
*0
80
∣.
∣5
02
*

 DESY 08-002
ar

X
iv

:0
80

1.
15

02
v1

  [
he

p-
ph

] 
 9

 J
an

 2
00

8

DESY 08-002 ISSN 0418-9833January 2008
Heavy-quark 
ontributions to the ratioFL=F2 at low xAlexey Yu. Illarionov�S
uola Internazionale Superiore di Studi Avanzati, Via Beirut, 2{4, 34014 Trieste, ItalyBernd A. Kniehly, Anatoly V. KotikovzII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstra
tWe study the heavy-quark 
ontribution to the proton stru
ture fun
tions F i2(x;Q2)and F iL(x;Q2), with i = 
; b, for small values of Bjorken's x variable at next-to-ladingorder and provide 
ompa
t formulas for their ratios Ri = F iL=F i2 that are useful toextra
t F i2(x;Q2) from measurements of the doubly di�erential 
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1 Introdu
tionThe totally in
lusive 
ross se
tion of deep-inelasti
 lepton-proton s
attering (DIS) dependson the square s of the 
entre-of-mass energy, Bjorken's variable x = Q2=(2pq), and theinelasti
ity variable y = Q2=(xs), where p and q are the four-momenta of the proton andthe virtual photon, respe
tively, and Q2 = �q2 > 0. The doubly di�erential 
ross se
tionis parameterized in terms of the stru
ture fun
tion F2 and the longitudinal stru
turefun
tion FL, as d2�dx dy = 2��2xQ4 f[1 + (1� y)2℄F2(x;Q2)� y2FL(x;Q2)g; (1)where � is Sommerfeld's �ne-stru
ture 
onstant. At small values of x, FL be
omes non-negligible and its 
ontribution should be properly taken into a

ount when the F2 isextra
ted from the measured 
ross se
tion. The same is true also for the 
ontributions F i2and F iL of F2 and FL due to the heavy quarks i = 
; b.Re
ently, the H1 [1, 2, 3℄ and ZEUS [4, 5, 6℄ Collaborations at HERA presented newdata on F 
2 and F b2 . At small x values, of order 10�4, F 
2 was found to be around 25% of F2,whi
h is 
onsiderably larger than what was observed by the European Muon Collaboration(EMC) at CERN [7℄ at larger x values, where it was only around 1% of F2. Extensivetheoreti
al analyses in re
ent years have generally served to establish that the F 
2 data 
anbe des
ribed through the perturbative generation of 
harm within QCD (see, for example,the review in Ref. [8℄ and referen
es 
ited therein).In the framework of Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) dynami
s[9℄, there are two basi
 methods to study heavy-
avour physi
s. One of them [10℄ is basedon the massless evolution of parton distributions and the other one on the photon-gluonfusion (PGF) pro
ess [12℄. There are also some interpolating s
hemes (see Ref. [13℄ andreferen
es 
ited therein). The present HERA data on F 
2 [1, 2, 3, 4, 5, 6℄ are in goodagreement with the modern theoreti
al predi
tions.In earlier HERA analyses [1, 4℄, F 
L and F bL were taken to be zero for simpli
ity. Fouryears ago, the situation 
hanged: in the ZEUS paper [5℄, the F 
L 
ontribution at next-to-leading order (NLO) was subtra
ted from the data; in Refs. [2, 3℄, the H1 Collaborationintrodu
ed the redu
ed 
ross se
tions~�ii = xQ42��2[1 + (1� y)2℄ d2�iidx dy = F i2(x;Q2)� y21 + (1� y)2F iL(x;Q2) (2)for i = 
; b and thus extra
ted F i2 at NLO by �tting their data. Very re
ently, a sim-ilar analysis, but for the doubly di�erential 
ross se
tion d2�ii=(dx dy) itself, has beenperformed by the ZEUS Collaboration [6℄.In this letter, we present a 
ompa
t formula for the ratio Ri = F iL=F i2, whi
h greatlysimpli�es the extra
tion of F i2 from measurements of d2�ii=(dx dy).
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2 Master formulaWe now derive our master formula for Ri(x;Q2) appropriate for small values of x, whi
hhas the advantage of being independent of the parton distribution fun
tions (PDFs)fa(x;Q2), with parton label a = g; q; q, where q generi
ally denotes the light-quark
avours. In the small-x range, where only the gluon and quark-singlet 
ontributionsmatter, while the non-singlet 
ontributions are negligibly small, we have1F ik(x;Q2) = Xa=g;q;q Xl=+;�C lk;a(x;Q2)
 xf la(x;Q2); (3)where l = � labels the usual + and � linear 
ombinations of the gluon and quark-singlet 
ontributions, C lk;a(x;Q2) are the DIS 
oeÆ
ient fun
tions, whi
h 
an be 
al
ulatedperturbatively in the parton model of QCD, � is the renormalization s
ale appearing inthe strong-
oupling 
onstant �s(�), and the symbol 
 denotes 
onvolution a

ording tothe usual pres
ription, f(x) 
 g(x) = R 1x (dy=y)f(y)g(x=y). Massive kinemati
s requiresthat C lk;a = 0 for x > bi = 1=(1+4ai), where ai = m2i =Q2. We take mi to be the solution ofmi(mi) = mi, where mi(�) is de�ned in the modi�ed minimal-subtra
tion (MS) s
heme.Exploiting the small-x asymptoti
 behaviour of f la(x;Q2) [12℄,f la(x;Q2) x!0! 1x1+Æl ; (4)Eq. (3) 
an be rewritten asF ik(x;Q2) � Xa=g;q;q Xl=+;�M lk;a(1 + Æl; Q2)xf la(x;Q2); (5)where M lk;a(n;Q2) = Z bi0 dx xn�2C lk;a(x;Q2) (6)is the Mellin transform, whi
h is to be analyti
ally 
ontinued from integer values n to realvalues 1 + Æl.As demonstrated in Ref. [14℄, HERA data support the modi�ed Bessel-like behav-ior of PDFs at low x values predi
ted in the framework of the so-
alled generalizeddouble-asymptoti
 s
aling regime. In this approa
h, one has M+k;a(1; Q2) = M�k;a(1; Q2)if M lk;a(n;Q2) are devoid of singularities in the limit Æl ! 0, as in our 
ase. De�ningMk;a(1; Q2) = M�k;a(1; Q2) and using fa(x;Q2) =Pl=� f la(x;Q2), Eq. (5) may be simpli-�ed to be
ome F ik(x;Q2) � Xa=g;q;qMk;a(1; Q2)xfa(x;Q2): (7)A further simpli�
ation is obtained by negle
ting the 
ontributions due to in
oming lightquarks and antiquarks in Eq. (7), whi
h is justi�ed be
ause they vanish at LO and are1Here and in the following, we suppress the variables � and mi in the argument lists of the stru
tureand 
oeÆ
ient fun
tions for the ease of notation. 3



numeri
ally suppressed at NLO for small values of x. One is thus left with the 
ontributiondue to PGF [12℄, F ik(x;Q2) �Mk;g(1; Q2)xfg(x;Q2): (8)In fa
t, the non-perturbative input fg(x;Q2) does 
an
els in the ratioRi(x;Q2) � ML;g(1; Q2)M2;g(1; Q2) ; (9)whi
h is very useful for pra
ti
al appli
ations. Through NLO, Mk;g(1; Q2) exhibits thestru
ture Mk;g(1; Q2) = e2i a(�)�M (0)k;g (1; ai) + a(�) �M (1)k;g (1; ai) +M (2)k;g (1; ai)� ln �2m2i ��+O(a3); (10)where ei is the fra
tional ele
tri
 
harge of heavy quark i and a(�) = �s(�)=(4�) is the
ouplant. Inserting Eq. (10) into Eq. (9), we arrive at our master formulaRi(x;Q2)� M (0)L;g(1; ai) + a(�) hM (1)L;g(1; ai) +M (2)L;g(1; ai) ln(�2=m2i )iM (0)2;g (1; ai) + a(�) hM (1)2;g (1; ai) +M (2)2;g (1; ai) ln(�2=m2i )i+O(a2): (11)We observe that the right-hand side of Eq. (11) is independent of x, a remarkable featurethat is automati
ally exposed by our pro
edure. In the next two se
tions, we present
ompa
t analyti
 results for the LO (j = 0) and NLO (j = 1; 2) 
oeÆ
ients M (j)k;g(1; ai),respe
tively.3 LO resultsThe LO 
oeÆ
ient fun
tions of PGF 
an be obtained from the QED 
ase [15℄ by adjusting
oupling 
onstants and 
olour fa
tors, and they read [16, 17℄C(0)2;g (x; a) = �2xf[1� 4x(2� a)(1� x)℄� � [1� 2x(1� 2a)+ 2x2(1� 6a� 4a2)℄L(�)g;C(0)L;g(x; a) = 8x2[(1� x)� � 2axL(�)℄; (12)where � =r1� 4ax1� x; L(�) = ln 1 + �1� � : (13)4



Using the auxiliary formulasZ b0 xm� =8<:1� 2aJ(a); if m = 0b2 [1� 2a� 4a(1 + 3a)J(a)℄; if m = 1b23 [(1 + 3a)(1 + 10a)� 6a(1 + 6a + 10a2)J(a)℄; if m = 2 ; (14)Z b0 xmL(�) =8<:J(a); if m = 0� b2 [1� (1 + 2a)J(a)℄; if m = 1� b23 [3(1 + 2a)� 2(1 + 4a+ 6a2)J(a)℄; if m = 2 ; (15)where J(a) = �pb ln t; t = 1�pb1 +pb ; (16)we perform the Mellin transformation in Eq. (6) to �ndM (0)2;g (1; a) = 23[1 + 2(1� a)J(a)℄;M (0)L;g(1; a) = 43b[1 + 6a� 4a(1 + 3a)J(a)℄: (17)At LO, the small-x approximation formula thus readsRi � 2bi 1 + 6ai � 4ai(1 + 3ai)J(ai)1 + 2(1� ai)J(ai) : (18)4 NLO resultsThe NLO 
oeÆ
ient fun
tions of PGF are rather lengthy and not published in print; theyare only available as 
omputer 
odes [18℄. For the purpose of this letter, it is suÆ
ient towork in the high-energy regime, de�ned by ai � 1, where they assume the 
ompa
t form[19℄ C(j)k;g(x; a) = �R(j)k;g(1; a); (19)with R(1)2;g(1; a) = 89CA[5 + (13� 10a)J(a) + 6(1� a)I(a)℄;R(1)L;g(1; a) = �169 CAbf1� 12a� [3 + 4a(1� 6a)℄J(a) + 12a(1 + 3a)I(a)g;R(2)k;g(1; a) = �4CAM (0)k;g (1; a); (20)where CA = N for the 
olour gauge group SU(N), J(a) is de�ned by Eq. (16), andI(a) = �pb ��(2) + 12 ln2 t� ln(ab) ln t+ 2Li2(�t)� : (21)Here, �(2) = �2=6 and Li2(x) = � R 10 (dy=y) ln(1�xy) is the dilogarithmi
 fun
tion. UsingEq. (14) for m = 0, we �nd the Mellin transform (6) of Eq. (19) to beM (j)k;g(1; a) = [1� 2aJ(a)℄R(j)k;g(1; a): (22)5



Table 1: Values of F 
2 (x;Q2) extra
ted from the H1 measurements of ~�

 at low [3℄ andhigh [2℄ values of Q2 (in GeV2) at various values of x (in units of 10�3) using our approa
hat NLO for �2 = �Q2 with � = 1; 100. The LO results agree with the NLO results for� = 1 within the a

ura
y of this table. For 
omparison, also the results determined inRefs. [2, 3℄ are quoted.Q2 x H1 �2 = Q2 �2 = 100Q212 0.197 0:435� 0:078 0.433 0.43212 0.800 0:186� 0:024 0.185 0.18525 0.500 0:331� 0:043 0.329 0.32925 2.000 0:212� 0:021 0.212 0.21260 2.000 0:369� 0:040 0.368 0.36860 5.000 0:201� 0:024 0.200 0.200200 0.500 0:202� 0:046 0.201 0.201200 1.300 0:131� 0:032 0.130 0.130650 1.300 0:213� 0:057 0.212 0.213650 3.200 0:092� 0:028 0.091 0.0915 ResultsWe are now in a position to explore the phenomenologi
al impli
ations of our results.As for our input parameters, we 
hoose m
 = 1:25 GeV and mb = 4:2 GeV. While theLO result for Ri in Eq. (18) is independent of the unphysi
al mass s
ale �, the NLOformula (11) does depend on it, due to an in
omplete 
ompensation of the � dependen
eof a(�) by the terms proportional to ln(�2=Q2), the residual � dependen
e being formallybeyond NLO. In order to estimate the theoreti
al un
ertainty resulting from this, we put�2 = �Q2 and vary �. Besides our default 
hoi
e � = 1, we also 
onsider the extreme
hoi
e � = 100, whi
h is motivated by the observation that NLO 
orre
tions are usuallylarge and negative at small x values [20℄. A large � value is also advo
ated in Ref. [21℄,where the 
hoi
e � = 1=xa, with 0:5 < a < 1, is proposed.We now extra
t F i2(x;Q2) (i = 
; b) from the H1 measurements of the redu
ed 
rossse
tions in Eq. (2) at low (12 < Q2 < 60 GeV2) [3℄ and high (Q2 > 150 GeV2) [2℄ valuesof Q2 using the LO and NLO results for Ri derived in Se
tions 3 and 4, respe
tively.Our NLO results for �2 = �Q2 with � = 1; 100 are presented for i = 
; b in Tables 1 and2, respe
tively, where they are 
ompared with the values determined by H1. We refrainfrom showing our results for other popular 
hoi
es, su
h as �2 = 4m2i ; Q2 + 4m2i be
ausethey are very similar. We observe that the theoreti
al un
ertainty related to the freedomin the 
hoi
e of � is negligibly small and �nd good agreement with the results obtainedby the H1 Collaboration using a more a

urate, but rather 
umbersome pro
edure [2, 3℄.The experimental data from the ZEUS Collaboration [6℄ do not allow for su
h an analysisbe
ause they do not 
ome in the form of Eq. (2).In order to assess the signi�
an
e of and the theoreti
al un
ertainty in the NLO 
or-re
tions to Ri, we show in Fig. 1 the Q2 dependen
es of R
, Rb, and Rt evaluated at LO6



Table 2: Values of F b2 (x;Q2) extra
ted from the H1 measurements of ~�bb at low [3℄ andhigh [2℄ values of Q2 (in GeV2) at various values of x (in units of 10�3) using our approa
hat NLO for �2 = �Q2 with � = 1; 100. The LO results agree with the NLO results for� = 1 within the a

ura
y of this table. For 
omparison, also the results determined inRefs. [2, 3℄ are quoted.Q2 x H1 �2 = Q2 �2 = 100Q212 0.197 0:0045� 0:0027 0.0047 0.004612 0.800 0:0048� 0:0022 0.0048 0.004825 0.500 0:0123� 0:0038 0.0124 0.012425 2.000 0:0061� 0:0024 0.0061 0.006160 2.000 0:0190� 0:0055 0.0190 0.019060 5.000 0:0130� 0:0047 0.0130 0.0130200 0.500 0:0413� 0:0128 0.0400 0.0400200 1.300 0:0214� 0:0079 0.0212 0.0212650 1.300 0:0243� 0:0124 0.0238 0.0238650 3.200 0:0125� 0:0055 0.0125 0.0125from Eq. (18) and at NLO from Eq. (11) with �2 = 4m2i ; Q2 + 4m2i . We observe fromFig. 1 that the NLO predi
tions are rather stable under s
ale variations and pra
ti
ally
oin
ide with the LO ones in the lower Q2 regime. On the other hand, for Q2 � 4m2i , theNLO predi
tions overshoot the LO ones and exhibit an appre
iable s
ale dependen
e. Ween
ounter the notion that the �xed-
avour-number s
heme used here for 
onvenien
e isbound to break down in the large-Q2 regime due to unresummed large logarithms of theform ln(Q2=m2i ). In our 
ase, su
h logarithms do appear linearly at LO and quadrati
allyat NLO. In the standard massless fa
torization, su
h terms are responsible for the Q2evolution of the PDFs and do not 
ontribute to the 
oeÆ
ient fun
tions. In fa
t, in thevariable-
avour-number s
heme, they are MS-subtra
ted from the 
oeÆ
ient fun
tionsand absorbed into the Q2 evolution of the PDFs. Thereafter, the asymptoti
 large-Q2dependen
es of Ri at NLO should be proportional to �s(Q2) and thus de
reasing. This isfamiliar from the Callan-Gross ratio R = FL=(F2 � FL), as may be seen from its (x;Q2)parameterizations in Ref. [22℄. Fortunately, this large-Q2 problem does not a�e
t our re-sults in Tables 1 and 2 be
ause the bulk of the H1 data is lo
ated in the range of moderateQ2 values. Furthermore, Ri enters Eq. (2) with the suppression fa
tor y2=[1 + (1� y)2℄.The ratio R
 was previously studied in the framework of the kt-fa
torization approa
h[17℄ and found to weakly depend on the 
hoi
e of unintegrated gluon PDF and to beapproximately x independent in the small-x regime (see Fig. 8 in Ref. [17℄). Both featuresare inherent in our approa
h, as may be seen at one glan
e from Eq. (11). The predi
tionforR
 from Ref. [17℄, whi
h is in
luded in Fig. 1 for 
omparison, agrees well with our resultsin the lower Q2 range, but it 
ontinues to rise with Q2, while our results rea
h maxima,beyond whi
h they fall. In fa
t, the kt-fa
torization approa
h is likely to overestimate R
for Q2 � 4m2i , due to the unresummed large logarithms of the form ln(Q2=m2i ) dis
ussedabove. 7



Figure 1: R
, Rb, and Rt evaluated as fun
tions of Q2 at LO from Eq. (18) (dot-dashedlines) and at NLO from Eq. (11) with �2 = 4m2i (dashed lines) and �2 = Q2 + 4m2i (solidlines). For 
omparison, the predi
tion for R
 in the kt-fa
torization approa
h (dot-dot-dashed line) [17℄ is also shown.
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6 Con
lusionsIn this letter, we derived a 
ompa
t formula for the ratio Ri = F iL=F i2 of the heavy-
avour 
ontributions to the proton stru
ture fun
tions F2 and FL valid through NLO atsmall values of Bjorken's x variable. We demonstrated the usefulness of this formula byextra
ting F 
2 and F b2 from the doubly di�erential 
ross se
tion of DIS re
ently measured bythe H1 Collaboration [2, 3℄ at HERA. Our results agree with those extra
ted in Refs. [2, 3℄well within errors. In the Q2 range probed by the H1 data, our NLO predi
tions agreevery well with the LO ones and are rather stable under s
ale variations. Sin
e we workedin the �xed-
avour-number s
heme, our results are bound to break down for Q2 � 4m2i ,whi
h manifests itself by appre
iable QCD 
orre
tion fa
tors and s
ale dependen
es. As iswell known, this problem is 
onveniently solved by adopting the variable-
avour-numbers
heme, whi
h we leave for future work. Our approa
h also simply explains the feebledependen
e of Ri on x and the details of the PDFs in the small-x regime.A
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