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Abstract

The remaining theoretical uncertainties from unknown higher-order corrections in
the prediction for the light Higgs-boson mass of the MSSM are estimated. The uncer-
tainties associated with three different approaches that are implemented in the publicly
available code FeynHiggs are compared: the fixed-order diagrammatic approach, suit-
able for low SUSY scales, the effective field theory (EFT) approach, suitable for high
SUSY scales, and the hybrid approach which combines the fixed-order and the EFT
approaches. It is demonstrated for a simple single-scale scenario that the result based
on the hybrid approach yields a precise prediction for low, intermediate and high SUSY
scales with a theoretical uncertainty of up to � 1:5 GeV for large stop mixing and
� 0:5 GeV for small stop mixing. The uncertainty estimate of the hybrid calculation
approaches the uncertainty estimate of the fixed-order result for low SUSY scales and
the uncertainty estimate of the EFT approach for high SUSY scales, while for interme-
diate scales it is reduced compared to both of the individual results. The estimate of
the theoretical uncertainty is also investigated in scenarios with more than one mass
scale. A significantly enhanced uncertainty is found in scenarios where the gluino is
substantially heavier than the scalar top quarks. The uncertainty estimate presented
in this paper will be part of the public code FeynHiggs.
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1 Introduction
The discovery of a Higgs boson at the LHC [1, 2] and the subsequent precise determina-
tion of its properties [3–5] provide important constraints on models beyond the Standard
Model (SM). In many beyond SM (BSM) theories the Higgs-boson mass is a free parameter
like in the SM. Consequently, only the Higgs-boson couplings, which were measured to be
SM-like, can be used to constrain the BSM parameter space. In supersymmetric (SUSY)
models, however, the SM-like Higgs-boson mass itself can be calculated in terms of the model
parameters allowing for a very sensitive constraint on the SUSY parameter space.

The most common SUSY model is the Minimal Superymmetric Standard Model (MSSM)
[6, 7], which associates a superpartner with each SM degree of freedom. Moreover, it adds
a second Higgs doublet with respect to the SM resulting in five physical Higgs bosons. At
the tree-level, these are the CP-even h and H bosons, the CP-odd A boson and the charged
H± bosons. We assume the h boson to be the SM-like Higgs boson discovered at the LHC
in this work.1 In order to take full advantage of the experimental precision reached in the
mass measurement of the Higgs boson, the uncertainty of the theoretical prediction for Mh

should be of the same order or even smaller.
Consequently, much work has been invested to evaluate the relevant quantum corrections.

In the most direct diagrammatic fixed-order approach, full one-loop, the dominant two-loop
as well as partial three-loop corrections have been calculated (for recent works see [13–19]).
This fixed-order approach, however, contains large logarithmic contributions, which can
limit the accuracy of the perturbative expansion in case of a high SUSY scale. Effective
field theory (EFT) techniques have been used to resum the large logarithms providing a
precise prediction for large SUSY scales (for recent works see [20–29]). Since typically no
higher-dimensional operators are included,2 terms suppressed by the SUSY scale are missed.
Therefore at low SUSY scales, the EFT approach is less precise than the fixed-order approach,
which includes all suppressed terms up to the order of the calculation. In order to obtain a
precise prediction also for intermediary scales, where both a resummation of large logarithms
as well as suppressed terms might be relevant, hybrid approaches combining fixed-order and
EFT calculations have been developed [20,26,30–36].

It is, however, crucial for phenomenological studies to not only determine the Higgs-boson
mass prediction but also to assess its theoretical uncertainty, �Mh, from missing higer-order
corrections.3 The uncertainty of the fixed-order approach has been discussed in [38–40], the
uncertainty of the EFT approach in [20,22,23,25]. In this work, we discuss the uncertainty of
the hybrid approach implemented into the public code FeynHiggs [20,30,33,38,41–45], which
combines state-of-the-art fixed-order and EFT calculations.4 We find that the uncertainty
of the combined hybrid approach is lower than or comparable to the individual uncertainties
of the fixed-order and EFT calculations in all of the considered parameter space.

This work is structured as follows: In Section 2, we discuss the hybrid approach as
1The possibility of the H boson being SM-like is explored for instance in [8–12].
2See [25] for an EFT calculation including the dominant dimension-six operators.
3An additional source of uncertainty is the parametric uncertainty that is induced by the experimental

errors of the input parameters entering the calculation, which we will not discuss further in this work (see
e.g. [37]).

4The uncertainty of the hybrid approach employed in [31, 32, 34] has been estimated in [31, 34]. Also
in [36], a discussion of the uncertainty in their hybrid approach can be found.
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implemented in FeynHiggs. We then assess the uncertainties of the involved fixed-order
calculation in Section 3 and of the involved EFT calculation in Section 4. The uncertainty
estimate of the combined hybrid calculation is discussed in Section 5. We present numerical
results in Section 6 and provide conclusions in Section 7.

2 Hybrid approach for the calculation of the MSSMHiggs
boson masses

In the fixed-order approach, diagrammatic corrections to the Higgs-boson propagators are
calculated in the full theory. Taking these self-energy corrections into account, the Higgs-
boson masses squared are then determined as the real parts of the propagator poles. The
fixed-order calculation implemented in FeynHiggs incorporates full one-loop as well as
O(�t�s; �b�s; �

2
t ; �t�b; �

2
b) two-loop corrections [38, 41–44, 46–55] (�b;t = y2b;t=(4�) with yb;t

being the bottom and top Yukawa couplings; �s = g23=(4�) with g3 being the strong gauge
coupling). Notably, the stop sector of the fixed-order calculation is chosen to be renormalized
in the on-shell (OS) scheme (see [51] for more details). For the combination with the EFT
calculation in case of DR stop input parameters, the stop sector can alternatively also be
renormalized in the DR scheme (see [33,45] for more details).

The parameterization of the top-quark mass is crucial for the Higgs mass prediction,
since the leading one-loop corrections are proportional to the top-quark mass to the fourth
power. In FeynHiggs three different options are available: the OS top-quark mass, the
SM MS top-quark mass (default) and the MSSM DR top-quark mass. The OS top-quark
mass is closely related to the observables used in top-quark mass measurements. Using it,
however, leads to (in comparison to the other schemes) larger loop corrections. The leading
SM QCD corrections can be absorbed by employing the SM MS top-quark mass [56]. We
extract this mass from the OS top-quark mass at the two-loop level including the dominant
QCD corrections as well as subleading electroweak corrections using the expressions provided
in [57] (for testing also the one-loop version is implemented). Also in this scheme large SUSY
corrections (i.e., large logarithms of the SUSY scale over the top-quark mass) remain in the
calculation. The behaviour in case of a large hierarchy between MSUSY and Mt can be
improved by defining the top-quark mass in the DR scheme at the scale MSUSY (see e.g.
discussion in [31]). In FeynHiggs, the DR top-quark mass is calculated taking into account
only the leading O(�s) and O(�t) corrections (the electroweak one-loop corrections and also
the leading two-loop corrections [58–60] are also known but not implemented).

In the simplest EFT approach, all SUSY particles are, in contrast to the fixed-order
calculation, integrated out at a common scale. Below this SUSY scale, the SM is recovered
as EFT. Matching conditions between the SM and the MSSM fix the value of the SM Higgs
self-coupling at the matching scale. Renormalization group equations (RGEs) are then used
to run the SM couplings down to the electroweak scale at which the Higgs mass is calcu-
lated. The EFT calculation implemented in FeynHiggs yields a full resummation of leading
and next-to-leading logarithms. Moreover, next-to-next-to-leading logarithms (NNLL) pro-
portional to the strong gauge coupling and the top Yukawa coupling are resummed (the
electroweak gauge couplings are neglected at the NNLL level). Note, however, that no log-
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arithms proportional to the bottom Yukawa coupling are resummed. In addition to the SM
as EFT below the SUSY scales, also the SM with added gauginos and Higgsinos can be used
as EFT.5 For more details see [20,30].

The basic idea of the hybrid approach, as implemented in FeynHiggs, is to directly add
the results of the fixed-order approach – the renormalized self-energies – and the results
of the EFT approach. For this purpose subtraction terms must be introduced to avoid
double-counting of terms contained in the diagrammatic as well as in the EFT result.

First, this concerns large logarithmic contributions. The fixed-order result contains loga-
rithms at the one- and two-loop level. In the EFT result, these logarithms are resummed by
RGE evolution of the SM Higgs self-coupling. When adding the two results, we consequently
have to subtract the logarithms that would be double-counted.

Second, also non-logarithmic terms which are non-zero in the limit v=MSUSY ! 0 are
contained in both results, where v denotes the vacuum expectation value (which is further
specified in the expressions given below) and MSUSY the SUSY scale. These non-logarithmic
terms are parameterized differently in the fixed-order and the EFT calculation. Mostly OS
masses are used for the parameterization of the fixed-order result (see [44] for a detailed
description of the used renormalization scheme). The non-SM terms in the EFT result,
which enter via threshold corrections at the SUSY scale, are on the other hand expressed in
terms of MS couplings evaluated at the SUSY scale.

We illustrate this difference by writing down the well-known non-logarithmic one-loop
correction originating from the top quark and its scalar superpartners in the two approaches.
In the fixed-order calculation, expressed in terms of the SM MS top quark mass mMS

t evalu-
ated at the OS top quark mass Mt (alternatively, the result could also be expressed in terms
of the OS top quark mass; the resulting difference would be of two-loop order), it is given by

(M2
h)FO,non-log

1L,stop =
12

(4�)2

[
mMS

t (Mt)
]4

v2GF

[(
Xt

MSUSY

)2

� 1

12

(
Xt

MSUSY

)4
]
: (1)

Here v2GF
= 1=(2

p
2GF ) (with the Fermi constant GF ), and Xt is the stop mixing parameter

which when multiplied with the top quark mass constitutes the off-diagonal entry of the stop
mass matrix. For simplicity, we also assumed the stop soft-SUSY breaking mass parameters
to be equal to MSUSY and we neglected terms suppressed by vGF

=MSUSY.
In the EFT approach, the corresponding terms enter as a threshold correction at the

matching scale MSUSY,

(M2
h)EFT,non-log

1L,stop =
12

(4�)2
y4t (MSUSY)

[
vMS(Mt)

]2 [( Xt

MSUSY

)2

� 1

12

(
Xt

MSUSY

)4
]

=

=
12

(4�)2
y4t (Mt)

[
vMS(Mt)

]2 [( Xt

MSUSY

)2

� 1

12

(
Xt

MSUSY

)4
]

+ logs; (2)

where vMS is the SM MS vev, entering at the electroweak scale, and yt = mMS
t =vMS is the

SM top Yukawa coupling in the MS scheme.
5We do not consider the case of a THDM as EFT below the SUSY scale (see [26]) in this paper.
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Since the threshold corrections obtained in the EFT approach, as given in the first line
of Eq. (2), are needed to correctly take into account higher-order logarithmic contributions,
they need to appear in the same form also in the hybrid result. As illustrated in the second
line of Eq. (2), the parameterization of the fixed-order result of Eq. (1) would differ from the
parameterization of the EFT result by higher-order logarithmic terms. Thus, the subtraction
terms in the hybrid approach need to be chosen such that the non-logarithmic terms of the
fixed-order calculation (see Eq. (1)) are cancelled in the limit v=MSUSY ! 0.6 The only
exception are two-loop contributions induced by fixing the parameters of the stop sector
in the OS scheme. These appear only in the fixed-order calculation and therefore are not
subtracted in the hybrid result.

In order to obtain the hybrid result particular care is necessary if the input parameters of
the fixed-order and the EFT calculation are not defined in the same renormalization scheme.
Especially relevant is the definition of the stop mixing parameter Xt, since it has a large
impact on the Higgs mass prediction. In the EFT calculation, Xt is defined in the DR scheme.
The fixed-order calculation allows one to define Xt either in the OS or the DR scheme (the
latter is only employed in our approach when embedding the fixed-order contribution into
the hybrid result). If the OS scheme is employed, we need to convert Xt from the OS to
the DR scheme before using it as input for the EFT calculation. It is sufficient for this
conversion to take only large one-loop logarithms into account, since only these terms are
needed to reproduce the logarithms contained in the fixed-order approach [30,33],

XDR
t (MSUSY) = XOS

t

{
1 +

[
�s

�
� 3�t

16�

(
1�

(
Xt

MSUSY

)2
)]

ln
M2

SUSY

M2
t

}
: (3)

For the other input parameters no conversion is necessary since no large logarithms appear
in the conversion formulas.7 As mentioned above, in the case of OS input parameters not
all non-logarithmic terms contained in the fixed-order calculation that are unsuppressed
in the limit of large MSUSY should be subtracted. Those terms originating from OS stop
counterterms are not generated in the EFT calculation due to the log-only conversion of the
stop parameters. Therefore, no subtraction of these terms is needed.

3 Uncertainty of the fixed-order calculation
The uncertainty of the fixed-order calculation implemented in FeynHiggs has been discussed
previously in [38]. The authors proposed two different methods to assess the uncertainty:
varying the renormalization scale in the interval [Mt=2; 2Mt] and using different renormal-
ization schemes for the top-quark mass. Here, we largely follow this prescription. Moreover,
deactivating the resummation of the bottom-Yukawa coupling for large tan � (see [61] for
more details) has been employed as an additional method to estimate the uncertainty

6In previous FeynHiggs versions, the non-logarithmic terms of the EFT result reexpressed in terms of
MS couplings at the scale Mt were subtracted instead. This leads to small differences, O(100 MeV), in the
final value for Mh (for more details see [33]). For MSUSY < 1 TeV, larger shifts are possible (see Section 6).

7Since the bottom Yukawa coupling is neglected in our EFT calculation up to now, the sbottom mixing
parameter, Xb, whose OS to DR conversion involves large logarithms, does not enter the EFT calculation.
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We, however, do not include a variation of the renormalization scale into our uncertainty
estimate, since, as shown in [35], the dependence of the fixed-order calculation on the renor-
malization scale is completely dominated by terms induced through the Higgs pole determi-
nation, which would cancel order-by-order in a more complete calculation. The uncertainty
of terms induced by the Higgs pole determination (i.e. by the momentum dependence of the
SM-like contributions to the Higgs self-energies) is already assessed by switching between
the different renormalization schemes for the top-quark mass.

Instead of varying the renormalization scale, we consider higher-order QCD corrections
as an additional source of uncertainty (see also the discussion in [62]). This concerns es-
pecially three-loop leading logarithms, whose size is not estimated by using different renor-
malization schemes for the top-quark mass.8 We estimate the size of those uncertainties
by multiplying the two-loop O(�t�s) correction with �s=(4�) ln(M2

SUSY=M
2
t ) (from now on,

we define MSUSY as the geometric mean of the stop soft-SUSY breaking masses). Thus,
in order to estimate those uncertainties in the fixed-order calculation we replace �s by
�s [1� �s=(4�) ln(M2

SUSY=M
2
t )].

In principle the uncertainty associated with those three-loop leading logarithms could also
be estimated by evaluating the strong gauge coupling �s at a different scale, for instance
MSUSY, instead of the default choice Mt. However, in this case also the top-quark mass
should be evaluated at MSUSY in order to avoid artificially large contributions arising from
the different scale choices. Since the fixed-order calculation implemented in FeynHiggs does
not include this parametrization of the MS top-quark mass, we keep �s at the scale Mt and
perform the uncertainty estimate as described above.

Summing up, we estimate the uncertainty of the fixed-order calculation by:

� switching between different parametrizations of the top-quark mass (OS top-quark
mass and SM MS top-quark mass at the one- and two-loop level, evaluated at the scale
Mt),

� switching on and off the resummation of the bottom-Yukawa coupling for large tan �,

� replacing �s by �s [1� �s=(4�) ln(M2
SUSY=M

2
t )].

The absolute values of the respective shifts obtained for each observable are added linearly.

4 Uncertainty of the EFT calculation
Following [22,23], there are three sources of uncertainty for a pure EFT calculation,

� High-scale uncertainty: uncertainty associated with higher-order threshold corrections,

� Low-scale uncertainty: uncertainty in the extraction of the low-energy couplings used
as input for the RGE running as well as uncertainty in the determination of the Higgs
pole mass at the low scale,

8Additional O(�t�
2
s) fixed-order corrections presented in [16,63,64] are not yet included in the fixed-order

calculation implemented in FeynHiggs.

5



� Uncertainty from O(v=MSUSY) terms: uncertainty associated with not-included terms
suppressed by the SUSY scale.

In principle, there is also an uncertainty associated with unknown higher-order RGE running
effects. This is, however, expected to be a negligible source of uncertainty, since already the
known three-loop RGE running effects only have a very small impact on the mass of the
SM-like Higgs boson (see e.g. [24]).

Following the prescriptions in [22, 23, 36, 40], we estimate the individual uncertainties as
follows,

� High-scale uncertainty

– varying the high-energy matching scale Qmatch between the full MSSM and the
low-energy EFT in the interval [MSUSY=2; 2MSUSY],

– reparametrizing the threshold corrections between the low-energy EFT and the
full MSSM in terms of the MSSM top Yukawa coupling (by default they are
expressed in terms of the SM top Yukawa coupling).

Since we take into account the full one-loop threshold correction for the Higgs self-
coupling including electroweak contributions, this procedure also assesses the possible
size of two-loop electroweak terms.

� Low-scale uncertainty:

– switching between an extraction of the SM MS top Yukawa coupling from the OS
top-quark mass at the two- and three-loop level (by default the two-loop SM top
Yukawa coupling is used),

– finding the Higgs pole mass employing either the OS top-quark mass or the SM
MS top-quark mass, evaluated at the scale Mt, in the SM Higgs self-energy,

� Uncertainty from O(v=MSUSY) terms:

– multiplying the one-loop threshold correction for the Higgs self-coupling by
2v2=M2

SUSY and adding it to or subtracting it from the unsuppressed threshold
correction.

As in Section 3, all individual contributions are added linearly.
We adapt the uncertainty estimate of the SM corrections in the EFT below the SUSY

scale with respect to [22, 23, 36, 40]. In [22, 23], a fixed numerical estimate of � 0:15 GeV,
obtained in [57], was used. In [40], the uncertainty associated with SM corrections was
assessed by varying the low-energy scale at which the poles are determined in the interval
[Mt=2; 2Mt]. Using instead different renormalization schemes for the top-quark mass allows
for an easier combination of the fixed-order and the EFT uncertainty estimates for the hybrid
calculation.

In order to obtain an alternative independent cross-check for the high-scale uncertainty,
we implemented the O(�t�

2
s) threshold correction presented in [27] by linking the publicly

available code Himalaya [16, 27] to FeynHiggs. As discussed in [27], the result for the
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O(�t�
2
s) threshold correction itself is affected by an uncertainty since the result is based upon

an expansion of three-loop diagrams. For our cross-check, we add the central value for the
O(�t�

2
s) threshold correction plus or minus the uncertainty estimate of this value provided

by Himalaya to the existing one- and two-loop threshold corrections. We then calculate the
shifts in Mh and compare the larger shift to our high-scale uncertainty estimate obtained as
outlined above.

5 Uncertainty of the combined hybrid calculation
The hybrid approach profits from the advantages of both, the fixed-order and the EFT
approach. Therefore, the uncertainty of the hybrid calculation can be expected, depending
on the considered parameter region, to be either below or at most as big as the separate
uncertainties of the involved fixed-order and EFT calculations.

The major source of uncertainty in the fixed-order approach are higher-order logarithmic
contributions. The EFT result resums all large logarithmic contributions contained in the
fixed-order approach if for every large hierarchy between different mass scales a corresponding
EFT prescription is implemented. Therefore, the logarithmic uncertainty of the hybrid
approach should correspond to the logarithmic uncertainty of the EFT result. Accordingly,
for estimating the uncertainty associated with higher-order logarithmic contributions in the
hybrid approach we employ the same estimate as for the pure EFT calculation.

The major source of uncertainty in the EFT approach for (some) low SUSY scales are
terms of O(v=MSUSY). In the fixed-order approach, all terms which would be suppressed for
high SUSY scale are fully included at the one-loop level and at the two-loop level in the
limit of vanishing electroweak gauge couplings. Therefore, the estimate of the uncertainty of
the combined hybrid calculation should include an assessment of terms of O(v=MSUSY) only
beyond the one- and dominant two-loop level. We estimate the uncertainty of those terms
with the same method that is also used to assess the uncertainty of suppressed terms in the
fixed-order approach.

An important source of uncertainty for the hybrid result are unsuppressed higher-order
non-logarithmic terms, which do not explicitly depend on MSUSY if Xt=MSUSY is kept con-
stant. The unsuppressed non-logarithmic terms are parameterized differently in the fixed-
order and the EFT calculation. As discussed in Section 2, in order to correctly take into
account higher-order logarithmic contributions the unsuppressed non-logarithmic terms of
the fixed-order calculation have to be subtracted in the combined hybrid result. This proce-
dure is crucial not only for the prediction of Mh but also for the estimate of the associated
theoretical uncertainty.

Concerning the latter, this prescription has important implications on the estimated size
of the uncertainties. If the uncertainty associated with unsuppressed non-logarithmic terms
were estimated based on the expressions appearing in the fixed-order calculation (see Eq. (1)),
the resulting estimate would stay constant when varying MSUSY (but keeping Xt=MSUSY

constant) since the coefficient in front of the square bracket of Eq. (1) does not explicitly
depend on MSUSY. In contrast, the estimate of the theoretical uncertainty associated with
the non-logarithmic terms as appearing in the EFT calculation (see Eq. (2)) is reduced
with rising MSUSY reflecting the decrease of the top Yukawa coupling evaluated at MSUSY,
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yt(MSUSY), with risingMSUSY. As indicated in Eq. (2), the different parameterizations of the
coefficient of the non-logarithmic terms amount to a difference in logarithmic higher-order
terms. The resulting estimate of the theoretical uncertainty of the non-logarithmic terms
following the described prescription yields, as we will show below, the expected behaviour
of a decrease with increasing MSUSY, since also the numerical impact of the non-logarithmic
terms on the prediction of Mh itself decreases with rising MSUSY.

The situation is different for the terms that are suppressed by powers of v=MSUSY, since
these contributions only appear in the fixed-order result. As explained above, we assess the
uncertainty associated with these suppressed terms analogously to the fixed-order approach.

We now turn to the uncertainties that are associated with SM-like corrections. These
uncertainties are estimated in the fixed-order and the EFT approach in a similar way by
employing different renormalization schemes for the top-quark mass.

An additional source of uncertainty arises if the OS scheme is used for the definition of
the input parameters of the stop sector in the fixed-order part of the calculation. First, the
conversion of Xt between the OS and the DR scheme (taking into account only logarith-
mic contributions, see Eq. (3)) is affected by higher-order uncertainties. We assess these
by replacing �s entering Eq. (3) by �s [1� �s=(4�) ln(M2

SUSY=M
2
t )] and by switching be-

tween different definitions of the top-quark mass, which enters Eq. (3) via the top Yukawa
coupling. Second, the OS renormalization of the stop parameters induces non-logarithmic
contributions to the Higgs self-energies. Correspondingly, there is an associated uncertainty
induced by higher-order contributions to the OS stop counterterms which is not accounted
for by the estimate of higher-order non-logarithmic contributions in the EFT part. We
parameterize the known two-loop contributions in terms of low-energy couplings (as in the
fixed-order calculation). Therefore, also this uncertainty can be estimated by replacing �s by
�s [1� �s=(4�) ln(M2

SUSY=M
2
t )] and switching between different definitions of the top-quark

mass.
It should be noted in this context that a Higgs-mass prediction in terms of DR input

parameters (the same applies to all other parameters that cannot directly be associated with
physical observables) is only a part of a physically meaningful prediction relating physical
observables to each other. If DR parameters are employed in the Higgs-mass prediction it
is therefore unavoidable to invoke well-defined prescriptions relating the DR parameters to
physical observables. The evaluation of those relations (depending on the level of sophistica-
tion with which it is carried out) introduces an additional theoretical uncertainty that needs
to be taken into account in the overall relation between physical observables.

In total, our estimate of the remaining theoretical uncertainties in the hybrid approach
consists of the following elements:

� High-scale uncertainty (estimated in the EFT part):

– varying the high-energy matching scale Qmatch between the full MSSM and the
low-energy EFT in the interval [MSUSY=2; 2MSUSY],

– reparametrizing the threshold corrections between the low-energy EFT and the
full MSSM in terms of the MSSM top Yukawa coupling (by default they are
expressed in terms of the SM top Yukawa coupling).

� Low-scale uncertainty (estimated in the fixed-order part):

8



– switching between an extraction of the SM MS top Yukawa coupling from the
OS top mass at the two- and three-loop level (by default the two-loop SM top
Yukawa coupling is used),

– finding the Higgs pole mass employing either the OS top-quark mass or the SM
MS top-quark mass, evaluated at the scale Mt, at the two-loop level in the Higgs
self-energy.

� Uncertainty from O(v=MSUSY) terms (estimated in the fixed-order part):

– switching between different parametrizations of the top-quark mass (OS top-quark
mass and SM MS top-quark mass, evaluated at the scale Mt, at the NNLO level),

– switching on and off the resummation of the bottom-Yukawa coupling for large
tan �,

– replacing �s by �s [1� �s=(4�) ln(M2
SUSY=M

2
t )].

If the stop sector is renormalized using the OS scheme, there are two additional contributions
(as discussed above, if DR parameters are employed, additional theoretical uncertainties
occur in the relation between the predicted Higgs-boson mass and other physical observables):

� Uncertainty in the calculation of XDR
t needed in the EFT calculation:

– switching between different parametrizations of the top-quark mass (OS top-quark
mass and SM MS top-quark mass, evaluated at the scale Mt, at the NNLO level),

– replacing �s by �s [1� �s=(4�) ln(M2
SUSY=M

2
t )].

� Uncertainty from higher-order non-logarithmic contributions to the stop counterterms:

– switching between different parametrizations of the top-quark mass (OS top-quark
mass and SM MS top-quark mass, evaluated at the scale Mt, at the NNLO level),

– replacing �s by �s [1� �s=(4�) ln(M2
SUSY=M

2
t )].

In case of complex input parameters, there is an additional source of uncertainty (and also
in this case the uncertainty in relating those parameters to physical observables has to be
taken into account). Since the EFT calculation and a part of the two-loop contributions of
the fixed-order result are only known for the case of real input parameters up to now, an
interpolation method is used for the evaluation of complex input parameters (see [45] for
more details). This uncertainty is not assessed by the prescription presented above. The
same is true for the case of non-minimal flavour violation. Non-minimal flavour violation is
only taken into account at the one-loop level in the diagrammatic calculation [65–67].

6 Numerical results
In this Section, we investigate numerically the different sources of uncertainty. As a first
step, we focus on a simple single-scale scenario, in which all non-SM masses are chosen to be
equal toMSUSY (includingMA and the Higgsino as well as the gaugino mass parameters). All
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Fi g u r e 1: U n c ert ai nt y e sti m at e of t h e fi x e d- or d er c al c ul ati o n  wit h  O S r e n or m ali z e d st o p
s e ct or a s a f u n cti o n of M S U S Y f or t a n β = 2 0 .  T h e st o p  mi xi n g p ar a m et er i s c h o s e n t o b e
X O S

t / M S U S Y = 0 (l eft) a n d X O S
t / M S U S Y = − 2 (ri g ht).

trili n e ar s oft- S U S Y br e a ki n g c o u pli n gs ar e s et t o z er o a p art fr o m t h e st o p trili n e ar c o u pli n g,
w hi c h is fi x e d b y s etti n g t h e st o p  mi xi n g p ar a m et er X t .  F or  m ost r es ults,  w e s et t a n β = 2 0 .
B el o w,  w e als o bri e fl y i n v esti g at e s c e n ari os  wit h  m or e t h a n o n e r el e v a nt  m ass s c al e. If n ot
st at e d ot h er wis e, t h e fi x e d- or d er c al c ul ati o n e m pl o yi n g t h e S M M S t o p- q u ar k  m ass is  m e a nt
w h e n  w e r ef er t o t h e fi x e d- or d er c al c ul ati o n i n g e n er al.

First,  w e i n v esti g at e t h e u n c ert ai nt y of t h e p ur e fi x e d- or d er c al c ul ati o n i n  Fi g. 1.  As
str ess e d b ef or e, as d ef a ult t h e  O S s c h e m e is us e d f or t h e r e n or m ali z ati o n of t h e st o p s e c-
t or.  T h e v ari o us c o m p o n e nts of t h e u n c ert ai nt y esti m at e ar e s h o w n as a f u n cti o n of M S U S Y

f or v a nis hi n g st o p  mi xi n g (l eft) a n d X O S
t / M S U S Y = − 2 (ri g ht). 9 As e x p e ct e d, t h e t ot al

u n c ert ai nt y esti m at e (r e d) i n cr e as es  wit h risi n g M S U S Y .  F or v a nis hi n g st o p  mi xi n g t h e es-
ti m at e d u n c ert ai nt y is b el o w ∼ 1  G e V f or M S U S Y 1  Te V ,  w hil e it ris es t o a b o ut 5  G e V
f or M S U S Y = 5  Te V .  T his b e h a vi o ur r e fl e cts t h e i n cr e asi n g i m p ort a n c e of hi g h er- or d er l o g-
arit h ms  w hi c h ar e n ot r es u m m e d i n t h e fi x e d- or d er a p pr o a c h.  C o n c er ni n g t h e i n di vi d u al
s o ur c es of u n c ert ai nt y,  w e s e e t h at r e pl a ci n g α s b y α s [ 1 ± α s / ( 4π ) l n(M 2

S U S Y / M 2
t )] ( or a n g e

d as h e d) a n d s wit c hi n g b et w e e n t h e  O S t o p- q u ar k  m ass a n d t h e S M M S t o p- q u ar k  m ass

m M S
t (M t ) ( gr e e n d as h e d) c o ntri b ut e a p pr o xi m at el y b y t h e s a m e a m o u nt t o t h e t ot al u n c er-

t ai nt y esti m at e.  T h e u n c ert ai nt y ass o ci at e d  wit h s wit c hi n g o n a n d o ff t h e r es u m m ati o n of
t h e b ott o m  Y u k a w a c o u pli n g ( bl u e d as h e d) is n e gli gi bl e f or t a n β = 2 0 o v er t h e  w h ol e c o nsi d-
er e d M S U S Y r a n g e. 1 0 F or X O S

t / M S U S Y = − 2 (ri g ht pl ot),  w e s e e t h at t h e o v er all b e h a vi o ur is
si mil ar t o t h e c as e of v a nis hi n g st o p  mi xi n g b ut  wit h s o m e w h at l ar g er v al u es of t h e esti m at e d
u n c ert ai nti es.  T h e si z e of t h e u n c ert ai nt y esti m at e r e a c h es v al u es of u p t o ∼ 1 .5  G e V f or
M S U S Y ∼ 1  Te V a n d ∼ 1 1  G e V f or M S U S Y ∼ 1 0  Te V .

9 We c h o o s e X t n e g ati v e i n or d er t o pr e v e nt t h e li g ht er st o p fr o m g etti n g t a c h y o ni c f or l o w S U S Y s c al e s.
M or e o v er, t hi s c h oi c e all o w s f or a n e a si er c o m p ari s o n  wit h r e s ult s of [ 4 0].

1 0 T h e u n c e rt ai nt y a s s o ci at e d  wit h t h e r e s u m m ati o n of t h e b ott o m  Y u k a w a c o u pli n g yi el d s a si z e a bl e
c o ntri b uti o n f or l ar g e t a n β . It c a n b e f urt h er e n h a n c e d if µ i s n e g ati v e.  T h e n u m eri c al e ff e ct of r e s u m mi n g
t h e b ott o m  Y u k a w a c o p uli n g i s di s c u s s e d i n d et ail i n [ 4 8, 6 8, 6 9].
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Fi g u r e 2: U n c ert ai nt y e sti m at e of t h e fi x e d- or d er p art of t h e h y bri d c al c ul ati o n  wit h
D R r e n or m ali z e d st o p s e ct or a s a f u n cti o n of M S U S Y f or t a n β = 2 0 .  T h e st o p  mi xi n g
p ar a m et er i s c h o s e n t o b e X D R

t / M S U S Y = 0 (l eft) a n d X D R
t / M S U S Y = −

√
6 (ri g ht).

I n  Fi g. 2,  w e s h o w t h e u n c ert ai nt y esti m at e f or t h e fi x e d- or d er p art of t h e h y bri d c al-
c ul ati o n (i n cl u di n g t h e l o g arit h mi c c o ntri b uti o ns  w hi c h ar e s u btr a ct e d  w h e n t his p art is
c o m bi n e d  wit h t h e  E F T c al c ul ati o n)  w h er e t h e D R s c h e m e is us e d f or t h e r e n or m ali z ati o n
of t h e st o p s e ct or. I n t his c as e t h e st o p p ar a m et ers ar e r e n or m ali z e d i n t h e D R s c h e m e at
t h e s c al e M S U S Y w hil e f or t h e t o p  m ass t h e S M M S  m ass at t h e s c al e M t is us e d.  W hil e
f or v a nis hi n g st o p  mi xi n g (l eft pl ot), t h e u n c ert ai nt y esti m at e is v er y si mil ar t o t h e c as e
of a n  O S r e n or m ali z e d st o p s e ct or ( n ot e t h at t h e s c al e of t his pl ot is di ff er e nt t h a n i n

Fi g. 1), t h e u n c ert ai nt y esti m at e ris es t o v al u es of ∼ 1 6  G e V f or X D R
t / M S U S Y = −

√
6 a n d

M S U S Y ∼ 1 0  Te V (ri g ht pl ot).  E v e n t h o u g h t h e ri g ht pl ot of  Fi g. 1 a n d t h e ri g ht pl ot of
Fi g. 2 c a n n ot b e c o m p ar e d dir e ctl y ( b e c a us e of t h e di ff er e nt p ar a m et eri z ati o n of M S U S Y a n d
X t ), t his e nl ar g e d u n c ert ai nt y esti m at e i n di c at es t h at t h e fi x e d- or d er p art of t h e h y bri d c al-
c ul ati o n i m pl e m e nt e d i n F e y n H i g g s is p ert ur b ati v el y b ett er b e h a v e d i n t h e c as e of t h e st o p
s e ct or b ei n g r e n or m ali z e d usi n g t h e  O S s c h e m e ( w hi c h is t h e d ef a ult s etti n g of F e y n H i g g s
a n d c orr es p o n ds t o t h e  m et h o d t h at  w as us e d f or o bt ai ni n g t h e i m pl e m e nt e d r es ults). It
s h o ul d b e str ess e d t h at t h e r es ult dis pl a y e d i n  Fi g. 2 is j ust a t e c h ni c al i n gr e di e nt of t h e f ull
h y bri d r es ult a n d s h o ul d n ot b e r e g ar d e d as a v ali d fi x e d- or d er pr e di cti o n o n its o w n.  T h e
o c c urr e n c e of r at h er l ar g e u n c ert ai nti es alr e a d y f or r el ati v el y l o w v al u es of M S U S Y (t h e esti-
m at e d u n c ert ai nt y a m o u nts t o ∼ 3  G e V f or M S U S Y ∼ 1  Te V ) c a n b e tr a c e d t o t h e di ff er e nt
s c al e c h oi c es f or t h e t o p- q u ar k  m ass a n d t h e st o p p ar a m et ers, s e e e. g. t h e dis c ussi o n of a p ur e
D R fi x e d- or d er c al c ul ati o n i n [ 4 0] a n d als o t h e dis c ussi o n of  Fi g. 7 b el o w.  T h e c o m bi n ati o n
of t h e fi x e d- or d er p art s h o w n i n  Fi g. 2  wit h t h e  E F T c al c ul ati o n l e a ds t o a l ar g e r e d u cti o n
of t h e ass o ci at e d u n c ert ai nt y esti m at e (s e e t h e dis c ussi o n of  Fi g. 5 b el o w).

N e xt,  w e ass ess t h e u n c ert ai nt y of t h e p ur e  E F T c al c ul ati o n i n  Fi g. 3 f or t h e c as e of D R
r e n or m ali z e d st o p s e ct or p ar a m et ers. I n t h e l eft pl ot, t h e c as e of X D R

t / M S U S Y = 0 is d e pi ct e d.
T h e t ot al u n c ert ai nt y esti m at e (r e d) st a ys al m ost c o nst a nt ( at ∼ 0 .7  G e V ) o v er t h e dis pl a y e d
r a n g e of M S U S Y .  T h e sli g ht i n cr e as e f or M S U S Y 1  Te V r e fl e cts t h e i n cr e asi n g i m p ort a n c e
of t er ms s u p pr ess e d b y t h e S U S Y s c al e ( bl u e d as h e d).  F or l ar g er M S U S Y v al u es t h e sli g ht
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Fi g u r e 3: L eft:  U n c ert ai nt y e sti m at e of t h e  E F T c al c ul ati o n a s a f u n cti o n of M S U S Y f or
t a n β = 2 0 a n d X D R

t / M S U S Y = 0 .  Ri g ht: S a m e as l eft pl ot, b ut X D R
t / M S U S Y = −

√
6 .

u p w ar ds tr e n d is c a us e d b y t h e u n c ert ai nt y t h at is esti m at e d b y e xtr a cti n g t h e S M M S t o p
Y u k a w a c o u pli n g at t h e t hr e e-l o o p l e v el i nst e a d of t h e t w o-l o o p l e v el ( gr e e n d ot- d as h e d).  T h e
u n c ert ai nti es ass o ci at e d  wit h t h e v ari ati o n of t h e  m at c hi n g s c al e ( bl u e d ot- d as h e d) a n d t h e
r e p ar a m etri z ati o n of t h e t hr es h ol d c orr e cti o ns i n t er ms of t h e  M S S M t o p  Y u k a w a c o u pli n g
( or a n g e d ot- d as h e d) pl a y o nl y a  mi n or r ol e.  T h eir d e cr e asi n g b e h a vi o ur r e fl e cts t h e d e cr e as e
of t h e t o p  Y u k a w a c o u pli n g a n d t h e str o n g g a u g e c o u pli n g  wit h risi n g M S U S Y .  T h e esti m at e
of t h e u n c ert ai nt y of t h e S M-li k e c orr e cti o ns o bt ai n e d b y usi n g di ff er e nt p ar a m et eri z ati o ns
f or t h e t o p q u ar k  m ass ( gr e e n d as h e d) yi el ds v al u es of ∼ 0 .1  G e V .

I n t h e ri g ht pl ot of  Fi g. 3,  w e dis pl a y t h e r es ults f or X D R
t / M S U S Y = −

√
6 .  F or t his v al u e

of X D R
t , t h e esti m at e of t h e i m p a ct of t h e t er ms t h at ar e s u p pr ess e d b y p o w ers of v / M S U S Y

yi el ds  m u c h l ar g er v al u es of u p t o ∼ 4  G e V f or M S U S Y ∼ 5 0 0  G e V .  Als o t h e si z e of t h e
u n c ert ai nt y ass o ci at e d  wit h a v ari ati o n of t h e  m at c hi n g s c al e is e nl ar g e d i n c o m p aris o n t o
t h e c as e of v a nis hi n g st o p  mi xi n g.  F or M S U S Y 2  Te V t h e o v er all b e h a vi o ur t e n ds t o b e
si mil ar t o t h e c as e of v a nis hi n g st o p  mi xi n g.  T h e t ot al si z e of t h e u n c ert ai nt y esti m at e is
∼ 1  G e V i n t his p ar a m et er r e gi o n.

T h es e fi n di n gs ar e i n g o o d a gr e e m e nt  wit h t h e  E F T r es ults pr es e nt e d i n [ 2 2, 2 3, 4 0]. I n
t h er e, o nl y t h e esti m at e of t h e u n c ert ai nti es of t h e S M-li k e c orr e cti o ns  w as f o u n d t o b e
sli g htl y hi g h er ( b y ∼ 0 .1  G e V ).

I n  Fi g. 4,  w e cr oss- c h e c k o ur esti m at e of t h e hi g h-s c al e u n c ert ai nt y a g ai nst t h e s hift
i n M h i n d u c e d b y t a ki n g i nt o a c c o u nt t h e O (α t α

2
s ) t hr es h ol d c orr e cti o n pr o vi d e d b y t h e

p u bli cl y a v ail a bl e c o d e H i m a l a y a [ 1 6, 2 7].  F or X D R
t / M S U S Y = −

√
6 , t h e i n d u c e d s hift fr o m

t h e O (α t α
2
s ) t hr es h ol d c orr e cti o n v ari es b et w e e n a b o ut 0. 7 a n d 0. 2  G e V f or t h e dis pl a y e d

r a n g e of M S U S Y .  T h e s hift a gr e es  w ell  wit h o ur hi g h-s c al e u n c ert ai nt y esti m at e ( wit hi n

∼ 0 .2  G e V ).  F or X D R
t / M S U S Y = 0 t h e s hift i n d u c e d b y t h e t hr es h ol d c orr e cti o n is  m u c h

s m all er, b el o w 0. 1  G e V.  Als o i n t his c as e it a gr e es v er y  w ell  wit h o ur hi g h-s c al e u n c ert ai nt y
esti m at e.  T h e s m all g a p f or X D R

t / M S U S Y = 0 a n d M S U S Y ∼ 2 .5  Te V is d u e t o a n u m eri c al
i nst a bilit y of H i m a l a y a at t his p oi nt.  T h e c o m p aris o n i n  Fi g. 4 s h o ws t h at o ur esti m at e
of t h e hi g h-s c al e u n c ert ai nt y is i n d e e d a g o o d esti m at e f or t h e p ossi bl e n u m eri c al i m p a ct
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Fi g u r e 4: S hift i n M h i n d u c e d b y t a ki n g i nt o a c c o u nt t h e O (α t α
2
s ) t hr e s h ol d c orr e c-

ti o n (r e d) i n c o m p ari s o n t o t h e c orr e s p o n di n g u n c ert ai nt y e sti m at e ( bl u e).  T h e r e s ult s

ar e s h o w n a s a f u n cti o n of M S U S Y f or X D R
t / M S U S Y = 0 ( s oli d) a n d X D R

t / M S U S Y = −
√

6
( d a s h e d), a n d f or b ot h c a s e s t a n β = 2 0 i s u s e d.

of hi g h er- or d er t hr es h ol d c orr e cti o ns.  Als o t h e s hifts of M h i n d u c e d b y t a ki n g i nt o a c c o u nt
t h e  mi x e d  Q C D- el e ctr o w e a k t w o-l o o p t hr es h ol d c orr e cti o n [ 2 8],  w hi c h is n ot i n cl u d e d i n o ur
c al c ul ati o n, li e  w ell  wit hi n o ur u n c ert ai nt y esti m at e.

Fi n all y,  w e ass ess t h e u n c ert ai nt y of t h e h y bri d c al c ul ati o n r estri cti n g o urs el v es t o t h e
c as e of D R r e n or m ali z e d st o p p ar a m et ers. I n t h e l eft pl ot of  Fi g. 5, t h e c orr es p o n di n g
u n c ert ai nt y esti m at e is s h o w n as a f u n cti o n of M S U S Y f or X D R

t / M S U S Y = 0 .  T h e t ot al
esti m at e (r e d) is al m ost c o nst a nt ( at ∼ 0 .5  G e V ) i n t h e d e pi ct e d M S U S Y i nt er v al.  We o bs er v e
t h at t h e u n c ert ai nt y esti m at es ass o ci at e d  wit h t h e  E F T c al c ul ati o n – r e p ar a m etri z ati o n of
t h e t hr es h ol d c orr e cti o ns i n t er ms of t h e  M S S M t o p  Y u k a w a c o u pli n g ( or a n g e d ot- d as h e d),
v ari ati o n of t h e  m at c hi n g s c al e ( bl u e d ot- d as h e d) a n d e xtr a cti n g t h e S M t o p  Y u k a w a c o u pli n g
at t h e t hr e e-l o o p i nst e a d of at t h e t w o-l o o p l e v el ( gr e e n d ot- d as h e d) – ar e b y c o nstr u cti o n
v er y si mil ar t o t h e c as e of t h e p ur e  E F T c al c ul ati o n.  T h e esti m at e d u n c ert ai nt y ass o ci at e d
wit h t er ms t h at ar e s u p pr ess e d b y t h e S U S Y s c al e  w as f o u n d t o b e r el ati v el y s m all f or t h e n o-
mi xi n g c as e i n  Fi g. 3.  O n t h e ot h er h a n d, t h e u n c ert ai nt y esti m at es h a vi n g t h e bi g g est i m p a ct
f or t h e c as e of t h e p ur e fi x e d- or d er p art – r e pl a ci n g α s b y α s [ 1 ± α s / ( 4π ) l n(M 2

S U S Y / M 2
t )]

( or a n g e d as h e d) a n d t h e r e p ar a m etri z ati o n of t h e t o p- q u ar k  m ass ( gr e n d as h e d) – yi el d
c o ntri b uti o ns t h at ar e dr asti c all y r e d u c e d i n c o m p aris o n t o t h e p ur e fi x e d- or d er p art of t h e
c al c ul ati o n  wit h a n u m eri c al e ff e ct  m u c h b el o w 0. 1  G e V.  T his r e fl e cts t h e f a ct t h at t h e n o n-
l o g arit h mi c t er ms ar e p ar a m etri z e d as i n t h e  E F T c al c ul ati o n a n d t h at c o ns e q u e ntl y o nl y
t er ms s u p pr ess e d b y M S U S Y ar e r e p ar a m etri z e d.  H er e, it s h o ul d b e k e pt i n  mi n d t h at t h e
si z e of u ns u p pr ess e d hi g h er- or d er t er ms pr o p orti o n al t o t h e str o n g g a u g e c o u pli n g is ass ess e d
b y t h e v ari ati o n of t h e  m at c hi n g s c al e as  w ell as t h e r e p ar a m etri z ati o n of t h e t o p  Y u k a w a
c o u pli n g i n c as e of S U S Y c o ntri b uti o ns a n d t h e r e p ar a m etri z ati o n of t h e t o p- q u ar k  m ass i n
t h e p ol e d et er mi n ati o n i n c as e of S M c o ntri b uti o ns.

T h e u n c ert ai nt y esti m at e of t h e h y bri d a p pr o a c h f or X D R
t / M S U S Y = −

√
6 is s h o w n i n t h e

ri g ht pl ot of  Fi g. 5.  B e c a us e of t h e  m u c h bi g g er i m p a ct of t h e t er ms t h at ar e s u p pr ess e d
b y t h e S U S Y s c al e, s e e t h e ri g ht pl ot of  Fi g. 3, i n t his c as e t h e u n c ert ai nt y esti m at e f or t h e
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Fi g u r e 5: L eft:  U n c ert ai nt y e sti m at e of t h e h y bri d c al c ul ati o n a s a f u n cti o n of M S U S Y

f or t a n β = 2 0 a n d X D R
t / M S U S Y = 0 .  Ri g ht: S a m e as l eft pl ot, b ut X D R

t / M S U S Y = −
√

6 .

r es ult of t h e h y bri d a p pr o a c h is r e d u c e d v er y si g ni fi c a ntl y i n c o m p aris o n t o b ot h t h e r es ult
of t h e p ur e fi x e d- or d er p art a n d t h e o n e of t h e p ur e  E F T c al c ul ati o n.  T h e r e p ar a m etri z ati o n
of t h e str o n g g a u g e c o u pli n g h as a g ai n o nl y a s m all n u m eri c al i m p a ct, f or t h e s a m e r e as o n
as e x pl ai n e d a b o v e f or t h e c as e of n o  mi xi n g.  T h e o v er all b e h a vi o ur of t h e t ot al u n c ert ai nt y
esti m at e is si mil ar t o t h e c as e of v a nis hi n g st o p  mi xi n g r es ulti n g i n a n e arl y c o nst a nt esti m at e
of ∼ 0 .9  G e V f or M S U S Y 1  Te V .  T h e i n cr e as e of t h e u n c ert ai nt y esti m at e f or l o w M S U S Y

i s  m ai nl y c a us e d b y a l ar g er u n c ert ai nt y ass o ci at e d  wit h hi g h er- or d er t hr es h ol d c orr e cti o ns.
I n a d diti o n, t h e u n c ert ai nt y ass o ci at e d  wit h t er ms s u p pr ess e d b y t h e S U S Y s c al e b e y o n d t h e
or d er of t h e fi x e d- or d er c al c ul ati o n i n cr e as es.

Aft er dis c ussi n g t h e t hr e e di ff er e nt a p pr o a c h es a n d t h eir ass o ci at e d u n c ert ai nt y esti m at es
i n di vi d u all y u p t o n o w,  w e n o w c o m p ar e t h e r es ults of t h e t hr e e a p pr o a c h es  wit h e a c h ot h er.
We first f o c us o n t h e c as e of  O S i n p ut p ar a m et er i n t h e st o p s e ct or i n  Fi g. 6. 1 1 T h e pr e di cti o ns
f or M h ar e s h o w n as a f u n cti o n of M S U S Y (t hi c k li n es).  T h e c ol or e d r e d b a n d d e pi cts t h e
u n c ert ai nt y esti m at e f or t h e h y bri d r es ult t h at h as b e e n o bt ai n e d as d es cri b e d a b o v e.  We
d o n ot dis pl a y u n c ert ai nt y esti m at es f or t h e fi x e d- or d er r es ults s h o w n i n  Fi g. 6 (s e e t h e
dis c ussi o n of  Fi g. 1). I n a d diti o n t o t h e d ef a ult fi x e d- or d er r es ult p ar a m etri z e d usi n g t h e
S M M S t o p- q u ar k  m ass e v al u at e d at t h e s c al e M t ,  w h er e el e ctr o w e a k o n e-l o o p c orr e cti o ns
ar e n ot i n cl u d e d,  w e als o s h o w t h e fi x e d- or d er r es ult usi n g t h e S M M S t o p  m ass i n cl u di n g
el e ctr o w e a k o n e-l o o p c orr e cti o ns ( als o e v al u at e d at t h e s c al e M t ).  T h e l att er p ar a m etri z ati o n
is e m pl o y e d i n t h e h y bri d r es ult.

F or t h e c as e of v a nis hi n g st o p  mi xi n g (l eft pl ot), t h e pr e di cti o ns ar e i n g o o d a gr e e m e nt
wit h e a c h ot h er f or S U S Y s c al es b el o w ∼ 2  Te V .  As dis c uss e d a b o v e, t er ms t h at ar e s u p-
pr ess e d b y M S U S Y h a v e o nl y a  mi n or n u m eri c al i m p a ct f or X O S

t / M S U S Y = 0 .  T h e fi x e d- or d er
c al c ul ati o n ( bl u e d as h e d) a gr e es  w ell  wit h t h e l o g arit h mi c b e h a vi o ur of t h e h y bri d r es ult (r e d
s oli d) u p t o ∼ 2  Te V ,  w hil e f or l ar g er v al u es of M S U S Y a n i n cr e asi n g dis cr e p a n c y is visi bl e.

1 1 We d o n ot s h o w a p ur e  E F T r e s ult h er e.  C o n v erti n g t h e  O S i n p ut p ar a m et er s fir st t o t h e D R s c h e m e
a n d t h e n u si n g t h e s e p ar a m et e r s a s i n p ut f or t h e  E F T c al c ul ati o n  w o ul d n ot b e  m e a ni n gf ul i n t hi s c o nt e xt
a s s u c h a pr o c e d ur e  w o ul d s p oil t h e r e s u m m ati o n of l ar g e l o g arit h m s ( s e e t h e di s c u s si o n i n [ 3 3]).
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Fi g u r e 6: C o m p ari s o n of M h pr e di cti o n s a s a f u n cti o n of M S U S Y f or t a n β = 2 0 .  T h e
st o p  mi xi n g p ar a m et er i s c h o s e n t o b e X O S

t / M S U S Y = 0 (l eft), a n d X O S
t / M S U S Y = − 2

(ri g ht).  T h e r e s ult o bt ai n e d i n t h e h y bri d a p pr o a c h  wit h a s s o ci at e d u n c ert ai nt y b a n d
(r e d) i s c o m p ar e d  wit h t h e fi x e d or d er r e s ult u si n g t h e S M M S t o p q u ar k  m a s s  wit h o ut
( bl u e d a s h e d) a n d  wit h ( or a n g e d ott e d) el e ctr o w e a k o n e-l o o p c orr e cti o n s.

T his d e vi ati o n is c a us e d b y hi g h er- or d er l o g arit h mi c c o ntri b uti o ns c o nt ai n e d i n t h e h y bri d
r es ult t h at b e c o m e l ar g e f or i n cr e asi n g M S U S Y . I n cl u di n g el e ctr o w e a k c orr e cti o ns t o t h e S M
M S t o p- q u ar k  m ass i n t h e fi x e d- or d er a p pr o a c h ( or a n g e d ott e d) yi el ds si z e a bl e s hifts o nl y
a b o v e t h e  Te V s c al e.

I n c as e of X O S
t / M S U S Y = − 2 , t h er e is a l ar g er d e vi ati o n b et w e e n t h e fi x e d- or d er a n d

t h e h y bri d r es ult f or S U S Y s c al es b el o w ∼ 2  Te V .  T h e s hift t h at p ersists d o w n t o v er y
l o w S U S Y s c al es, M S U S Y ∼ 2 5 0  G e V , c a n  m ai nl y b e e x pl ai n e d b y t h e us e of di ff er e nt M S
t o p- q u ar k  m ass es i n t h e t w o r es ults.  T h e di ff er e n c e b et w e e n t h e bl u e d as h e d a n d t h e or a n g e
d ott e d c ur v es is c a us e d b y t h e el e ctr o w e a k o n e-l o o p c orr e cti o ns t h at s hift t h e M S t o p- q u ar k
m ass d o w n w ar ds b y ∼ 1  G e V r es ulti n g i n a d o w n w ar d s hift of M h b y als o ∼ 1  G e V (f or
m or e d et ails s e e [ 3 0]).  T h e r e m ai ni n g di ff er e n c e b et w e e n t h e h y bri d r es ult a n d t h e fi x e d-
or d er r es ult e m pl o yi n g t h e S M M S t o p  m ass i n cl u di n g el e ctr o w e a k c o ntri b uti o ns is d u e t o
di ff er e n c es i n t h e s c h e m e c h oi c es of ot h er p ar a m et ers. 1 2 .  T h e u n c ert ai nt y ass o ci at e d  wit h
t h es e di ff er e nt s c h e m e c h oi c es is a c c o u nt e d f or b y t h e u n c ert ai nt y esti m at e of t h e h y bri d
c al c ul ati o n,  w hi c h is ill ustr at e d b y t h e f a ct t h at t h e fi x e d- or d er r es ult li es (j ust)  wit hi n t h e
u n c ert ai nt y b a n d of t h e h y bri d c al c ul ati o n f or t h e l o w est dis pl a y e d v al u es of M S U S Y .

I n  Fi g. 7,  w e c o m p ar e t h e h y bri d, t h e  E F T a n d t h e fi x e d- or d er p art of t h e h y bri d c al c u-
l ati o n f or t h e c as e of D R i n p ut p ar a m et ers i n t h e st o p s e ct or.  T h e c as e of X D R

t / M S U S Y = 0
(l eft pl ot) is si mil ar t o t h e c as e of v a nis hi n g st o p  mi xi n g a n d  O S i n p ut p ar a m et ers i n t h e st o p
s e ct or.  T h e u n c ert ai nt y esti m at e of t h e h y bri d c al c ul ati o n is, h o w e v er, sli g htl y r e d u c e d si n c e
n o c o n v ersi o n of t h e st o p i n p ut p ar a m et ers b et w e e n t h e  O S a n d D R s c h e m e is n e c ess ar y
i n t his c as e ( b ut as e x pl ai n e d i n S e cti o n 5 a d diti o n al t h e or eti c al u n c ert ai nti es h a v e t o b e
t a k e n i nt o a c c o u nt i n r el ati n g t h e D R p ar a m et ers t o p h ysi c al o bs er v a bl es). I n a d diti o n t o

1 2 T h e fi x e d- o r d er c al c ul ati o n i s p ar a m etri z e d i n t er m s of t h e S M M S t o p  m a s s a n d v G F
,  w hil e i n t h e h y bri d

c al c ul ati o n t h e S M M S t o p  Y u k a w a c o u pli n g a n d v M S a r e e m pl o y e d ( s e e al s o t h e di s c u s si o n i n S e cti o n 2).
M or e d et ail s a s  w ell a s n u m eri c al e x a m pl e s c a n b e f o u n d i n [ 3 3].
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Fi g u r e 7: C o m p ari s o n of t h e M h pr e di cti o n s i n t h e di ff er e nt a p pr o a c h e s a s a f u n cti o n
of M S U S Y f or t a n β = 2 0 .  T h e st o p  mi xi n g p ar a m et er i s c h o s e n t o b e X D R

t / M S U S Y = 0

(l eft) a n d X D R
t / M S U S Y = −

√
6 (ri g ht).  T h e a s s o ci at e d u n c ert ai nt y b a n d f or t h e r e s ult of

t h e h y bri d a p pr o a c h (r e d) i s c o m p ar e d  wit h t h e o n e of t h e  E F T r e s ult ( gr e e n).  T h e fi x e d-
or d er p art of t h e h y bri d c al c ul ati o n i s s h o w n f or t h e S M M S t o p- q u ar k  m a s s e v al u at e d at
t h e s c al e M t ( bl u e d a s h e d) a n d f or t h e  M S S M D R t o p- q u ar k  m a s s e v al u at e d at t h e s c al e
M S U S Y ( or a n g e d ott e d).

t h e d ef a ult fi x e d- or d er p art of t h e h y bri d c al c ul ati o n p ar a m et eri z e d usi n g t h e S M M S t o p
m ass e v al u at e d at t h e s c al e M t ,  w e als o s h o w t h e fi x e d- or d er p art p ar a m et eri z e d i n t er ms
of t h e  M S S M D R t o p  m ass e v al u at e d at t h e s c al e M S U S Y ( or a n g e d ott e d).  We s e e t h at t his
r es ult c a pt ur es t h e l o g arit h mi c b e h a vi o ur of t h e  E F T a n d h y bri d c al c ul ati o ns u p t o  m u c h
hi g h er S U S Y s c al es. It li es, h o w e v er, a b o v e t h e  E F T a n d t h e h y bri d r es ult b y 3  G e V i n
t h e  w h ol e c o nsi d er e d M S U S Y i nt er v al.  C al c ul ati n g t h e  M S S M D R t o p  m ass at a hi g h er l o o p
l e v el ( w e o nl y t a k e i nt o a c c o u nt o n e-l o o p c orr e cti o ns c o ntr oll e d b y t h e str o n g g a u g e c o u pli n g
a n d t h e t o p  Y u k a w a c o u pli n g)  w o ul d pr o b a bl y i m pr o v e t h e a gr e e m e nt.  T h e r at h er l ar g e
di ff er e n c e b et w e e n t h e t w o p ar a m et eri z ati o ns of t h e fi x e d- or d er p art f or M S U S Y 2  Te V
a g ai n i n di c at es t h e i m p ort a n c e of hi g h er- or d er l o g arit h mi c c o ntri b uti o ns f or l ar g e M S U S Y .

F or t h e c as e of X D R
t / M S U S Y = −

√
6 (ri g ht pl ot), t h e r es ults of t h e  E F T a n d t h e h y bri d

a p pr o a c h ar e i n g o o d a gr e e m e nt  wit h e a c h ot h er e x c e pt f or l o w v al u es of M S U S Y .  As f or
t h e c as e X O S

t / M S U S Y = − 2 (s e e a b o v e), t er ms t h at ar e s u p pr ess e d b y M S U S Y h a v e a  m u c h
bi g g er n u m eri c al i m p a ct h er e t h a n f or t h e c as e of n o  mi xi n g i n t h e st o p s e ct or.  T his l e a ds
t o a dis cr e p a n c y b et w e e n t h e  E F T r es ult,  w h er e t h es e s u p pr ess e d t er ms ar e n ot i n cl u d e d,
a n d t h e h y bri d r es ult f or M S U S Y 2  Te V .  T h e dis cr e p a n c y a m o u nts t o a b o ut 1 .5  G e V i n
M h f or M S U S Y ∼ 5 0 0  G e V .  T h e u n c ert ai nt y b a n d of t h e h y bri d a p pr o a c h is al w a ys s m all er
t h a n t h e o n e of t h e  E F T r es ult f or t h e  w h ol e dis pl a y e d r a n g e of M S U S Y ,  w hi c h c o n fir ms t h at
t h e h y bri d a p pr o a c h yi el ds a pr e cis e pr e di cti o n f or M h f or all v al u es of M S U S Y .  As e x p e ct e d,
t h e u n c ert ai nt y b a n d of t h e  E F T r es ult is  m u c h  wi d er t h a n t h e o n e of t h e h y bri d r es ult
f or M S U S Y 1  Te V si n c e t er ms t h at ar e s u p pr ess e d b y t h e S U S Y s c al e ar e n ot i n cl u d e d i n
t h e  E F T r es ult.  T h e fi x e d- or d er p art of t h e h y bri d c al c ul ati o n usi n g t h e S M M S t o p  m ass
a gr e es  w ell  wit h t h e h y bri d r es ult f or s m all S U S Y s c al es, M S U S Y ∼ 5 0 0  G e V , b ut it s h o ws
si g ni fi c a nt d e vi ati o ns fr o m t h e h y bri d r es ult alr e a d y f or  m o d er at e S U S Y v al u es b el o w 1  Te V
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Fi g u r e 8: C o m p ari s o n of M h pr e di cti o n s a s a f u n cti o n of X O S
t / M S U S Y s etti n g t a n β =

2 0 a n d M S U S Y = 2  Te V .  T h e r e s ult o bt ai n e d i n t h e h y bri d a p pr o a c h  wit h a s s o ci at e d
u n c ert ai nt y b a n d (r e d) i s c o m p ar e d  wit h t h e fi x e d- or d er r e s ult u si n g t h e S M M S t o p q u ar k
m a s s  wit h o ut ( bl u e d a s h e d) a n d  wit h ( or a n g e d ott e d) el e ctr o w e a k o n e-l o o p c orr e cti o n s.

( w hi c h is r el at e d t o t h e s c al e c h oi c es, s e e t h e dis c ussi o n a b o v e).  As f or t h e c as e of n o  mi xi n g,
t h e l o g arit h mi c b e h a vi o ur of t h e h y bri d a n d  E F T r es ults c a n b e c a pt ur e d u p t o  m u c h hi g h er
S U S Y s c al es b y p ar a m etri zi n g t h e fi x e d- or d er p art i n t er ms of t h e  M S S M D R t o p- q u ar k
m ass at t h e s c al e M S U S Y , b ut t his pr e di cti o n is a g ai n si g ni fi c a ntl y s hift e d u p w ar ds c o m p ar e d
t o t h e h y bri d a n d  E F T r es ults ( as e x pl ai n e d a b o v e, t h e D R t o p- q u ar k  m ass is c al c ul at e d
i n cl u di n g o nl y o n e-l o o p c orr e cti o ns i n t h e g a u g el ess li mit).

I n  Fi g. 8,  w e c o m p ar e t h e h y bri d (r e d) a n d t h e fi x e d- or d er a p pr o a c h, usi n g t h e S M
M S t o p- q u ar k  m ass  wit h o ut ( bl u e d as h e d) a n d  wit h ( or a n g e d ott e d) el e ctr o w e a k o n e-l o o p
c orr e cti o ns, i n t h e c as e of  O S st o p i n p ut p ar a m et ers as a f u n cti o n of X O S

t / M S U S Y fi xi n g
M S U S Y = 2  Te V .  T h e t hr e e r es ults ar e s e e n t o a gr e e  wit h e a c h ot h er  wit h d e vi ati o ns of u p t o
∼ 1  G e V f or all dis pl a y e d v al u es of X O S

t / M S U S Y 2 . I n t h e i nt er v al − 2 ≤ X O S
t / M S U S Y ≤ 2 ,

t h e u n c ert ai nt y esti m at e f or t h e h y bri d a p pr o a c h is l ar g est f or X O S
t / M S U S Y 1 .6 ,  w h er e it

a m o u nts t o ∆ M h = 2 .3  G e V . F or X O S
t / M S U S Y = 2 ,  w e o bt ai n ∆ M h = 1 .6  G e V .

I n  Fi g. 9,  w e c o m p ar e t h e h y bri d, t h e  E F T a n d t h e fi x e d- or d er p art of t h e h y bri d c al c ul a-
ti o n  wit h e a c h ot h er f or t h e c as e of D R i n p ut p ar a m et ers,  w h er e X D R

t / M S U S Y i s v ari e d.  T h e
E F T ( gr e e n d ot- d as h e d) a n d t h e h y bri d (r e d) r es ults as  w ell as t h eir u n c ert ai nt y esti m at es
ar e i n v er y g o o d a gr e e m e nt  wit h e a c h ot h er. I n c o m p aris o n t o  Fi g. 8, t h e u n c ert ai nt y b a n d
of t h e h y bri d c al c ul ati o n is r e d u c e d b y ∼ 1  G e V .  T his d e cr e as e aris es si n c e n o c o n v ersi o n of
X t fr o m t h e  O S s c h e m e, as us e d i n t h e fi x e d- or d er p art of t h e c al c ul ati o n (i n c as e of  O S st o p
i n p ut p ar a m et ers), t o t h e D R s c h e m e, as us e d i n t h e  E F T p art of t h e c al c ul ati o n (s e e t h e
dis c ussi o n i n S e cti o n 2), is n e c ess ar y i n t his c as e.  As alr e a d y n ot e d i n  Fi g. 7, t h e fi x e d- or d er
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X D R
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1 1 5

1 2 0

1 2 5
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1 3 5

M
h

[
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V]

t a n β = 2 0 , MS U S Y = 2 Te V

h y bri d

E F T

F O p art of h y bri d, m M S
t (M t )

F O p art of h y bri d, m D R
t (M S U S Y )

Fi g u r e 9: C o m p ari s o n of M h pr e di cti o n s a s a f u n cti o n of X D R
t / M S U S Y s etti n g t a n β =

2 0 a n d M S U S Y = 2  Te V .  T h e r e s ult o bt ai n e d i n t h e h y bri d a p pr o a c h  wit h a s s o ci at e d
u n c ert ai nt y b a n d (r e d) i s c o m p ar e d  wit h t h e o n e of t h e  E F T r e s ult ( gr e e n).  T h e fi x e d-
or d er p art of t h e h y bri d c al c ul ati o n i s s h o w n f or t h e S M M S t o p- q u ar k  m a s s e v al u at e d at
t h e s c al e M t ( bl u e d a s h e d) a n d f or t h e  M S S M D R t o p- q u ar k  m a s s e v al u at e d at t h e s c al e
M S U S Y ( or a n g e d ott e d).
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t / M S U S Y =

√
6 , MS U S Y = 1 0 0  Te V , Mχ = 5 0 0  G e V

t a n β = 2 0

t a n β = 1

Fi g u r e 1 0: L eft:  U n c ert ai nt y e sti m at e of t h e h y bri d c al c ul ati o n a s a f u n cti o n of t a n β
s etti n g M A = M S U S Y ( bl u e) a n d M A = 2 0 0  G e V (r e d) a s  w ell a s X D R

t / M S U S Y =
√

6 a n d
M S U S Y = 1 0 0  Te V .  Ri g ht: S a m e a s l eft pl ot, b ut t h e u n c ert ai nt y e sti m at e i s s h o w n a s a
f u n cti o n of M A s etti n g t a n β = 2 0 ( bl u e) a n d t a n β = 1 (r e d).

p art of t h e h y bri d c al c ul ati o n p ar a m etri z e d i n t er ms of t h e S M M S t o p  m ass ( bl u e d as h e d)

d e vi at es si g ni fi c a ntl y fr o m t h e h y bri d ( a n d  E F T) r es ult f or n e g ati v e X D R
t ( w hi c h is r el at e d

t o t h e s c al e c h oi c es, s e e a b o v e).  T h e d e vi ati o n is s e e n t o b e l ess pr o n o u n c e d f or p ositi v e

X D R
t . If t h e fi x e d- or d er p art of t h e h y bri d c al c ul ati o n is p ar a m eri z e d i n t er ms of t h e  M S S M

D R t o p- q u ar k  m ass ( or a n g e d ott e d), its b e h a vi o ur as a f u n cti o n of X D R
t / M S U S Y r es e m bl es

m or e cl os el y t h e o n e of t h e h y bri d a n d  E F T r es ults,  w hil e t h e si z a bl e u p w ar d s hift is r el at e d
t o t h e f a ct t h at t h e D R t o p- q u ar k  m ass i n t h e dis pl a y e d r es ult is c al c ul at e d i n cl u di n g o nl y
o n e-l o o p c orr e cti o ns i n t h e g a u g el ess li mit, s e e t h e dis c ussi o n of  Fi g. 7.

Fr o m t h e f a ct t h at t h e u n c ert ai nt y b a n d of t h e h y bri d r es ult is s m all er if its fi x e d- or d er
p art is e x pr ess e d i n t er ms of D R p ar a m et ers i n t h e st o p s e ct or r at h er t h a n  O S p ar a m et ers,
as o bs er v e d i n  Fi gs. 6 – 9, o n e s h o ul d n ot c o n cl u d e t h at t h e D R r e n or m ali z ati o n s c h e m e is
s u p eri or t o ot h er s c h e m es f or o bt ai ni n g a pr e cis e pr e di cti o n f or t h e  m ass of t h e S M-li k e
Hi g gs b os o n.  As dis c uss e d a b o v e, i n or d er t o o bt ai n a  m e a ni n gf ul pr e di cti o n f or t h e r el ati o n
b et w e e n t h e  Hi g gs- b os o n  m ass a n d ot h er p h ysi c al o bs er v a bl es it is i n e vit a bl e t o r el at e t h e
i n v ol v e d  L a gr a n gi a n p ar a m et ers t o p h ysi c al o bs er v a bl es. Si n c e t his p art of t h e c al c ul ati o n is
s u bj e ct t o a d diti o n al t h e or eti c al u n c ert ai nti es, o n e s h o ul d ass ess t h e s uit a bilit y of di ff er e nt
r e n or m ali z ati o n s c h e m es i n t h e c o nt e xt of t h e o v er all u n c ert ai nt y of t h e r el ati o n b et w e e n
p h ysi c al o bs er v a bl es.  A d et ail e d st u d y of t his iss u e is b e y o n d t h e s c o p e of t h e pr es e nt p a p er.
I n t his c o nt e xt it s h o ul d als o b e n ot e d t h at r es ults e x pr ess e d i n t er ms of  O S  m ass es h a v e
oft e n b e e n f o u n d t o b e b ett er b e h a v e d f or t h e c as e of a si z a bl e s plitti n g b et w e e n t h e  m ass es
t h a n t h eir c o u nt er p arts t h at ar e e x pr ess e d i n t er ms of D R  m ass es (s e e als o t h e dis c ussi o n
b el o w a n d e. g. i n [ 4 6]).

N e xt,  w e e x pl or e t h e d e p e n d e n c e of t h e u n c ert ai nt y esti m at e of o ur h y bri d c al c ul ati o n o n
t a n β a n d M A . I n or d er t o i ntr o d u c e a l ar g e s plitti n g b et w e e n M A a n d M S U S Y w e us e
i n t his pl ot t h e v er y hi g h v al u e of M S U S Y = 1 0 0  Te V (s etti n g X D R

t / M S U S Y =
√

6 a n d
µ = M 1 = M 2 = 5 0 0  G e V ).  T his is t h e s a m e s c e n ari o as t h e o n e t h at  w as us e d i n  Fi g. 3
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of [26] for comparing the Two-Higgs-Doublet-Model (THDM) and the SM as EFT below
MSUSY. The uncertainty estimate for the displayed result where the SM is used as effective
low-energy theory can be compared with the size of the shift between the descriptions in
terms of the THDM and the SM as low-energy EFT found in [26]. In the left plot of
Fig. 10, we vary tan � setting MA = MSUSY (blue) and MA = 200 GeV (red). In case
of MA = MSUSY, the uncertainty estimate decreases from � 1:5 GeV for tan � = 1 to
� 1 GeV for tan � = 10. This decrease reflects the fact that for low tan � the tree-level
mass of the h boson is smaller. Therefore, a fixed shift in the loop corrections becomes
larger relative to the tree-level contribution. This leads to a larger shift in the final result
for Mh in case of low tan �. For tan � & 10 the uncertainty estimate is approximately
constant. For the case of MA = 200 GeV, the behaviour of the curve is similar to the case
of MA = MSUSY. For tan � � 1 the uncertainty estimate is, however, enlarged by � 1 GeV.
This increase originates mainly from Higgs mixing effects which are relevant in case of low
MA and tan � (also the increased size of the MSSM top Yukawa coupling leads to an increase
of the uncertainty).

These observations are corroborated by the results shown in the right plot of Fig. 10
displaying the uncertainty estimate as a function of MA setting tan � = 20 (blue) and
tan � = 1 (red). We observe that the dependence on MA of the result for tan � = 20
is negligible. For tan � = 1, on the other hand, the uncertainty estimate decreases by
� 1:2 GeV over the considered MA range. The small kink visible at MA � 340 GeV is due
to the mass of the A boson passing the top-quark threshold (MA = 2Mt).

Fig. 10 shows that the uncertainty estimate of the hybrid calculation with the SM as EFT
below MSUSY is found to be compatible with the differences found in Fig. 3 of [26] between
the calculation using the SM as EFT and the calculation using the THDM as EFT, which
should be more precise in the considered scenario due to the large mass hierarchy between
MA and MSUSY.

Up to now, we considered simplified scenarios with only one or two relevant mass scales.
In order to investigate possible effects in scenarios with more complicated mass hierarchies,
we explore in the left plot of Fig. 11 the uncertainty estimates for three of the MSSM Higgs
benchmark scenarios recently proposed in [12]: the M125

h scenario with all SUSY particles
above the TeV scale (blue), the M125

h (~�) scenario featuring light staus as well as gauginos
(red) and the M125

h (~�) scenario featuring light gauginos and Higgsinos (green). In [12],
these scenarios were presented in MA–tan � planes. As discussed above, the uncertainty
estimate is only mildly dependent on MA and tan � for moderate tan � (the low tan �-region
is disfavoured for these scenarios by a too low Mh prediction,13 while the high tan � region
is significantly constrained by direct searches for heavy Higgs bosons). Therefore, we fix
MA equal to 1 TeV as well as tan � = 10 and present the scenarios here as a function of
the soft-SUSY breaking masses in the third generation scalar quark sector, which are chosen
equal to each other in all three scenarios. We denote this mass scale by MSUSY. In contrast
to the results presented above, the first and second generation squarks, the gauginos, the
Higgsinos as well as the sleptons have, however, masses that are not equal to MSUSY. The

13Estimating the theoretical uncertainty in the M125
h;EFT scenario [71], in which the sfermion masses are

pushed up to 1016 GeV in order to obtain Mh � 125 GeV also for low tan�, goes beyond the scope of the
present paper.
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Fi g u r e 1 1: L eft:  U n c ert ai nt y e sti m at e of t h e h y bri d c al c ul ati o n f or s o m e of t h e  Hi g g s
b e n c h m ar k s c e n ari o s d e fi n e d i n [ 1 2] as a f u n cti o n of M S U S Y f or t a n β = 1 0 , M A = 1  Te V
a n d X O S

t / M S U S Y = 2 .  F or c o m p ari s o n al s o t h e r es ult f or a si n gl e- s c al e s c e n ari o i s s h o w n.
F or all f o ur s c e n ari o s t h e gl ui n o  m a s s i s fi x e d b y i m p o si n g M S U S Y / M 3 = 3 / 5 .  Ri g ht:
R e s ult s of t h e h y bri d c al c ul ati o n f or M h a n d t h e a s s o ci at e d u n c ert ai nt y e sti m at e ar e s h o w n
a s f u n cti o n of t h e gl ui n o  m a s s f or X O S

t / M S U S Y = 0 a n d X O S
t / M S U S Y = 2 .  All ot h er n o n-

S M  m a s s e s ar e fi x e d t o 1 .5  Te V .  T h e gr e e n c ur v e  wit h it s a s s o ci at e d u n c ert ai nt y b a n d i s
g e n er at e d e m pl o yi n g t h e M D R s c h e m e pr o p o s e d i n [ 7 0] i n t h e  E F T p art of t h e c al c ul ati o n.

m ass s plitti n gs e nt er t h e t hr es h ol d c orr e cti o ns i n t h e f or m of l o g arit h ms of t h e  m ass es o v er
t h e  m at c hi n g s c al e.  L ar g er  m ass s plitti n gs t y pi c all y r es ult i n l ar g er t hr es h ol d c orr e cti o ns
a n d t h er ef or e i n a l ar g er i m p a ct of t h e  m at c hi n g s c al e v ari ati o n a n d t h e r e p ar a m etri z ati o n
of t h e t o p  Y u k a w a c o u pli n g.

I n e a c h of t h e t hr e e s c e n ari os,  w e s et X O S
t / M S U S Y = 2 .  T his  m e a ns t h at M h < 1 2 5  G e V

f or M S U S Y 1 .5  Te V ,  w hi c h is t h e v al u e c h os e n i n t h e b e n c h m ar k s c e n ari os, a n d M h >
1 2 5  G e V f or M S U S Y 1 .5  Te V .  T h e gl ui n o  m ass, M 3 , is fi x e d b y i m p osi n g M S U S Y / M 3 = 3 / 5
(s u c h t h at f or M S U S Y = 1 .5  Te V t h e gl ui n o  m ass c h os e n f or t h e a ct u al b e n c h m ar k s c e n ari os,
M 3 = 2 .5  Te V , is r e a c h e d).  F or c o m p aris o n  w e als o s h o w t h e r es ult f or a si n gl e-s c al e s c e n ari o
( or a n g e)  w h er e all sf er mi o ns as  w ell as t h e el e ctr o w e a k g a u gi n os a n d  Hi g gsi n os s h ar e a
c o m m o n  m ass s c al e ( w e, h o w e v er, still i m p os e M S U S Y / M 3 = 3 / 5 ).

T h e c ur v es i n t h e l eft pl ot of  Fi g. 1 1 dis pl a yi n g t h e u n c ert ai nt y esti m at es i n t h e f o ur
s c e n ari os a gr e e q uit e  w ell  wit h e a c h ot h er.  T h e u n c ert ai nt y esti m at e f or t h e si n gl e-s c al e
s c e n ari o is l o w er t h a n f or t h e ot h er s c e n ari os, e x c e pt f or t h e M 1 2 5

h a n d M 1 2 5
h ( τ̃ ) s c e n ar-

i os at M S U S Y ∼ 1  Te V w h er e a n a c ci d e nt al c a n c ell ati o n  wit hi n o n e of t h e i n gr e di e nts of
t h e u n c ert ai nt y esti m at es r es ults i n a l o w er u n c ert ai nt y esti m at e.  O n t h e ot h er h a n d, f or
M S U S Y 1  Te V , t h e u n c ert ai nt y esti m at es of t h e M 1 2 5

h a n d M 1 2 5
h ( τ̃ ) s c e n ari os ar e sli g htl y

l ar g er ( u p t o ∼ 0 .3  G e V ) i n c o m p aris o n t o t h e ot h er t w o s c e n ari os, si n c e i n t h e M 1 2 5
h a n d

M 1 2 5
h ( τ̃ ) s c e n ari os µ / M S U S Y b e c o m es l ar g er t h a n u nit y r es ulti n g i n a n i n cr e as e d si z e of t er ms

t h at ar e f or m all y s u p pr ess e d b y M S U S Y . F or M S U S Y 1  Te V , t h e u n c ert ai nt y esti m at es of all
f o ur s c e n ari os i n cr e as e i n a si mil ar  w a y fr o m ∼ 1 .9  G e V t o ∼ 2 .2  G e V f or M S U S Y = 1 0  Te V .
T his i n cr e as e, b ei n g i n c o ntr ast t o t h e b e h a vi o ur f o u n d f or r aisi n g M S U S Y a b o v e, is c a us e d
b y t h e hi er ar c h y b et w e e n t h e gl ui n o  m ass a n d t h e ot h er S U S Y p arti cl es.
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We investigate this behaviour further in the right plot of Fig. 11. In this plot, we set all
non-SM masses equal to 1:5 TeV except for the gluino mass, which we vary between 500 GeV
and 5 TeV. For XOS

t =MSUSY = 0 (blue), the dependence of the Mh prediction (thick line)
and its uncertainty estimate (coloured band) on M3 is relatively small. Only forM3 & 4 TeV
a moderate increase in Mh and also of the corresponding uncertainty estimate is visible. For
XOS

t =MSUSY = 2 (red), however, there is a strong dependence of the prediction for Mh on
M3 as soon as M3 > MSUSY originating from terms growing approximately quadratic with
the gluino mass (see [46]). In the hybrid result these are terms entering at the three-loop
level via the EFT calculation, while as shown in [42] the two-loop fixed-order result with
on-shell renormalization in the stop sector does not give rise to a quadratic (and also not
a linear) dependence on M3. For M3 & 2MSUSY, also the uncertainty estimate shows a
strong dependence on M3 rising quickly from � 1:5 GeV (forM3 . 2:2 TeV) to values above
10 GeV (for M3 � 4 TeV). This sharp increase originates from the uncertainty associated
with higher-order threshold corrections. For the variation of the matching scale the SUSY
soft-breaking parameters, normally entering at the scale MSUSY, have to be evolved to the
scale 2MSUSY (or 1=2MSUSY). The gluino mass parameter enters the RGE of the stop mixing
parameter, Xt. In case of a large M3, this leads to large jXt=MSUSYj values. Since the Mh

prediction depends very strongly on Xt=MSUSY for values beyond the maxima, the RGE
evolution of Xt leads to large shifts in the Mh prediction resulting in a correspondingly large
uncertainty estimate. We also checked that using Xt as input parameter in the DR scheme
instead of the OS scheme does not alleviate this issue.

The actual reason for the observed behaviour of the uncertainty estimate is the missing
EFT prescription for the case where the gluino is heavier than the remaining SUSY par-
ticles. Whereas the EFT calculation, implemented in FeynHiggs, resums large logarithms
associated with the gluino for M3 < MSUSY (SM plus gluino as EFT, see [30, 45] for more
details), the corresponding logarithms are not resummed for M3 > MSUSY (and there are
also non-logarithmic terms giving rise to the approximately quadratic dependence on M3).
The suitable EFT – MSSM without gluino – has not been worked out yet for the calcula-
tion of the SM-like Higgs-boson mass but it has been employed for the calculation of other
observables [72–74], in which similar non-decoupling effects arise.

In order to stabilize the Higgs-mass prediction in case of a larger hierarchy between the
stop masses and the gluino mass, using the MSSM without gluino as EFT is not mandatory.
Instead, the M3-enhanced terms can be absorbed into the stop soft SUSY-breaking param-
eters. This scheme, called MDR scheme, can be used in the EFT calculation to completely
circumvent the appearance of M3-enhanced terms in the hybrid calculation. A detailed dis-
cussed can be found in in [70]. The green curve with its associated uncertainty band in the
right plot of Fig. 11 shows the result of this method for XOS

t =MSUSY = 2. The Higgs-mass
prediction is clearly stabilized for large M3=MSUSY, and the uncertainty estimate is drasti-
cally reduced in comparison to the result using the DR scheme for the definition of the stop
parameters in the EFT part of the calculation. The implementation based on the MDR
scheme will become publicly available in an upcoming FeynHiggs version.

For the benchmark scenarios investigated in Fig. 11 we have found that the uncertainty
estimate in the hybrid approach only mildly depends on the presence of additional mass
scales, reflecting the fact that the prediction for the SM-like Higgs-boson mass typically has
a pronounced dependence only on the parameters of the stop sector as well as on tan �
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and MA. An important exception that we have pointed out is the case of a gluino that
is significantly heavier than the other SUSY particles, where large unresummed logarithms
as well as terms growing approximately linear with the gluino mass can lead to a very
large uncertainty estimate. In general the uncertainty estimate for the prediction of the
mass of the SM-like Higgs boson that is based on a given spectrum of the particle masses
used as input for the calculation needs to take into account the uncertainty that is related
to assigning a suitable EFT description to the given pattern of the mass spectrum. If
hierarchies of scales are present for which no appropriate EFT description is available, the
theoretical uncertainties can significantly increase, as we have demonstrated for the case of
a heavy gluino. A detailed analysis of possible patterns of hierarchies that can occur in
phenomenologically relevant models is beyond the scope of the present paper.

7 Conclusions
In this paper we have performed an estimate of the remaining theoretical uncertainties in the
prediction for the SM-like Higgs-boson mass in the MSSM as implemented in FeynHiggs.
The prediction is based on a hybrid result combining contributions that are obtained via
the fixed-order and via the EFT approach. In order to assess the theoretical uncertainties
from unknown higher-order corrections of the hybrid result, we have also discussed the un-
certainties of the fixed-order and the EFT approach separately. The additional theoretical
uncertainties that are induced by the experimental errors of the input parameters, for in-
stance the experimental values of the top-quark mass and �s(MZ), can directly be assessed
by varying those input parameters and have not been included in our discussion. We have
emphasized, however, that in order to obtain a meaningful prediction for the relation be-
tween the Higgs-boson mass and other physical observables the set of all input parameters of
the Higgs-mass prediction needs to be related to a corresponding set of physical observables
(this applies in particular to the case where DR parameters are taken as input parameters
for the Higgs-boson mass prediction). As a consequence, additional theoretical uncertainties
occur in the relation between the predicted Higgs-boson mass and other physical observables
from relating the involved DR parameters to suitable observables (the same applies to all
other input parameters that are not expressed in terms of physical observables).

Our assessment of the theoretical uncertainties of the hybrid result applies to the imple-
mentation in FeynHiggs, where either all SUSY particles are integrated out at a common
scale and the EFT at low scales is the SM, or the low-energy EFT is the SM with added
gauginos and Higgsinos.14 In the employed EFT no logarithms proportional to the bottom
Yukawa coupling are resummed. The uncertainty estimates obtained in this paper apply to
the case of real MSSM parameters and invoke minimal flavour violation. For most of the nu-
merical analysis a simple single-scale scenario has been chosen, in which all non-SM masses
are taken to be equal to MSUSY. The case of different SUSY scales has been investigated for
a set of recently proposed benchmark scenarios for the search for additional Higgs bosons.

We have estimated the uncertainty of the pure fixed-order approach by employing differ-
ent renormalization schemes for the top-quark mass, by multiplying the two-loop O(�t�s)

14We leave an assessment of the uncertainties in case of the THDM as low-energy EFT (as implemented
e.g. in FeynHiggs (version 2.16.0) based on [26]) for future work.
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correction with ��s=(4�) ln(M2
SUSY=M

2
t ) and by switching on and off the resummation of

the bottom Yukawa coupling. If the OS scheme is employed for the renormalization of the
stop sector, our estimate yields an uncertainty of the fixed-order approach of & 2 GeV for
SUSY masses above the TeV scale. For the case where the fixed-order contribution is ex-
pressed in terms of DR stop input parameters, which appears in FeynHiggs only as part of
the combined hybrid calculation, the estimate yields somewhat larger uncertainties already
for relatively low values of MSUSY if there is large stop mixing. This behaviour can be traced
to the different scale choices for the top-quark mass and the stop parameters in this part of
the result (it could be remedied by using the MSSM DR top-quark mass evaluated at the
scale MSUSY in this part of the result instead of the SM MS top-quark mass evaluated at the
scale Mt, which is used by default).

We have estimated the uncertainty of the pure EFT approach by assessing the uncertainty
entering at the matching scale, the uncertainty entering at the electroweak scale and the
uncertainty associated with terms suppressed by the SUSY scale separately. The resulting
estimate is relatively low (� 1 GeV) for SUSY masses above the TeV scale, since all relevant
large logarithms are resummed for the considered single-scale scenario. For low values of
the SUSY scale, however, the uncertainty of the EFT approach is increased, reaching values
above 4 GeV for large stop mixing, since terms which would be suppressed in case of a large
SUSY scale can become relevant if no higher-dimensional operators are included. As an
alternative estimate of the high-scale uncertainty of the EFT calculation, we compared our
estimate to the shift induced by taking into account O(�t�

2
s) threshold corrections computed

by the public code Himalaya finding good agreement for large stop mixing.
Concerning the uncertainty of the hybrid calculation, we showed that the combination of

the fixed-order and the EFT calculation leads to a reduction of different sources of uncertainty
of the individual calculations. In the limit of low SUSY scales, the uncertainty estimate of
the hybrid calculation approaches the one of the fixed-order calculation; in the limit of high
SUSY scales, it approaches the one of the EFT calculation. For intermediary scales, we
found the uncertainty estimate of the hybrid calculation to be below the estimates for the
individual fixed-order and EFT calculations.

For the single-scale scenario and DR input parameters in the stop sector our estimate
yields a theoretical uncertainty from unknown higher-order corrections in the prediction for
the SM-like Higgs boson mass of � 0:5 GeV for small stop mixing and up to � 1:5 GeV for
large stop mixing. For on-shell input parameters in the stop sector the additional parameter
conversion increases the uncertainty estimate by up to � 1 GeV for large stop mixing.
These numbers can serve as a “rule of thumb“ for the remaining theoretical uncertainties
from unknown higher-order corrections.

As stressed above, the prediction expressed in terms of DR input parameters is subject
to additional theoretical uncertainties arising from the relation of the input parameters to
physical observables. In this context we have also studied the dependence of the uncertainty
estimate of the hybrid calculation on other relevant input parameters. We found that the
uncertainty is somewhat enlarged for low tan � and low MA.

Going beyond the case of a simple single-scale scenario, we also investigated some of
the recently proposed Higgs benchmark scenarios for the search for additional Higgs bosons
where some splitting occurs in the SUSY mass spectra. We found that the presence of
those mass hierarchies did not significantly alter the behaviour of the uncertainty estimate
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in the hybrid approach with the exception of the case where the gluino mass, M3, is larger
than the remaining SUSY masses. This mass hierarchy is currently not covered by the
EFT calculation leading to large uncertainties in the region of M3 & 2MSUSY. We leave an
improvement of the EFT calculation for this mass hierarchy for future work.

The presented uncertainty estimate is part of the publicly available code FeynHiggs from
version 2.15.0 onwards.
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