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1 IntrodutionThe totally inlusive ross setion of deep-inelasti lepton-proton sattering (DIS) dependson the square s of the entre-of-mass energy, Bjorken's variable x = Q2=(2pq), and theinelastiity variable y = Q2=(xs), where p and q are the four-momenta of the proton andthe virtual photon, respetively, and Q2 = �q2 > 0. The doubly di�erential ross setionis parameterized in terms of the struture funtion F2 and the longitudinal struturefuntion FL, as d2�dx dy = 2��2xQ4 f[1 + (1� y)2℄F2(x;Q2)� y2FL(x;Q2)g; (1)where � is Sommerfeld's �ne-struture onstant. At small values of x, FL beomes non-negligible and its ontribution should be properly taken into aount when the F2 isextrated from the measured ross setion. The same is true also for the ontributions F i2and F iL of F2 and FL due to the heavy quarks i = ; b.Reently, the H1 [1, 2, 3℄ and ZEUS [4, 5, 6℄ Collaborations at HERA presented newdata on F 2 and F b2 . At small x values, of order 10�4, F 2 was found to be around 25% of F2,whih is onsiderably larger than what was observed by the European Muon Collaboration(EMC) at CERN [7℄ at larger x values, where it was only around 1% of F2. Extensivetheoretial analyses in reent years have generally served to establish that the F 2 data anbe desribed through the perturbative generation of harm within QCD (see, for example,the review in Ref. [8℄ and referenes ited therein).In the framework of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) dynamis[9℄, there are two basi methods to study heavy-avour physis. One of them [10℄ is basedon the massless evolution of parton distributions and the other one on the photon-gluonfusion (PGF) proess [12℄. There are also some interpolating shemes (see Ref. [13℄ andreferenes ited therein). The present HERA data on F 2 [1, 2, 3, 4, 5, 6℄ are in goodagreement with the modern theoretial preditions.In earlier HERA analyses [1, 4℄, F L and F bL were taken to be zero for simpliity. Fouryears ago, the situation hanged: in the ZEUS paper [5℄, the F L ontribution at next-to-leading order (NLO) was subtrated from the data; in Refs. [2, 3℄, the H1 Collaborationintrodued the redued ross setions~�ii = xQ42��2[1 + (1� y)2℄ d2�iidx dy = F i2(x;Q2)� y21 + (1� y)2F iL(x;Q2) (2)for i = ; b and thus extrated F i2 at NLO by �tting their data. Very reently, a sim-ilar analysis, but for the doubly di�erential ross setion d2�ii=(dx dy) itself, has beenperformed by the ZEUS Collaboration [6℄.In this letter, we present a ompat formula for the ratio Ri = F iL=F i2, whih greatlysimpli�es the extration of F i2 from measurements of d2�ii=(dx dy).
2



2 Master formulaWe now derive our master formula for Ri(x;Q2) appropriate for small values of x, whihhas the advantage of being independent of the parton distribution funtions (PDFs)fa(x;Q2), with parton label a = g; q; q, where q generially denotes the light-quarkavours. In the small-x range, where only the gluon and quark-singlet ontributionsmatter, while the non-singlet ontributions are negligibly small, we have1F ik(x;Q2) = Xa=g;q;q Xl=+;�C lk;a(x;Q2)
 xf la(x;Q2); (3)where l = � labels the usual + and � linear ombinations of the gluon and quark-singlet ontributions, C lk;a(x;Q2) are the DIS oeÆient funtions, whih an be alulatedperturbatively in the parton model of QCD, � is the renormalization sale appearing inthe strong-oupling onstant �s(�), and the symbol 
 denotes onvolution aording tothe usual presription, f(x) 
 g(x) = R 1x (dy=y)f(y)g(x=y). Massive kinematis requiresthat C lk;a = 0 for x > bi = 1=(1+4ai), where ai = m2i =Q2. We take mi to be the solution ofmi(mi) = mi, where mi(�) is de�ned in the modi�ed minimal-subtration (MS) sheme.Exploiting the small-x asymptoti behaviour of f la(x;Q2) [12℄,f la(x;Q2) x!0! 1x1+Æl ; (4)Eq. (3) an be rewritten asF ik(x;Q2) � Xa=g;q;q Xl=+;�M lk;a(1 + Æl; Q2)xf la(x;Q2); (5)where M lk;a(n;Q2) = Z bi0 dx xn�2C lk;a(x;Q2) (6)is the Mellin transform, whih is to be analytially ontinued from integer values n to realvalues 1 + Æl.As demonstrated in Ref. [14℄, HERA data support the modi�ed Bessel-like behav-ior of PDFs at low x values predited in the framework of the so-alled generalizeddouble-asymptoti saling regime. In this approah, one has M+k;a(1; Q2) = M�k;a(1; Q2)if M lk;a(n;Q2) are devoid of singularities in the limit Æl ! 0, as in our ase. De�ningMk;a(1; Q2) = M�k;a(1; Q2) and using fa(x;Q2) =Pl=� f la(x;Q2), Eq. (5) may be simpli-�ed to beome F ik(x;Q2) � Xa=g;q;qMk;a(1; Q2)xfa(x;Q2): (7)A further simpli�ation is obtained by negleting the ontributions due to inoming lightquarks and antiquarks in Eq. (7), whih is justi�ed beause they vanish at LO and are1Here and in the following, we suppress the variables � and mi in the argument lists of the strutureand oeÆient funtions for the ease of notation. 3



numerially suppressed at NLO for small values of x. One is thus left with the ontributiondue to PGF [12℄, F ik(x;Q2) �Mk;g(1; Q2)xfg(x;Q2): (8)In fat, the non-perturbative input fg(x;Q2) does anels in the ratioRi(x;Q2) � ML;g(1; Q2)M2;g(1; Q2) ; (9)whih is very useful for pratial appliations. Through NLO, Mk;g(1; Q2) exhibits thestruture Mk;g(1; Q2) = e2i a(�)�M (0)k;g (1; ai) + a(�) �M (1)k;g (1; ai) +M (2)k;g (1; ai)� ln �2m2i ��+O(a3); (10)where ei is the frational eletri harge of heavy quark i and a(�) = �s(�)=(4�) is theouplant. Inserting Eq. (10) into Eq. (9), we arrive at our master formulaRi(x;Q2)� M (0)L;g(1; ai) + a(�) hM (1)L;g(1; ai) +M (2)L;g(1; ai) ln(�2=m2i )iM (0)2;g (1; ai) + a(�) hM (1)2;g (1; ai) +M (2)2;g (1; ai) ln(�2=m2i )i+O(a2): (11)We observe that the right-hand side of Eq. (11) is independent of x, a remarkable featurethat is automatially exposed by our proedure. In the next two setions, we presentompat analyti results for the LO (j = 0) and NLO (j = 1; 2) oeÆients M (j)k;g(1; ai),respetively.3 LO resultsThe LO oeÆient funtions of PGF an be obtained from the QED ase [15℄ by adjustingoupling onstants and olour fators, and they read [16, 17℄C(0)2;g (x; a) = �2xf[1� 4x(2� a)(1� x)℄� � [1� 2x(1� 2a)+ 2x2(1� 6a� 4a2)℄L(�)g;C(0)L;g(x; a) = 8x2[(1� x)� � 2axL(�)℄; (12)where � =r1� 4ax1� x; L(�) = ln 1 + �1� � : (13)4



Using the auxiliary formulasZ b0 xm� =8<:1� 2aJ(a); if m = 0b2 [1� 2a� 4a(1 + 3a)J(a)℄; if m = 1b23 [(1 + 3a)(1 + 10a)� 6a(1 + 6a + 10a2)J(a)℄; if m = 2 ; (14)Z b0 xmL(�) =8<:J(a); if m = 0� b2 [1� (1 + 2a)J(a)℄; if m = 1� b23 [3(1 + 2a)� 2(1 + 4a+ 6a2)J(a)℄; if m = 2 ; (15)where J(a) = �pb ln t; t = 1�pb1 +pb ; (16)we perform the Mellin transformation in Eq. (6) to �ndM (0)2;g (1; a) = 23[1 + 2(1� a)J(a)℄;M (0)L;g(1; a) = 43b[1 + 6a� 4a(1 + 3a)J(a)℄: (17)At LO, the small-x approximation formula thus readsRi � 2bi 1 + 6ai � 4ai(1 + 3ai)J(ai)1 + 2(1� ai)J(ai) : (18)4 NLO resultsThe NLO oeÆient funtions of PGF are rather lengthy and not published in print; theyare only available as omputer odes [18℄. For the purpose of this letter, it is suÆient towork in the high-energy regime, de�ned by ai � 1, where they assume the ompat form[19℄ C(j)k;g(x; a) = �R(j)k;g(1; a); (19)with R(1)2;g(1; a) = 89CA[5 + (13� 10a)J(a) + 6(1� a)I(a)℄;R(1)L;g(1; a) = �169 CAbf1� 12a� [3 + 4a(1� 6a)℄J(a) + 12a(1 + 3a)I(a)g;R(2)k;g(1; a) = �4CAM (0)k;g (1; a); (20)where CA = N for the olour gauge group SU(N), J(a) is de�ned by Eq. (16), andI(a) = �pb ��(2) + 12 ln2 t� ln(ab) ln t+ 2Li2(�t)� : (21)Here, �(2) = �2=6 and Li2(x) = � R 10 (dy=y) ln(1�xy) is the dilogarithmi funtion. UsingEq. (14) for m = 0, we �nd the Mellin transform (6) of Eq. (19) to beM (j)k;g(1; a) = [1� 2aJ(a)℄R(j)k;g(1; a): (22)5



Table 1: Values of F 2 (x;Q2) extrated from the H1 measurements of ~� at low [3℄ andhigh [2℄ values of Q2 (in GeV2) at various values of x (in units of 10�3) using our approahat NLO for �2 = �Q2 with � = 1; 100. The LO results agree with the NLO results for� = 1 within the auray of this table. For omparison, also the results determined inRefs. [2, 3℄ are quoted.Q2 x H1 �2 = Q2 �2 = 100Q212 0.197 0:435� 0:078 0.433 0.43212 0.800 0:186� 0:024 0.185 0.18525 0.500 0:331� 0:043 0.329 0.32925 2.000 0:212� 0:021 0.212 0.21260 2.000 0:369� 0:040 0.368 0.36860 5.000 0:201� 0:024 0.200 0.200200 0.500 0:202� 0:046 0.201 0.201200 1.300 0:131� 0:032 0.130 0.130650 1.300 0:213� 0:057 0.212 0.213650 3.200 0:092� 0:028 0.091 0.0915 ResultsWe are now in a position to explore the phenomenologial impliations of our results.As for our input parameters, we hoose m = 1:25 GeV and mb = 4:2 GeV. While theLO result for Ri in Eq. (18) is independent of the unphysial mass sale �, the NLOformula (11) does depend on it, due to an inomplete ompensation of the � dependeneof a(�) by the terms proportional to ln(�2=Q2), the residual � dependene being formallybeyond NLO. In order to estimate the theoretial unertainty resulting from this, we put�2 = �Q2 and vary �. Besides our default hoie � = 1, we also onsider the extremehoie � = 100, whih is motivated by the observation that NLO orretions are usuallylarge and negative at small x values [20℄. A large � value is also advoated in Ref. [21℄,where the hoie � = 1=xa, with 0:5 < a < 1, is proposed.We now extrat F i2(x;Q2) (i = ; b) from the H1 measurements of the redued rosssetions in Eq. (2) at low (12 < Q2 < 60 GeV2) [3℄ and high (Q2 > 150 GeV2) [2℄ valuesof Q2 using the LO and NLO results for Ri derived in Setions 3 and 4, respetively.Our NLO results for �2 = �Q2 with � = 1; 100 are presented for i = ; b in Tables 1 and2, respetively, where they are ompared with the values determined by H1. We refrainfrom showing our results for other popular hoies, suh as �2 = 4m2i ; Q2 + 4m2i beausethey are very similar. We observe that the theoretial unertainty related to the freedomin the hoie of � is negligibly small and �nd good agreement with the results obtainedby the H1 Collaboration using a more aurate, but rather umbersome proedure [2, 3℄.The experimental data from the ZEUS Collaboration [6℄ do not allow for suh an analysisbeause they do not ome in the form of Eq. (2).In order to assess the signi�ane of and the theoretial unertainty in the NLO or-retions to Ri, we show in Fig. 1 the Q2 dependenes of R, Rb, and Rt evaluated at LO6



Table 2: Values of F b2 (x;Q2) extrated from the H1 measurements of ~�bb at low [3℄ andhigh [2℄ values of Q2 (in GeV2) at various values of x (in units of 10�3) using our approahat NLO for �2 = �Q2 with � = 1; 100. The LO results agree with the NLO results for� = 1 within the auray of this table. For omparison, also the results determined inRefs. [2, 3℄ are quoted.Q2 x H1 �2 = Q2 �2 = 100Q212 0.197 0:0045� 0:0027 0.0047 0.004612 0.800 0:0048� 0:0022 0.0048 0.004825 0.500 0:0123� 0:0038 0.0124 0.012425 2.000 0:0061� 0:0024 0.0061 0.006160 2.000 0:0190� 0:0055 0.0190 0.019060 5.000 0:0130� 0:0047 0.0130 0.0130200 0.500 0:0413� 0:0128 0.0400 0.0400200 1.300 0:0214� 0:0079 0.0212 0.0212650 1.300 0:0243� 0:0124 0.0238 0.0238650 3.200 0:0125� 0:0055 0.0125 0.0125from Eq. (18) and at NLO from Eq. (11) with �2 = 4m2i ; Q2 + 4m2i . We observe fromFig. 1 that the NLO preditions are rather stable under sale variations and pratiallyoinide with the LO ones in the lower Q2 regime. On the other hand, for Q2 � 4m2i , theNLO preditions overshoot the LO ones and exhibit an appreiable sale dependene. Weenounter the notion that the �xed-avour-number sheme used here for onveniene isbound to break down in the large-Q2 regime due to unresummed large logarithms of theform ln(Q2=m2i ). In our ase, suh logarithms do appear linearly at LO and quadratiallyat NLO. In the standard massless fatorization, suh terms are responsible for the Q2evolution of the PDFs and do not ontribute to the oeÆient funtions. In fat, in thevariable-avour-number sheme, they are MS-subtrated from the oeÆient funtionsand absorbed into the Q2 evolution of the PDFs. Thereafter, the asymptoti large-Q2dependenes of Ri at NLO should be proportional to �s(Q2) and thus dereasing. This isfamiliar from the Callan-Gross ratio R = FL=(F2 � FL), as may be seen from its (x;Q2)parameterizations in Ref. [22℄. Fortunately, this large-Q2 problem does not a�et our re-sults in Tables 1 and 2 beause the bulk of the H1 data is loated in the range of moderateQ2 values. Furthermore, Ri enters Eq. (2) with the suppression fator y2=[1 + (1� y)2℄.The ratio R was previously studied in the framework of the kt-fatorization approah[17℄ and found to weakly depend on the hoie of unintegrated gluon PDF and to beapproximately x independent in the small-x regime (see Fig. 8 in Ref. [17℄). Both featuresare inherent in our approah, as may be seen at one glane from Eq. (11). The preditionforR from Ref. [17℄, whih is inluded in Fig. 1 for omparison, agrees well with our resultsin the lower Q2 range, but it ontinues to rise with Q2, while our results reah maxima,beyond whih they fall. In fat, the kt-fatorization approah is likely to overestimate Rfor Q2 � 4m2i , due to the unresummed large logarithms of the form ln(Q2=m2i ) disussedabove. 7



Figure 1: R, Rb, and Rt evaluated as funtions of Q2 at LO from Eq. (18) (dot-dashedlines) and at NLO from Eq. (11) with �2 = 4m2i (dashed lines) and �2 = Q2 + 4m2i (solidlines). For omparison, the predition for R in the kt-fatorization approah (dot-dot-dashed line) [17℄ is also shown.
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6 ConlusionsIn this letter, we derived a ompat formula for the ratio Ri = F iL=F i2 of the heavy-avour ontributions to the proton struture funtions F2 and FL valid through NLO atsmall values of Bjorken's x variable. We demonstrated the usefulness of this formula byextrating F 2 and F b2 from the doubly di�erential ross setion of DIS reently measured bythe H1 Collaboration [2, 3℄ at HERA. Our results agree with those extrated in Refs. [2, 3℄well within errors. In the Q2 range probed by the H1 data, our NLO preditions agreevery well with the LO ones and are rather stable under sale variations. Sine we workedin the �xed-avour-number sheme, our results are bound to break down for Q2 � 4m2i ,whih manifests itself by appreiable QCD orretion fators and sale dependenes. As iswell known, this problem is onveniently solved by adopting the variable-avour-numbersheme, whih we leave for future work. Our approah also simply explains the feebledependene of Ri on x and the details of the PDFs in the small-x regime.AknowledgementsWe are grateful to Sergei Chekanov, Vladimir Chekelian, Ahim Geiser, Leonid Glad-ilin, and Zakaria Merebashvili for useful disussions. A.Yu.I. is grateful to the SuolaInternazionale Superiore di Studi Avanzati (SISSA), where most of his work has beendone. A.V.K. was supported in part by the Alexander von Humboldt Foundation and theHeisenberg-Landau Programme. This work was supported in part by BMBF Grant No.05 HT4GUA/4, HGF Grant No. NG{VH{008, DFG Grant No. KN 365/7{1, and RFBRGrant No. 07-02-01046-a.Referenes[1℄ C. Adlo� et al. [H1 Collaboration℄, Z. Phys. C 72 (1996) 593 [arXiv:hep-ex/9607012℄;Nul. Phys. B 545 (1999) 21 [arXiv:hep-ex/9812023℄.[2℄ A. Aktas et al. [H1 Collaboration℄, Eur. Phys. J. C 40 (2005) 349[arXiv:hep-ex/0411046℄.[3℄ A. Aktas et al. [H1 Collaboration℄, Eur. Phys. J. C 45 (2006) 23[arXiv:hep-ex/0507081℄.[4℄ J. Breitweg et al. [ZEUS Collaboration℄, Phys. Lett. B 407 (1997) 402[arXiv:hep-ex/9706009℄; Eur. Phys. J. C 12 (2000) 35 [arXiv:hep-ex/9908012℄.[5℄ S. Chekanov et al. [ZEUS Collaboration℄, Phys. Rev. D 69 (2004) 012004[arXiv:hep-ex/0308068℄.[6℄ S. Chekanov et al. [ZEUS Collaboration℄, JHEP 0707 (2007) 074 [arXiv:0704.3562[hep-ex℄℄. 9
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