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AbstratIn this paper we disuss the path integral representations for the oordinate systems on theomplex sphere S3C . The Shr�odinger equation, respetively the path integral, separates inexatly 21 orthogonal oordinate systems. We enumerate these oordinate systems and we areable to present the path integral representations expliitly in the majority of the ases. In eahsolution the expansion into the wave-funtions is stated. Also, the kernel and the orrespondingGreen funtion an be stated in losed form in terms of the invariant distane on the sphere,respetively on the hyperboloid.
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1 INTRODUCTION 2Table 1: Coordinate Systems on S3CNo. of Complexifation Two-Dimensional Subsystem Three-Dimensional SystemsSystem of Real SpaeNo 1 S(3);�(3), O(2,2) S(2; IR) Polar CylindrialNo 2 �(3), O(2,2) E(2; IR) Cartesian HoriyliNo 3 S(3);�(3), O(2,2) S(2; IR) Polar SpherialNo 4 �(3), O(2,2) S(2;C) Horospherial HorospherialNo 5 �(3), O(2,2) E(2; IR) Polar Horiyli-polarNo 6 S(3);�(3), O(2,2) S(2; IR) Conial Sphero-elliptiNo 7 �(3), O(2,2) S(2;C) Degenerate ellipti I Spherial-degenerate ellipti INo 8 �(3), O(2,2) S(2;C) Degenerate ellipti II Spherial-degenerate ellipti IINo 9 �(3), O(2,2) E(2; IR) Ellipti Horiyli-elliptiNo 10 O(2,2) E(2;C) Hyperboli Horiyli-hyperboliNo 11 �(3), O(2,2) E(2; IR) Paraboli Horiyli-paraboli INo 12 O(2,2) E(2;C) Semi-paraboli Horiyli-paraboli IINo 13 S(3);�(3), O(2,2) - Ellipti-CylindrialNo 14 �(3), O(2,2) - Ellipti-ParaboliNo 15 �(3), O(2,2) - Ellipti-HyperboliNo 16 O(2,2) - ParaboliNo 17 S(3);�(3), O(2,2) - EllipsoidalNo 18 �(3), O(2,2) - System 18No 19 O(2,2) - System 19No 20 �(3), O(2,2) - System 20No 21 O(2,2) - System 21[3℄. In omparison to the real two- and three-dimensional sphere there is a riher struture. Thisis not surprising beause the two-dimensional at spae and the hyperboloids are ontained assubgroup ases in the omplex sphere.In Table 1 I have listed some properties of the oordinate systems on the three-dimensionalomplex sphere. The oordinate systems, whih ontain two-dimensional at systems, i.e. theEulidean plane (real and omplex) are, (2), (5), (9){(11) [36℄. The oordinates systems whihhave the two-dimensional sphere (real and omplex) as a subsystem are (3), (4), (6){(8) [21, 23,27, 36℄. The oordinate systems whih exist also on the real three-dimensional sphere are (1),(3), (6), (13) and (17) [28, 37℄.Aording to [25℄, the omplexi�ation of the two ellipti ylindrial oordinate systems(i.e. spheroidal systems) on the S(3; IR)-sphere and on the three-dimensional hyperboloid givejust one oordinate system on S(3;C), i.e. (13). In partiular in [34, 27℄ oordinate systemson the two-dimensional omplex sphere and orresponding superintegrable potentials, and in[27℄ oordinate systems on the two-dimensional (omplex) plane and orresponding superinte-grable potentials were disussed, inluding the orresponding interbases expansions. The goalof [27℄ was to extend the notion of superintegrable potentials of real spaes to the orrespondingomplexi�ed spaes. The �ndings were suh that there are in addition to the four oordinatesystems on the real two-dimensional Eulidean plane three more oordinate systems and alsothree more superintegrable potentials. Similarly, in addition to the two oordinate systems onthe real two-dimensional sphere there are three more oordinate systems on the omplex sphere



1 INTRODUCTION 3and also four more superintegrable potentials. This is not surprising beause the omplexplane ontains not only the Eulidean plane but also the pseudo-Eulidean plane (10 oordinatesystems [12, 21, 20℄) and the omplex sphere ontains not only the real sphere but also thetwo-dimensional hyperboloid (9 oordinate systems [12, 21, 22, 37℄).On the other hand, it is also possible to omplexify the 34 oordinate systems on the three-dimensional hyperboloid [24, 37℄. This gives all 21 systems exept (19, (12), (16), (19) and(21). These remaining system an be found be omplexifying the oordinate systems on the realhyperboloid SO(2; 2) [25℄.In Table 1 I have indiated whih oordinate systems emerges from whih real spae byomplexi�ation; these spaes are indiated by S(3) (real sphere), �(3) (real hyperboloid), andthe systems emerging from O(2,2) (real hyperboloid), respetively.In this paper I apply the path integral method [7, 29, 19, 40℄ to the omplex sphere S3C . Weare able to �nd in the majority of the oordinate representations a path integral representation.Many known solutions from other path integral problems an be applied in a straightforwardway to �nd the orresponding omplex-sphere representation.In Table 1 those oordinate systems where a new path integral representation an be statedare underlined. The most important \new" solution onsist in the path integral formulation ofthe omplex periodi Liouville potential. It has a real spetrum with eigenvalues / J(J+2); J 2IN, in aordane with the spetrum of the Hamiltonian of the three-dimensional sphere. Thefat that a omplex periodi potential has a real spetrum is at �rst sight surprising, but hasatually attrated in reent years a lot of attention, e.g. the workshop series [41℄. This property of\pseudo-hermitian" Hamiltonians has also beome known as \PT -symmetry" of Hamiltonians.In Table 1 those ellipsoidal systems where no path integral evaluation is possible are empha-sized. There is hardly a solution known, beause the only ellipsoidal systems where a solutionof the free Shr�odinger is know is the one on the real sphere [1℄. There is nothing known aboutthe solutions of the Shr�odinger equations on the hyperboloids in paraboloidal or the remaining\ellipsoidal" oordinates, let alone a path integral representation.The paper has a review-like harater and is organized as follows: In the next Setion wepresent the relevant path integral representations for those oordinate systems whih have asubgroup struture, i.e. where a lower dimensional ase is ontained. In many ases we an relyon already solved path integral problem to �nd the spei� one in question. Setion III ontainsthe remaining ases whih are not of the subspae type. For some evaluations I also will makeuse of the tehnique of spae-time transformation, where I refer for more details to the literature[6, 18, 19, 29℄. Therefore our prinipal emphasis is to bring together both already known andnew results in order to omplete matters.Obviously, Setions II and III take on the form of an enumeration. We will rely heavily onalready known solutions in the sequel, and these solution will not be re-derived again.We start with the de�nition of the oordinates, alulate the relevant metri terms, themomentum operator and the quantum Hamiltonian in terms of he momentum operators. In ourformulation of the path integral we always use a lattie de�nition whih we have alled \produtform" and onsists mainly of the fat that all metri terms in the energy term in the Lagrangianin the its lattie form are given by geometri means [19℄. In our �rst path integral representationwe will state this lattie formulation expliitly.Let us note that the omplexi�ation requires also the following onsideration: The eigenval-ues of the Hamiltonian on the three-dimensional omplex sphere are denoted by / ��(� + 2).On the real sphere this yields with � = J the eigenvalues / J(J +2) whereas on the real three-



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 4dimensional hyperboloid one has � = 1+ip and therefore the eigenvalues are / (p2+1). We musttherefore look arefully whih manifold we onsider if we speify the oordinates inluding theirranges. Usually, an analyti ontinuation may be required, whih is not performed, however.We will denote in the following the quantum number of the Eigenvalues of the Hamiltonianby J , irrespetive whether there is a disrete or a ontinuous spetrum. On the real spherethe spetrum is always disrete and on the hyperboloid (two-sheeted) ontinuous. The kernelin its wave-funtions expansion and spetrum on the omplex sphere will be displayed in themost ases in a disrete formulation. The orresponding restrition to the sphere or hyperboloidthen will deide whether one an keep the disrete formulation as it is or one must analytiallyontinue to the ontinuous spetrum. However, on the single-sheeted hyperboloid and on theO(2,2)-hyperboloid one has in fat both: a disrete and a ontinuous part. The latter is notdisussed in the sequel and is postponed to a future study. In the enumeration of the oordinatesystem we keep the onvention of the orresponding systems on the sphere and hyperboloidfrom previous publiations [12, 37℄. In some ases we note expliitly the orrespondenes to thesphere and hyperboloid ases to illustrate the examples.The third setion ontains a summary and disussion of our results.2 The Path Integral Representations: Part I2.1 System 1: CylindrialThe ylindrial oordinate system on the omplex sphere S3C has the form:z1 = sin# os'1 z2 = sin# sin'1z3 = os# os'2 z4 = os# sin'2 ) (# 2 (0; �2 ); '1; '2 2 [0; 2�)) : (2.1)The set of ommuting operators haraterizing the ylindrial oordinate system areL1 = I223; L2 = I214 : (2.2)The metri terms have the formds2 = d#2 + sin2 #d'21 + os2 #d'22 ;pg = sin# os# ;�# = ot #� tan#; �'1 = 0; �'2 = 0 : 9>>>=>>>; (2.3)Therefore we have for the momentum operators:p# = ~i � ��# + 12 ot#� 12 tan#�; p'1 = ~i ��'1 ; p'2 = ~i ��'2 ; (2.4)and the Hamiltonian is given byH = � ~22m" �2�#2 + (ot #� tan#) ��# + 1sin2 # �2�'21 + 1os2 # �2�'22 #= 12m p2# + 1sin2 # p2'1 + 1os2 # p2'2!� ~28m�4 + 1os2 # + 1sin2 #� : (2.5)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 5In the seond line in (2.5) a quantum potential / ~2 appears whih is due to the ordering of theposition and momentum operators in H. The path integral solution on the omplex sphere S3Cis idential to the the usual sphere S3IR and is well-known from the literature and I just statethe result.In the anonial formulation we have [11, 12, 18, 19℄ (ompare also [2, 4, 39℄)K(S3C)(#00; #0; '001 ; '01; '002 ; '02;T )= limN!1� m2�i�~�3N=2 N�1Yj=1 Z d�j sin#j os#j d'1;jd'2;j� exp( i~ NXj=1"m2 ��2#j+ dos2 #j�2'1;j+ dsin2 #j�2'2;j�+ ~28m�4+ 1os2 #j + 1sin2 #j�#dt)= #(t00)=#00Z#(t0)=#0 D#(t) sin# os# '1(t00)='001Z'1(t0)='01 D'1(t) '2(t00)='002Z'2(t0)='02 D'2(t)� exp( i~ Z t00t0 "m2 � _#2 + os2 # _'21 + sin2 # _'22�+ ~28m�4 + 1os2 # + 1sin2 #�#dt)= 1XJ=0 Xk1;k22ZZ ei[k1('001�'01)+k2('002�'02)℄4�2 2(J + 1)�J�jm1j�jm2j2 �!�J+jm1j+jm2j2 �!�J�jm1j+jm2j2 �!�J+jm1j�jm2j2 �!�(sin#0 sin#00)jm1j(os#0 os#00)jm2j�P (jm1j;jm2j)(J�jm1j�jm2j)=2(os 2#0)P (jm1 j;jm2j)(J�jm1j�jm2j)=2(os 2#00) e�i~TJ(J+2)=2m (2.6)(uj = u(tj), �uj = uj � uj�1, uj = u(t0 + tj), for u = #; '1; '2, � = T=N , dsin2 #j =sin2 #j sin2 #j�1, and for os2 # similarly). Here we have stated the expliit lattie de�nitionof the path integral. Thus we have for the wave-funtions on S3C and the energy-spetrum	J;m1;m2(#; '1; '2) =vuuut2(J + 1)�J�jm1j�jm2j2 �!�J+jm1j+jm2j2 �!�J�jm1j+jm2j2 �!�J+jm1j�jm2j2 �!� ei(k1'1+k2'2)2� (sin#)jm1j(os #)jm2jP (jm1j;jm2j)(J�jm1j�jm2j)=2(os 2#) ; (2.7)EJ = ~22mJ(J + 2) : (2.8)The kernel K(S(3))(T ) an be ast into the form of a �-funtion [9℄K(S(3))( S(3) ; T ) = ei~T=2m4�2 dd os S(3)�3  S(3)2 ����� ~T2�m! : (2.9)The orresponding Green funtion (resolvent kernel) has the formG(S(3))( S(3) ; E) = m2�~2 sin[(� �  S(3))( + 1=2)℄sin[�( + 1=2)℄ sin S(3) ; (2.10)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 6where the quantity os S(3) (invariant distane) in spherial oordinates is given byos S(3)(z00; z0) = os#01 os#001+sin#01 sin#001� os#02 os#002+sin#02 sin#002 os('00�'0)� ; (2.11)and  = �1=2+p2mE=~2 + 1. The expressions (2.9) and (2.10) are independent of the parti-ular oordinate representation.Note that the orresponding representation of the Green funtion of the three-dimensionalhyperboloid has the form (K�(3)(T ) annot be stated in losed form [12℄)G�(3)(d�(3)(u00;u0); E) = �m�2~2 sinhd�(3)(u00;u0)Q1=2�1=2�ip2mE=~2�1� osh d�(3)(u00;u0)� ; (2.12)osh d is the invariant distane on �(3) given byosh d�(3)(u00;u0) = osh � 0 osh � 00 � sinh � 0 sinh � 00� os#0 os#00 + sin#0 sin#00 os('00 � '0)� ;(2.13)with �; #; ' spherial oordinates on �(3). Q denotes a Legendre funtion of the seond kind.The ylindrial system exists on the three-dimensional sphere (System I.) and on the three-dimensional hyperboloid (System I., in the following we use the notations and enumerations of[12, 37℄). Note the di�erene in the Legendre-funtion (�rst or seond kind) depending whetherwe onsider the real sphere or the real hyperboloid, respetively.2.2 System 2: HoriyliThe horiyli oordinate system on the omplex sphere S3C has the form:z1 = 12h e�ix + (1 + y2 + z2) eixi z2 = iy eixz3 = iz eix z4 = i2h e�ix + (1 + y2 + z2) eixi 9=; (2.14)(x; y; z 2 IR). The set of ommuting operators haraterizing the horiyli oordinate systemare L1 = (I42 + iI21)2; L2 = (I34 + iI13)2 : (2.15)The metri terms have the formds2 = dx2 + e2ix( dy2 + dz2) ;pg = e2ix ;�x = 2i; �y = 0; �z = 0 : 9>>>=>>>; (2.16)This oordinate system orresponds to a subgroup algebra of so(4;C), namely E(2;C). Aordingto Ref.[36℄ there exist six suh systems (whih make up the six oordinate systems on E(2;C)),and together with the horiyli systems they are systems (5), (9){(12). The momentum oper-ators are: px = ~i � ��x + i�; py = ~i ��y ; pz = ~i ��z : (2.17)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 7The Hamiltonian is given byH = � ~22m" �2�x2 + 2i ��x + e�2ix� �2�y2 + �2�z2�#= 12m"p2x + e�2ix�p2y + p2z�#� ~22m : (2.18)For the path integral we �ndK(S3C )(x00; x0; y00; y0; z00; z0 : T )= x(t00)=x00Zx(t0)=x0 Dx(t) y(t00)=y00Zy(t0)=y0 Dy(t) z(t00)=z00Zz(t0)=z0 Dz(t) e2ix exp( i~ Z T0 "m2 _x2 + e2ix( _y2 + _z2) + ~22m# dt)= e�i(x00�x0) ZIR dky ZIR dkz eiky(y00�y0)+ikz(z00�z0)(2�)2� x(t00)=x00Zx(t0)=x0 Dx(t) exp( i~ Z T0 "m2 _x2 � ~22m(k2y + k2z) e�2ix# dt) : (2.19)The path integration in the variables y and z are just plane waves. The remaining path integral inthe variable x we an solve this path integral by an analyti ontinuation of the Liouville pathintegral solution [19℄. In [5℄ it was shown that the proper ontinuation are Hankel funtions2�1=2H(1)n+1=2(k e�ix) [9℄, hene we obtain:K(S3C)(x00; x0; y00; y0; z00; z0 : T )= e�i(x00�x0) ZIR dky ZIR dkz eiky(y00�y0)+ikz(kz(z00�z0)(2�)2�XJ2IN0 12H(1)J+1=2�qk2y + k2z e�ix00�H(1)J+1=2�qk2y + k2z e�ix0� exp "� i~ ~2J(J + 2)2m T# : (2.20)The normalization follows from the onsideration (1=p2)H(1)n (k eix)! eikx=p2� (x!1). Notethe relation H(1)� (iz) = (2=i�) ei��=2K�(z). The wave-funtions on S3C and the energy-spetrumare 	Jkykz(x; y; z) = ei(kyy+kzz)2� � e�ix 1p2H(1)J+1=2�qk2y + k2z e�ix� ; (2.21)EJ = ~22mJ(J + 2) : (2.22)The horiyli system exists only on the three-dimensional hyperboloid (System II.).



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 82.3 System 3: SpherialThe spherial oordinate system is the best-known oordinate system and has been disussedextensively in the literature, inluding its generalization to D dimensions. We have:z1 = sin� os# z2 = sin� sin# os'z3 = sin� sin# sin' z4 = os� ) (� 2 [0; �); # 2 [0; �); ' 2 [0; 2�)) :(2.23)The set of ommuting operators is given byL1 = I212 + I213 + I223; L2 = I223 : (2.24)The metri terms are given byds2 = d�2 + sin2 �( d#2 + sin2 #d'2)pg = sin# sin2 � ;�# = ot#; �� = 2 ot�; �' = 0 : 9>>>=>>>; (2.25)The spherial system orresponds to the so(3;C) subalgebra of so(4;C) suh that the subsystem-oordinates are oordinates of the two-dimensional omplex sphere S2C : z21 + z22 + z23 = 1.Aording to Refs.[21, 23, 27℄ there are exatly �ve suh systems, and together with the spherialsystem these are the systems (4), (6), (7), and (8). The momentum operators are:p� = ~i � ��� + ot��; p# = ~i � ��# + 12 ot#�; p' = ~i ��' ; (2.26)and the Hamiltonian is given byH = � ~22m" �2��2 + 2 ot� ��� + 1sin2 �� �2�#2 + ot # ��# + 1sin2 # �2�'2�#= 12m"p2� + 1sin2 ��p2# + 1sin2 #p2'!#� ~28m 4 + 1sin2 ��1 + 1sin2 #�! : (2.27)I do not go into the details of the path integral solution of the spherial system, beause thishas been done extensively in the literature, e.g. [2, 4, 18, 19, 11, 12, 39℄. We stateK(S3C)(�00; �0; #00; #0; '00; '0;T )= �(t00)=�00Z�(t0)=�0 D�(t) sin2 � #(t00)=#00Z#(t0)=#0 D#(t) sin# '(t00)='00Z'(t0)='0 D'(t)� exp( i~ Z t00t0 "m2 � _�2 + sin2 �( _#2 + sin2 # _'2)�+ ~28m 4 + 1sin2 ��1 + 1sin2 #�!#dt)= 12�2 1XJ=0(J + 1)C1J (os S(3)) exp �� i~T2mJ(J + 2)� (2.28)= 1XJ=0 Xm1;m2 	J;m1;m2(�00; #00; '00)	�J;m1;m2(�0; #0; '0) exp �� i~T2mJ(J + 2)� ; (2.29)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 9	J;m1;m2(�; #; ') = N�1=2 eim1'(sin�)m1Cm1+2J�m1(os�)(sin#)m2Cm2+3=2m1�m2 (os #) ; (2.30)N = 2�32�(1+2m1+2m2)(J + 1)(m1 + 3=2)(J �m1)!(m1 �m2)!) �(J +m1 + 2)�(m1 +m2 + 1)�2(m1 + 1)�2(m2 + 3=2) ; (2.31)and the energy-spetrum (2.8). The spherial system exists on the three-dimensional sphere(System III.) and on the three-dimensional hyperboloid (System X.).2.4 System 4: HorospherialThis oordinate system is de�ned asz1 = 12h e�ix + (1� y2) eixi sin� z2 = y eix sin�z3 = � i2h e�ix � (1 + y2) eixi sin� z4 = os� 9>=>; (2.32)(� 2 (0; �); x; y 2 IR). The set of ommuting operators is given byL1 = I212 + I213 + I223; L2 = (I32 + iI21)2 ; (2.33)and the metri terms have the formds2 = d�2 + sin2 �( dx2 + e2ix dy2) ;pg = eix sin2 � ;�� = 2 ot�; �x = i; �y = 0 : 9>>>=>>>; (2.34)The momentum operators arep� = ~i � ��� + ot��; px = ~i � ��x + i2�; py = ~i ��y ; (2.35)and the Hamiltonian is given byH = � ~22m" �2��2 + 2 ot� ��� + 1sin2 �� �2�x2 + 2ix ��x + e�2ix �2�y2�#= 12m"p2� + 1sin2 ��p2x + e�2ixp2y!#� ~28m�4 + 1sin2 �� : (2.36)For the path integral we �nd by separating o� the y-path integration (plane waves):K(S3C)(�00; �0; x00; x0; y00; y0;T )= �(t00)=�00Z�(t0)=�0 D�(t) x(t00)=x00Zx(t0)=x0 Dx(t) y(t00)=y00Zy(t0)=y0 Dy(t) eix sin2 �� exp( i~ Z T0 "m2 _�2 + sin2 �( _x2 + e2ix _y2) + ~28m�4 + 1sin2 ��# dt)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 10= (sin�0 sin�00)�1=2 e�i(x00�x0)=2 ei~T=2m ZIR eiky(y00�y0)2�� �(t00)=�00Z�(t0)=�0 D�(t) x(t00)=x00Zx(t0)=x0 Dx(t) sin�� exp( i~ Z T0 "m2 _�2 + sin2 �� _x2 � ~2k2y2m e2ix�+ ~28m sin2 �# dt) : (2.37)In the x-path integration we an use the result of the horiyli system (2) with energy spetrumEnx = (nx + 12)2~2=2m, nx 2 IN0, yieldingK(S3C)(�00; �0; x00; x0; y00; y0;T ) = (sin�0 sin�00)�1 e� i2 (x00�x0) ei~T=2m� ZIR eiky(y00�y0)2� Xnx2IN0 12H(1)nx+1=2(jkyj e�ix00)H(1)nx+1=2(jky j eix0)� �(t00)=�00Z�(t0)=�0 D�(t) exp " i~ Z T0  m2 _�2 � ~22m (nx + 12 )2 � 14sin2 � ! dt#= (sin�0 sin�00)�1=2 e� i2 (x00�x0) ei~T=2m ZIR eiky(y00�y0)2�� Xnx2IN0 12H(1)nx+1=2(jkyj e�ix00)H(1)nx+1=2(jkyj eix0)� Xl2IN0 "(l + nx + 1)�(l + 2nx + 2))l! #P�nx�1=2l+nx+1=2(os�0)P�nx�1=2l+nx+1=2(os�00)� exp �� i~ ~2(l + nx)(l + nx + 2)2m T� : (2.38)The path integral in the variable � is just one for the symmetri P�oshl{Teller potential [8, 19,30℄. This yields for the wave-funtions on S3C	l;nx;ky(�; x; y) = eikyyp2� � 1p2 e�ix=2H(1)nx+1=2(ky e�ix)�"(l + nx + 1)�(l + 2nx + 2))l! sin� #1=2P�nx�1=2l+nx+1=2(os�) ; (2.39)and the energy-spetrum (2.8), by observing that we an re-de�ne J = l + nx.2.5 System 5: Horiyli-PolarThis oordinate system is de�ned asz1 = 12h e�ix + (1 + %2) eixi z2 = i� eix os'z3 = i% eix sin' z4 = i2h e�ix � (1� %2) eixi 9>=>; (2.40)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 11(' 2 [0; 2�); x 2 IR% > 0). and the set of ommuting operators is given byL1 = (I242 + iI21)2 + (I234 + iI13)2; L2 = I223 : (2.41)For the metri terms we haveds2 = dx2 + e2ix( d%2 + %2 d'2) ;pg = % e2ix ;�% = 1%; �x = 2i; �' = 0 ; 9>>>=>>>; (2.42)and the momentum operators arepx = ~i � ��x + i�; p% = ~i � ��% + 12%�; p' = ~i ��' : (2.43)Thus, the Hamiltonian is given byH = � ~22m" �2�x2 + 2i ��x + e�2ix� �2�%2 + 1% ��% + 1%2 �2�'2�#= 12m"p2x + e�2ix�p2% + 1%2 p2'!#� e�2ix ~28m%2 : (2.44)In the following path integral, the variable ' an be separated o� in terms of irular wave, thevariable % in terms of a radial path integral (free motion), and for the remaining path integrationin x we �nd similarly as in the horiyli system (2)K(S3C)(x00; x0; %00; %0; '00; '0;T )= x(t00)=x00Zx(t0)=x0 Dx(t) %(t00)=%00Z%(t0)=%0 D%(t) '(t00)='00Z'(t0)='0 D'(t)% e2ix� exp( i~ Z T0 "m2 _x2 + e2ix( _%2 + %2 _'2) + e�2ix ~28m%2 # dt)= e�i(x00�x0) X�2ZZ ei�('00�'0)2� Z 10 dk%k%J�(k%%0)J�(k%%00)� x(t00)=x00Zx(t0)=x0 Dx(t) exp " i~ Z T0  m2 _x2 � e�2ix ~2k2%2m ! dt#= e�i(x00�x0) X�2ZZ ei�('00�'0)2� Z 10 dk%k%J�(k%%0)J�(k%%00)� XJ2IN0 12H(1)J+1=2(jk%j e�ix00)H(1)J+1=2(jk%j eix0) exp "� i~ ~2J(J + 2)2m T# : (2.45)The wave-funtions on S3C are given by (k% > 0)	Jk%�(x; %; ') = ei�'p2�qk% J�(k%%0) e�ix � 1p2H(1)J+1=2(k% e�ix) ; (2.46)with the energy-spetrum (2.8).



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 122.6 System 6: Sphero-ElliptiThis oordinate system is de�ned asz1 = sin� sn(�; k) dn(�; k0) z2 = sin� n(�; k) n(�; k0)z3 = sin�dn(�; k) sn(�; k0) z4 = os�: 9=; (2.47)(� 2 (0; �); � 2 [�K;K℄; � 2 [�2K 0; 2K 0℄). The set of ommuting operators is given byL1 = I212 + I213 + I223; L2 = I223 + k2I213 : (2.48)The ellipti oordinate system reads in algebrai form as follows (a1 � %1 � a2 � %2 � a3)s21 = R2 (%1 � a1)(%2 � a1)(a2 � a1)(a3 � a1) ; s22 = R2 (%1 � a2)(%2 � a2)(a3 � a2)(a1 � a2) ; s23 = R2 (%1 � a3)(%2 � a3)(a1 � a3)(a2 � a3) : (2.49)If we put %1 = a1+(a2�a1) sn2(�; k) and %2 = a2+(a3�a2) n2(�; k0), where sn(�; k); n(�; k)and dn(�; k) are the Jaobi ellipti funtions with modulus k, we obtain for the oordinates son the sphere (also alled onial oordinates)s1 = R sn(�; k) dn(�; k0) (�K � � � K) ;s2 = R n(�; k) n(�; k0) (�2K 0 � � � 2K 0) ;s3 = R dn(�; k) sn(�; k0) ; (2.50)where k2 = a2 � a1a3 � a1 = sin2 f ; k02 = a3 � a2a3 � a1 = os2 f ; k2 + k02 = 1 : (2.51)K = K(k) = �2 2F1(12 ; 12 ; 1; k2) and K 0 = K(k0) are omplete ellipti integrals, and 2f is theinterfous distane on the upper semi-sphere of the ellipses on the sphere. Note the relationsn2�+ sn2� = 1 and dn2� = 1� k2 sn2�. In the following we omit the moduli k and k0 of theJaobi ellipti funtions if it is obvious that the variable � goes with k and � goes with k0. Themetri terms are nowds2 = d�2 + sin2 �(k2 n2�+ k02 n2�)( d�2 + d�2) ;pg = (k2 n2�+ k02 n2�) sin2 � ;�� = 2 ot� ; �� = �2 k2 sn� n� dn�k2 n2�+ k02 n2�; �� = �2 k02 sn� n� dn�k2 n2� + k02 n2� : 9>>>>=>>>>; (2.52)The momentum operators are (p� as in (2.35))p� = ~i � ��� � k2 sn� n� dn�k2 n2�+ k02 n2�� ; p� = ~i � ��� � k02 sn� n� dn�k2 n2� + k02 n2�� ; (2.53)and the Hamiltonian has the formH = � ~22m" �2��2 + 2 ot� ��� + 1sin2 � 1k2 n2�+ k02 n2�� �2��2 + �2��2�#= 12m 24p2� + 1sin2 � 1qk2 n2�+ k02 n2� (p2� + p2�) 1qk2 n2�+ k02 n2�35� ~22m : (2.54)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 13The orresponding path integral representation has been disussed in [12, 17℄ and we just statethe result:K(S3C)(�00; �0; �00; �0; �00; �0;T )= �(t00)=�00Z�(t0)=�0 D�(t) sin2 � �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)(k2 n2�+ k02 n2�)� exp( im2~ Z t00t0 h _�2 + sin2 �(k2 n2�+ k02 n2�)( _�2 + _�2)idt+ i~T2m)= 1XJ=0 JXl=�JX� Xp;q=��pl;h(�00)�p �l;h(�0)�ql;~h(�00)�q �l;~h(�0)�(J + 1)(l + J + 1)!jJ � lj! e�i~TJ(J+2)=2mP�l�1=2J+1=2 (sin�00)P�l�1=2J+1=2 (sin�0) : (2.55)The solution in the variable � is again of the symmetri P�oshl{Teller type. For the periodiLam�e polynomials �pln(z) we have adopted the notation of [38℄. In [38℄ it is shown that the wave-funtions of the spherial basis jlm> an be expanded into the wave-funtions of the elliptialbasis jl�> and vie versa. The are Lam�e polynomials �plh are satisfying (k2 = 1� k02)d2�plhd�2 + [h� l(l + 1)k2 sn2(�; k)℄�plh = 0 ;�plh(��) = p�lh(�) ; h = ��4 + l(l + 1) : 9>=>; (2.56)The funtions �qlh0(�) satis�es the same equation with �! �; k ! k0; h! ~h = �=4 and p! q.These funtions are also alled ellipsoidal harmonis whih satisfy the orthonormality relationZ K�K d� Z 2K0�2K0 d�(k2 n2�+ k02 n2�)�p0l0;~h(�)�p �l;h(�)�q0l0 ;~h0(�)�q �l;h0(�) = Æll0Æqq0Æpp0Æh~h : (2.57)Here � is the eigenvalue of the operator E = L2 [38℄ whih ommutes with the Hamiltonian.The wave-funtions on S3C have the form	J;l;�;p = �pl;h(�)�ql;~h(�)s(J + 1)(l + J + 1)!jJ � lj! P�l�1=2J+1=2 (sin�) ; (2.58)and the energy-spetrum (2.8). The sphero-ellipti system exists on the three-dimensional sphere(System II.) and on the three-dimensional hyperboloid (System III.).2.7 System 7: Spherial-degenerate ellipti IThis oordinate system is de�ned asz1 = 12 sin��osh �2osh �1 + osh �1osh �2� z2 = sin� tanh �1 tanh �2z3 = sin�� 1osh �1 osh �2 � 12�osh �2osh �1 + osh �1osh �2�� z4 = os� 9>>=>>;(2.59)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 14(� 2 [0; �); �1; �2 2 IR). The set of ommuting operators is given byL1 = I212 + I213 + I223; L2 = �I212 + I223 + ifI31; I32g : (2.60)fI; Jg = IJ + JI denotes the anti-ommutator of the operators I and J . The metri terms areds2 = d�2 + sin2 �� 1osh2 �1 � 1osh2 �2�( d�21 � d�22 ) ;pg = sin2 �� 1osh2 �1 � 1osh2 �2� ;�� = 2 ot�; ��1;2 = �2 sinh �1;2osh3 �1;2 � 1osh�2 �1 � osh�2 �2 :
9>>>>>>>=>>>>>>>; (2.61)The momentum operators have the formp� = ~i � ��� + ot��; p�1 = ~i � ���1 + 12��1�; p�2 = ~i � ���2 + 12��2� ; (2.62)and the Hamiltonian readsH = � ~22m" �2��2 + 2 ot� ���+ 1sin2 �� 1osh2 �1 � 1osh2 �2��1� �2��21 + 12��1 ���1 � �2��22 � 12��2 ���2�#= 12m "p2� + 1sin2 �� 1osh2 �1 � 1osh2 �2��1=2(p2�1 � p2�2)� 1osh2 �1 � 1osh2 �2��1=2 #� ~28m�4 + 1sin2 �� : (2.63)In the alulation I use now for the (�1; �2)-subpath integration a path integral solution on thetwo-dimensional hyperboloid [12, p.97℄, i.e. the kernel in terms of ellipti paraboli oordinates.The �-path integration is the usual symmetri P�oshl{Teller ase [8, 19, 30℄, therefore we obtainK(S3C)(�00; �0; � 001 ; � 01; � 002 ; � 02;T )= �(t00)=�00Z�(t0)=�0 D�(t) �1(t00)=� 001Z�1(t0)=� 01 D�1(t) �2(t00)=� 002Z�2(t0)=� 02 D�2(t) sin2 �� 1osh2 �1 � 1osh2 �2�� exp( i~ Z T0 "m2 _�2 + sin2 �� 1osh2 �1 � 1osh2 �2�( _�21 � _�22 ) + ~28m�4 + 1sin2 ��# dt)= (sin�0 sin�00)�1 ei~T=2m Z 10 dp p sinh�p Z 10 dk k sinh�k(osh2 �k + sinh2 �p)2� X�;�0=�1P ikip�1=2(� tanh � 001 )P�ikip�1=2(� tanh � 01)P ipik�1=2(�0 tanh � 002 )P�ipik�1=2(�0 tanh � 02)� �(t00)=�00Z�(t0)=�0 D�(t) exp " i~ Z T0  m2 _�2 � ~22m p2 � 14sin2 � ! dt#



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 15= (sin�0 sin�00)�1 ei~T=2m Z 10 dp p sinh�p Z 10 dk k sinh�k(osh2 �k + sinh2 �p)2� X�;�0=�1P ikip�1=2(� tanh � 001 )P�ikip�1=2(� tanh � 01)P ipik�1=2(�0 tanh � 002 )P�ipik�1=2(�0 tanh � 02)� XJ2IN0 "(J + p+ 12)�(p+ 2J + 1)J ! #P�J�1=2J+p+1=2(os�0)P�J�1=2J+p+1=2(os�00)� exp �� i~ ~2J(J + 2)2m T� : (2.64)The wave-funtions on S3C have the form	J;p;k;�(�; �1; �2) = pp sinh�pk sinh�kosh2 �k + sinh2 �pP ikip�1=2(� tanh �1)P ipik�1=2(�0 tanh �2)�(sin�)�1"(J + p+ 12 )�(p+ 2J + 1)J ! #1=2P�J�1=2J+p+1=2(os�0) ; (2.65)and the energy-spetrum (2.8).2.8 System 8: Spherial-degenerate ellipti IIThis oordinate system is de�ned asz1 = � i sin�8�� h(�2 � �2)2 + 4℄ z2 = sin�2�� (�2 + �2)2z3 = sin�8�� h� (�2 � �2)2 + 4℄ z4 = os�� fI12; I13g+ ifI12; I23g 9>>=>>; (2.66)(� 2 (0; �); �; � > 0). The set of ommuting operators is given byL1 = I212 + I213 + I223; L2 = �I212 + I213 + ifI12; I23g ; (2.67)and the metri terms areds2 = d�2 + sin2 �� 1�2 � 1�2�( d�2 � d�2) ;pg = sin2 �� 1�2 � 1�2� ;�� = 2 ot�; �� = � 2�3 � 11=�2 � 1=�2 ; �� = 2�3 � 11=�2 � 1=�2 ; :
9>>>>>>=>>>>>>; (2.68)The momentum operators have the formp� = ~i � ��� + ot��; p� = ~i � ��� + 12���; p� = ~i � ��� + 12��� ; (2.69)and the Hamiltonian readsH = � ~22m" �2��2 + 2 ot� ��� + 1sin2 �� 1�2 � 1�2��1� �2��2 + 12�� ��� � �2��2 + 12�� ����#= 12m "p2� + 1sin2 �� 1�2 � 1�2��1=2(p2� � p2�)� 1�2 � 1�2��1=2 #� ~28m�4 + 1sin2 �� :(2.70)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 16For the path integral we obtainK(S3C)(�00; �0; �00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t) sin2 �� 1�2 � 1�2�� exp( i~ Z T0 "m2 _�2 + sin2 �� 1�2 � 1�2�( _�2 � _�2) + ~28m�4 + 1sin2 ��# dt) : (2.71)For the evaluation of this path integral we �rst onsider the (�; �)-subpath integration, denotedby K̂(�00; �0; �00; �0;T ). By the usual tehnique of spae-time transformation we obtain for theorresponding transformed path integralK̂(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s) exp( i~ Z s000 "m2 ( _�2 � _�2)� E�2 + E�2 #ds) :(2.72)We therefore obtain two path integrations for the inverse-square potential. Problems like thesehave been disussed in [12, 13℄. The orresponding Green funtion we an write as follows:Ĝ(�00; �0; �00; �0; E) = Z 10 ds00K̂(�00; �0; �00; �0; s00)= 4m2~3 p�0�00�0�00 Z dE2�iI��p2mE �>~ �K��p2mE �>~ �I~��p�2mE �<~ �K~��p�2mE �>~ �= m2~3 p�0�00�0�00 Z 10 ds00s00 Z dE2�i eiEs00=~� exp � m2i~s00 (�02 + �002)�I�� im�0�00~s00 �I~��p�2mE �<~ �K~��p�2mE �>~ � (2.73)(E = (�2 � 14)=2m). �<;> denotes the smaller/larger of �0; �00, and similarly for �. By means ofa similar analysis as in [12, 13℄ the Green funtion Ĝ(E) is found to readĜ(�00; �0; �00; �0; E) = 14�2p�0�00� 0� 00 Z d� Z 10 dk k sinh2 �k~2k2=2m� E�H(1)�i~p(p� �0)H(1)��i~p (p� �00)H(1)�i~p(p� �0)H(1)��i~p (p� �00) : (2.74)We insert this result in (2.71) and get together with the remaining path integral in � (symmetriP�oshl{Teller ase):K(S3C)(�00; �0; �00; �0; �00; �0;T )= 14�2p�0�00� 0� 00 Z dk Z 10 dp p sinh2 �pH(1)p (pk �0)H(1)�p (pk �00)H(1)p (pk �0)H(1)�p (pk �00)� XJ2IN0 "(J + p+ 12)�(p+ 2J + 1)J ! #P�J�1=2J+p+1=2(os�0)P�J�1=2J+p+1=2(os�00)� exp �� i~ ~2J(J + 2)2m T� : (2.75)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 17The wave-funtions on S3C have the form	J;k;�(�; �; �) = pp��2� sinh�pH(1)p (pk �)H(1)p (pk �)�(sin�)�1"(J + p+ 12)�(p+ 2J + 1)J ! #1=2P�J�1=2J+p+1=2(os�0) ; (2.76)and the energy-spetrum (2.8).2.9 System 9: Horiyli-ElliptiThis oordinate system is de�ned asz1 = 12h e�ix + (1 + osh2 �1 + sinh2 �2) eixi z2 = i osh �1 osh �2 eixz3 = sinh �1 sinh �2 eix z4 = i2h e�ix + (�1 + osh2 �1 + sinh2 �2) eixi 9>>=>>;(2.77)(x; �1; �2 2 IR), the set of ommuting operators readL1 = (I42 + iI21)2 + (I34 + iI13)2; L2 = I223 + (I34 + iI13)2 ; (2.78)the metri terms are given byds2 = dx+ e2ix(osh2 �1 � osh2 �2)( d�21 � d�22 ) ;pg = e2ix(osh2 �1 � osh2 �2) ;�x = 2i; ��1 = 2 sinh �2 osh �2osh2 �2 � osh2 �2 ; ��1 = �2 sinh �2 osh �2osh2 �2 � osh2 �2 ; 9>>>>>=>>>>>; (2.79)the momentum operators have the formpx = ~i � ��x + i�; p�1 = ~i � ���1 + 12��1�; p�2 = ~i � ���2 + 12��2� ; (2.80)and the Hamiltonian readsH = � ~22m" �2�x2 + 2i ��� + e�2ixosh2 �2 � osh2 �2 �2��21 + ��1 ���1 � �2��22 � ��2 ���2!#= 12m 24p2x + e�2ixqosh2 �2 � osh2 �2 (p2�1 � p2�2) 1qosh2 �2 � osh2 �235� ~22m : (2.81)For the path integral representation we obtainK(S3C)(x00; x0; � 001 ; � 01; � 002 ; � 02;T )= x(t00)=x00Zx(t0)=x0 Dx(t) �1(t00)=� 001Z�1(t0)=� 01 D�1(t) �2(t00)=� 002Z�2(t0)=� 02 D�2(t) e2ix(osh2 �1 � osh2 �2)� exp( i~ Z T0 "m2 _x2 + e2ix(osh2 �1 � osh2 �2)( _�21 � _�22 ) + ~22m# dt) : (2.82)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 18We �rst onsider the path integral in (�1; �2). It has exatly the form of the path integralrepresentation of an ellipti oordinate system on the two-dimensional pseudo-Eulidean plane[12, 20, 26℄. We an immediately use the orresponding result, and together with the x-pathintegration of the horiyli-polar system this yields the �nal resultK(S3C)(x00; x0; � 001 ; � 01; � 002 ; � 02;T )= 18� Z 10 pdp ZIR dk e��kMeik(� 002 ; p24 )Me�ik(� 02; p24 )M (3)ik (� 001 ; p2 )M (3) �ik (� 01; p2 )� XJ2IN0 12H(1)J+1=2(jk%j e�ix00)H(1)J+1=2(jk%j eix0) exp "� i~ ~2J(J + 2)2m T# : (2.83)The wave-funtions on S3C are given by	Jpk(x; �1; �2) = r p16� e��k=2Meik(�2; p24 )M (3)ik (�1; p2) e�ixH(1)J+1=2(p e�ix) ; (2.84)and the energy-spetrum (2.8). Me�(z) and Me(3)� (z) are Mathieu-funtions [35℄, whih aretypial for the quantum motion in ellipti oordinates in two dimensions [11℄.2.10 System 10: Horiyli-HyperboliThis oordinate system is de�ned asz1 = 12h e�ix + (1 + e2y � e2z) eixi z2 = ip2h sinh(y � z) + ey+zi eixz3 = 1p2h sinh(y � z)� ey+zi eix z4 = i2h e�ix + (�1 + e2y � e2z) eixi eix 9>>=>>; (2.85)(x; y; z 2 IR). The set of ommuting operators is given byL1 = (I42 + iI21)2 + (I34 + iI13)2; L2 = I223 � (I42 + I31 + iI12 + iI34)2 : (2.86)The metri terms are ds2 = dx2 + e2ix( e2y + e2z)( dy2 � dz2) ;pg = e2ix( e2y + e2z) ;�x = 2i; �y = 2 e2ye2y + e2z ; �z = �2 e2ze2y + e2z : 9>>>>>=>>>>>; (2.87)The momentum operators have the formpx = ~i � ��x + i�; py = ~i � ��y + 12�y�; pz = ~i � ��z + 12�z� ; (2.88)with the Hamiltonian given byH = � ~22m" �2�x2 + 2i ��� + e�2ixe2y + e2z �2�y2 + �y ��y � �2�z2 +�z ��z!#= 12m "p2x + e�2ixp e2y + e2z (p2y � p2z) 1p e2y � e2z #� ~22m : (2.89)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 19For the path integral we obtainK(S3C )(x00; x0; y00; y0; z00; z0;T )= x(t00)=x00Zx(t0)=x0 Dx(t) y(t00)=y00Zy(t0)=y0 Dy(t) z(t00)=z00Zz(t0)=z0 Dz(t) e2ix( e2y + e2z)� exp( i~ Z T0 "m2 _x2 + e2ix( e2y + e2z)( _y2 � _z2) + ~22m#dt) : (2.90)We start by onsidering the (y; z)-subpath integration. This two-dimensional sub-system orre-sponds to the seond of the hyperboli systems on the two-dimensional pseudo-Eulidean planeE(1; 1) [12, 20, 26℄, in partiular [11℄. The result is given byK̂(E(1;1))(y00; y0; z00; z0;T ) = 2�4 Z 10 dk k sinh�k Z 10 dp p�Kik( ey001 p)Kik( ey01p)Kik(�i ey02p)Kik(i ey002 p) e�i~p2T=2m: (2.91)Using the result of the x-path integration of the horiyli-polar system we get �nallyK(S3C)(x00; x0; y00; y0; z00; z0;T )= 2�4 Z 10 dk k sinh�k Z 10 dp pKik( ey00p)Kik( ey0p)Kik(�i ez0p)Kik(i ez00p)� XJ2IN0 12H(1)J+1=2(px e�ix00)H(1)J+1=2(p eix0) exp "� i~ ~2J(J + 2)2m T# : (2.92)The wave-funtions on S3C are given by	Jpk(x; y; z) = ppk sinh�k�2 Kik(p ey)Kik(�ip ez) e�ixH(1)J+1=2(p e�ix) ; (2.93)and the energy-spetrum (2.8).2.11 System 11: Horiyli-Paraboli IThis oordinate system is de�ned asz1 = 12h e�ix + (1 + 14(�2 + �2)2) eixi z2 = i2 (�2 � �2) eixz3 = i�� eix z4 = i2h e�ix + (�1 + 14 (�2 + �2)2) eixi 9>=>; (2.94)(x; � 2 IR; � > 0), with the set of ommuting operators given byL1 = (I42 + iI21)2 + (I34 + iI13)2; L2 = fI23; I42 + iI21g : (2.95)The metri terms are ds2 = dx2 + e2ix(�2 + �2)( d�2 + d�2) ;pg = e2ix(�2 + �2) ;�x = 2i; �� = 2��2 + �2 ; �� = 2��2 + �2 : 9>>>>>=>>>>>; (2.96)



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 20The momentum operators readpx = ~i � ��x + i�; p� = ~i � ��� + ��2 + �2�; p� = ~i � ��� + ��2 + �2� ; (2.97)and the Hamiltonian has the formH = � ~22m" �2�x2 + 2i ��� + e�2ix�2 + �2 �2��2 + 2��2 + �2 ��� + �2�z2 + 2��2 + �2 ���!#= 12m "p2x + e�2ixp�2 + �2 (p2� + p2�) 1p�2 + �2 #� ~22m : (2.98)For the path integral representation we obtainK(x00; x0; �00; �0; �00; �0;T )= x(t00)=x00Zx(t0)=x0 Dx(t) �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t) e2ix(�2 + �2)� exp( i~ Z T0 "m2 �dx2 + e2ix(�2 + �2)( d�2 + d�2)�+ ~22m# dt)= ZIR d� ZIR dp32�4�8<: j�(14 + i�2p)j2E(0)�1=2+i�=p( e�i�=4p2p �00)E(0)�1=2�i�=p( e�i�=4p2p �00)j�(34 + i�2p)j2E(1)�1=2+i�=p( ei�=4p2p �00)E(1)�1=2�i�=p( ei�=4p2p �00) 9=;�8<: j�(14 + i�2p)j2E(0)�1=2�i�=p( ei�=4p2p �0)E(0)�1=2+i�=p( ei�=4p2p �0)j�(34 + i�2p)j2E(1)�1=2�i�=p( e�i�=4p2p �0)E(1)�1=2+i�=p( e�i�=4p2p �0) 9=;� XJ2IN0 12H(1)J+1=2(p e�ix00)H(1)J+1=2(p eix0) exp "� i~ ~2J(J + 2)2m T# : (2.99)In this solution we have exploited the path integral representation on the two-dimensional Eu-lidean plane in paraboli oordinates [11, 12℄, in partiular [11℄ for details. The wave-funtionson S3C E(0)�1=2�i�=p(z) are of even parity, whereas the wave-funtions E(1)�1=2�i�=p(z) are of oddparity. The wave-funtions on S3C for even and odd parity, respetively, are given by	Jp�(x; �; �) = 18�2�8<: j�(14 + i�2p)j2E(0)�1=2+i�=p( e�i�=4p2p �)E(0)�1=2�i�=p( e�i�=4p2p �)j�(34 + i�2p)j2E(1)�1=2+i�=p( ei�=4p2p �)E(1)�1=2�i�=p( ei�=4p2p �) 9=;� e�ixH(1)J+1=2(p e�ix) ; (2.100)and the energy-spetrum (2.8).



2 THE PATH INTEGRAL REPRESENTATIONS: PART I 212.12 System 12: Horiyli-Paraboli IIThis oordinate system is de�ned asz1 = 12n e�ix + [1 + 2(� � �)2(� + �)℄ eixo z2 = i[12 (� � �)2 + (� + �)℄ eixz3 = [12(� � �)2 � (� + �)℄ eix z4 = 12n e�ix + [�1 + 2(� � �)2(� + �)℄ eixo: 9>=>;(2.101)The set of ommuting operators is given byL1 = (I12+iI21)2+(I34+iI13)2; L2 = fI23; I42+I31+iI21+iI34g� i(I42�I31+iI21� iI34)2 :(2.102)The metri terms are ds2 = dx2 + 4 e2ix(� � �)( d�2 � d�2) ;pg = 4 e2ix(� � �) ;�x = 2i; �� = 1� � � ; �� = �1� � � : 9>>>>=>>>>; (2.103)The momentum operators have the formpx = ~i � ��x + i�; p� = ~i � ��� + 12(� � �)�; p� = ~i � ��� � 12(� � �)� ; (2.104)and the Hamiltonian readsH = � ~22m" �2�x2 + 2i ��� + e�2ix� � � �2��2 + 1� � � ��� � �2��2 + 1� � � ���!#= 12m "p2x + e�2ixp� � � (p2� � p2�) 1p� � �#� ~22m : (2.105)For the path integral we �ndK(S3C)(x00; x0; �00; �0; �00; �0;T )= x(t00)=x00Zx(t0)=x0 Dx(t) �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)4 e2ix(� � �)� exp( i~ Z T0 "m2 _x2 + 4 e2ix(� � �)( _�2 � _�2) + ~22m# dt) : (2.106)The (�; �)-subpath integration orresponds to the path integration of the third paraboli systemon the two-dimensional pseudo-Eulidean plane [12, 20, 26℄. Using the result of [12℄ and thehoriyli system we getK(S3C)(x00; x0; �00; �0; �00; �0;T )= 16 Z 10 dpp1=3 ZIR d� Ai"� ��0 +p2m �p2�p2=3#Ai"� ��00 +p2m �p2�p2=3#



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 22�Ai"� ��0 +p2m �p2�p2=3#Ai"� ��00 +p2m �p2�p2=3#� XJ2IN0 12H(1)J+1=2(p e�ix00)H(1)J+1=2(px eix0) exp "� i~ ~2J(J + 2)2m T# : (2.107)Here, the Ai are Airy-funtions [9℄. The wave-funtions on S3C are given by	Jp�(x; �; �) = 4p1=6Ai"� �� +p2m �p2�p2=3#Ai"� �� +p2m �p2�p2=3#� 1p2 e�ixH(1)J+1=2(p e�ix) ; (2.108)and the energy-spetrum (2.8).3 The Path Integral Representations: Part II3.1 System 13: Ellipti-CylindrialWe now ome the those oordinate systems whih do not have a subgroup struture. There arenine of them, and we an �nd for six of these ases a path integral representation.This oordinate system of the ellipti-ylindrial type is de�ned asz1 = k sn(�; k) sn(�; k) z2 = �i kk0 n(�; k) n(�; k) os 'z3 = �i kk0 n(�; k) n(�; k) sin' z4 = 1k0 dn(�; k) dn(�; k) 9>>=>>; ; (3.1)The set of ommuting operators is given byL1 = I223; L2 = I212 + I213 + kI214 : (3.2)and the metri terms areds2 = �k2( sn2�� sn2�)( d�2 + d�2) + k2k02 n2� n2� d'2 ;pg = k2( sn2�� sn2�) kk0 n� n� ;�� = � 2k2 sn� n�dn�k2 n2�+ k02 n2� + n�dn�sn� ; �� = � 2k02 sn� n� dn�k2 n2�+ k02 n2� � k02 sn� n�dn� ; 9>>>>>=>>>>>;(3.3)and �' = 0. In [12, 17℄ we have onstruted a kernel for the prolate ellipti oordinate system onthe sphere S(3). We used the de�nition for the oordinates (a1 � �1 � a2 � �2 � a3, algebraifrom) s21 = R2 (�1 � a2)(�2 � a2)(a3 � a2)(a1 � a2) os2 ' ;s22 = R2 (�1 � a2)(�2 � a2)(a3 � a2)(a1 � a2) sin2 ' ;s23 = R2 (�1 � a1)(�2 � a1)(a2 � a1)(a3 � a1) ;s24 = R2 (�1 � a3)(�2 � a3)(a2 � a3)(a1 � a3) :
9>>>>>>>>>>>=>>>>>>>>>>>; (3.4)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 23In terms of the Jaobi ellipti funtions we have (�K � � � K;�2K 0 � � � 2K 0; 0 � ' < 2�)s1 = R n(�; k) n(�; k0) os' ;s2 = R n(�; k) n(�; k0) sin' ;s3 = R sn(�; k) dn(�; k0) ;s4 = R dn(�; k) sn(�; k0) : 9>>>=>>>; (3.5)The momentum operators are given byp� = ~i � ��� + 12���; p� = ~i � ��� + 12���; p' = ~i ��' : (3.6)Therefore we have for the HamiltonianH = � ~22m" 1(k2 n2�+ k02 n2�)� �2��2 + n� dn�sn� ���+ �2��2 � k02 sn� n�dn� ����+ 1sn2� dn2� �2�'2 # (3.7)= ~22m 1qk2 n2�+ k02 n2� (p2� + p2�) 1qk2 n2�+ k02 n2�� ~28m"4 + 1k2 n2�+ k02 n2�� n2� dn2�sn2� + k04 sn2� n2�dn2� �# : (3.8)We found the following representation [12℄ (� 2 [�K;K℄; � 2 [�K 0;K 0℄; ' 2 [0; 2�); a 2 [�1; 0℄):K(S3C)(�00; �0; �00; �0; '00; '0;T )= �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)(k2 n2�+ k02 n2�) n� n� '(t00)='00Z'(t0)='0 D'(t)� exp( i~ Z t00t0 "m2 �(k2 n2�+ k02 n2�)( _�2 + _�2) + n2� n2� _'2�+ ~28m 1k2 n2�+ k02 n2�� sn2� dn2�n2� + k4 sn2�dn2�n2� �#dt+ i~T2m)= 12� 1XJ=0 Xr;p=�1Xqk2 eik2('00�'0) e�2i~TJ(J+2)=2m� (r;p)1;Jqk2(�00; a) (r;p) �1;Jqk2(�0; a) (r;p)2;Jqk2(�00; a) (r;p) �2;Jqk2(�0; a) : (3.9)This representation an be derived by a group path integration together with an interbasisexpansion from the ylindrial or spherial basis to the ellipso-ylindrial ones. For instane,one has [16℄ (r; p = �1)	(r;p)J;k1;k2(#; '1; '2) = Xq T (r;p) �Jqk2 	(r;p)Jqk2(�; �; '; a) ; (3.10)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 24where the a � 0 orresponds to the oblate ellipti ase (whih we do not disuss here), anda 2 [�1; 0℄ to the prolate ellipti system, respetively. We have the fatorization 	(�; �; '; a) = 1(�; a) 2(�; a) eik2'=p2�. For the assoiated Lam�e polynomials  i;Jqk2 , i = 1; 2, we adoptthe notations of [16, 28℄. The relevant quantum numbers have the following meaning: Thefuntions  (r;p)i;Jqk2(z) are alled assoiated Lam�e polynomials and satisfy the assoiated Lam�eequation. We take them for normalized. For the prinipal quantum number we have l 2 IN0.(r; p) = �1 denotes one of the four parity lasses of solutions of dimension (J + 1)2, i.e., themultipliity of the degeneray of the level J , one for eah lass of the orresponding reurrenerelations as given in [16, 28℄ and the parity lasses from the periodi Lam�e funtions �plh fromthe spherial harmonis on the sphere an be applied. These expansions have been onsideredin [16, 28℄ together with three-term reurrene relations for the interbasis oeÆients. They anbe determined by taking into aount that a basis in O(4) is related in a unique way to theylindrial and spherial bases on S(3) by using the properties of the ellipti operator � on S(3)with eigenvalue q. Details an be found in [16, 28℄. Due to the unitarity of these oeÆientsthe path integration is then performed by inserting in eah short-time kernel in the ylindrialsystem �rst the expansions (3.10), seond, exploiting the unitarity, and thus yielding the result(3.9). The ellipti-ylindrial system exists on the three-dimensional sphere (oblate and prolatespheroidal (System IV and V.), on the three-dimensional hyperboloid (System XVII. and XVIII{ prolate and oblate ellipti).3.2 System 14: Ellipti-ParaboliThis oordinate system is de�ned asz1 = 12�osh �1osh �2 + osh �2osh �1� z2 = tanh �1 tanh �2 osh �3z3 = �i tanh �1 tanh �2 sinh �3 z4 = �iosh �1 osh �2 + i2�osh �1osh �2 + osh �2osh �1� 9>>=>>; ; (3.11)(�1; �2 > 0; �3 2 IR). The set of ommuting operators is given byL1 = I223; L2 = I224 + I234 � I212 + I213 � I214 � ifI12; I42g � ifI13; I43g : (3.12)The metri terms areds2 = (tanh2 �1 � tanh2 �2)( d�21 � d�22 ) + tanh2 �1 tanh2 �2 d�23 ;pg = (tanh2 �1 � tanh2 �2) tanh �1 tanh �2 ;��1;2 = �2 sinh �1;2osh3 �1;2 1tanh2 �1 � tanh2 �2 + 1osh2 �1;2 ; ��3 = 0 : 9>>>>>=>>>>>; (3.13)The momentum operators have the formp�1 = ~i � ���1 + 12��1�; p�2 = ~i � ���2 + 12��2�; p�3 = ~i ���3 ; (3.14)with the HamiltonianH = � ~22m" 1tanh2 �1 � tanh2 �2 �2��21 + ��1 ���1 � �2��22 + ��2 ���2!+ 1tanh2 �1 tanh2 �2 �2��23 #



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 25= 12m 24 1qtanh2 �1 � tanh2 �2 (p2�1 � p2�2) 1qtanh2 �1 � tanh2 �2 + p2�3tanh2 �1 tanh2 �235+ 3~28m :(3.15)The solution annot be diretly derived from one of the lower-dimensional subases. For thepath integral we �nd by separating o� the �3-path integration whih orresponds to plane wavesK(S3C)(� 001 ; � 01; � 002 ; � 02; � 003 ; � 03;T )= �1(t00)=� 001Z�1(t0)=� 01 D�1(t) �2(t00)=� 002Z�2(t0)=� 02 D�2(t) �3(t00)=� 003Z�3(t0)=� 03 D�3(t)(tanh2 �1 � tanh2 �2) tanh �1 tanh �2� exp( i~ Z T0 "m2 �(tanh2 �1 � tanh2 �2)( _�21 � _�22 ) + tanh2 �1 tanh2 �2 _�23�� 3~28m#dt)= (tanh � 01 tanh � 001 tanh � 02 tanh � 002 )�1=2 ZIR dk�3 eik�3(� 003 �� 03)2�� �1(t00)=� 001Z�1(t0)=� 01 D�1(t) �2(t00)=� 002Z�2(t0)=� 02 D�2(t)(tanh2 �1 � tanh2 �2)� exp( i~ Z T0 "m2 (tanh2 �1 � tanh2 �2)( _�21 � _�22 )� ~2k2�32m oth2 �1 oth2 �2 � 3~28m#dt)= (tanh � 01 tanh � 001 tanh � 02 tanh � 002 )�1=2� ZIR dk�3 eik�3(� 003 �� 03)2� ZIR dE2�~ eiET=~ Z 10 ds00Kk(� 001 ; � 01; � 002 ; � 02; s00) ; (3.16)with the spae-time transformed path integral Kk(s00) given by:Kk(� 001 ; � 01; � 002 ; � 02; s00) = �1(s00)=� 001Z�1(0)=� 01 D�1(s) �2(s00)=� 002Z�2(0)=� 02 D�2(s)� exp( i~ Z s000 "m2 ( _�21 � _�22 ) + �E + 3~28m�� 1osh2 �1 � 1osh2 �2�+~2k2�32m � 1sinh2 �1 � 1sinh2 �2�#ds) : (3.17)For this path integral we now use the path integral representation of the modi�ed P�oshl{Tellerpotential V (mPT )(�) = ~22m  �2 � 14sinh2 � � �2 � 14osh2 � ! : (3.18)We therefore obtain with � = iqk2�3 � 14 and � = 2mE=~2 + 1 � p2 + 1K(S3C)(� 001 ; � 01; � 002 ; � 02; � 003 ; � 03;T ) = (tanh � 01 tanh � 001 tanh � 02 tanh � 002 )�1=2



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 26� ZIR dk eik�3(� 003 �� 03)2� Z 10 dk Z 10 dp exp �� i~T2m (p2 + 1)��	(�;�)k (� 002 )	(�;�) �k (� 02)	(�;�)k (� 001 )	(�;�) �k (� 01) : (3.19)In this solution we have expliitly J(J + 2) � (p2 + 1). The 	(�;�)p (!) are the modi�ed P�oshl{Teller funtions, whih are given by	(�;�)n (r) = N (�;�)n (sinh r)2k2� 12 (osh r)�2k1+ 32�2F1(�k1 + k2 + �;�k1 + k2 � �+ 1; 2k2;� sinh2 r) (3.20)N (�;�)n = 1�(2k2)�2(2�� 1)�(k1 + k2 � �)�(k1 + k2 + �� 1)�(k1 � k2 + �)�(k1 � k2 � �+ 1) �1=2 : (3.21)The sattering states are given by:V (r) = ~22m��2 � 14sinh2 r � �2 � 14osh2 r�	(�;�)p (r) = N (�;�)p (osh r)2k1� 12 (sinh r)2k2� 12�2F1(k1 + k2 � �; k1 + k2 + �� 1; 2k2;� sinh2 r) (3.22)N (�;�)p = 1�(2k2)sp sinh�p2�2 h�(k1 + k2 � �)�(�k1 + k2 + �)��(k1 + k2 + �� 1)�(�k1 + k2 � �+ 1)i1=2 ; (3.23)k1; k2 de�ned by: k1 = 12(1��), k2 = 12 (1��), where the orret sign depends on the boundary-onditions for r ! 0 and r ! 1, respetively. The number NM denotes the maximal numberof states with 0; 1; : : : ; NM < k1�k2� 12 . � = k1�k2�n for the bound states and � = 12 (1+ ip)for the sattering states. 2F1(a; b; ; z) is the hypergeometri funtion [9, p.1057℄. The boundstates are needed for the bound states on the O(2,2) hyperboloid.3.3 System 15: Ellipti-HyperboliThis oordinate system is de�ned asz1 = �12�osh �2osh �1 + osh �1osh �2�� �232 osh �1 osh �2z2 = i�3osh �1 osh �2z3 = tanh �1 tanh �2z4 = i� 2� �232 osh �1 osh �2 � 12�osh �1osh �2 + osh �2osh �1��
9>>>>>>>>>>>=>>>>>>>>>>>; ; (3.24)

(�1; �2; �3 2 IR). The set of ommuting operators is given byL1 = (I42 + iI21)2; L2 = 2I212 + I213 ++I214 � I234 + i(fI12; I42g+ fI13; I43g) : (3.25)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 27The metri terms are given byds2 = � 1osh2 �1 � 1osh2 �2�( d�21 � d�22 ) + 1osh2 �1 osh2 �2 d�23 ;pg = � 1osh2 �1 � 1osh2 �2� 1osh �1 osh �2 ;��1 = �2 sinh �1osh3 �1 11=osh2 �1 � 1=osh2 �2 � tanh �1 ;��2 = 2 sinh �2osh3 �2 11=osh2 �1 � 1=osh2 �2 � tanh �2 ;
9>>>>>>>>>>=>>>>>>>>>>; (3.26)

and ��3 = 0. We have for the momentum operatorsp�1 = ~i � ���1 + 12��1� ; p�2 = ~i � ���2 + 12��2� ; p�3 = ~i ���3 : (3.27)This gives for the HamiltonianH = � ~22m" osh2 �1 osh2 �2osh2 �2 � osh2 �1  �2��21 � tanh �1 ���1 � �2��22 + tanh �2 ���2!+osh2 �1 osh2 �2 �2��23 #= 12m 24s osh2 �1 osh2 �2osh2 �2 � osh2 �1 (p2�1 � p2�2)s osh2 �1 osh2 �2osh2 �2 � osh2 �1 + osh2 �1 osh2 �2p2�335+ 3~28m:(3.28)For the path integral we �ndK(S3C )(� 001 ; � 01; � 002 ; � 02; � 003 ; � 03;T )= �1(t00)=� 001Z�1(t0)=� 01 D�1(t) �2(t00)=� 002Z�2(t0)=� 02 D�2(t) �3(t00)=� 003Z�3(t0)=� 03 D�3(t)� 1osh2 �1 � 1osh2 �2� 1osh �1 osh �2� exp( i~ Z T0 "m2  osh2 �2 � osh2 �1osh2 �1 osh2 �2 ( _�21 � _�22 ) + _�23osh2 �1 osh2 �2!� 3~28m#dt) : (3.29)The path integral for this oordinate system orresponds to the path integral for the �rst elliptiparaboli system on the three-dimensional hyperboloid in its omplexi�ed form. We have from[12℄ the path integral representation (a > 0, j#j < �=2; % 2 IR):a(t00)=a00Za(t0)=a0 Da(t) #(t00)=#00Z#(t0)=#0 D#(t)osh2 a� os2 #osh3 a os3 # %(t00)=%00Z%(t0)=%0 D%(t)� exp " im2~ Z t00t0 (osh2 a� os2 #)( _a2 + _#2) + _%2osh2 a os2 # dt� 3i~T8m #= posh a0 osh a00 os#0 os#00 ZIR dk%2� eik%(%00�%0)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 28� Z 10 dp sinh�p Z 10 dk k sinh�k(osh2 �k + sinh2 �p)2 exp �� i~T2m (p2 + 1)�� X�;�0=�1Sik (1)ip�1=2(� tanh a00; ik%)Sik (1) �ip�1=2(� tanh a0; ik%)�psipik�1=2(�0 sin#00;�k2%) psip �ik�1=2(�0 sin#0;�k2%) : (3.30)The ps�� and S� (1)� are spheroidal wave-funtions. We an ahieve the onnetion by the oor-dinate substitution # = i�2 and % = �3. Equation (3.30) is atually the solution to the originalproblem, with ontinuous spetrum as in the previous ase, beause its formulation omes fromthe omplexi�ation of the orresponding oordinate system on the three-dimensional hyper-boloid, and we are done.3.4 System 16: ParaboliThis oordinate system is de�ned asz1 = (�2 + �2)2 + 48�� + �22�� z2 = �i ���z3 = � i2� �� � ��� z4 = i�(�2 + �2)2 � 48�� + �22��� 9>>>=>>>; (3.31)(�; � > 0; � 2 IR). The set of ommuting operators is given byL1 = (I42 + iI21)2; L2 = fI32; I42 + iI21g � fI41; iI34 � I31g : (3.32)The metri terms areds2 = � 1�2 + 1�2�( d�2 + d�2) + 1�2�2 d�2 ;pg = � 1�2 + 1�2� 1�� ;�� = � 2=�31�2 + 1=�2 � 1� ; �� = � 2=�31=�2 + 1=�2 � 1� ; �� = 0 :
9>>>>>>>=>>>>>>>; (3.33)We have for the momentum operatorsp� = = ~i � ��� + ��2 + �2 � 32�� ; (3.34)p� = = ~i � ��� + ��2 + �2 � 32�� ; (3.35)p� = ~i ��� ; (3.36)and the Hamiltonian is given byH = � ~22m" �2�2�2 + �2� �2��2 � 1� ��� + �2��2 � 1� ����+ �2�2 �2��2 #= 12m 24s �2�2�2 + �2 (p2� + p2�)s �2�2�2 + �2 + �2�2 p2�35+ 3~28m : (3.37)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 29For the path integral we �nd by separating o� the � -path integration (plane waves)K(S3C)(�00; �0; �00; �0; � 00; � 0;T )= �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=� 00Z�(t0)=� 0 D�(t)�2 + �2�3�3� exp( i~ Z T0 "m2  �2 + �2�2�2 ( _�2 + _�2) + _�2�2�2!� 3~28m# dt)= (�0�00�0�00)1=2 ZIR dk eik(� 00�� 0)2� �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)�2 + �2�2�2� exp( i~ Z T0 "m2 �2 + �2�2�2 ( _�2 + _�2)� ~2k22m �2�2 � 3~28m# dt)= (�0�00�0�00)1=2 ZIR dk eik(� 00�� 0)2� ZIR dE2�~ eiET=~ Z 10 ds00Kk(�00; �0; �00; �0; s00) ; (3.38)with the transformed path integral Kk(s00) given by:Kk(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s)� exp( i~ Z s000 "m2 �( _�2 + _�2)� !2(�2 + �2)�� ~2�2 � 142m � 1�2 + 1�2�# ds) : (3.39)I have set ! = ~jkj=m and � = �p1 + 2mE=~2. Eah of the two path integrals in � and �are path integrals for the radial harmoni osillator. We insert the expansions into the disretewave-funtions and obtainKk(�00; �0; �00; �0; s00) = 4m2!2~2 p�0�00�0�00� Xn�;n� n�!�(n� + �+ 1) n�!�(n� + �+ 1)�m2!2~2 �0�00�0�00�� e�2i!(n�+n�+�+1)s00�L(�)n� �m!~ �02�L(�)n� �m!~ �002�L(�)n� �m!~ �02�L(�)n� �m!~ �002�� exp �� m!2~ (�02 + �002 + �02 + �002)� : (3.40)Sine G(E) = i~ R10 K(s00) ds00 we obtain by taking the minus sign in the square-root of � byperforming the s00-integration the energy-levelsEn�n� = ~22m (n� + n�)(n� + n� + 2) � ~22mJ(J + 2) ; (3.41)with J = n� + n�. Evaluating the residua and ordering fators therefore yieldsK(S3C)(�00; �0; �00; �0; � 00; � 0;T ) = ZIR Xn�;n� 	kn�n�(�0; �0; x0)	�kn�n�(�00; �00; x00) e�iEjT=~ (3.42)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 30with the wave-funtions on S3C given by	kn�n�(�; �; �) = eik�p2�s~jkj �n�!�(n� + �+ 1) �n�!�(n� + �+ 1) �m2!2~2 ���J+1�L(J+1)n� �m!~ �2�L(J+1)n� �m!~ �2� exp �� m!2~ (�2 + �2)� ; (3.43)and the energy-spetrum (2.8). This onludes the disussion.3.5 System 17: EllipsoidalThis oordinate system is de�ned asz21 = �%1%2%3ab z22 = (%1 � 1)(%2 � 1)(%3 � 1)(a� 1)(b� 1)z23 = �(%1 � b)(%2 � b)(%3 � b(a� b)(b� 1)b z24 = (%1 � a)(%2 � a)(%3 � a)(a� b)(a� 1)a : 9>>>=>>>; (3.44)The set of ommuting operators is given byL1 = abI212 + aI213 + bI214 ;L2 = (a+ b)I212 + (a+ 1)I213 + (b+ 1)I214 + aI232 + bI242 + I243 : 9=; (3.45)The metri terms are given byds2 = (%1 � %2)(%1 � %3)f(%1) d%21 + (%2 � %3)(%2 � %1)f(%2) d%22 + (%3 � %1)(%3 � %2)f(%3) d%23 ; (3.46)with f(%) = �4(%� a)(%� b)(%� 1)%. For the path integral we �ndK(S3C)(%001 ; %01; %002 ; %02; %003; %03;T ) = %1(t00)=%001Z%1(t0)=%01 D%1(t) %2(t00)=%002Z%2(t0)=%02 D%2(t) %3(t00)=%003Z%3(t0)=%03 D%3(t)� exp( i~ Z T0 "m2 (%1 � %2)(%1 � %3)f(%1) _%21 + (%2 � %3)(%2 � %1)f(%2) _%22+(%3 � %1)(%3 � %2)f(%3) _%23 ��V (%1; %2; %3)#dt) : (3.47)It is obvious that suh a path integral in ellipsoidal oordinates is not tratable. We let the resultas it stands, and the same statement is valid for the remaining \ellipsoidal"-related oordinatesystems. Let us, however, note that we an state the propagator in a formal way by a onstrutionit from the wave-funtions aording to [12℄. We have found the following representation on thereal sphere S(3):%1(t00)=%001Z%1(t0)=%01 D%1(t) %2(t00)=%002Z%2(t0)=%02 D%2(t) %3(t00)=%003Z%3(t0)=%03 D%3(t)(%2 � %1)(%3 � %2)(%3 � %1)8pP (%1)P (%2)P (%3)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 31� exp( i~ Z t00t0 "m2 3Xi=1 g%i%i _%2i ��VPF (% )#dt)= 1X2s=0X�;� e�2i~Ts(s+1)=m	�s;�;�(%01; %02; %03)	s;�;�(%001 ; %002 ; %003) (3.48)with ellipsoidal oordinates de�ned on S(3) (d < %3 <  < %2 < b < %1 < a):s21 = (%1 � d)(%2 � d)(%3 � d)(a� d)(b� d)( � d)s22 = (%1 � )(%2 � )(%3 � )(a� )(b� )(d � )s23 = (%1 � a)(%2 � a)(%3 � a)(d� a)(� a)(b� a)s24 = (%1 � b)(%2 � b)(%3 � b)(d� b)(� b)(a� b) :
9>>>>>>>>>>>>=>>>>>>>>>>>>; (3.49)

The metri tensor in ellipsoidal oordinates then has the form(gab) = �14diag�(%1 � %2)(%1 � %3)P (%1) ; (%2 � %3)(%2 � %1)P (%2) ; (%3 � %1)(%3 � %2)P (%3) � ; (3.50)and P (%) = (% � a)(% � b)(% � )(% � d). Here, we have adopted the notation of Karayan etal. [1, 16℄. The quantum numbers are the eigenvalues of the operators whih haraterize theellipsoidal system on the sphere, thus giving a omplete set of observables orresponding to theellipsoidal oordinates on the sphere. However, this representation remains on a formal level andthe orresponding wave-funtions are expliitly know only on the real three-dimensional sphere.For details see [1, 16, 32, 28, 33, 31℄. The ellipsoidal system exists on the three-dimensionalsphere (System VI.) on the three-dimensional hyperboloid (System XVXIII.).3.6 System 18For the remaining oordinate system we state only their de�nition. The orresponding quantumtheory setup is formally the same as for the Ellipsoidal oordinates, however with a di�erentfuntion f(%).This oordinate system is de�ned as(iz1 + z2)2 = %1%2%3a z21 + z22 = 1a2 h(a+ 1)%1%2%3 � a(%1%2 + %1%3 + %2%3)℄z23 = (%1 � 1)(%2 � 1)(%3 � 1)1� a z24 = (%1 � a)(%2 � a)(%3 � a)a2(a� 1) 9>>=>>;(3.51)The set of ommuting operators is given byL1 = (I42 � iI14)2 � a(I32 + iI13)2 � aI212 ;L2 = (a+ 1)I212 + I214 + I242 � a(I213 + I232) + (I42 + iI14)2 + (I32 + iI13)2 : ) (3.52)The metri terms are given byds2 = (%1 � %2)(%1 � %3)f(%1) d%21 + (%2 � %3)(%2 � %1)f(%2) d%22 + (%3 � %1)(%3 � %2)f(%3) d%23 ; (3.53)



3 THE PATH INTEGRAL REPRESENTATIONS: PART II 32with f(%) = �4(% � 2)(% � 1)%2. Systems 18 orresponds to Systems 31{33 on the three-dimensional hyperboloid.3.7 System 19This oordinate system is de�ned as(z1 + iz2)2 = �(%1 � 1)(%2 � 1)(%3 � 1) z21 + z22 = 2%1%2%3 � (%1%3 + %2%3 + %1%2) + 1(z3 + iz4)2 = �%1%2%3 z23 + z24 = %1%3 + %2%3 + %1%2 � 2%1%2%3 : )(3.54)The set of ommuting operators is given byL1 = 2(I31 + iI32)2 + fI31 + iI32; I24 + iI41g+ I212 ;L2 = 2(I31 + iI32)2 + fI31 + iI32; I24 + I41g � I234 : ) (3.55)The metri terms are given byds2 = (%1 � %2)(%1 � %3)f(%1) d%21 + (%2 � %3)(%2 � %1)f(%2) d%22 + (%3 � %1)(%3 � %2)f(%3) d%23 ; (3.56)with f(%) = �4(%� 1)2%2.3.8 System 20This oordinate system is de�ned as(z2 � iz1)2z21 + z22 + z23 = %1%2%3�2z3(z2 � iz1) = %1%2 + %1%3 + %2%3 � %1%2%3z21 + z22 + z23 = %1%2%3 � %1%2 � %1%3 � %2%3 + %1 + %2 + %3z24 = �(%1 � 1)(%2 � 1)(%3 � 1) :
9>>>>>>=>>>>>>; (3.57)The set of ommuting operators is given byL1 = (I41 + iI42)2 + fI32 � iI13; I12g ;L2 = I241 + I242 � I234 � (I41 + iI42)2 + fI41 � iI42; I34g : ) (3.58)The metri terms are given byds2 = (%1 � %2)(%1 � %3)f(%1) d%21 + (%2 � %3)(%2 � %1)f(%2) d%22 + (%3 � %1)(%3 � %2)f(%3) d%23 ; (3.59)with f(%) = �4(% � 1)%3. Systems 20 orresponds to System 34 on the three-dimensionalhyperboloid.



4 SUMMARY AND DISCUSSION 333.9 System 21This oordinate system is de�ned as(z1 + iz2)2 = 2%1%2%3(z1 + iz2)((z3 + iz4) = �(%1%2 + %2%3 + %1%3)�(z1 + iz2)(z3 � iz4) + 12(z3 + iz4)2 = %1 + %2 + %3 : 9>>=>>; (3.60)The set of ommuting operators is given byL1 = 12fI21; I41 + I23 + i(I31 + I24)g � 14 [I13 + I24 + i(I23 + I41)℄2 ;L2 = 12fI21 + I43; I32 + I14 + i(I13 + I24)g+12fI41 + I23 + i(I31 + I24); I43g+ 12(I42 + iI23)2 � 12(I13 + iI14)2 : 9>>>=>>>; (3.61)The metri terms are given byds2 = (%1 � %2)(%1 � %3)f(%1) d%21 + (%2 � %3)(%2 � %1)f(%2) d%22 + (%3 � %1)(%3 � %2)f(%3) d%23 ; (3.62)with f(%) = �4%4.4 Summary and DisussionThe arhived results are very satisfatory. We ould �nd many path integral representationson the omplex sphere, several of them inluded the extension and appliation of already knowresults, several others of them are ompletely new. The most important result onsists of theinorporation of the omplex Liouville potential into the path integral formalism. However, wemust always keep in mind that the omplex sphere is an abstrat spae, whih means that thevarious path integral representations require an interpretation depending whether one onsidersa ompat or non-ompat variable range. In the ompat ase, the abstrat omplex spaeallows the interpretation of the real three-dimensional sphere with its disrete spetrum. Here,we an identify the six oordinate systems as indiated in Table 1: They are systems (1), (3),(6), (13), and (17), where No.(13) is ounted twie to inlude the prolate as well as the oblatespheroidal ases. In the non-ompat ase allows the interpretation of the three-dimensional �(3)and O(2,2)-hyperboloid, respetively, with a ontinuous spetrum. Therefore the eigenvalues ofthe omplex sphere~22m�(� + 2) � 8>>><>>>: ~22ml(l + 2) l = 0; 1; 2; : : : sphere~22m(p2 + 1) p > 0 hyperboloid. (4.63)This inludes the replaement of the summation of the disrete prinipal quantum number l,say, by the prinipal ontinuous quantum number p, i.e., Pl ! R10 dp. Furthermore, thewave-funtions have to analytially ontinued, say the disrete wave-funtions for the spherialoordinate system (3) on the real sphere:	J;m1;m2(�; #; ') = N�1=2 eim1'(sin�)m1Cm1+2J�m1(os�)(sin#)m2Cm2+3=2m1�m2 (os#) ; (4.64)



4 SUMMARY AND DISCUSSION 34must be replaed by the ontinuous wave-funtions for the spherial system on the hyperboloid�(3) (Y ml (#; ') are the usual spherial harmonis on the two-dimensional sphere, .f. Setion2.3) [12℄:	p;l;m(�; #; ') = Y ml (#; ')(sinh �)�1=2sp sinh�p� �(ip+ l + 1)P� 12�lip�1=2(osh �) : (4.65)Also, the invariant distane (under rotations) on the real sphere must be replaed by the invariantdistane on the hyperboloid, .f. Eqs. (2.11,2.13) with the orresponding Green funtions(2.10,2.12), respetively.In order to �nd the orresponding solutions on the O(2,2) hyperboloid matters are morediÆult, beause in addition to a ontinuous spetrum also a disrete spetrum is present.These issues will be disussed in future publiation.In Setion II, I have displayed the path integral solutions (1) to (12). They are harater-ized by the property that they have a subgroup, respetively a subspae struture. This hasalso been emphasized in Table 1, where the expliit subspae with its orresponding oordinaterepresentation has been displayed. Remarkably, for all oordinate systems a path integral rep-resentation ould be found. The prinipal new representation was the one for the horiylisystem, respetively the omplex Liouville potential, i.e.x(t00)=x00Zx(t0)=x0 Dx(t) exp " i~ Z T0  m2 _x2 � ~22mk2 e�2ix! dt#= XJ2IN0 12H(1)J+1=2�k e�ix00�H(1)J+1=2�k e�ix0� exp "� i~ ~2J(J + 2)2m T# : (4.66)This path integral representation was very useful in evaluating several path integral representa-tions involving other horiyli oordinate possibilities.In several other oordinate systems we ould exploit already known results, for instanefrom the two-dimensional sphere (e.g. sphero-ellipti (6)), from the two-dimensional hyperboloid(e.g. spherial-degenerate ellipti I (7)), from the two-dimensional pseudo-Eulidean plane (e.g.horiyli-ellipti (9)), the Eulidean plane (e.g. horiyli-paraboli I (11)), and others as notedin the text.In Setion III, I have disussed the path integral representations of the non-subspae aseswhih are muh more involved. Starting with the ellipti-ylindrial system we an only state theformal solution as known from the three-dimensional sphere, whih an be represented by Lam�epolynomials. Four more representations ould be expliitly stated, the last for the ellipsoidalone also only as a formal solutions in terms of ellipsoidal wave-funtions as known from thethree-dimensional sphere. For the remaining \ellipsoidal" systems nothing is known whih isnot surprising due to their very ompliated struture.There are several three-dimensional other spaes where a path integral treatment for variousoordinate systems is possible: these are the single-sheeted hyperboloid, the O(2,2)-hyperboloid[12℄, Darboux spaes in three dimensions [14℄, and Koenigs spaes in two and three dimensions[15℄. The latter two open the possibility to disuss quantum motion on spaes of non-onstanturvature, whereas the former two have the property that in addition to the ontinuous spetrumalso an in�nite disrete spetrum exists. In partiular, the quantum motion on the O(2,2)
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