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Constraints on the rare tau deays from �! ein the supersymmetri see-saw modelAlejandro Ibarra1 and Cristoforo Simonetto2 �1 DESY, Theory Group, Notkestrasse 85, 22603 Hamburg, Germany2 Physik Department T30, Tehnishe Universit�at M�unhen,James-Frank-Strasse, 85748 Garhing, Germany.AbstratIt is now a �rmly established fat that all family lepton numbers are violatedin Nature. In this paper we disuss the impliations of this observation forfuture searhes for rare tau deays in the supersymmetri see-saw model. Usingthe two loop renormalization group evolution of the soft terms and the Yukawaouplings we show that there exists a lower bound on the rate of the rare proess� ! e of the form BR(� ! e) >� C � BR(� ! �)BR(� ! e), where C isa onstant that depends on supersymmetri parameters. Our only assumptionis the absene of anellations among the high-energy see-saw parameters. Wealso disuss the impliations of this bound for future searhes for rare tau deays.In partiular, for large regions of the mSUGRA parameter spae, we show thatpresent B-fatories ould disover either � ! � or � ! e, but not both.February 2008
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1 IntrodutionThe renormalizable part of the Standard Model Lagrangian is invariant under fourglobal U(1) symmetries, namely baryon number, B, and the three family lepton num-bers, Le, L� and L� . This invariane has been for many years onsidered aiden-tal and expeted to be broken by additional terms in the Lagrangian, possibly non-renormalizable. Whereas experiments searhing for proton deay have not provided yetany evidene for baryon number violation, it is nowadays a �rmly established experi-mental fat that the three family lepton numbers are violated in the neutrino setor.Namely, the disappearane of eletron neutrinos on their way from the Sun indiated bythe Homestake hlorine detetor [1℄, SAGE [2℄, GALLEX/GNO [3,4℄, Kamiokande [5℄,Super-Kamiokande [6℄ and Borexino [7℄, and unequivoally on�rmed by SNO [8℄,proves the violation of Le. This is further supported by the disappearane of eletronantineutrinos observed by the reator experiment KamLAND [9℄. On the other hand,the atmospheri neutrino anomaly disovered by Kamiokande and IMB [10℄, and ex-plained by Super-Kamiokande [11℄, Soudan2 [12℄ and MACRO [13℄ as an osillationof muon neutrinos into a di�erent neutrino speies, proves the violation of L�. Thedisappearane of muon neutrinos reported by the long baseline aelerator experimentsK2K [14℄ and MINOS [15℄ supports this onlusion. Finally, the observation of tau neu-trino appearane in the atmospheri neutrino ux by Super-Kamiokande [16℄ indiatesthe violation of L� .The most eonomial way to aommodate the family lepton number violation in theStandard Model is by adding to the leptoni Lagrangian a dimension �ve operator [17℄Llep = �eRiYeijLjH� � �ij� (LiH)(LjH) + h:: ; (1)where Li and eR are the left-handed and right-handed leptons respetively, i; j = 1; 2; 3,H is the Higgs doublet and � a mass parameter. In fat, this operator not only violatesthe three family lepton numbers but also the total lepton number. After the eletroweaksymmetry breaking, a Majorana mass term is generated for the left-handed neutrinos,Mij = �ij� hH0i2, being the smallness of neutrino masses attributed to small values ofthe ouplings �ij and/or to a large value of �.In this minimal framework, lepton avour violation is generated by the same operatorthat generates neutrino masses. Therefore, the rate of any lepton avour violating pro-1



present bound projeted boundBR(�! e) 1:2� 10�11 [19℄ 10�13 [20℄BR(� ! e) 1:1� 10�7 [21℄ 10�9 [22℄BR(� ! �) 6:8� 10�8 [23℄ 10�9 [22℄Table 1: Present and projeted bounds on the rare lepton deays.ess will be proportional to the neutrino masses. Indeed, a detailed alulation showsthat [18℄:BR(lj ! li) = 3�32� ������m2solM2W U�i2Uj2 + �m2atmM2W U�i3Uj3�����2BR(lj ! li�j��i) ; (2)whih gives BR(� ! �) � 10�54, BR(� ! e) � 10�57, BR(� ! e) � 10�57, farbelow the sensitivity of present and projeted experiments (see Table 1)1.Nevertheless, the Lagrangian Eq. (1) desribes just an e�etive theory and newdegrees of freedom are expeted to arise above the sale �. The interations of thenew degrees of freedom with the lepton �elds are likely to ontain additional souresof avour violation that an enhane the branhing ratios of the rare deays by manyorders of magnitude, bringing them to the reah of future experiments. For this reason,rare lepton deays are onsidered very powerful probes for physis beyond the StandardModel.The supersymmetri (SUSY) see-saw mehanism is probably the best motivatedhigh energy theory to generate small neutrino masses [25℄ . In this framework thepartile ontent of the Minimal Supersymmetri Standard Model (MSSM) is extendedwith three right-handed neutrino super�elds, �Ri, i = 1; 2; 3, singlets under the Stan-dard Model gauge group. Imposing R-parity onservation, the leptoni superpotentialreads: Wlep = eRiYeijLjHd + �RiY�ijLjHu � 12�RiMij�Rj ; (3)where Hu and Hd are the hyperharge +1=2 and �1=2 Higgs doublets, respetively, YeandY� are the matries of harged lepton and neutrino Yukawa ouplings, respetively,and M is a 3� 3 Majorana mass matrix. It is natural to assume that the overall sale1In the Table we restrit ourselves to bounds that were published by the time of writing this paper.We note however that the Belle Collaboration has reported the bounds BR(� ! �) < 4:5 � 10�8and BR(� ! e) < 1:2� 10�7 in the yet unpublished preprint [24℄.2



of M, whih we will denote by Mmaj, is muh larger than the eletroweak sale or anysoft mass. If this is the ase, at energies below Mmaj the theory is well desribed bythe following e�etive superpotential:W e�lep = eRiYeijLjHd + 12 �Y�TM�1Y��ij (LiHu)(LjHu) ; (4)that generates the fermioni Lagrangian Eq. (1). In the phenomenologial studies it isonvenient to work in the leptoni basis where the harged lepton Yukawa oupling isdiagonal, Ye = diag(ye; y�; y� ). Then, in this basis, the neutrino mass matrix is givenby M = �Y�TM�1Y�� hH0ui2 ; (5)whose eigenvalues are naturally very small due to the suppression by the large right-handed neutrino mass sale.From the point of view of generating small neutrino masses, the non-supersymmetriversion of the see-saw mehanism is equally natural. Nonetheless, in the non-super-symmetri see-saw model the presene of very heavy new degrees of freedom interatingwith the Higgs doublet introdues a serious naturalness problem. The Higgs mass a-quires quadratially-divergent radiative orretions whih would drive the Higgs massto values of the order of the Majorana mass sale [26℄. However, in the supersymmetriversion this divergene is automatially aneled by the presene of right-handed sneu-trinos with a mass essentially idential to the mass of their orresponding right-handedneutrinos. Therefore, the supersymmetri see-saw mehanism an aommodate simul-taneously tiny neutrino masses and a relatively light eletroweak sale without serious�ne-tunings.In addition to the avour violation stemming from the right-handed neutrino Yukawaouplings, the supersymmetri see-saw model ontains additional soures of leptonavour violation in the soft SUSY breaking Lagrangian [27℄:�Lsoft = (m2L)ijeL�i eLj + (m2e)ijee�RieeRj + (m2�)ije��Rie�Rj +�Aeijee�RiHdeLj +A�ije��RiHueLj + h::�+ et : (6)where eLi, eeRi and e�Ri are the supersymmetri partners of the left-handed lepton dou-blets, right-handed harged leptons and right-handed neutrinos, respetively, m2L, m2eand m2� are their orresponding soft mass matries squared, and Ae and A� are theharged lepton and neutrino soft trilinear terms.3



The avour violation in the slepton setor ontributes through one loop diagrams todi�erent avour violating proesses suh as rare muon and tau deays, K0L ! e��� or�� e onversion in nulei. The strong bounds on these proesses restrit very severelythe struture of the soft mass matries at low energies [28℄, suggesting an approximatelyavour universal struture: (m2L)ij ' m2LÆij, (m2e)ij ' m2eÆij, (Ae)ij ' AeYeij. Themost plausible explanation for this struture is to assume that supersymmetry is brokenin a hidden setor and the breaking is transmitted to the visible setor by a avourblind mediation mehanism. If this is the ase, the soft terms would be stritly avouruniversal at some high energy sale:(m2L)ij = m2LÆij; (m2e)ij = m2eÆij; (m2�)ij = m2�Æij;(Ae)ij = Ae Yeij; (A�)ij = A� Y�ij : (7)Interestingly, if this high energy sale is larger than the right-handed neutrinomasses, the avour violation in the neutrino Yukawa ouplings will propagate throughradiative e�ets to the soft terms [29℄. As a onsequene, even under the most onserva-tive assumption for the soft terms from the point of view of lepton avour violation, inthe supersymmetri see-saw model some amount of avour violation is always expetedat low energies.The disovery of small neutrino masses as a hint of the see-saw mehanism andthe ontinuous improvement in sensitivity of the experiments searhing for rare leptondeays have stimulated in reent years the interest in the radiative generation of leptonavour violation. Di�erent groups have estimated the preditions for various leptonavour violating proesses in some spei� high-energy frameworks based on GrandUni�ation [30℄, avour models [31℄, texture zeros [32℄ or string theory [33℄, but alsopursuing a more phenomenologial approah, where the preditions are somehow on-neted to low energy observables [34{38℄. A general expetation of all these analysesis that the observation of rare lepton deays ould be possible at the next round ofexperiments. Nevertheless, it should be stressed that there are many optimisti as-sumptions underlying this onlusion, and the non-observation of rare deays in futureexperiments would by no means exlude the supersymmetri see-saw model.In this paper we will adopt a ompletely phenomenologial approah and we will de-rive the relation among the branhing ratios BR(�! e) >� C�BR(� ! �)BR(� !e) that holds independently of the high-energy see-saw parameters, with the only4



assumption of the absene of anellations. In this relation, however, some model de-pendene will remain assoiated to our ignorane on the supersymmetri parameters,whih is enoded in the onstant C. To derive our main result we will present in Se-tion 2 the senario that saturates the bound and yields the minimal rate for � ! e.In Setion 3 we will ompute the o�-diagonal terms of the slepton mass matries inthis extremal senario taking into aount the two loop renormalization group equa-tions and we will derive relations among them. Using these relations, we will derive inSetion 4 the lower bound on BR(�! e) in terms of the branhing ratios of the raretau deays. We will also disuss the impliations of this bound for present and futuresearhes for rare tau deays for di�erent supersymmetri benhmark points. Finally, inSetion 5 we will present our onlusions. We will also present an Appendix ontainingthe omplete two loop renormalization group equations for the soft SUSY breakingterms, inluding the e�ets of the neutrino Yukawa ouplings, whih to the best of ourknowledge have not been given expliitely in the literature.2 Senarios with minimal rates for �! eIn the MSSM extended with right-handed neutrinos there are soures of lepton avourviolation both in the soft SUSY breaking Lagrangian and in the SUSY onservingLagrangian. The latter an be ompletely enoded in the neutrino Yukawa ouplingsby means of a basis transformation. Neutrino osillations require the presene of leptonavour violation in the neutrino Yukawa ouplings, but not in the soft SUSY breakingLagrangian. Therefore, the minimal rate for � ! e will learly our in senarioswhere there is no lepton avour violation in the soft SUSY breaking Lagrangian. Thereare in fat some well motivated supersymmetri senarios where the soft breakingparameters are avour universal at some high energy sale. However, if this saleis larger than the mass of the right-handed neutrinos2, the avour violation in thesupersymmetri part of the Lagrangian will propagate to the soft SUSY breaking termsthrough quantum e�ets.For generi neutrino Yukawa ouplings, the o�-diagonal elements of the soft SUSY2This is the ase for example in senarios with minimal supergravity, dilaton-dominated SUSYbreaking, or gauge mediation where the masses of the messenger partiles are larger than the massesof the right-handed neutrinos. 5



breaking terms read at low energies, in the leading-log approximation,�m2L�ij ' � 18�2 (m2L +m2� +m2Hu + jA�j2)(Y�yY�)ij log� MXMmaj� ;�m2e�ij ' 0 ;(Ae)ij ' �18�2 (2A� + Ae)Ye(Y�yY�)ij log� MXMmaj� ; (8)where i 6= j and MX is some high energy sale that we identify with the Grand Uni�-ation sale, MX = 2 � 1016 GeV. The size of the o�-diagonal elements depends verystrongly on the avour struture of the neutrino Yukawa ouplings, whih in the see-saw model is not diretly onneted to the avour struture of the low energy neutrinomass matrix. In fat, there is an in�nite set of neutrino Yukawa ouplings ompati-ble with a given set of low energy data [36℄. Among all those Yukawa ouplings, theminimal rate for �! e will learly our in the senario where�Y�yY��21 (Mmaj) = y�12y11 + y�22y21 + y�32y31 = 0 : (9)Assuming that there are no anellations among the di�erent terms, this onditionis satis�ed in the following eight situations:(a) y11 = 0; y21 = 0; y31 = 0 ; (e) y12 = 0; y21 = 0; y31 = 0 ;(b) y11 = 0; y21 = 0; y32 = 0 ; (f) y12 = 0; y21 = 0; y32 = 0 ;() y11 = 0; y22 = 0; y31 = 0 ; (g) y12 = 0; y22 = 0; y31 = 0 ;(d) y11 = 0; y22 = 0; y32 = 0 ; (h) y12 = 0; y22 = 0; y32 = 0 ; (10)where the Yukawa matrix elements are evaluated at Mmaj. The ases (a) and (h) pre-serve eletron and muon lepton numbers respetively. Sine in this basis the neutrinoYukawa oupling is the only soure of lepton avour violation, the omplete Lagrangianwill preserve at least one family lepton number. This invariane is inherited by the ef-fetive theory, in onit with the avour onversions observed in neutrino osillations.On the other hand, the remaining six possibilities (b) � (g) violate all family leptonnumbers and lead to a neutrino mass matrix that shematially readsM� 0�� 0 �0 � �� � �1A (11)6



and whih is allowed by present experiments (this mass matrix leads to the preditionsin �13 ' 12q �m2sol�m2atm sin 2�sol ' 0:08 for the ase with normal neutrino mass hierarhyand sin �13 ' 14q �m2sol�m2atm sin 2�sol ' 0:04 for the ase with inverted neutrino mass hier-arhy). Therefore, from Eq. (10) it is straightforward to hek that the experimentallyallowed neutrino Yukawa textures whih lead to a vanishing rate for �! e neessarilylead to (Y�yY�)31(Mmaj) 6= 0 and (Y�yY�)32(Mmaj) 6= 0, unless unnatural anellationsin Eq. (9) are taking plae.The presene of exat zeros in the Yukawa matries as in Eq. (10) an be justi�ed bysymmetries. However, symmetries are not expeted to hold at the deoupling sale butat the Grand Uni�ation sale,MX. Again, and barring anellations, the minimal ratefor �! e will our when (Y�yY�)21(MX) = 0, that as was argued above neessarilyimplies (Y�yY�)31(MX) 6= 0 and (Y�yY�)32(MX) 6= 0.The key point of this paper is that even when the soft terms are avour universalat MX and (Y�yY�)21(MX) = 0, the avour violation in the � �� and the � � e setors,will propagate through radiative orretions to the �� e setor, induing small thoughnon-vanishing values for (m2L)21 and (Ae)12;21 at low energies. We will show in thispaper that in this very speial ase the rate of � ! e is related to the rates of therare tau deays throughBR(�! e) ' C �BR(� ! �)BR(� ! e) ; (12)where the proportionality onstant, C, will be determined in the next setions.This value is attained by the experimentally allowed neutrino Yukawa texturessatisfying (Y�yY�)21(MX) = 0, whih is the senario produing the minimal rate for �!e. Therefore, and barring anellations, for any other Yukawa oupling ompatiblewith the low energy neutrino parameters the following bound will hold:BR(�! e) >� C �BR(� ! �)BR(� ! e) : (13)This inequality is the main result of this paper. As we will see later, this boundhas important impliations for the searhes for rare tau deays in present and futureexperiments.To �nish this setion we would like to omment on the possibility sometimes dis-ussed in the literature of establishing model independent orrelations between thebranhing ratios of the rare deays of the form BR(� ! �)=BR(�! e) ' onstant.7



We would like to larify this point stressing that in a general see-saw model with threeright-handed neutrinos suh orrelations annot be established on model independentgrounds.It an be proved that there is a one to one mapping between the high energy see-sawparameters, Y� andM, and the matriesM andY�yY� [39℄. The former is the neutrinomass matrix and the latter, the matrix that partiipates in the radiative orretionsto the soft SUSY breaking terms, whih is in priniple measurable at low energiesone the boundary onditions for the soft terms have been spei�ed. In partiular,the o�-diagonal elements of Y�yY� are diretly related to the branhing ratios of therare deays. Being this mapping bijetive, one ould use as parameters of the see-saw model either the familiar set fY�;Mg (the top-down parametrization) or the lessfamiliar one fM;Y�yY�g (the bottom-up parametrization). Clearly, in the bottom-upparametrization the branhing ratios for the rare deays are inputs, and as suh areompletely unorrelated. For the same reason, it is not possible to establish on modelindependent grounds orrelations between the branhing ratios of the rare deays andneutrino parameters, suh as sin �13, the neutrino mass spetrum or the CP violatingphases. This result also holds for the most restrited ase with just two right-handedneutrinos [40℄.A more expliit proof of this result an be derived as follows using the familiar top-down parametrization. Let us �rst write the e�etive neutrino mass matrix in termsof the high-energy parameters in the basis where the harged lepton Yukawa ouplingand the right-handed mass matrix are simultaneously diagonal:Mij = �y1iy1jM1 + y2iy2jM2 + y3iy3jM3 � hH0ui2 : (14)One ould oneive a senario where y3iy3jM3 � y1iy1jM1 ; y2iy2jM2 for all i; j = 1; 2; 3. This ouldour for instane when the mass of the heaviest right handed neutrino mass is muhlarger than the masses of the other two right-handed neutrinos. If this is the ase, thethird row of the neutrino Yukawa matrix is ompletely unonstrained from neutrinoobservations. In addition, it ould our that y3i are muh larger than y1i; y2i, implyingthat (Y�yY�)ij ' y�3iy3j. Therefore, the branhing ratios for the rare deays would beessentially determined by the parameters y3i, that are ompletely unonstrained fromlow energy data. As a result, the ratio BR(� ! �)=BR(� ! e) an range fromzero (when y33 = 0, y31; y32 6= 0) to in�nity (when y31 = 0, y32; y33 6= 0), being both8



situations ompatible with neutrino observations. Additionally, sine the parametersthat determine the branhing ratios, y3i, are unonstrained from low energy data, nomodel independent orrelation an be established between rare deays and neutrinoparameters.In order to establish orrelations between two branhing ratios, or orrelationsbetween one branhing ratio and low energy neutrino parameters, it is neessary tomake assumptions about the high-energy see-saw parameters, for instane motivatedby Grand Uni�ed theories or by avour models. In this paper we make what we onsiderthe most minimal assumption about the high-energy see-saw parameters, namely thatin onstruting the derived quantities M and Y�yY� no anellations our. Then,the no-go theorem presented in [39,40℄ an be irumvented, opening the possibilityof deriving relations among the branhing ratios. Although the relation that results,BR(� ! e) >� C � BR(� ! �)BR(� ! e), is not model independent in thestrit sense, it is valid in a very large lass of models, haraterized by the absene ofunnatural anellations. In addition, this bound will proof to have remarkably strongimpliations given the generality of our assumptions, as we will see in Setion 4.3 Radiative generation of lepton avour violationin the soft mass matriesThe Renormalization Group Equations (RGEs) for the relevant soft terms readdm2Ldt = 116�2�(1)m2L + 1(16�2)2�(2)m2L + ::: ; (15)dm2edt = 116�2�(1)m2e + 1(16�2)2�(2)m2e + ::: ; (16)dAedt = 116�2�(1)Ae + 1(16�2)2�(2)Ae + ::: ; (17)where �(1) and �(2) indiate respetively the one and two loop �-funtions. The om-plete expression for the �-funtions of the soft terms in the supersymmetri see-sawmodel an be found in the Appendix.The solution to the RGEs an be well approximated by the trapezium rule, whih
9



keeping just the one and two loop ontributions reads:m2L(Mmaj) ' m2L(MX)� 116�2 12 h�(1)m2L(MX) + �(1)m2L(Mmaj)i log� MXMmaj�� 1(16�2)2 12 h�(2)m2L(MX) + �(2)m2L(Mmaj)i log� MXMmaj� ; (18)m2e(Mmaj) ' m2e(MX)� 116�2 12 h�(1)m2e(MX) + �(1)m2e(Mmaj)i log� MXMmaj�� 1(16�2)2 12 h�(2)m2e(MX) + �(2)m2e(Mmaj)i log� MXMmaj� ; (19)Ae(Mmaj) ' Ae(MX)� 116�2 12 h�(1)Ae(MX) + �(1)Ae(Mmaj)i log� MXMmaj�� 1(16�2)2 12 h�(2)Ae(MX) + �(2)Ae(Mmaj)i log� MXMmaj� : (20)For the Yukawa ouplings leading to a minimal rate for � ! e, Eq. (10), the 31and 32 entries in the left-handed slepton mass matrix are generated at order O(Y 2� ).Therefore, noting that �(1)m2L(Mmaj) = �(1)m2L(MX) + O(Y 4� ) and that the two loop �-funtions are O(Y 4� ), it follows from Eq. (18) thatm2L(Mmaj)31;32 = � 116�2 (�(1)m2L)31;32(MX) log�MXMmaj� +O(Y 4� ) : (21)Using Eq. (75) in the Appendix for the one loop �-funtion we �ndm2L(Mmaj)31;32 = � 18�2 (m2L+m2�+m2Hu+jA�j2)(Y�yY�)31;32 log�MXMmaj�+O(Y 4� ) ; (22)where all the soft terms in the right-hand side of this equation and (Y�yY�)31;32 areunderstood to be evaluated at the sale MX .On the other hand, sine (Y�yY�)21(MX) = 0 the previous equation indiates thatm2L(Mmaj)21 vanishes at order O(Y 2� ) and is only generated at higher order in per-turbation theory. Keeping only terms of O(Y 4� ), it follows that (�(2)m2L)21(Mmaj) =(�(2)m2L)21(MX) +O(Y 6� ) and (�(1)m2L)21(MX) = 0. Therefore,(m2L)21(Mmaj) = � 116�2 12(�(1)m2L)21(Mmaj) log�MXMmaj�� 1(16�2)2 (�(2)m2L)21(MX) log�MXMmaj�+O(Y 6� ) :(23)The one loop �-funtion at the Majorana mass sale is proportional to (Y�yY�)21(Mmaj),that following Eq. (56) in the Appendix is generated radiatively by the e�et of(Y�yY�)32 and (Y�yY�)31. The result is:(Y�yY�)21(Mmaj) = � 38�2 (Y�yY�)�32(Y�yY�)31 log�MXMmaj�+O(Y 6� ) : (24)10



Using Eqs. (23,24) and Eqs. (75,76) in the Appendix, it is straightforward to om-pute (m2L)21(Mmaj). The result is:(m2L)21(Mmaj) = 1(16�2)2 (m2L +m2Hu +m2� + 2jA�j2)�"12 log�MXMmaj�2 + 8 log�MXMmaj�# (Y�yY�)�32(Y�yY�)31 +O(Y 6� ) : (25)Reall from the previous setion that when (Y�yY�)21(MX) = 0, the observed patternof neutrino mixing angles requires (Y�yY�)31(MX) 6= 0 and (Y�yY�)32(MX) 6= 0. Then,(m2L)21(Mmaj) will always be generated at least at order O(Y 4� ): it will be generated atorder O(Y 2� ) when (Y�yY�)21(MX) is di�erent from zero and at order O(Y 4� ) when it isequal to zero. Therefore, and barring anellations, the observed violation of all familylepton numbers in neutrino osillations neessarily implies in the supersymmetri see-saw model a ontribution to the proess � ! e from the o�-diagonal entries of thesoft terms.Following the same steps , one an alulate the o�-diagonal elements of the trilinearsoft terms. For the elements generated at O(Y 2� ) we obtain(Ae)31;32 = � 116�2 log�MXMmaj� (2A� + Ae)y�(Y�yY�)31;32 +O(Y 4� ) ; (26)(Ae)13;23 = � 116�2 log�MXMmaj� (2A� + Ae)ye;�(Y�yY�)�31;32 +O(Y 4� ) ; (27)and for the elements generated at O(Y 4� ),(Ae)21 = � 116�2�2 "(14A� + 72Ae) log�MXMmaj�2 + (8A� + 2Ae) log�MXMmaj�#�y�(Y�yY�)�32(Y�yY�)31 +O(Y 6� ) ; (28)(Ae)12 = � 116�2�2 "(14A� + 72Ae) log�MXMmaj�2 + (8A� + 2Ae) log�MXMmaj�#�ye(Y�yY�)�31(Y�yY�)32 +O(Y 6� ) : (29)Finally, there are additional soures of lepton avour violation stemming fromthe radiatively generated o�-diagonal entries in the harged lepton Yukawa oupling.Analogously to the previous disussion, (Ye)(Mmaj)12 and (Ye)(Mmaj)21 get values ofO(Y 4� ), while the remaining o�-diagonal terms get values of O(Y 2� ). Rotating theleptoni �elds to bring them to the basis where the harged lepton Yukawa ou-pling is diagonal will modify the values of the soft terms alulated above. De�ning11



Ye = VRYdiage V yL , where Ydiage is a diagonal real matrix and VL;R are unitary matries,the basis transformation L! VLL, eR ! VReR yieldsYe ! Ydiage ;m2e ! V yRm2eVR ;m2L ! V yLm2LVL ;Ae ! V yRAeVL : (30)The expliit expression for VL isVL ' 0� 1 VL;12 VL;13VL;21 1 VL;23�V �L;13 �V �L;23 1 1A ; (31)whereVL;12 = � 116�2�2 "32 log�MXMmaj�2 + 2 log�MXMmaj�# (Y�yY�)�31(Y�yY�)32 +O(Y 6� ) ;VL;21 = �� 116�2�2 "52 log�MXMmaj�2 + 2 log�MXMmaj�# (Y�yY�)�32(Y�yY�)31 +O(Y 6� ) ;VL;13;23 = � 116�2 log�MXMmaj� (Y�yY�)�31;32 +O(Y 4� ) : (32)Notie that VL;21 6= �V �L;12, as required by unitarity. On the other hand, the expressionfor VR is VR ' 0� 1 VR;12 VR;13VR;21 1 VR;23�V �R;13 �V �R;23 1 1A ; (33)whereVR;12 = � 18�2�2 yey� "�1� y2�y2� � log�MXMmaj�2 + log�MXMmaj�# (Y�yY�)�31(Y�yY�)32 +O(Y 6� ) ;VR;21 = �� 18�2�2 yey� "log�MXMmaj�2 + log�MXMmaj�# (Y�yY�)�32(Y�yY�)31 +O(Y 6� ) ;VR;13 = � 18�2 yey� log�MXMmaj� (Y�yY�)�31 +O(Y 4� ) ;VR;23 = � 18�2 y�y� log�MXMmaj� (Y�yY�)�32 +O(Y 4� ) : (34)With these expressions for VL and VR it is straightforward to ompute, usingEq. (30), the o�-diagonal elements of the leptoni soft mass terms in the basis where12



the harged lepton Yukawa oupling is diagonal. In this \mass basis" the o�-diagonalelements of the right-handed slepton mass matrix read:(m2e)mb31;32 = O(Y 4� ) ; (m2e)mb21 = O(Y 6� ) ; (35)that no longer vanish, but still give negligible ontributions to the rare deays omparedto the other soures of avour violation. On the other hand, for the left-handed sleptonmass matrix they approximately read(m2L)mb31;32(Mmaj) ' � 18�2 (m2L +m2� +m2Hu + jA�j2)(Y�yY�)31;32 log�MXMmaj� ;(m2L)mb21 (Mmaj) ' � 116�2�2 "8(m2L +m2Hu +m2� + 2jA�j2) log�MXMmaj�+8(m2L +m2Hu +m2� + 52 jA�j2) log�MXMmaj�2 #(Y�yY�)�32(Y�yY�)31 : (36)Note that the diagonalization of the harged-lepton Yukawa oupling does not alterm2L(Mmaj)31;32 but only (m2L)(Mmaj)21. Finally, the o�-diagonal elements of the softtrilinear term read:(Ae)mb31;32 ' � 116�2 log�MXMmaj� 2A�y�(Y�yY�)31;32 ;(Ae)mb13;23 ' � 116�2 log�MXMmaj� 2A�he;�(Y�yY�)�31;32 ;(Ae)mb21 ' � 116�2�2 "8 log�MXMmaj�+ 8 log�MXMmaj�2 #A�y�(Y�yY�)�32(Y�yY�)31 ;(Ae)mb12 ' � 116�2�2 "8 log�MXMmaj�+ 8 log�MXMmaj�2 #A�ye(Y�yY�)�31(Y�yY�)32 : (37)In this ase, all the o�-diagonal elements get modi�ed at the lowest order by the basistransformation.It is apparent from Eqs. (36,37) that in the senario with avour universality ofthe soft terms at MX and (Y�yY�)21(MX) = 0 there exists a very preise orrelationbetween the 21 and the 31 and 32 entries of the soft terms. As was argued in theprevious setion, this senario yields the minimal amount of avour violation in the� � e setor. Therefore, any other neutrino Yukawa oupling ompatible with theexperimental data will indue larger (m2L)mb21 and (Ae)mb12;21 entries at low energies. Forexample, under the assumption of omplete universality of the soft mass terms at13



MX, m2L(MX) = m2Hu(MX) = m2�(MX) � m20, the following lower bounds hold at lowenergies for the 21 entries of the soft terms:���� (m2L)mb21(m2L)mb31 (m2L)mb32 ���� >� 2(3m20 + 2jA�j2) log� MXMmaj� + 2(3m20 + 52 jA�j2) log� MXMmaj�2h(3m20 + jA�j2) log� MXMmaj�i2 ;���� (Ae)mb21(Ae)mb23 (Ae)mb31 ���� ' ���� (Ae)mb12(Ae)mb13 (Ae)mb32 ���� >� 2y� jA�j0�1 + 1log� MXMmaj�1A : (38)These bounds will eventually translate into a bound on BR(�! e) involving thebranhing ratios of the rare tau deays.4 Lower bound on �! e from rare tau deaysAfter omputing the radiatively generated o�-diagonal elements of the soft SUSYbreaking terms, it is straightforward to alulate the branhing ratios for the rarelepton deays. In order to understand qualitatively the results we will use in this se-tion approximate formulas for the branhing ratios, although in our numerial analysiswe used the general expressions existing in the literature [34℄ and we solved numeriallythe renormalization group equations inluding the two-loop �-funtions.A very useful tool to treat analytially the ompliated exat expressions for thebranhing ratios is the mass insertion approximation, where the small o�-diagonalelements of the soft terms are treated as insertions in the sfermion propagators in theloops [28,35℄. This rationale an also be applied to the gaugino-higgsino setor, yieldingat the end of the day relatively ompat expressions for the branhing ratios.It was argued in [35℄ that for the rare tau deays, the dominant ontributionsorrespond to the mass insertion diagrams enhaned by tan� fators. Namely,BR(� ! e) ' �3G2F j(m2L)31j2m8S tan2 �BR(� ! e�� ��e)BR(� ! �) ' �3G2F j(m2L)32j2m8S tan2 �BR(� ! ��� ���) (39)where BR(� ! ��� ���) ' 0:17, BR(� ! e�� ��e) ' 0:18 and mS is a mass sale ofthe order of typial SUSY masses. In the ase of the Constrained MSSM it is bestapproximated by m8S ' 0:5m20M21=2(m20 + 0:6M21=2)2 [38℄, where m0 is the universalsalar mass and M1=2 is the universal gaugino mass at MX.14



On the other hand, being j(m2L)21j and j(Ae)21j generated at order O(Y 4� ), we keepfor onsisteny the ontributions to BR(� ! e) indued not only by a single massinsertion (where (m2L)21 or (Ae)21 is inserted) but also by a double mass insertion(where (m2L)32 or (Ae)32, and (m2L)31 or (Ae)13 are inserted). The result reads:BR(�! e) ' �3G2F ����(m2L)21m4S � (m2L)�32(m2L)31m6S0 ����2 tan2 � ; (40)where mS0 is another mass sale of the order of mS, although in general di�erent(note that the single and the double mass insertion ontributions have opposite signs).Inserting the bound Eq. (38) into Eq. (40), we obtain the following bound:BR(�! e) >� �3G2F j(m2L)32j2j(m2L)31j2m12S00 tan2 � ; (41)where mS00 is another mass sale, again of the same order of mS, mS0 . Using theexpressions for the rare tau deays in terms of j(m2L)31j2, j(m2L)32j2, Eq. (39), thisbound an be asted as:BR(�! e) >� G2F�3 tan2 � m16Sm12S00 BR(� ! �)BR(� ! ��� ���) BR(� ! e)BR(� ! e�� ��e) : (42)This equation is a more expliit expression of Eq. (13) and onstitutes the main resultof this paper3.The numerial values of mS and mS00 depend ruially on the supersymmetri se-nario. Before presenting the exat numerial results for some ommon supersymmetrisenarios, let us obtain �rst a rough estimate of the bound Eq. (42). To this end, wewill make the approximation mS00 � mS. Then, the previous bound reads:BR(�! e) >� 10�9 � mS200GeV�4�tan�10 ��2�BR(� ! �)6:8� 10�8 ��BR(� ! e)1:1� 10�7 � :(43)Therefore, if the rates for the rare tau deays were just below the present experimentalbounds, the see-saw senario with universal soft terms atMX would predit a branhingratio for �! e typially larger than 10�9, in onit with the present bound BR(�!e) � 1:2 � 10�11. Furthermore, if the observation of both rare tau deays is at thereah of present B-fatories, BR(� ! li) have to be larger than � 10�8, whih would3One loop QED orretions to the eletri and magneti dipole operators redue the theoretialpredition for BR(lj ! li) by a fator �1� 8�� log mSmj � [41℄. This orretion makes the boundEq. (42) a 2-6% stronger for mS = 100� 1000 GeV.15



imply BR(�! e) >� 2�10�11, barely ompatible with the present upper bound fromMEGA. One an make this argument more quantitative turning Eq. (43) to obtain anupper bound on BR(� ! e), or alternatively on BR(� ! �), from the stringentexperimental onstraint on BR(�! e):BR(� ! e) <� 10�9 � mS200GeV��4�tan�10 �2�BR(�! e)1:2� 10�11 ��BR(� ! �)6:8� 10�8 ��1;BR(� ! �) <� 7� 10�10 � mS200GeV��4�tan �10 �2�BR(�! e)1:2� 10�11 ��BR(� ! e)1:1� 10�7 ��1: (44)Then, if BR(� ! �) >� 10�8, thus making the observation of � ! � aessible topresent B-fatories, the previous equation would imply that BR(� ! e) <� 8� 10�9,whih would make the observation of � ! e diÆult (analogous onlusions an bedrawn for BR(� ! �)). Therefore, whereas the observation of one rare tau deay atpresent B-fatories is indeed possible, in the see-saw senario the observation of bothrare tau deays is unlikely.This qualitative disussion shows that in the supersymmetri see-saw model the sofar negative searhes for � ! e have ruial impliations for the future searhes for� ! � and � ! e. Clearly, these impliations will beome stronger as the MEGexperiment at PSI improves the bound on � ! e. However, one should bear inmind that this is just a qualitative disussion and that the atual impat of the boundEq. (42) on future searhes for rare deays depends on the partiular point of the SUSYparameter spae, through the values of mS and mS00 . We will see, however, that thesestrong onlusions hold for a wide hoie of supersymmetri parameters.We have investigated in detail the 'Snowmass Points and Slopes' (SPS) [42℄, whihonstitute a set of benhmark points in the supersymmetri parameter spae aimingto desribe typial points, but also extreme although well motivated possibilities. Wehave analyzed the six mSUGRA benhmark points, that are de�ned at MX = 2� 1016GeV by �ve parameters: the universal salar mass (m0), gaugino mass (M1=2) andtrilinear term (A0), tan� and the sign of �. For eah SPS point, the values of theseparameters are given in Table 2.The SPS1a and SPS1b points are \typial" mSUGRA points with intermediate andrelatively high values of tan� respetively. Assuming that the neutralino onstitutesthe dominant omponent of dark matter of the Universe, these two points lie in the\bulk" region of the allowed mSUGRA parameter spae. On the other hand, the16



m0 (GeV) M1=2 (GeV) A0 (GeV) tan� sign �SPS1a 100 250 -100 10 +SPS1b 200 400 0 30 +SPS2 1450 300 0 10 +SPS3 90 400 0 10 +SPS4 400 300 0 50 +SPS5 150 300 -1000 5 +Table 2: Parameters at MX for the six mSUGRA SPS benhmark points.SPS2 point is haraterized by heavy squarks and sleptons and fairly light neutralinos,harginos and gluinos4. The SPS3 point has a small stau-neutralino mass di�erene andlies in the stau oannihilation region. The SPS4 point has a large tan � and lies in the\funnel" region. Lastly, the SPS5 point is haraterized by a relatively light stop. Wehave also analyzed for ompleteness the mSUGRA-like senario SPS6, haraterizedby having non-universal gaugino masses, and de�ned at the GUT sale by m0 = 150GeV, M3 =M2 = 300 GeV, M1 = 480 GeV, A0 = 0, tan � = 10 and positive �.In Fig. 1 we show the allowed values for BR(� ! e) and BR(� ! �) in thesupersymmetri see-saw model for the mSUGRA benhmark points SPS1-5. The areaabove (to the right of) the dashed line at BR(� ! �) = 6:8� 10�8 (BR(� ! e) =1:1�10�7) is exluded by the present experimental bounds on the rare tau deays. Onthe other hand, the area above the diagonal line labeled BR(� ! e) < 1:2 � 10�11is exluded from the present experimental bound on � ! e, as a onsequene ofEq. (42). We �nd remarkable that for all the mSUGRA SPS points the bound Eq. (42)exludes values for the branhing ratios of the rare tau deays that are otherwiseallowed by diret searhes. Furthermore, if the MEG experiment reahes the sensitivityBR(�! e) � 10�13 without observing a positive signal, the region of the parameterspae exluded by Eq. (42) would enlarge onsiderably. Finally, in the plots we assumedan intermediate deoupling sale, Mmaj = 5 � 1013 GeV. Had we used a larger valuefor Mmaj, the exluded region would also enlarge, as is apparent from Eq. (38)5.4The low energy preditions for this benhmark point are extremely sensitive to the value of thetop quark mass [43℄. In partiular, assuming Mt = 175 GeV this point would lie in the \fous point"region of the allowed mSUGRA parameter spae. However, the most reent measurement of the topquark mass at CDF II, Mt = 170:8 � 2:2(stat:) � 1:4(syst:) GeV [44℄, pushes the SPS2 benhmarkpoint out of the \fous point" region.5Reall that to bring the deay rates to the reah of present and future experiments the neutrino17



The bound Eq. (42) also has impliations for future searhes for rare tau deays. InFig. 1 we show with a dash-dotted line the projeted sensitivity of present B-fatoriesto rare tau deays (BR(� ! �); BR(� ! e) >� 10�8). Therefore, the area shaded ingreen is the region of this parameter spae aessible to present B-fatories, that we allfor de�niteness the \observable window of present B-fatories". Using Eq. (42) we �ndthat large regions of the observable window of present B-fatories are exluded fromthe present bound BR(�! e) < 1:2� 10�11 (light green shaded area). In partiular,for the benhmark points SPS1a, SPS1b and SPS3 the region where both � ! �and � ! e ould be disovered at present B-fatories is exluded. Nevertheless, thedisovery of one of them, either � ! � or � ! e, is still possible. Let us remind thatSPS1a and SPS1b orrespond to \typial" mSUGRA points, and thus this onlusionholds for a large region of the parameter spae. On the other hand, for SPS2 and SPS5the disovery of both rare deays is still possible, although only if their branhing ratiosare lose to the experimental sensitivity of present B-fatories6. Finally, for SPS4 thepresent bound BR(�! e) < 1:2�10�11 has only little impat for present B-fatories.An improvement of the bound on BR(�! e) by two orders of magnitude, as plannedby the MEG experiment at PSI, would exlude the possibility of observing both raretau deays at present B-fatories in most mSUGRA parameter spae. Hene, wouldpresent B-fatories refute this expetation, the supersymmetri see-saw model withmSUGRA would have to be abandoned, unless a ertain amount of �ne tuning isaepted. The same onlusions hold for the mSUGRA-like senario SPS6, whih hasnon-universal gaugino masses, as an be realized from Fig. 2.We also show for ompleteness the observable window of the projeted superB-fatories, shown as a yellow shaded area. It is de�ned by the region between thedashed lines indiating the present bounds on the rare tau deays and the dottedlines showing the projeted bounds (BR(� ! �); BR(� ! �) >� 10�9). The presentbound on �! e pratially does not exlude any region of the observable window ofthe projeted superB-fatories, exept for the benhmark point SPS3. On the otherhand, if the MEG experiment reahes the projeted sensitivity BR(� ! e) � 10�13Yukawa ouplings have to be sizable. This typially requires large values of Mmaj in order to produesmall neutrino masses.6One should bear in mind, however, that the SPS2 point is extremely sensitive to the input valueof the top quark mass. Therefore, the onlusions for this benhmark point should be taken with apinh of salt. 18



without observing a positive signal, again a large portion of the observable window ofthe projeted superB-fatories would be exluded by Eq. (42). In partiular, whereasthe observation of either � ! � or � ! e will indeed be possible at the projetedsuperB-fatories, the observation of both would only be possible for the benhmarkpoint SPS4 and marginally for SPS2 and SPS5. For the rest of the benhmark pointsanalyzed in this paper, SPS1a, SPS1b, SPS3 and SPS6, the observation of both raredeays will not be possible in the supersymmetri see-saw model, unless a ertainamount of �ne tuning is aepted.5 ConlusionsA series of neutrino experiments have demonstrated that all family lepton numbers areviolated in Nature. Therefore, there is no symmetry reason forbidding the rare leptondeays � ! e, � ! � or � ! e. In this paper we have disussed the impliationsof this observation for the supersymmetri see-saw model.We have shown that even in the very speial situation where the avour violationvanishes at high-energies in one of the setors, for instane in the ��e setor, the avourviolation in the other two setors will indue through two loop radiative orretions asmall though non-vanishing avour violation at low energies in the ��e setor, that willbe orrelated to the avour violation in the ��� and ��e setors. Barring anellations,this senario will produe the minimal rate for the rare deay � ! e. Therefore, inany other senario the lower bound BR(�! e) >� C �BR(� ! �)BR(� ! e) willhold, where C is a onstant that depends on supersymmetri parameters.We have analyzed the impliations of this bound on the possible values of the ratesof the rare tau deays for the supersymmetri benhmark points SPS1-6. We have foundthat values for BR(� ! �) and BR(� ! e) that are allowed by present experimentssearhing for rare tau deays are forbidden by our bound BR(�! e) >� C�BR(� !�)BR(� ! e) and the present onstraint on BR(�! e) fromMEGA. In partiular,we have found that, for large regions of the Constrained MSSM parameter spae,present B-fatories ould disover either � ! � or � ! e, but not both. We havealso disussed the impliations of the non-observation of the proess � ! e by theMEG experiment at PSI for the future searhes for rare tau deays at present B-fatories and at projeted superB-fatories. This analysis ould also be extended to19



Figure 1: Allowed values for the branhing ratios of the rare tau deays � ! e and � ! �from present experiments and from the bound BR(�! e) >� C �BR(� ! �)BR(� ! e)for the mSUGRA senarios SPS1-5. The area in green indiates the observable window ofpresent B-fatories, and in yellow the observable window of future superB-fatories. Exludedregions are shown with light shading, whereas allowed regions are shown with dark shading.In the plots it is assumed Mmaj = 5� 1013 GeV.20



Figure 2: As in Fig. 1, but for the mSUGRA-like senario SPS6.more general lasses of models. Work along these lines is already in progress [45℄.AknowledgementsWe are grateful to Alberto Casas, Andrzej Czarneki, Mihael Ratz and espeially toTetsuo Shindou for useful disussions and suggestions. This researh was supportedby the DFG luster of exellene Origin and Struture of the Universe and by theSFB-Transregio 27 "Neutrinos and Beyond".AppendixIn this appendix we report the full set of one- and two-loop Renormalization GroupEquations (RGEs) for the parameters of the Minimal Supersymmetri Standard Modelextended with three right-handed neutrino super�elds. Partial results for the Yukawaouplings, the gauge ouplings and the neutrino mass matrix an be found in [46℄. TheRGEs for the soft SUSY breaking terms and the � term have been derived partiular-izing the general formulas in [47℄ to the supersymmetri see-saw model7.The RGE for any supersymmetri or soft-breaking parameter an be shematiallywritten as ddtX = 116�2�(1)X + 1(16�2)2�(2)X : (45)7All the RGEs are written in the DR0 sheme.21



The one- and two-loop � funtions for the gauge ouplings are given by�(1)ga = g3aB(1)a ; (46)�(2)ga = g3a " 3Xb=1 B(2)ab g2b � Xx=u;d;e;�Cxa Tr(YxyYx)# ; (47)where g1, g2 and g3 are the U(1)Y , SU(2)L and SU(3)C gauge ouplings, respetively,and B(1)a = (33=5; 1;�3) ; (48)B(2)ab = 0�199=25 27=5 88=59=5 25 2411=5 9 14 1A ;Cu;d;e;�a = 0�26=5 14=5 18=5 6=56 6 2 24 4 0 0 1A :(In these expressions, g1 has been normalized as in SU(5).)On the other hand, the omplete superpotential of the MSSM extended with right-handed neutrinos reads, imposing R-parity onservation,W = dRiYdijQjHd+uRiYuijQjHu+eRiYeijLjHd+�RiY�ijLjHu+�HuHd�12�RiMij�Rj :(49)The one- and two-loop � funtions for these SUSY onserving parameters are:�(1)Yd = Yd�Tr(3YdYdy +YeYey) + 3YdyYd +YuyYu � 163 g23 � 3g22 � 715g21� ; (50)�(2)Yd = Yd�� Tr(9YdYdyYdYdy + 3YuYdyYdYuy + 3YeYeyYeYey +Y�YeyYeY�y) (51)�YuyYuTr(3YuYuy +Y�Y�y)� 3YdyYdTr(3YdYdy +YeYey)� 4YdyYdYdyYd � 2YuyYuYuyYu � 2YuyYuYdyYd+ h16g23 � 25g21iTr(YdYdy) + 65g21Tr(YeYey) + 45g21YuyYu + h6g22 + 45g21iYdyYd� 169 g43 + 8g23g22 + 89g23g21 + 152 g42 + g22g21 + 28790 g41� ;�(1)Yu = Yu�Tr(3YuYuy +Y�Y�y) + 3YuyYu +YdyYd � 163 g23 � 3g22 � 1315g21� ; (52)
22



�(2)Yu = Yu�� Tr(9YuYuyYuYuy + 3YuYdyYdYuy + 3Y�Y�yY�Y�y +Y�YeyYeY�y) (53)�YdyYdTr(3YdYdy +YeYey)� 3YuyYuTr(3YuYuy +Y�Y�y)� 4YuyYuYuyYu � 2YdyYdYdyYd � 2YdyYdYuyYu+ h16g23 + 45g21iTr(YuYuy) + h6g22 + 25g21iYuyYu + 25g21YdyYd� 169 g43 + 8g23g22 + 13645 g23g21 + 152 g42 + g22g21 + 2743450 g41� ;�(1)Ye = Ye�Tr(3YdYdy +YeYey) + 3YeyYe +Y�yY� � 3g22 � 95g21� ; (54)�(2)Ye = Ye�� Tr(9YdYdyYdYdy + 3YuYdyYdYuy + 3YeYeyYeYey +Y�YeyYeY�y) (55)�Y�yY�Tr(3YuYuy +Y�Y�y)� 3YeyYeTr(3YdYdy +YeYey)� 4YeyYeYeyYe � 2Y�yY�Y�yY� � 2Y�yY�YeyYe+ h16g23 � 25g21iTr(YdYdy) + 65g21Tr(YeYey) + 6g22YeyYe+ 152 g42 + 95g22g21 + 272 g41� ;�(1)Y� = Y��Tr(3YuYuy +Y�Y�y) + 3Y�yY� +YeyYe � 3g22 � 35g21� ; (56)�(2)Y� = Y��� Tr(9YuYuyYuYuy + 3YuYdyYdYuy + 3Y�Y�yY�Y�y +Y�YeyYeY�y) (57)�YeyYeTr(3YdYdy +YeYey)� 3Y�yY�Tr(3YuYuy +Y�Y�y)� 4Y�yY�Y�yY� � 2YeyYeYeyYe � 2YeyYeY�yY�+ h16g23 + 45g21iTr(YuYuy) + h6g22 + 65g21iY�yY� + 65g21YeyYe+ 152 g42 + 95g22g21 + 20750 g41� ;�(1)� = ��Tr(3YuYuy + 3YdYdy +YeYey +Y�Y�y)� 3g22 � 35g21� ; (58)�(2)� = ��� Tr( 9YuYuyYuYuy + 9YdYdyYdYdy + 6YuYdyYdYuy+ 3YeYeyYeYey + 3Y�Y�yY�Y�y + 2Y�YeyYeY�y) (59)+ h16g23 + 45g21iTr(YuYuy) + h16g23 � 25g21iTr(YdYdy) + 65g21Tr(YeYey)+ 152 g42 + 95g21g22 + 20750 g41� ;23



�(1)M =M�2Y��Y�T�+ �2Y�Y�y�M ; (60)�(2)M =M�� 2Y��YeTYe�Y�T � 2Y��Y�TY��Y�T � 2Y��Y�TTr(3YuYuy +Y�Y�y) (61)+ 65g21Y��Y�T + 6g22Y��Y�T�+�� 2Y�YeyYeY�y � 2Y�Y�yY�Y�y � 2Y�Y�yTr(3YuYuy +Y�Y�y)+ 65g21Y�Y�y + 6g22Y�Y�y�M :The soft SUSY breaking Lagrangian of the MSSM extended with right-handedneutrinos reads:�Lsoft = m2HuH�uHu +m2HdH�dHd + (m2Q)ij eQ�i eQj + (m2d)ij ed�Ri edRj + (m2u)ijeu�RieuRj +(m2L)ijeL�i eLj + (m2e)ijee�RieeRj + (m2�)ije��Rie�Rj + �M1 eB eB +M2fWfW +M3egegAdij ed�RiHd eQj +Auijeu�RiHu eQj +Aeijee�RiHdeLj +A�ije��RiHueLj+BHuHd � 12e�RiBMije�Rj + h::� : (62)The �-funtions of the soft gaugino masses are given by�(1)Ma = 2g2aB(1)a Ma ; (63)�(2)Ma = 2g2a� 3Xb=1 B(2)ab g2b (Ma +Mb) + Xx=u;d;e;�Cxa �Tr[YxyAx℄�MaTr[YxyYx℄�� ; (64)where B(1)a , B(2)ab and Cu;d;e;�a were de�ned in Eq. (48). On the other hand, the �-funtions of the soft salar masses read:�(1)m2Hu = Tr[ 6(m2Hu +m2Q)YuyYu + 6Yuym2uYu + 6AuyAu + 2(m2Hu +m2L)Y�yY�+ 2Y�ym2�Y� + 2A�yA�℄� 6g22jM2j2 � 65g21jM1j2 + 35g21S ; (65)
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�(2)m2Hu = � 2Tr� + 18(m2Hu +m2Q)YuyYuYuyYu + 18Yuym2uYuYuyYu+ 3(m2Hu +m2Hd +m2Q)YuyYuYdyYd + 3Yuym2uYuYdyYd+ 3YuyYum2QYdyYd + 3YuyYuYdym2dYd+ 6(m2Hu +m2L)Y�yY�Y�yY� + 6Y�ym2�Y�Y�yY�+ (m2Hu +m2Hd +m2L)Y�yY�YeyYe +Y�ym2�Y�YeyYe+Y�yY�m2LYeyYe +Y�yY�Yeym2eYe + 18AuyAuYuyYu+ 18AuyYuYuyAu + 3AdyAdYuyYu + 3YdyYdAuyAu+3AdyYdYuyAu +3YdyAdAuyYu +6A�yA�Y�yY� +6A�yY�Y�yA�+AeyAeY�yY� +YeyYeA�yA� +AeyYeY�yA� +YeyAeA�yY��

(66)

+ h32g23 + 85g21iTr[(m2Hu +m2Q)YuyYu +Yuym2uYu +AuyAu℄+ 32g23n2jM3j2Tr[YuyYu℄�M�3Tr[YuyAu℄�M3Tr[AuyYu℄o+ 85g21n2jM1j2Tr[YuyYu℄�M�1Tr[YuyAu℄�M1Tr[AuyYu℄o+ 65g21S 0+ 33g42jM2j2 + 185 g22g21(jM2j2 + jM1j2 + <[M1M�2 ℄) + 62125 g41jM1j2+ 3g22�2 + 35g21�1 ;�(1)m2Hd = Trh 6(m2Hd +m2Q)YdyYd + 6Ydym2dYd + 2(m2Hd +m2L)YeyYe + 2Yeym2eYe+ 6AdyAd + 2AeyAei� 6g22jM2j2 � 65g21jM1j2 � 35g21S ; (67)�(2)m2Hd = � 2Tr� + 18(m2Hd +m2Q)YdyYdYdyYd + 18Ydym2dYdYdyYd+ 3(m2Hu +m2Hd +m2Q)YuyYuYdyYd + 3Yuym2uYuYdyYd+ 3YuyYum2QYdyYd + 3YuyYuYdym2dYd+ 6(m2Hd +m2L)YeyYeYeyYe + 6Yeym2eYeYeyYe+ (m2Hu +m2Hd +m2L)Y�yY�YeyYe +Y�ym2�Y�YeyYe+Y�yY�m2LYeyYe +Y�yY�Yeym2eYe + 18AdyAdYdyYd+ 18AdyYdYdyAd + 3AuyAuYdyYd + 3YuyYuAdyAd+ 3AuyYuYdyAd + 3YuyAuAdyYd + 6AeyAeYeyYe + 6AeyYeYeyAe+A�yA�YeyYe +Y�yY�AeyAe +A�yY�YeyAe +Y�yA�AeyYe�

(68)
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+ h32g23 � 45g21iTr[(m2Hd +m2Q)YdyYd +Ydym2dYd +AdyAd℄+ 32g23n2jM3j2Tr[YdyYd℄�M�3Tr[YdyAd℄�M3Tr[AdyYd℄o� 45g21n2jM1j2Tr[YdyYd℄�M�1Tr[YdyAd℄�M1Tr[AdyYd℄o+ 125 g21nTr[(m2Hd +m2L)YeyYe +Yeym2eYe +AeyAe℄+ 2jM1j2Tr[YeyYe℄�M1Tr[AeyYe℄�M�1Tr[YeyAe℄o� 65g21S 0 + 33g42jM2j2 + 185 g22g21(jM2j2 + jM1j2 + <[M1M�2 ℄)+ 62125 g41jM1j2 + 3g22�2 + 35g21�1 ;�(1)m2Q = (m2Q + 2m2Hu)YuyYu + (m2Q + 2m2Hd)YdyYd + 2Yuym2uYu + 2Ydym2dYd (69)+ [YuyYu +YdyYd℄m2Q + 2AuyAu + 2AdyAd� 323 g23jM3j2 � 6g22jM2j2 � 215g21jM1j2 + 15g21S ;�(2)m2Q =� (2m2Q + 8m2Hu)YuyYuYuyYu � 4Yuym2uYuYuyYu � 4YuyYum2QYuyYu (70)� 4YuyYuYuym2uYu � 2YuyYuYuyYum2Q � (2m2Q + 8m2Hd)YdyYdYdyYd� 4Ydym2dYdYdyYd � 4YdyYdm2QYdyYd � 4YdyYdYdym2dYd � 2YdyYdYdyYdm2Q� h(m2Q + 4m2Hu)YuyYu + 2Yuym2uYu +YuyYum2QiTr(3YuyYu +Y�yY�)� h(m2Q + 4m2Hd)YdyYd + 2Ydym2dYd +YdyYdm2QiTr(3YdyYd +YeyYe)�YuyYuTr(6m2QYuyYu + 6Yuym2uYu + 2m2LY�yY� + 2Y�ym2�Y�)�YdyYdTr(6m2QYdyYd + 6Ydym2dYd + 2m2LYeyYe + 2Yeym2eYe)� 4nYuyYuAuyAu +AuyAuYuyYu +YuyAuAuyYu +AuyYuYuyAuo� 4nYdyYdAdyAd +AdyAdYdyYd +YdyAdAdyYd +AdyYdYdyAdo�AuyAuTr[6YuyYu + 2Y�yY�℄�YuyYuTr[6AuyAu + 2A�yA�℄�AuyYuTr[6YuyAu + 2Y�yA�℄�YuyAuTr[6AuyYu + 2A�yY�℄�AdyAdTr[6YdyYd + 2YeyYe℄�YdyYdTr[6AdyAd + 2AeyAe℄�AdyYdTr[6YdyAd + 2YeyAe℄�YdyAdTr[6AdyYd + 2AeyYe℄+ 25g21� (2m2Q + 4m2Hu)YuyYu + 4Yuym2uYu + 2YuyYum2Q + 4AuyAu � 4M1AuyYu� 4M�1YuyAu + 8jM1j2YuyYu + (m2Q + 2m2Hd)YdyYd + 2Ydym2dYd+YdyYdm2Q + 2AdyAd � 2M1AdyYd � 2M�1YdyAd + 4jM1j2YdyYd�26



+ 25g21S 0 � 1283 g43jM3j2 + 32g23g22(jM3j2 + jM2j2 + <[M2M�3 ℄)+ 3245g23g21(jM3j2 + jM1j2 + <[M1M�3 ℄) + 33g42jM2j2+ 25g22g21(jM2j2 + jM1j2 + <[M1M�2 ℄) + 19975 g41jM1j2+ 163 g23�3 + 3g22�2 + 115g21�1 ;�(1)m2d = (2m2d + 4m2Hd)YdYdy + 4Ydm2QYdy + 2YdYdym2d + 4AdAdy (71)� 323 g23jM3j2 � 815g21jM1j2 + 25g21S ;�(2)m2d = � (2m2d + 8m2Hd)YdYdyYdYdy � 4Ydm2QYdyYdYdy � 4YdYdym2dYdYdy (72)� 4YdYdyYdm2QYdy � 2YdYdyYdYdym2d � (2m2d + 4m2Hu + 4m2Hd)YdYuyYuYdy� 4Ydm2QYuyYuYdy � 4YdYuym2uYuYdy � 4YdYuyYum2QYdy � 2YdYuyYuYdym2d� h(m2d + 4m2Hd)YdYdy + 2Ydm2QYdy +YdYdym2diTr(6YdyYd + 2YeyYe)� 4YdYdyTr(3m2QYdyYd + 3Ydym2dYd +m2LYeyYe +Yeym2eYe)� 4nAdAdyYdYdy +YdYdyAdAdy +AdYdyYdAdy +YdAdyAdYdyo� 4nAdAuyYuYdy +YdYuyAuAdy +AdYuyYuAdy +YdAuyAuYdyo� 4AdAdyTr(3YdyYd +YeyYe)� 4YdYdyTr(3AdyAd +AeyAe)� 4AdYdyTr(3AdyYd +AeyYe)� 4YdAdyTr(3YdyAd +YeyAe)+ h6g22 + 25g21in(m2d + 2m2Hd)YdYdy + 2Ydm2QYdy +YdYdym2d + 2AdAdyo+ 12g22n2jM2j2YdYdy �M�2AdYdy �M2YdAdyo+ 45g21n2jM1j2YdYdy �M�1AdYdy �M1YdAdyo + 45g21S 0� 1283 g43jM3j2 + 12845 g23g21(jM3j2 + jM1j2 + <[M1M�3 ℄) + 80875 g41jM1j2+ 163 g23�3 + 415g21�1 ;�(1)m2u = (2m2u + 4m2Hu)YuYuy + 4Yum2QYuy + 2YuYuym2u + 4AuAuy (73)� 323 g23jM3j2 � 3215g21jM1j2 � 45g21S ;�(2)m2u = � (2m2u + 8m2Hu)YuYuyYuYuy � 4Yum2QYuyYuYuy � 4YuYuym2uYuYuy (74)� 4YuYuyYum2QYuy � 2YuYuyYuYuym2u � (2m2u + 4m2Hu + 4m2Hd)YuYdyYdYuy� 4Yum2QYdyYdYuy � 4YuYdym2dYdYuy � 4YuYdyYdm2QYuy � 2YuYdyYdYuym2u27



� h(m2u + 4m2Hu)YuYuy + 2Yum2QYuy +YuYuym2uiTr[6YuyYu + 2Y�yY�℄� 4YuYuyTr[3m2QYuyYu + 3Yuym2uYu +m2LY�yY� +Y�ym2�Y�℄� 4�AuAuyYuYuy +YuYuyAuAuy +AuYuyYuAuy +YuAuyAuYuy	� 4�AuAdyYdYuy +YuYdyAdAuy +AuYdyYdAuy +YuAdyAdYuy	� 4AuAuyTr(3YuyYu +Y�yY�)� 4YuYuyTr(3AuyAu +A�yA�)� 4AuYuyTr(3AuyYu +A�yY�)� 4YuAuyTr(3YuyAu +Y�yA�)+ h6g22 � 25g21in(m2u + 2m2Hu)YuYuy + 2Yum2QYuy +YuYuym2u + 2AuAuyo+ 12g22n2jM2j2YuYuy �M�2AuYuy �M2YuAuyo� 45g21n2jM1j2YuYuy �M�1AuYuy �M1YuAuyo� 85g21S 0� 1283 g43jM3j2 + 51245 g23g21(jM3j2 + jM1j2 + <[M1M�3 ℄) + 342475 g41jM1j2+ 163 g23�3 + 1615g21�1 ;�(1)m2L = + (m2L + 2m2Hu)Y�yY� + (m2L + 2m2Hd)YeyYe + 2Y�ym2�Y� + 2Yeym2eYe (75)+ [Y�yY� +YeyYe℄m2L + 2A�yA� + 2AeyAe� 6g22jM2j2 � 65g21jM1j2 � 35g21S ;�(2)m2L = � (2m2L + 8m2Hu)Y�yY�Y�yY� � 4Y�ym2�Y�Y�yY� � 4Y�yY�m2LY�yY� (76)� 4Y�yY�Y�ym2�Y� � 2Y�yY�Y�yY�m2L � (2m2L + 8m2Hd)YeyYeYeyYe� 4Yeym2eYeYeyYe � 4YeyYem2LYeyYe � 4YeyYeYeym2eYe � 2YeyYeYeyYem2L� h(m2L + 4m2Hu)Y�yY� + 2Y�ym2�Y� +Y�yY�m2LiTr(3YuyYu +Y�yY�)� h(m2L + 4m2Hd)YeyYe + 2Yeym2eYe +YeyYem2LiTr(3YdyYd +YeyYe)�Y�yY�Tr[6m2QYuyYu + 6Yuym2uYu + 2m2LY�yY� + 2Y�ym2�Y�℄�YeyYeTr[6m2QYdyYd + 6Ydym2dYd + 2m2LYeyYe + 2Yeym2eYe℄� 4nY�yY�A�yA� +A�yA�Y�yY� +Y�yA�A�yY� +A�yY�Y�yA�o� 4nYeyYeAeyAe +AeyAeYeyYe +YeyAeAeyYe +AeyYeYeyAeo�A�yA�Tr[6YuyYu + 2Y�yY�℄�Y�yY�Tr[6AuyAu + 2A�yA�℄�A�yY�Tr[6YuyAu + 2Y�yA�℄�Y�yA�Tr[6AuyYu + 2A�yY�℄�AeyAeTr[6YdyYd + 2YeyYe℄�YeyYeTr[6AdyAd + 2AeyAe℄�AeyYeTr[6YdyAd + 2YeyAe℄�YeyAeTr[6AdyYd + 2AeyYe℄28



+ 65g21� (m2L + 2m2Hd)YeyYe + 2Yeym2eYe +YeyYem2L + 2AeyAe� 2M1AeyYe � 2M�1YeyAe + 4jM1j2YeyYe�� 65g21S 0 + 33g42jM2j2 + 185 g22g21(jM2j2 + jM1j2 + <[M1M�2 ℄)+ 62125 g41jM1j2 + 3g22�2 + 35g21�1 ;�(1)m2e = (2m2e + 4m2Hd)YeYey + 4Yem2LYey + 2YeYeym2e + 4AeAey (77)� 245 g21jM1j2 + 65g21S ;�(2)m2e = � (2m2e + 8m2Hd)YeYeyYeYey � 4Yem2LYeyYeYey � 4YeYeym2eYeYey (78)� 4YeYeyYem2LYey � 2YeYeyYeYeym2e � (2m2e + 4m2Hu + 4m2Hd)YeY�yY�Yey� 4Yem2LY�yY�Yey � 4YeY�ym2�Y�Yey � 4YeY�yY�m2LYey � 2YeY�yY�Yeym2e� h(m2e + 4m2Hd)YeYey + 2Yem2LYey +YeYeym2eiTr(6YdyYd + 2YeyYe)� 4YeYeyTr(3m2QYdyYd + 3Ydym2dYd +m2LYeyYe +Yeym2eYe)� 4nAeAeyYeYey +YeYeyAeAey +AeYeyYeAey +YeAeyAeYeyo� 4nAeA�yY�Yey +YeY�yA�Aey +AeY�yY�Aey +YeA�yA�Yeyo� 4AeAeyTr(3YdyYd +YeyYe)� 4YeYeyTr(3AdyAd +AeyAe)� 4AeYeyTr(3AdyYd +AeyYe)� 4YeAeyTr(3YdyAd +YeyAe)+ h6g22 � 65g21in(m2e + 2m2Hd)YeYey + 2Yem2LYey +YeYeym2e + 2AeAeyo+ 12g22n2jM2j2YeYey �M�2AeYey �M2YeAeyo� 125 g21n2jM1j2YeYey �M�1AeYey �M1YeAeyo+ 125 g21S 0 + 280825 g41jM1j2 + 125 g21�1 ;�(1)m2� = (2m2� + 4m2Hu)Y�Y�y + 4Y�m2LY�y + 2Y�Y�ym2� + 4A�A�y ; (79)�(2)m2� = � (2m2� + 8m2Hu)Y�Y�yY�Y�y � 4Y�m2LY�yY�Y�y � 4Y�Y�ym2�Y�Y�y (80)� 4Y�Y�yY�m2LY�y � 2Y�Y�yY�Y�ym2� � (2m2� + 4m2Hu + 4m2Hd)Y�YeyYeY�y� 4Y�m2LYeyYeY�y � 4Y�Yeym2eYeY�y � 4Y�YeyYem2LY�y � 2Y�YeyYeY�ym2�� h(m2� + 4m2Hu)Y�Y�y + 2Y�m2LY�y +Y�Y�ym2�iTr[6YuyYu + 2Y�yY�℄� 4Y�Y�yTr[3m2QYuyYu + 3Yuym2uYu +m2LY�yY� +Y�ym2�Y�℄29



� 4�A�A�yY�Y�y +Y�Y�yA�A�y +A�Y�yY�A�y +Y�A�yA�Y�y	� 4�A�AeyYeY�y +Y�YeyAeA�y +A�YeyYeA�y +Y�AeyAeY�y	� 4A�A�yTr(3YuyYu +Y�yY�)� 4Y�Y�yTr(3AuyAu +A�yA�)� 4A�Y�yTr(3AuyYu +A�yY�)� 4Y�A�yTr(3YuyAu +Y�yA�)+ h6g22 + 65g21in(m2� + 2m2Hu)Y�Y�y + 2Y�m2LY�y +Y�Y�ym2� + 2A�A�yo+ 12g22n2jM2j2Y�Y�y �M�2A�Y�y �M2Y�A�yo+ 125 g21n2jM1j2Y�Y�y �M�1A�Y�y �M1Y�A�yo ;where we have de�nedS =m2Hu �m2Hd + Tr[m2Q �m2L � 2m2u +m2d +m2e℄ ; (81)S 0 = Trh � (3m2Hu +m2Q)YuyYu + 4Yuym2uYu + (3m2Hd �m2Q)YdyYd � 2Ydym2dYd+ (m2Hd +m2L)YeyYe � 2Yeym2eYe + (�m2Hu +m2L)Y�yY�i+ �32g22 + 310g21� �m2Hu �m2Hd � Tr(m2L)	+ �83g23 + 32g22 + 130g21�Tr(m2Q)� �163 g23 + 1615g21�Tr(m2u) + �83g23 + 215g21�Tr(m2d) + 65g21Tr(m2e) ;�1 = 15g21n3(m2Hu +m2Hd) + Tr[m2Q + 3m2L + 8m2u + 2m2d + 6m2e℄o ;�2 = g22 �m2Hu +m2Hd + Tr[3m2Q +m2L℄	 ;�3 = g23Tr[2m2Q +m2u +m2d℄ :Finally, the � funtions for the trilinear and bilinear soft terms are:�(1)Ad = Ad�Tr(3YdYdy +YeYey) + 5YdyYd +YuyYu � 163 g23 � 3g22 � 715g21�+ (82)Yd�Tr(6AdYdy + 2AeYey) + 4YdyAd + 2YuyAu+ 323 g23M3 + 6g22M2 + 1415g21M1� ;�(2)Ad = Ad�� Tr(9YdYdyYdYdy + 3YuYdyYdYuy + 3YeYeyYeYey +Y�YeyYeY�y) (83)�YuyYuTr(3YuYuy +Y�Y�y)� 5YdyYdTr(3YdYdy +YeYey)� 6YdyYdYdyYd � 2YuyYuYuyYu � 4YuyYuYdyYd+ h16g23 � 25g21iTr(YdYdy) + 65g21Tr(YeYey) + 45g21YuyYu + h12g22 + 65g21iYdyYd� 169 g43 + 8g23g22 + 89g23g21 + 152 g42 + g22g21 + 28790 g41�+30



Yd�� 2Tr( 18AdYdyYdYdy + 3AuYdyYdYuy + 3AdYuyYuYdy+ 6AeYeyYeYey +A�YeyYeY�y +AeY�yY�Yey)�YuyYuTr(6AuYuy + 2A�Y�y)� 6YdyYdTr(3AdYdy +AeYey)�YuyAuTr(6YuYuy + 2Y�Y�y)� 4YdyAdTr(3YdYdy +YeYey)� 6YdyYdYdyAd � 8YdyAdYdyYd � 4YuyAuYuyYu� 4YuyYuYuyAu � 4YuyAuYdyYd � 2YuyYuYdyAd+ h32g23 � 45g21iTr(AdYdy) + 125 g21Tr(AeYey) + 85g21YuyAu+ h6g22 + 65g21iYdyAd � h32g23M3 � 45g21M1iTr(YdYdy)� 125 g21M1Tr(YeYey)� h12g22M2 + 85g21M1iYdyYd � 85g21M1YuyYu+ 649 g43M3 � 16g23g22(M3 +M2)� 169 g23g21(M3 +M1)� 30g42M2 � 2g22g21(M2 +M1)� 57445 g41M1� ;�(1)Au = Au�Tr(3YuYuy +Y�Y�y) + 5YuyYu +YdyYd � 163 g23 � 3g22 � 1315g21�+ (84)Yu�Tr(6AuYuy + 2A�Y�y) + 4YuyAu + 2YdyAd+ 323 g23M3 + 6g22M2 + 2615g21M1� ;�(2)Au = Au�� Tr(9YuYuyYuYuy + 3YuYdyYdYuy + 3Y�Y�yY�Y�y +Y�YeyYeY�y) (85)�YdyYdTr(3YdYdy +YeYey)� 5YuyYuTr(3YuYuy +Y�Y�y)� 6YuyYuYuyYu � 2YdyYdYdyYd � 4YdyYdYuyYu+ h16g23 + 45g21iTr(YuYuy) + 12g22YuyYu + 25g21YdyYd� 169 g43 + 8g23g22 + 13645 g23g21 + 152 g42 + g22g21 + 2743450 g41�+Yu�� 2Tr( 18AuYuyYuYuy + 3AuYdyYdYuy + 3AdYuyYuYdy+ 6A�Y�yY�Y�y +A�YeyYeY�y +AeY�yY�Yey)� 6YuyYuTr(3AuYuy +A�Y�y)�YdyYdTr(6AdYdy + 2AeYey)� 4YuyAuTr(3YuYuy +Y�Y�y)�YdyAdTr(6YdYdy + 2YeYey)� 6YuyYuYuyAu � 8YuyAuYuyYu � 4YdyYdYdyAd� 4YdyAdYdyYd � 2YdyYdYuyAu � 4YdyAdYuyYu31



+ h32g23 + 85g21iTr(AuYuy) + h6g22 + 65g21iYuyAu + 45g21YdyAd� h32g23M3 + 85g21M1iTr(YuYuy)� h12g22M2 + 45g21M1iYuyYu� 45g21M1YdyYd + 649 g43M3 � 16g23g22(M3 +M2)� 27245 g23g21(M3 +M1)� 30g42M2 � 2g22g21(M2 +M1)� 5486225 g41M1� ;�(1)Ae = Ae�Tr(3YdYdy +YeYey) + 5YeyYe +Y�yY� � 3g22 � 95g21�+ (86)Ye�Tr(6AdYdy + 2AeYey) + 4YeyAe + 2Y�yA� + 6g22M2 + 185 g21M1� ;�(2)Ae = Ae�� Tr(9YdYdyYdYdy + 3YuYdyYdYuy + 3YeYeyYeYey +Y�YeyYeY�y) (87)�Y�yY�Tr(3YuYuy +Y�Y�y)� 5YeyYeTr(3YdYdy +YeYey)� 6YeyYeYeyYe � 2Y�yY�Y�yY� � 4Y�yY�YeyYe+ h16g23 � 25g21iTr(YdYdy) + 65g21Tr(YeYey) + h12g22 � 65g21iYeyYe+ 152 g42 + 95g22g21 + 272 g41�+Ye�� 2Tr( 18AdYdyYdYdy + 3AuYdyYdYuy + 3AdYuyYuYdy+ 6AeYeyYeYey +A�YeyYeY�y +AeY�yY�Yey)�Y�yY�Tr(6AuYuy + 2A�Y�y)� 6YeyYeTr(3AdYdy +AeYey)�Y�yA�Tr(6YuYuy + 2Y�Y�y)� 4YdyAdTr(3YdYdy +YeYey)� 6YeyYeYeyAe � 8YeyAeYeyYe � 4Y�yA�Y�yY�� 4Y�yY�Y�yA� � 4Y�yA�YeyYe � 2Y�yY�YeyAe+ h32g23 � 45g21iTr(AdYdy) + 125 g21Tr(AeYey) + h6g22 + 65g21iYeyAe� h32g23M3 � 45g21M1iTr(YdYdy)� 125 g21M1Tr(YeYey)� 12g22M2YeyYe� 30g42M2 � 185 g22g21(M1 +M2)� 54g41M1� ;�(1)A� = A��Tr(3YuYuy +Y�Y�y) + 5Y�yY� +YeyYe � 3g22 � 35g21�+ (88)Y��Tr(6AuYuy + 2A�Y�y) + 4Y�yA� + 2YeyAe + 6g22M2 + 65g21M1� ;32
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