J. Bl�umlein, A. De Freitas, W. L. van Neerven and S. Klein, Nul. Phys. B 755 (2006) 272[arXiv:hep-ph/0608024℄.[9℄ W. Furmanski and R. Petronzio, Z. Phys. C 11 (1982) 293 and referenes therein.[10℄ W. L. van Neerven and E. B. Zijlstra, Phys. Lett. B 272 (1991) 127;E. B. Zijlstra and W. L. van Neerven, Phys. Lett. B 273 (1991) 476; Nul. Phys. B 383(1992) 525;S. A. Larin and J. A. M. Vermaseren, Z. Phys. C 57 (1993) 93;S. Moh and J. A. M. Vermaseren, Nul. Phys. B 573 (2000) 853 [arXiv:hep-ph/9912355℄.[11℄ S. A. Larin, T. van Ritbergen and J. A. M. Vermaseren, Nul. Phys. B 427 (1994) 41;S. A. Larin, P. Nogueira, T. van Ritbergen and J. A. M. Vermaseren, Nul. Phys. B 492(1997) 338 [arXiv:hep-ph/9605317℄;A. Retey and J. A. M. Vermaseren, Nul. Phys. B 604 (2001) 281 [arXiv:hep-ph/0007294℄l;J. Bl�umlein and J. A. M. Vermaseren, Phys. Lett. B 606 (2005) 130 [arXiv:hep-ph/0411111℄;J. A. M. Vermaseren, A. Vogt and S. Moh, Nul. Phys. B 724 (2005) 3 [arXiv:hep-ph/0504242℄.[12℄ E. Witten, Nul. Phys. B 104 (1976) 445;J. Babok, D. W. Sivers and S. Wolfram, Phys. Rev. D 18 (1978) 162;M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nul. Phys. B 136 (1978) 157 [Yad.Fiz. 27 (1978) 455℄;J. P. Leveille and T. J. Weiler, Nul. Phys. B 147 (1979) 147;M. Gl�uk, E. Ho�mann and E. Reya, Z. Phys. C 13 (1982) 119.[13℄ Y. Matiounine, J. Smith and W. L. van Neerven, Phys. Rev. D 57 (1998) 6701 [arXiv:hep-ph/9801224℄. 39



[14℄ Y. Matiounine, J. Smith and W. L. van Neerven, Phys. Rev. D 58 (1998) 076002 [arXiv:hep-ph/9803439℄.[15℄ J. A. M. Vermaseren, Int. J. Mod. Phys. A 14 (1999) 2037 [arXiv:hep-ph/9806280℄.[16℄ S. Weinzierl, Comput. Phys. Commun. 145 (2002) 357. [arXiv:math-ph/0201011℄.[17℄ S.-O. Moh and P. Uwer, Comput. Phys. Commun. 174 (2006) 759. [arXiv:math-ph/0508008℄.[18℄ C. Shneider, Ann. Comb., 9 (1) (2005) 75; Pro. ISSAC'05, (2005) pp. 285 (ACM Press);Pro. FPSAC'07, (2007) 1;J. Di�er. Equations Appl., 11 (9) (2005) 799; J. Algebra Appl., 6 (3) (2007) 415;C. Shneider, S�em. Lothar. Combin. 56 (2007) Artile B56b and Habilitation Thesis, JKULinz, (2007).[19℄ J. Bl�umlein and S. Kurth, Phys. Rev. D 60 (1999) 014018 [arXiv:hep-ph/9810241℄.[20℄ F.J. Yndurain, The Theory of Quark and Gluon Interations, (Springer, Berlin, 1983;R. Hamberg, Seond order gluoni ontributions to physial quantities, PhD Thesis, (LeidenUniversity, Leiden, 1991).[21℄ S. D. Drell and T. M. Yan, Annals Phys. 66 (1971) 578 [Annals Phys. 281 (2000) 450℄.[22℄ E. Fermi, Z. Phys. 29 (1924) 315.[23℄ D. J. Gross and F. Wilzek, Phys. Rev. D 8 (1973) 3633.[24℄ D. J. Gross and F. Wilzek, Phys. Rev. D 9 (1974) 980;H. Georgi and H. D. Politzer, Phys. Rev. D 9 (1974) 416.[25℄ J. Bl�umlein and H. B�otther, arXiv:0802.0408 [hep-ph℄.[26℄ H. Georgi and H. D. Politzer, Phys. Rev. D 14 (1976) 1829.[27℄ C. G. Callan, Phys. Rev. D 2 (1970) 1541;K. Symanzik, Commun. Math. Phys. 18 (1970) 227.[28℄ K. Symanzik, Commun. Math. Phys. 23 (1971) 49;C. G. Callan, Phys. Rev. D 5 (1972) 3202;N. H. Christ, B. Hasslaher and A. H. Mueller, Phys. Rev. D 6 (1972) 3543.[29℄ J. Bl�umlein, Eur. Phys. J. C 20 (2001) 683 [arXiv:hep-ph/0104099℄.[30℄ D. J. Gross and F. Wilzek, Phys. Rev. Lett. 30 (1973) 1343;H. D. Politzer, Phys. Rev. Lett. 30 (1973) 1346;G. t'Hooft, unpublished;W. E. Caswell, Phys. Rev. Lett. 33 (1974) 244;D. R. T. Jones, Nul. Phys. B 75 (1974) 531.[31℄ W. Celmaster and R. J. Gonsalves, Phys. Rev. Lett. 42 (1979) 1435; Phys. Rev. D 20(1979) 1420. 40



[32℄ L. F. Abbott, Nul. Phys. B 185 (1981) 189.[33℄ A. Rebhan, Z. Phys. C 30 (1986) 309;F. Jegerlehner and O. V. Tarasov, Nul. Phys. B 549 (1999) 481 [arXiv:hep-ph/9809485℄.[34℄ O. Nahtmann and W. Wetzel, Nul. Phys. B 146 (1978) 273;B. J. Edwards and T. D. Gottshalk, Nul. Phys. B 196 (1982) 328.[35℄ R. Tarrah, Nul. Phys. B 183 (1981) 384;O. Nahtmann and W. Wetzel, Nul. Phys. B 187 (1981) 333.[36℄ N. Gray, D. J. Broadhurst, W. Grafe and K. Shilher, Z. Phys. C 48 (1990) 673;D. J. Broadhurst, N. Gray and K. Shilher, Z. Phys. C 52 (1991) 111.[37℄ J. Fleisher, F. Jegerlehner, O. V. Tarasov and O. L. Veretin, Nul. Phys. B 539 (1999) 671[Erratum-ibid. B 571 (2000) 511℄ [arXiv:hep-ph/9803493℄.[38℄ K. G. Chetyrkin and M. Steinhauser, Nul. Phys. B 573 (2000) 617 [arXiv:hep-ph/9911434℄.[39℄ J. Lagrange, Nouvelles reherhes sur la nature et la propagation du son, Misellanea Tauri-nensis, t. II, 1760-61; Oeuvres t. I, p. 263;C.F. Gauss, Theoria attrationis orporum sphaeroidiorum elliptiorum homogeneorummethodo novo tratate, Commentationes soietas sientiarum Gottingensis reentiores, VolIII, 1813, Werke Bd. V pp. 5-7;G. Green, Essay on the Mathematial Theory of Eletriity and Magnetism, Nottingham, 1828[Green Papers, pp. 1-115℄;M. Ostrogradski, Mem. A. Si. St. Peters., 6, (1831) 39;K. G. Chetyrkin, A. L. Kataev and F. V. Tkahov, Nul. Phys. B 174 (1980) 345.[40℄ W.N. Bailey, Generalized Hypergeometri Series, (Cambridge University Press, Cambridge,1935);L.J. Slater, Generalized Hypergeometri Funtions, (Cambridge University Press, Cambridge,1966).[41℄ C. Shneider J. Symboli Comput. (2008), doi:10.1016/j.js.2008.01.001.[42℄ M. Karr, J. ACM, 28 (1981) 305.[43℄ A.B. Gonharov, Math. Res. Lett. 5 (1998) 497.[44℄ J. M. Borwein, D. M. Bradley, D. J. Broadhurst and P. Lisonek, Trans. Am. Math. So.353 (2001) 907 [arXiv:math/9910045℄.[45℄ Hoang Ngo Minh, M. Petitos, J. van der Hoeven, Disr. Math. 225 (2000) 217.[46℄ S. Moh, P. Uwer and S. Weinzierl, J. Math. Phys. 43 (2002) 3363 [arXiv:hep-ph/0110083℄.[47℄ M. Petkov�sek, H. S. Wilf, and D. Zeilberger. A = B A. K. Peters, Wellesley, MA, 1996.D. Zeilberger, J. Symboli Comput. 11 (1991), 195.[48℄ I. Bierenbaum, J. Bl�umlein, S. Klein and C. Shneider, arXiv:0707.4659 [math-ph℄.[49℄ J. A. M. Vermaseren, arXiv:math-ph/0010025.41



[50℄ J. Bl�umlein, Comput. Phys. Commun. 159 (2004) 19 [arXiv:hep-ph/0311046℄.[51℄ J. Bl�umlein, DESY 07{042.[52℄ J. Bl�umlein, Comput. Phys. Commun. 133 (2000) 76 [arXiv:hep-ph/0003100℄;J. Bl�umlein and S. O. Moh, Phys. Lett. B 614 (2005) 53 [arXiv:hep-ph/0503188℄.[53℄ J. Bl�umlein and A. Vogt, Phys. Rev. D 58 (1998) 014020 [arXiv:hep-ph/9712546℄.[54℄ E.W. Barnes, Pro. Lond. Math. So. (2) 6 (1908) 141; E.W. Barnes, Quart. J. Math. 41(1910) 136.[55℄ H. Mellin, Math. Ann. 68 (1910) 305;E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, (Cambridge UniversityPress, Cambridge, 1927; reprinted 1996);E.C. Tithmarsh, Introdution to the Theory of Fourier Integrals, (Oxford, Calendron Press,1937; 2nd Edition 1948).[56℄ I. Bierenbaum and S. Weinzierl, Eur. Phys. J. C 32 (2003) 67 [arXiv:hep-ph/0308311℄.[57℄ I. Bierenbaum, J. Bl�umlein and S. Klein, Nul. Phys. Pro. Suppl. 160 (2006) 85 [arXiv:hep-ph/0607300℄; Nul. Phys. Pro. Suppl. 174 (2007) 75; Phys. Lett. B 648 (2007) 195[arXiv:hep-ph/0702265℄.[58℄ M. Czakon, Comput. Phys. Commun. 175 (2006) 559 [arXiv:hep-ph/0511200℄.[59℄ A. Djouadi and P. Gambino, Phys. Rev. D 49 (1994) 3499 [Erratum-ibid. D 53 (1996)4111℄, [arXiv:hep-ph/9309298℄.[60℄ J. Bl�umlein, Nul. Phys. Pro. Suppl. 135 (2004) 225 [arXiv:hep-ph/0407044℄;J. Bl�umlein and V. Ravindran, Nul. Phys. B 749 (2006) 1 [arXiv:hep-ph/0604019℄; B 716(2005) 128 [arXiv:hep-ph/0501178℄;M. Dittmar et al., arXiv:hep-ph/0511119;J. Bl�umlein and S. Moh, in preparation;J. Bl�umlein and S. Klein, arXiv:0706.2426 [hep-ph℄.[61℄ M. Steinhauser, Comput. Phys. Commun. 134 (2001) 335, [arXiv:hep-ph/0009029℄.[62℄ J. A. M. Vermaseren, Comput. Phys. Commun. 83 (1994) 45.

42


