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Abstract

In this contribution a path integral approach for the quantum motion on three-dimensional spaces
according to Koenigs, for short“Koenigs-Spaces”, is discussed. Their construction is simple:
One takes a Hamiltonian from three-dimensional flat space and divides it by a three-dimensional
superintegrable potential. Such superintegrable potentials will be the isotropic singular oscillator,
the Holt-potential, the Coulomb potential, or two centrifugal potentials, respectively. In all cases
a non-trivial space of non-constant curvature is generated. In order to obtain a proper quantum
theory a curvature term has to be incorporated into the quantum Hamiltonian. For possible
bound-state solutions we find equations up to twelfth order in the energy F.
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1 Introduction

In this contribution I discuss the quantum motion on three-dimensional spaces of non-constant
curvature according to Koenigs [24], which I will call for short “Koenigs-spaces”. The construc-
tion of such a space is simple. One takes a three-dimensional flat Hamiltonian, #, including
some potential V, and divides H by a function f(z,y,2) ((z,y,z) € IR?) such that f takes on

the form of a metric: ’H

7f(m,y,z) . (1.1)

Such a construction leads to a very rich structure, and attempts to classify such systems are e.g.
due to Kalnins et al. [I8, 19] and Daskaloyannis and Ypsilantis [2].

Simpler examples of such spaces are the two- and three-dimensional Darboux spaces, where
one chooses the function f in such a way that it depends only on one variable [10, 20], respectively
their three-dimensional analogue [IT]. Another choice consists whether one chooses for f some
arbitrary potential (or some superintegrable potential) and taking into account that the Poisson
bracket structure of the observables makes up a reasonable simple algebra [2] [6] 20].

In previous publications we have analyzed the quantum motion on Darboux spaces by means
of the path integral [10l 14] and on two-dimensional Koenigs-spaces [12]. The path integral
approach [5], 16l 22| 26] served as a powerful tool to calculate the propagator, respectively the
Green function of the quantum motion in such spaces. In the present contribution I apply
the path integral technique to five kinds of Koenigs-spaces, where a specific three-dimensional
superintegrable potential [I3] for the function f is chosen. They are the three-dimensional

7'LKoenig;s =

Table 1: Coordinates in three-dimensional Euclidean space

Coordinate System

Coordinates

I. Cartesian

r=ay=y,z=2

II. Circular Polar

T =pcosp, y = psing, z =2

III. Circular Elliptic

z =dcoshpcosv, y =dsinhpusinv,z = 2/

IV. Circular Parabolic

=L -&),y=¢n,z=2

V. Sphero-Conical

x = rsn(a, k)dn(B, k'), y = ren(a, k)en(B, k')
z = rdn(a, k)sn(8, k')

VI. Spherical

r =rsindcosy, y =rsindsiny, z = rcos v

VII. Parabolic

x=Encosp, y =Ensing, z = 3(n* — €2)

VIII. Prolate Spheroidal

x = dsinh usinvcos ¢, y = dsinh psin v sin
z = d cosh pcosv

IX. Oblate Spheroidal

x = dcosh usinvsin g, y = dcosh psinvsin ¢
z = dsinh p cosv

X. Ellipsoidal

x = k®>Va? — 2 snasnfsny
y = —(k*>/k')Va® — 2 cnacnfeny
z = (i/k")va? — ¢ dnadnfBdny

XI. Paraboloidal

x = 2d cosh acos Bsinhy, y = 2d sinh a:sin 5 cosh ~y

z = d(cosh® a + cos? B — cosh? 7)




Table 2: The three-dimensional maximally super-integrable potentials

Potential V(z,v, 2), x = (z,y,2) € R3

M 72 21 2 _1 1
V1:—w2x2+—<124+ 224-1- — Cartesian

Coordinate System

2 2m T
Spherical

Circular Polar
Circular Elliptic
Conical

Oblate Spheroidal
Prolate Spheroidal

Ellipsoidal

M B2 (k21 k2 _1
Vy = 7w2(x2+y2+4z2) + 2_< 1 5 442 4 Cartesian
m T
Parabolic
Circular Polar

Circular Elliptic

h2 k.Q_l k?_l
V3=—++—(1 442 4 Conical

/xQ +y2 +22 2m, $2 y2
Spherical
Parabolic
Prolate Spheroidal 1T
K kix k-1 k-1
V= - 1 2 4 3 4 Spherical
4= 5 <y2\/m + " + 2 pherica

Circular Elliptic 1T
Circular Parabolic
Circular Polar

h2 k2 k2 1
Vs < 17 2 _4) ksz Circular Polar

Circular Elliptic 11
Circular Parabolic
Parabolic

isotropic singular oscillator (Section II), the Holt-potential (section III), the three-dimensional
Coulomb-potential (Section IV), and two centrifugal potentials (Section V and VI). The last
Section is devoted to a summary and a discussion of the achieved results.

In Table [ T have displayed the 11 coordinate systems in IR®. In a previous article [I3]
we have discussed in much detail the minimally and maximally superintegrable systems in IR?.
There are five maximally superintegrable and seven minimally superintegrable system. The
maximally superintegrable potentials have the property that these systems have five functionally



independent integrals of motion (classical mechanics), respectively five observables (quantum
mechanics). The minimally superintegrable instead have only four functionally independent
integrals of motion, respectively four observables. In [I3] we have called these superintegrable
systems “Smorodinsky-Winternitz potentials”. In Table2]T have indicated the coordinate systems
in which the five maximally superintegrable systems in IR? are separable. The cases where an
explicit path integration is possible are underlined.

2 Koenigs-Space K7 with Isotropic Singular Oscillator

We start with the first example, where we take for the metric terms

ds? = fi(z,y,2)(dz? + dy? + dz?) | (2.1)
fr(z,y,2) = a(x2+y2+z2)+6—§+6—g+6—;+5 , (2.2)
T Y z

and o, Bz, By, Bz,0 are constants. The classical Hamiltonian and Lagrangian in IR? with the
isotropic singular oscillator as the superintegrable potential have the form:

2 2 1 2 1 2 1
_ M9 9 .2 2/.2 2 2 no(kz+3 ky+§ k; + 5
2 2 2 2 2,1 2 1 2 1
_ Prtpytp: om0 9 o W (kzt+s  kyts  kEi+s
H = o +ow (z°+y“+ 2 )+—2m T /2 + . (2.4)

(The specific choice of the constant —i—% has practical reasons which will become clear in the
sequel.) Counting constants, there are nine independent constants: «, Bgy.»,0, and w, kg y.. A
tenth constant can be added by adding a further constant § into the potential of the Hamiltonian.
It will be omitted in the following. The first Koenigs-space K is constructed by considering

H
= 2.5
HKI f](xayaz) ’ ( )
hence for the Lagrangian (with potential)
EKI = §f1($,y,2)($2+y2+22)
1 moy, o o o B2 [R2HL K43\ K241
- | o 2.6
i |22 O A e (T e ) (26)

Setting the potential in square-brackets equal to zero yields the Lagrangian for the free motion in
K. With this information we can set up the path integral in K1 including a potential. Because
the space is three-dimensional, the quantum potential 4 does not have the simple form as in
the two-dimensional case [12]. This is due to the fact that two-dimensional spaces are conformally
flat, and has the consequence that in the path integral the additional quantum potential oc h?
can be set to zero by choosing an appropriate lattice. This lattice corresponds to the product
form path integral, i.e. we have for diagonal metric g,y = f204, the quantum potential

h2(D_2) Z (D _4) g,a+2fafa,aa .

AV =
8m - fa

(2.7)



Table 3: Some special cases for the space K

Metric Space AV
/1 1 1
fr(z,y,2) Koenigs space K AVy + ?E;_m <h_§ + h_z + h_§>

bu? — 3h2
Y e Three-dimensional Darboux Space D g AVi + ———

u? 8m(bu? — a)

1 . . . 3n?

— Three-dimensional Hyperboloid —

U 8m

1 R® 0

Obviously, AV = 0 for D = 2. For our purposes we rewrite the metric term in the following way:

2 2
a$2(x2+y2+z2)+ﬁm+x§y+x§'z+5$2 32
_ Y z _
fl(xayaz) - ) = x_g ) (28)
and similarly in terms of h, and h,. This gives for the z = x;-part of AV
AVy = AVip +AVo, (2.9)
12 202hyhy gy — 2Thghy w — $2hh2, 352
AV = — . . : AV, = —— 2.10
b 8m hi ’ 27 8mh2 (2.10)
Repeating the procedure for the y = z9- and z = z3-coordinate we get
3
AV = AVI+ AV, =) AVig + AV, (2.11)
i=1
3111 3 /11 1
AVy = —|s+=s+5]=—|5+=+=) . 2.12
2 8m <h§+h§+hg> 8mf[<x2+y2+22> ( )

Note that if we choose for h = 1 that there is only one summand in the last equation with
AVy = AV = 31%/8m (this is the case for the three-dimensional hyperboloid).

In Table BT have displayed some special cases of K1. From [10] we know that the free motion
in the three-dimensional Darboux space D1y is separable in all eleven coordinate systems listed
in Table [l

We now repeat our reasoning from [I1I]: The part AV; disturbs a proper quantum treatment
of the three-dimensional Koenigs space, and we set up our quantum theory with an effective
Lagrangian

L8 =Lk, +AV; . (2.13)

Actually, our effective Lagrangian corresponds to the subtraction of a curvature term in H [21].
The canonical momentum operators are constructed by

A/ O I'; _ 0
Dz, = T <8l‘z + E) y r; = o ln\/§ y (2.14)
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with 1 = 2,29 = y,,x3 = z and g = det(gqp), (gap) the metric tensor. The Hamiltonian then
has the form

12 1 m
off 20,2 .2, .2
= —_ A - |
Hi, o LB+f1(x,y,z)[2w($ +y“ 4 27)
2ok +l B2eLlop24d
2 2 2y 1 Lim o o 2 2
= 3 —f(PI+Py+Pz)ﬁ HlzY (z° +y" +27)
Bo(k2+Lt k24l 24l
2—( "“’x22+ yy22+ 2222 + AV, . (2.16)

For the path integral in the product lattice definition we obtain by means of a space-time trans-
formation [16, 22] (AV2 inserted)

z.(tll):xll y(tll):yll Z(t”):Z”
Koy 25T = [ Da) [ Dy [ DaAOfilen.2)
z(t')=a' y(t)=y 2(t)=z'
. t”
xexp (1[4 S ho2) @+ g2+ 2)
hJy 2
1 m a2, 2 2 2 K k:%_i k;_% k?—i
—_— | = — dt 2.1
f](x,y,z)le@ +y +z)+2m = + 7 + = (2.17)
G(KI)(mII,xl,y”,yl,z,,z”;E) — %(f;f}l)fi /Oo dS”K(KI)(:E",:El,y",y’,z',z";sll)eié'Es”/ﬁ, (2.18)
0

1

(note the change of constant to —1) with the time-transformed path integral KX (s") given by

(0% = w? — 2aE/m)

x(s//):xﬂ y(sll):yll Z(S”):Z”
K(KI)($II’ TN s”) _ / Dx(s) / Dy(s) / Dz(s)
z(0)=a' y(0)=y z(0)=2'
. s”
X exp {% /0 l% ((552 + 92 4 22) =& (2® 4+ 9? + z2))
W (k2 —2mpB,E/W? -1 k2-2mB,E/W’ — 1 k—2mB,E/n? -1 .
5 + + ds” 3.
2m z? Y2 22

(2.19)

The path integrals in the variables z,y, z are path integrals for the radial harmonic oscillator,
however with energy-dependent coefficients. We also see that the only effect of the constant ¢
consists of an additional phase in s”-integral which has consequences for the energy spectrum.

2.1 Koenigs-Space K1 with Isotropic Singular Oscillator in Polar Coordinates
We switch in the usual way to three-dimensional polar coordinates (r,®,¢), and abbreviate

k2 = k2 — 2mpB,E/h?, l:;; = k2 — 2mf,E/h? and k2 = kg — 2mp.E/h?, respectively. In the
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variables 19, ¢ we obtain path integrals for the Poschl-Potential, and in the variable r a radial
path integral. The successive path integrations therefore yield

KED (" o 9" 9" " 8" Z Do) (") @ {fke) Z F= ) (") k=) ()
mwvr'r" mw, ;2 2 o mawr'r”
XY= - = t I = . 2.20
hsinws” P [ 2ih (™ 4 r7) cot s Iy, ihsin ws" ( )

Here A\ = 2n, + ky + k +1, Ao = 2ny + k, + A\ + 1, and the Q(ky’kz)(go) are the wave-functions
for the Poschl-Teller potentlal which are given by [1 3, 7, 23]

2 2 1 2 1
(P — (&1 5—z>
Vi) 2m< sin? i (2.21)
IM(a+p+1+1) 112
(,8) -
() (z) [2(a+6+2l+1)F(a+l+1)F(ﬁ+l+1)

x (sinz)*t1/2 (cos )P H1/2 PleB) (cos 21) . (2.22)

The P{?) (z) are Gegenbauer polynomials [§] and I,(z) is the modified Bessel function [g].
Performing the s”-integration we obtain the Green function G(X 1 (E) [8, [16]:

G(KI)( 19// 19//,()0 QO E)

= (f1f1 *‘wakw Do) ( Z@’Wl (0")2E (@)

><I‘[i( + Ay — 0 E/hw)]
ha/r'r" (1 + )

M, (z) and W), ,(z) are Whittaker-functions [8], and r.,r~ is the smaller/larger of ',r". The
poles of the I'-function give the energy-levels of the bound states:

mw mow
;. B /2w, /\2/2< 7"%) M,;.E/257,\2/2 (77"2) . (2.23)

T+ X —0-E/h) = —n, , (2.24)
which is equivalent to (N =n, +ny +n, =0,1,2,...):

§-E = 02N +ky+ky +k, +3) (2.25)

2 2 2 2
R <2N+\/kg mﬁ’”EJr\/k? TzﬁyE+\/k2 mﬁzE +3>
m

In general, this quantization condition is an equation of twelfth order in E. Such an equation
cannot be solved generally, however, we cam study some special cases:

1. The case k1 = ko = K3 =w =0:

2ah? (2N + 3)?2
m (0 +2VapB)?

For a < 0 this gives an infinite well-defined bound state spectrum. For « > 0 the spec-
trum is negative infinite. Usually this means that a particle will fall into the center and

Ey=-

(2.26)



the wave-functions are not well defined. However, let us recall that the spectrum on the
SU(1,1) hyperboloid gives a positive continuous spectrum and a negative infinite discrete
spectrum. Hence, unphysical for real particles such a spectrum can be given a physical
meaning nevertheless: One has to re-interprete the motion on the hyperboloid (space with
curvature) by dimensional reduction to a potential problem in flat space: In the case of the
SU(1,1) hyperboloid the modified Péschl-Teller potential emerges and the negative infinite
spectrum is gets a cut yielding only finite number of well-defined bound-states [1].

2. The case k1 = ky = k3 =a =0:

2

By = — i; <1¢\/1—£;(2N+3)> . (2.27)

mpw

This gives for 3 # 0 semi-bound states with positive real part (2:28]).
3. Thecase ky = ko =ks=a=5=0,§ > 0:

hu
Ey = %(2N +3) . (2.28)
4., Thecase f1 =B =pB3=a =0, > 0O:
hw
By = (2N + ki +hy + k3 +3) | (2.29)

and we recover the flat space limit.
If we know the bound state energy En, we can determine the wave-functions according to

U (.0, 0) = N7 @l k) ()2l 2 )2 OV (r) (2:30)

with the normalization constant Ny determined by evaluating the residuum in the Green function
(2:23)), and the i)(RHO )‘)( ) are the wave-functions of the radial harmonic oscillator [16]:

2m n! mw M2 mw mw
B = \/ BT+ A+1) (TT> eXp<_ %T2>L9) <7r2> oA

We can recover the flat space limit with a = (;, = 0 with the correct spectrum En = hw(N +
ke +ky+ k. +3)/6.

2.2 Koenigs-Space K| with Isotropic Singular Oscillator in Cartesian
Coordinates
Instead of switching to polar coordinates we keep the Cartesian system and obtain
K(KI)(:E”,:EI y// y’,ZI,Z”; 3//)

3 ~ ro ~
MW,/ ;25 mw, ,2 42 " mwz,!
:H_iexp — —(z;" + ;") cot ws I | o=
bty ihsin ws’ 2ih zi \ ihsinws”

_ Z <I> RHO km ¢,££2HO Jea) (") Z ng;zHo,ky) (y/)q)glleO,ky)(y//)

x 3 BURHOE:) () HRHOK) (") exp {7—; {h&@N thy+ky+ k4 3)} 3"} . (2.32)
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Performing the s”-integration yields for the energy-spectrum the same result as before. The
wave-functions are given by

WD (2,4, 2) = Ny f; VAQRHOE) () QRHOK) () (RHOK:) () (2.33)

Nz

with the normalization constant Ny determined by evaluating the residuum in the Green func-
tion for the energy-levels determined by (2.25]). Note that all coefficients K, l:;y, k, are energy-
dependent.

As it is well-known [I3], the singular isotropic is separable also in circular polar, circular
elliptic, conical, oblate and prolate spheroidal and ellipsoidal coordinates, from which only the
circular polar coordinate system (p, ¢, z) allows an explicit solution which is very easily obtained:
The principal difference just consists of replacing the product of the two radial oscillator wave-
functions in x and y by a product of a Poschl-Teller wave-function in ¢ and radial oscillator wave-
function in p [I3]. The energy-spectrum, of course, remains the same and is again determined
by (2.25). We omit further details because this case does not give anything new.

2.3 Koenigs-Space K| with Zero Constants
(0)

We now consider the Koenigs space K1 with constants set to zero, denoted by K;”. This gives
for the corresponding space-time transformed path integral (2.19])
x(sll) S ): SII):ZH
K(K(IO))(x”,wl,y”,yl,zl,z”;8”) _ / / Dz(s)
z(0)=z' y(0)=y 2(0)=2'
i s m .o | .92 .2 2 2 2
X exp - 2(3: +9°+2°) +aE(z" +y° + 2°)
0
W (2mB.E/W? +3/4 2mB,E/W* +3/4 2mpB,E/*+3/4
+—<mﬁ’” /2+/+mﬁy /2+/+mﬁz /2+/ ds"S . (2.34)
2m T Y z

Obviously, this path integral can be separated in all the coordinate systems in which the singular
isotropic oscillator is separable.

Let us investigate the case for the Cartesian coordinates. We consider the quantization
condition (Z25]). We have to set w = k; = ky = k, = 0 # 0, which yields:

5.EN:}-”/—2—O[EN <2N+3+ﬁ~\/ 2mEN> , (2.35)

with B = Bz + /By + V.. This quantization condition is a quadratic equation in the energy
FE and has the solution

2

232 2(52 L 432
By = —— %0 _on g2 (14 A Gtz I (2.36)
m(§2 4 452 4of3?
As an easy special case we consider B =0, then
2ah?
En = sy (2N +3)% . (2.37)

8



Therefore we obtain an infinite discrete spectrum for § # 0. The spectrum can either be positive
(a > 0), or negative (o < 0). Such infinite negative energy spectra are well-known for spaces
with indefinite metric, for instance for the SU(1, 1)-manifold [I], [7, 23]. Such spectra can be used
by dimensional reduction for potential problems in flat space yielding finite negative discrete
spectra. For the case of the infinite positive spectrum we are done with the corresponding
wave-functions:
0 ~ ~
) gy, ) = Ny A REIOR) () @{FHOR) ()@ (RHORIz) - (238)
with the normalization constant Ny determined by evaluating the residuum in the Green function
for the energy-levels (Z:35). Note that all coefficients l;;m, l;y, k, are energy-dependent. We omit
the path integral representations in the other coordinate systems.

3 Koenigs-Space Ky with Holt-Potential

Next we consider for the metric terms

ds® = frr(z,y,2)(dz? + dy® + d2%) | (3.1)
fr@y,2) = a(@®+y* +42%) + % + % +4 (3:2)

and «, 8z, By, 0 are constants. The classical Hamiltonian and Lagrangian in IR? with the Holt-
potential as the superintegrable potential have the form:

2 2 1 2 1
oMy 9 9 2,2, .2 2 Wokitg kyts
L = 5((33 Ty +2) —wi(zT+ YT+ 42 ))—%< 2 2 ) (3.3)
9 92 . 9 2 /12, 1 241
+ 2 + o (ki+s5 ki +3
R R L S AR (3.9
2 2 2m x Y

Counting constants, there are seven independent constants: «, s, 8y, 9, and w, ky, ky. An eighth
constant can be added by adding a further constant § into the potential of the Hamiltonian, which
is omitted. The second Koenigs-space K11 with potential is now constructed by considering

H

i = fri(z,y,2z)

(3.5)

From the discussion in the Section II it is obvious how to construct the path integral on K.
Again, we introduce the functions h similar as in ([2.8]), but, there is now a new feature. From
the construction of AV; according to (2.8) we obtain also a z-dependent term oc 372 /8mh?. For
the three-dimensional Holt-potential there is, however, no such term o< 1/z2. In fact, the same
situation occurs also for the Coulomb potential, see the next Section. Such a term oc 31%/8mh?
would not spoil the separability in the Cartesian coordinate system and the two circular systems
(polar and parabolic), but it spoils the separability in parabolic coordinates.

Similarly, as in the previous Section we make the choice of symmetry preservation and add
the critical term oc 3%/8mh? into the Lagrangian such that it is canceled after quantization, i.e.

EE}?[‘H = EKII + AVI + AV&(Z) . (3-6)



Table 4: Some special cases for the space K

Metric Space AV
/1 1 1
fri(z,y,2) Koenigs space Kp AV} + 3 <h2 + h_ + h_§>
bu?—a . . 3h2
Three-dimensional Darboux Space Dy AVi + —————

u? 8m(bu? — a)

1 . . . 3h?

— Three-dimensional Hyperboloid —

U 8m

1 R? 0

In Table M T have listed some special cases of the Koenigs space K. It is in fact the same,
up to scaling, as for K.

We proceed straightforward to the time-transformed path integral K (51 (s") which has the
form

@ oieol 2ol

_ as" | .

2m< AR ) s (3.7)
_k2

Again, &? = w? — 2aE/m, kxl ) 12 — 2mfy, , E/h?. We have in the variables z,y a singular
oscillator with frequency w, and in the variable z an oscillator with frequency 2w.

Form [I3] we know that the Holt-potential is separable in four coordinate systems: Cartesian,
parabolic circular polar and circular elliptic coordinates, respectively. Only in Cartesian and
circular polar coordinates a closed solution is possible. In Cartesian coordinates we take the
respective solution as expanded into the wave-functions and get

K(KII) (:17”, 33,, y//’ y/ z’ z" 8”)

:Z\II%RHO,IEE)( )\I!%RHO/CE Z‘If RHOky)( )\If RHOky Z‘If HO) (Z)
Ny
Xe—is”ﬁ(?nx+2ny+nz+5/2)+kz+ky) . (38)

Here, the \Ilgfo)(z) denote the wave-functions of the harmonic oscillator with its Hermite poly-
nomials. Performing the s”-integration similarly as in (ZI8]) we get the quantization condition
(N =2(ng + ny) + n;)

1/2
5 - EN—h<w —2—“EN> (N+\/k§ 2”};”5% +\/k2 2m5yEN+ ) (3.9)

h?
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In general, this is an equation of eighth order in £ . The solution in terms of the wave-functions
then has the form

U @y, 2) = Ny S UETOR) (@) RO () eTOz) (3.10)

Ny ny Nz

and the normalization constant Ny is determined by the residuum of the corresponding Green
function at the energy Ey from (3.9). The correct flat space limit with & = 8, = 8, = 0 is easily
recovered with spectrum Ey = hw(2N + g + kg + ky), and similarly other special cases as in the
previous Section.

The case of the circular polar coordinate system is very easily obtained. The principal
difference just consists of replacing the product of the two radial oscillator wave-functions in z
and y by a product of a Poschl-Teller wave-function in ¢ and radial oscillator wave-function in
o0 [13]. The energy-spectrum, of course, remains the same and is again determined by (3.9).

Similarly as in K1, we can also consider the case of all constants set to zero in the space
K1, denoted by K 5?). The calculations are very similar to the previous section, yielding the

quantization condition (6 = /Bx + /By)
20eh?

En (0% +45?%) — T(NJrg)2 = —7(N+g)\/—2mEN : (3.11)
As an easy special case we consider B =0, then
200h?

Ey = W(N"‘ 37, (3.12)

which yields for § # 0 either a positive discrete spectrum (a > 0) or negative discrete spectrum
(o < 0), these case have been already discussed in the previous section.

4 Koenigs-Space Ky with Coulomb-Potential

In the next example we consider a metric which corresponds to the three-dimensional Coulomb
potential (r? = 22 + y% + 22)

ds? = frr(z,y, 2)(dz? + dy? + d2?) (4.1)
(e%} B Y
= —— 1 4+ Ty 4.2
frrr(z,y, 2) PR + 2 + 2 + (4.2)

and a1, 3,7, d are constants. The classical Hamiltonian and Lagrangian in IR* with the Coulomb
potential as the superintegrable potential have the form:

h2 k?_l kZ_l
L= Z@rPe )+ 2 (1 14,2 4 (4.3)

2 r o 2mr2sin?d \ cos2p | sin g
P2+pi+pl ay n? k-3 k-3
H o= L == — 5 | - (4.4)
2m T 2mr?sin®9 \ cos?p = sin®g

Counting constants, there are seven independent constants: a1, 3,7,d, and ag, ki, ke. An eight
constants can be added by adding a further constant § into the potential of the Hamiltonian,
which is again omitted. The third Koenigs-space Ky is constructed by considering

H

Hicry =
Ko f[[[($7y7z)

(4.5)
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Table 5: Some special cases for the space Ky

Metric Space AV
/1 1 1
frir(z,y,2) Koenigs space Ky AV; + Z_m <h_§ + h_i + h_§>
32/ 1 1 1
oL Special Koenigs space Kj AVy + . <h_§ + h_f, + h_§>
bu? — B2
Y a Three-dimensional Darboux Space D g AVy + 73
u? 8m(bu? — a)
1 . . : 3n?
— Three-dimensional Hyperboloid —
U 8m
1 R? 0

In Table Bl I have displayed some special cases for K.

Again, the special cases are very

similar as in the two previous cases, except for only a1 # 0, and ay, 6 # 0.
We proceed to the time-transformed path integral K (¥ 1) (s"”) which has the form

r(s//):r// 19(8”) (19// Lp(s”):@”
K(KIH)(T", r' 9" 90" 8" = / Dr(s) DY(s) D(p(s)r2 sin
r(0)=r’ 9(0)=v’ 0(0)=¢'
i m 222092 | 22 .9:2 o n? i“%_i IE%—% "
- — 9 ) —— ds"s .
xexp{h/o lQ (T Fro (07 i dp ))+r 2msr? sin? ¥ 0082<p+sin2<p °

(4.6)

Here, k? = k¥ — 2mBE/R2, k3 = k3 — 2myE/h?, & = as — oy E. This path integral for the
Coulomb potential has been discussed extensively in literature and the solution in terms of the
Green function has been obtained by many authors, e.g.[4} 16} 9, 17, 27] We obtain for the Green
function in polar coordinates (A; = 2n, & ki + ko + Ld=0l+M+ 2, k= ay/—m/2) - E/h)

GEm (" ! 9" 9 Q" W ) = (firfii) T Z e, ikQ’ikl )‘I’gzib’ﬂl)(wl)
ny,=0
= C(l+XM+1)
X Z I+ X+ 3 #PMH( os ") P ™ +l(cos 9
1=0 :

(4.7)

11 ( + X2 — k) > <
S 22 T Mgy =8mE = \ My, (V= .
' b 2E T2 + 1) W“?”( sm h) “’*2< sm h)

Bound states are determined by the poles of the Green function, respectively by the poles of the

I'-function, i.e.
1
—+X—K=

; (4.8)

—Ny ,

12



or more explicitly

omAE omyE — mE
2+2n@+l+nr+\/k%—$+\/k%— m;N—O‘? 7‘:1 N,/—%mE =0 . (4.9)
LN

This is again an equation of twelfth order in the energy F.
We consider some special cases of (A.3]):

1. For B = v = a; = 0 we obtain the usual Coulomb potential energy spectrum (N =
24204+ 14+ n,):
2
ma
Ey=— 2 : 4.10
N 28R (N F ky o+ k)2 (4.10)
2. For ki1 = ky = ap = 0 we obtain the special space KT} (B=+B+ V)
h2N?
Ex=— — . (4.11)
2m(B + Jaa/V0)?

3. For ki = ko = 0 we obtain the special space K{}; with an additional Coulomb potential

(N? = N? + 2mayB/(Vor?), B = B + a1/ (2V9)):

B2 N2 4m2a2 B2
By = N [ 5 )y = dmieef ) (4.12)
4m 32 dht N4
Note that for the upper-sign in the square-root term we get well-defined bound states for
N — oo: )
maos
En=— — 4.13
N7 osm2N2 (4.13)

i.e. a Coulomb spectrum. However, note the complicated involvement of the various
constants, in particular the shift N2 — N2.

In either case the wave-functions are given by

_ P L ri+M+1)
U, 1y (0, 0) = Frrf 4‘1>$f'”’i'“)(90)\/ (4 HPEEAED B eosi)

T X+
2 21! 1/2 2r A
Y T e | Gernrp)
(n+X+3)2La3(l+ X+ 5)L ([ +2X + 1) a(l + X2 + 3)
T (2)\2)< 2r )
wexp [ — ——— Vg () 4.14
Xp( a(l+>\2+%)> o \alat D) (4.14)

provided the spectrum is bounded from below and the additional normalization constant Ny is
determined by the poles of the Green function (A7) at the energy-levels determined by (4.9).
As it is well-known, the Coulomb potential is also separable in conical, parabolic and and pro-
late spheroidal coordinates [I3]. In conical and prolate spheroidal coordinates no closed solutions
in terms of well-known higher transcendental functions can be found. In parabolic coordinates,
we have the same dependence in the variable ¢ as for polar coordinates, and in the variables
& and n we get for the discrete spectrum a product of Laguerre polynomials and exponentials,

13



Table 6: Some special cases for the space Ky

Metric Space AV
/1 1 1
frv(z,y,2) Koenigs space K v AVy + ?E)B_m <h_3 + h_%/ + h_§>
bu? — 3h?
v _a Three-dimensional Darboux Space D g AV + —————
u? 8m(bu? — a)
1 . . . 3n?
— Three-dimensional Hyperboloid —
U 8m
1 R? 0

actually wave-functions very similar as in the polar variable r. The discrete spectrum, of course,
remains the same. In [I3] this has been discussed in great detail and will not be repeated here.

The continuous spectrum is usually given in terms of M-Whittaker functions. In the present
case, this is quite an involved problem due to the complicated structure of the indices. Both
indices x and Ay are complex valued. This, in general leads to an energy spectrum £, > ¢ with
some constant ¢ > 0. For instance, in the case of the three-dimensional hyperboloid the constant
is given by ¢ = h?/2m, whereas in the case of the Coulomb potential in flat space ¢ = 0.

5 Koenigs-Space K1y with Centrifugal Potential I

In the next example we consider a metric which corresponds to the three-dimensional centrifugal

potential
ds’ = frv(z,y,2)(dz? + dy? + dz?) | (5.1)
2 ax B v
_ 24 ) 2
frv(z,y) om <y2 o + Y2 + z2> + (5.2)

and o, 3,7, 0 are constants. The classical Hamiltonian and Lagrangian in IR? with this potential
in spherical coordinates have the form

o1 (k- -kl k-1
L = D@4+ - ( <1+2 Ly =2 4>+3 N GE)

2 2mr2 \ sin? 9 4 8in? s 4cos? § cos? 9
L s A <k%+k%—% k%—k%—%) k=1 (5.4)
2m 2mr2 \ sin2 9 48in? s 4cos? & cos2 9 '

Counting constants, there are seven independent constants: «, 3,7,d, and ki, ko, k3. An eight
constants can be added by adding a further constant § into the potential of the Hamiltonian,
which is omitted.

In Table [@ T have displayed some special cases for the space Kry. Again, the special cases
are very similar as in the previous cases.

14



The fourth Koenigs-space K1y is constructed by considering

H

HKIV - fIV(xayaz) .

(5.5)

We write down the path integral formulation for K(K1v)(s")

K(KIV)(T”,T,,’ﬂ”,ﬁ,, <P”, (pl; S”) — / DT(S) / Dﬁ(s) / D(p(S)T’2 sin?d

is”@& 20942 | 129,52
XeXp{h/g l2(7" + r* (9% + sin” J¢ ))

2mr2 \sin29 \ 4sin? £ 4cos? § cos2 ¢ ' '

Here, k7 = k3 + k? — 2m(B + ) E/1?, k} = k3 — k? +2m(B — a)E/1?, k3 = k} — 2myE/h. We
obtain for the path integral K<) (s") (\; = n + (ky + k2 +1)/2, Adg = 2m + A\ £ k3 + 1)

K(KIV)(’F” ,r/ 19// 9 (PII’(pI;SII)

_ ( 1o slne’;lne”) 1/2 i mg&%z)(%) (2 > i @ﬁl’ike’ @(Al,ﬂ:kg)(ﬂll)
n=0
m im 9 9 mr'r"
i P [ | B () 50

Therefore the Green function GE1)(E) has the form (E = E — §)

(r'r" sin 0’ sin 0")~1/2
2

x i mgfw)(%’) (k) ( ”> S @ atka) (i) ) (97

m=0
2 ~
xh—TIM( —2mE%>KA2<\/ 2m Erh>> . (5.8)

The analysis of this Green function is complicated due to the complicated index which has
imaginary parts for 2myE/h? > k2 etc. This, in general leads to modified K-Bessel-functions
as wave-functions (c.f. Liouville quantum mechanics [16]) with a continuous energy spectrum
E, > c with some constant ¢ > 0. For instance, in the case of the three-dimensional hyperboloid
the constant is given by ¢ = #2/2m. We do not discuss these issues any further.

_1
GEN (o 9" " ' B) = (fiyfr) 7

6 Koenigs-Space Ky with Centrifugal Potential II

In the last example we consider a metric which corresponds to the three-dimensional linear-
centrifugal potential

ds?> = fy(z,y,2)(dz? + dy? + d2?) | (6.1)
o h2 azx ,6
fv(zy) = (y m > + 2440 (6.2)
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Table 7: Some special cases for the space Ky

Metric Space AV
/1 1 1
fv(z,y,2) Koenigs space Kv AVy + ?E;_m <h_§ + h_z + h_§>
YU Three-dimensional Darboux space D1
bu? — Ry
v —a Three-dimensional Darboux Space D g AV +
u? 8m(bu? — a)
1 . . . 3h?
— Three-dimensional Hyperboloid —
U 8m
1 R? 0

and o, 3,7, 0 are constants. The classical Hamiltonian and Lagrangian in IR? with this potential
have the form

m 12 k2z k2 -1
L = —(@2492+2%) - — L + 2 1) ks, 6.3
2( Yy ) om. y2\/m y2 3 ( )
2 2 2 2 2 2 1
+p2 + h k k31
H = Pz T ;ZL Px %< . 121‘”+ _+ 2y2 4> + ksz . (6.4)
Yy vz Yy

Counting constants, there are seven independent constants: «,f,7v,d, and ki, k2, k3. An eight
constants can be added by adding a further constant § into the potential of the Hamiltonian,
which is omitted. The fifth Koenigs-space K+ is constructed by considering

H

HKV - fV(q;ayaz) .

(6.5)
In Table [ I have displayed some special cases for Kvy. Again, the special cases are very
similar as in the previous cases. However, the new special case which appears is the three
dimensional Darboux space Dp from [II]. From [II] we know that the free motion separates
in seven coordinate systems, i.e. in Cartesian, the three circular systems, the parabolic, the
paraboloidal system, and a rotated Cartesian system.
We write down the path integral formulation for K(5V)(s") in circular polar coordinates

o(s")=

Q”
K(KV)(QII, o 0" o2 ") = Do(s)e / Dy(s) / Dz(s)
0(0)=¢' ©(0)=¢’ 2(0)=2'

i S” m ‘2 2 ‘2 _2 h2 l’;‘% - Z l:;% - i ]. ~ "
— — — —— | —ksz|d . 6.6
XeXp{h/o [2 (g toeT e )) 2m,o? 4c052%+4sin2% 4 il (6.6)

Here, k¥ = k% + k? — 2m(B + o) E/?, k3 = k} — k? + 2m(B — ) E/1?, ks = ks — 2myE/h. This
path integral has the solution (A1 = n + (ki + k2 + 1)):
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K (" g ¢ ¢!, 2", 2 s")

1/2 : 213
_(_ m ifm o o KT, k3s
- <27rihs”> xp [h(%ﬂ (27 =2)" =5 +27) - 5

m 0 i ¢/ - - ¢// m 9 9 mp/p//
X o > pk1k2) (§> pk1k2) <7> exp {_ R 0%+ p" )}D1< Tl ) . (6.7)
n=>0

The analysis of this Green function is again very complicated due to the complicated index which
has imaginary parts for 2m~yE/h? > k2 etc. yielding a continuous spectrum. As in the previous
section, these issues will not be discussed further.

7 Summary and Discussion

In this contribution I have discussed a path integral approach for spaces of non-constant curvature
according to Koenigs, which I have for short called “Koenigs-spaces” K1—-K v, respectively. I have
found a very rich structure of the spectral properties of the quantum motion on Koenigs-spaces.
In the general case with potential, in three spaces the quantization condition is determined by
an equation up to twelfth order in the energy E. Such an equation cannot be solved explicitly,
however special cases can be studied. We found also constraints on the parameters for the well-
definedness on the wave-functions. For the remaining two spaces no quantization condition was
formulated, because it is known that in the corresponding cases of superintegrable potentials in
IR? only a continuous spectrum exists.

Let us note a further feature of these spaces. It is obvious that our solutions remain on a
formal level. Neither have we specified an embedding space, nor have we specified boundary
conditions on our spaces. Let us consider the space Kv: We set « = 8 =0 = 0 and v = 1.
In this case we obtain a metric which corresponds to the three-dimensional Darboux space Dj
(modulo change of variables), as discussed in [I1]. In D1 boundary conditions and the signature
of the ambient space is very important, because choosing a positive or a negative signature of the
ambient space changes the boundary conditions, and hence the quantization conditions [14] 20].
Including an appropriate potential, bound states defined by a transcendental equation can be
found.

Furthermore, we can recover the three-dimensional Darboux space Dy [11} 20] by setting in
our examples in the potential function f all constant to zero except those corresponding to the
1/22-singularity and the constant § = 1. However, we did not discuss these cases in detail.

In our approach we have chosen examples of superintegrable potentials in three-dimensional
space, i.e. the isotropic singular oscillator, the Holt potential, the Coulomb potential, and two
centrifugal potentials, respectively. I did not consider the minimally superintegrable potentials.
There are eight of them [I3], however they contain always an unspecified function F' depending
on the radial variable r, say, leading to some unspecified spectrum.

I have omitted the discussion of the continuous spectrum. This is mostly due to lack of
the specification of the ambient space. For instance, in the Darboux space D1 we know that
the continuous spectrum has the form of E, oc (4?/2m)p? + constant. The wave-functions are
proportional to K-Bessel functions [10]. However, in Darboux space D1 there is no such constant,
and the wave-functions have a different form. Furthermore, Dy contains as special cases the
three-dimensional Euclidean plane and the Hyperbolic space, respectively.
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However, a more detailed study of these special case would require some additional input
from a physics point of view: Can a space of non-constant curvature (Koenigs or Darboux
space) model actually curved space-time? And how such a global or local model can give rise
to observable physical effects? These issues are beyond the scope of this article and will not be
discussed here any further.
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