N
o
o
AN
(@)
-]
<
O
AN
=)
T
Q.
QD
=
>
#
©))
™M
™)
00
o
N~
<
=
x
@

DESY 07-130
MIT-CTP-3857

arXiv:0708.3394
DESY 07-130
MIT-CTP-3857

General marginal deformations in open superstring field theory

Michael Kiermaier' and Yuji Okawa?

U Center for Theoretical Physics
Massachusetts Institute of Technology
Cambridge, MA 02139, USA

mkiermai@mit.edu

2 DESY Theory Group
Notkestrasse 85
22607 Hamburg, Germany
yuji.okawa@desy.de

Abstract

We construct analytic solutions of open superstring field theory for any exactly marginal deformation
in any boundary superconformal field theory when properly renormalized operator products of the
marginal operator are given. Our construction is an extension of the general framework for marginal
deformations developed in arXiv:0707.4472 for open bosonic string field theory, and the solutions are
based on integrated vertex operators which are closely related to finite deformations in boundary

superconformal field theory.
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1 Introduction

The purpose of the paper is to extend the general framework for marginal deformations developed in [I]
for open bosonic string field theory [2] to open superstring field theory formulated by Berkovits [3] Let
us briefly review recent remarkable progress in analytic methods for open string field theory [8]-[31],
focusing on marginal deformations. Analytic solutions for marginal deformations were first constructed
in [20], 21] for the bosonic string when operator products of the marginal operator are regular, and the
solutions were extended to the superstring in [22 23], 25]. The generalization to marginal deformations
with singular operator products was initiated in [21], and solutions to third order in the deformation
parameter were constructed. For the special case of the marginal deformation corresponding to the
zero mode of the gauge field, solutions to all orders were constructed for the bosonic string in [24] and
for the superstring in [28]. The solutions in [24] 28], however, do not satisfy the reality condition on
the string field, and a strategy for constructing real solutions was outlined in [28]. See [32]-[46] for
earlier study of marginal deformations in string field theory and related work.

Analytic solutions for general marginal deformations satisfying the reality condition were recently
constructed in [I] for the bosonic string. While previous solutions for marginal deformations in [20),
211, 22| 23], 25] were built from unintegrated vertex operators and b-ghost insertions, the solutions
in [I] were based on integrated vertex operators which are closely related to finite deformations of
boundary conformal field theory (CFT). A change of boundary conditions in boundary CFT can be

implemented by properly renormalized exponential operators of an integral of the marginal operator,

! See [4, 5 6] [7] for reviews on string field theory.



and a systematic procedure to construct solutions from such renormalized operators was presented
in [I]. The general idea of the construction in [I] does not depend on the bosonic nature of the
problem, and we expect that the construction can be extended to the superstring. We in fact find
that the extension is remarkably simple, and we construct analytic solutions of open superstring field
theory to all orders in the deformation parameter satisfying the reality condition.

The organization of the paper is as follows. In section 2] we review the construction in [I] of
solutions to the equation of motion for the bosonic string. We use this result later and construct
string fields in the superstring satisfying the bosonic equation of motion with the BRST operator in
the bosonic theory replaced by the one in the superstring theory. In section Bl we discuss properties
of integrated vertex operators in the superstring. In section @ we construct solutions to the equation
of motion of open superstring field theory. This is the main result of the paper. String field theory
expanded around the solution was described in [I] using a deformed star product. In section [l we show
that the equation of motion of open superstring field theory expanded around the solution in section (4]

can also be described using the deformed star product in [I]. Section [6]is devoted to discussion.

2 Solutions to the bosonic equation of motion
The equation of motion of open bosonic string field theory [2] is given by
Qp¥ + T2 =0, (2.1)

where V¥ is the string field of ghost number one and @p is the BRST operator. Here and in what
follows products of string fields are defined by the star product [2]. In this section we review the
construction in [I] of solutions to (2.1 for general marginal deformations.

A marginal deformation is generated by a marginal operator V;(t) which is a matter primary field
of dimension one. The solutions in [I] are constructed from an operator which implements a change
of boundary conditions between two points ¢ and b on the boundary. When operator products of the

marginal operator are regular, it is given by

b
exp[A/ dtVl(t)] :l—i-)\/ dtVl 2' / dt1/ dt2V1 tl Vl(tg) ceey (2.2)
a

where ) is the deformation parameter. When operator products of the marginal operator are singu-
lar, we need to renormalize the operator (2.2)) properly to make it well defined, and we denote the
renormalized operator by

[eAV(a’b) Ir, (2.3)

where

V(a,b) = /b AtV (t). (2.4)



If the marginal deformation is exactly marginal, there is a one-parameter family of consistent boundary
conditions labeled by A and we expect to have a corresponding family of solutions in string field theory.
Since the new boundary condition generated by the operator [e’\V(“’b) ]» is conformal, the operator
[eV(98)], should be invariant under the BRST transformation up to additional contributions from

the points a and b where the boundary condition changes:

Qp - [V, = [V Op(B)], — [Op(a) NV @V, . (2.5)
Here O (a) and Og(b) are some local operators at a and b, respectively. See the introduction of [I]
for more detailed discussion. The solutions in [I] were constructed from the operator [e*V (@) ], as
follows. The operator [e*V(®!)], is given in the form of an expansion in \:
[AVED], = 3 X [V (q,0)], (2.6)
n=0
where .
(V™) (a,b)], = — [(V(a,0))"], for n>1 and [V©(ab)], =1. (2.7)
n!
We then define a state U by
o
U=1+> v, (2.8)
n=1
where
(@, UM) = (fop(0) [V (Ln)])w, . (2.9)

Here and in what follows we denote a generic state in the Fock space by ¢ and its corresponding

operator in the state-operator mapping by ¢(0). The conformal transformation f(£) is

f(&) = % arctan ¢, (2.10)

and we denote the conformal transformation of the operator ¢(£) under the map f(§) by f o ¢(&).
The correlation function is evaluated on the surface W,, which is obtained from the upper-half plane
of z by the identification z ~ z +n + 1. We represent W, in the region where —1/2 < Rez < 1/2 +n.
Tt follows from (Z35) that the BRST transformation of the operator [V (™) (a,b)], takes the form

n n

Q- VP (a,b)] =S (VP (a,0) 0% ®)] = S 10V () V™D (a,b)];, (2.11)

r=1 =1

where Oy, and Op are expanded as follows:
o=y o, or=Y xop. (2.12)
n=1 n=1

Thus the BRST transformation of U can be split into two pieces:

QpU = Ap — Ay, (2.13)



with - -
Ap=Y"ama Ap=3" A Al (2.14)
n=1 n=1

where

(2.15)

We then define ¥, by
U, =AU, (2.16)

where U~ is well defined perturbatively in A because U = 1 + O()). The BRST transformation of

U can be calculated as follows:
Qp¥r = Qp(ALUY)
= (Q@AL)U "+ AU " (QpU)U
= (QBAL)U "+ ALU ' (Ap - Ap)U ! (2.17)
= (QpAL+ALU ' Ap) U™ AL U AU
= (QpAL +ALU YAR)U ' -

It was shown in [I] that the relation
QAL = — AL Ut Ag (2.18)

holds under a set of assumptions which were argued to be satisfied for any exactly marginal defor-
mation. The equation (Z5) is in fact the first of these assumptions. We list the complete set of

assumptions in appendix [Al The state ¥, thus solves the equation of motion:
Qp¥y + U2 =0. (2.19)

The solution ¥y, however, does not satisfy the reality condition on the string field, and a solution
satisfying the reality condition was generated in [I] from U by a gauge transformation. The string
field ¥ must have a definite parity under the combination of the Hermitean conjugation (hc) and the
inverse BPZ conjugation (bpz~') to guarantee that the string field theory action is real [47]. We define
the conjugate Xt of a string field X by

Xt =bpztohe(X). (2.20)

The conjugation satisfies
(@pX)} = - (-1 Qpx", (2.21)
(XY)} = vixt, (2.22)



Here and in what follows a string field in the exponent of (—1) denotes its Grassmann property: it is 0
mod 2 for a Grassmann-even state and 1 mod 2 for a Grassmann-odd state. In order for Qg¥ and U?
to have the same conjugation property, the Grassmann-odd string field ¥ must satisfy ¥t = . This
is the reality condition on the string field in open bosonic string field theory. When the renormalized

operator eV (a:b) ]

r preserves the invariance under the reflection where Vi (¢) is replaced by Vi (a+b—1t
and when V; is chosen such that the state corresponding to AV;(0) is even under the conjugation

we have

vt=u, @wht=u"', Al =4z (2.23)

Therefore, a state Vg defined by
Up=U'4p (2.24)

is the conjugate of ¥y, and solves the equation of motion. The two solutions ¥;, and ¥y are related
by the gauge transformation generated by U:

rR=U'0,U+U"'QpU. (2.25)

A solution ¥ satisfying the reality condition is obtained from ¥ or WU by gauge transformations as

follows:

U = \I/L\/_-i- \/ﬁ

1
NG \/ﬁ
VU Tp \/ﬁ + \/EQBﬁ (2.26)

1 1 1 1 1
25 ﬁqu\/ﬁ—i_\/ﬁ\IlRﬁ—,_ﬁQB\/ﬁ_(QB\/ﬁ)ﬁ

where VU and 1/v/U are defined perturbatively in \. It follows from (VU )} = VU, (1/VU )} = 1/V/U
and ‘IIIL = WUy that the last expression for ¥ in (2:26) manifestly satisfies the reality condition. The

three expressions are equivalent because of the relation ([2.25]).

3 Integrated vertex operators in the superstring

We expect that integrated vertex operators play a crucial role in extending the construction of so-
lutions in [I] to the superstring. The marginal operator V; in the superstring is the supersymmetry

transformation of a superconformal primary field 171 /2 in the matter sector of dimension 1/2:
~ dz N
MO =G i) = [ [35T00) - 52 T @) | i), (31)
C(t) T

where Tr(z) and TF(E) are the holomorphic and antiholomorphic components, respectively, of the

world-sheet supercurrent, and C(t) is a contour in the upper-half plane which runs from the point ¢ +€

2 If the state corresponding to V;(0) is odd under the conjugation, we set A = i X and take X to be real to satisfy this
convention.



on the real axis to the point ¢ — € on the real axis in the limit ¢ — 0 with € > 0. An integrated vertex

operator in the 0 picture is an integral of V; on the boundary:

b b R
V(a,b):/ dtVl(t):/ dtG_y sy Vija(t) . (3.2)

It is invariant under the BRST transformation up to nonvanishing terms from the end points of the

integral region:

b
Q- Vi(a,b) = / dt 0, [ VA (1) + 1e® Vi o (1)

= [eVi(b) + e’ Vi ()] = [eVi(a) +ne? Vija(a)].

(3.3)

We use the description of the superconformal ghosts in terms of 7, £, and ¢ [48] [49], and the BRST
operator for the superstring is given by

Qn= [[ 3% int:) - 55 7n(2) (3.4

with

jp =cTH + chf + ch + e TR + : bede: — bndne*?
3 ¢ 1 2 (3.5)
TB :_77857 TB:_58¢8¢_8¢7

where T3 and Ty are the holomorphic components of the energy-momentum tensor and the super-
current in the matter sector, respectively, and jp is the antiholomorphic counterpart of jg. The
operator V(a,b) in the matter sector is obviously annihilated by 79, which is the zero mode of n and
plays an important role in open superstring field theory [3]. Since the BRST operator anticommutes
with 79, the operator Qp - V(a,b) is also annihilated by nyg. We can explicitly see that the operator
cVi(t) + ne? 171/2(t) which appeared in ([33) is annihilated by n9. The operator c¢Vi(t) + ne? 171/2(t)
is also annihilated by the BRST operator. This can be seen by acting with Qg on ([33). In the
description of the superconformal ghosts in terms of 7, £, and ¢ including the sector generated by 79
and &g, any BRST-closed operator can be written as an BRST-exact operator because of the existence

of a Grassmann-odd operator R(t) satisfying
Qp-R(t)=1. (3.6)

See, for example, footnote 3 of [50]. We choose R(t) to be

R(t) = — c£dte™2(t). (3.7)
Since
lim R(t — €) [cVi (1) +ne? Vijp(t)] = cce ™V, ja(t) (3.8)

e—0



we have
cVi(t) +ne Vipa(t) = Qp - [cte™®Vipa(t)] - (3.9)

Note that the unintegrated vertex operator ce*¢171 /2 in the —1 picture with an additional factor of ¢
appeared in (B.8]). This operator is used in the solution to the linearized equation of motion of open
superstring field theory formulated by Berkovits [3], as we will discuss in the next section.

Finite deformations of the boundary CFT are generated by an exponential of V(a,b). When

AV (a,b)

operator products of V; are regular, it is given by e , where A is the deformation parameter. Its

BRST transformation is
Qp - V@D = XAV @V [V, (b) + ne? Vi1 (b) ] — X[ cVi(a) +ne? Vy ja(a) ] XV (@) (3.10)

if operator products of 171 /2 and an arbitrary number of Vi’s are also regular so that (3.3) can be
applied even in the presence of further insertions of V;’s. The second term on the right-hand side can

be written as
Al Va(a) + 7e? T jp(a) ] AV @
=\Qp - [c€e ™V, o(a) ] V(D) (3.11)
=AQp- [056_(25‘71/2 a) etV (@b ] — )2 [C§€_¢‘/}1/2(a) ] AV @) [V (b) + ne? ‘71/2(5)] ;

where we again used the regularity assumption on the operator products. We thus find that

(
(

AQB - [C€€_¢‘71/2(a) MV(ab) ]

. . . (3.12)
= X[ cVi(a) + ne® Vija(a) | V@D 4 X2 [cte™ 0V jo(a) ] NV @0 [eVi () + ne? Vi o ()] .

This relation, being generalized to the singular case, plays a crucial role in our construction of solutions
in open superstring field theory.

When operator products of V; are singular, we need to renormalize the operator eV (@b) properly
eAV(@b) ] as before. If the
deformation is exactly marginal and preserves superconformal invariance, we assume as in the bosonic

case that the BRST transformation of [e*V (@) ], takes the following form:

to make it well defined, and we denote the renormalized operator by |

QB . [eAV(a,b) ]r — [e/\V(a,b) OR(b) ]r - [OL (a) e)\V(a,b) ]r ’ (313)

where Or(a) and Og(b) are some Grassmann-odd local operators at a and b, respectively. The opera-
tors [Op(a) e*V (P ], and [e*V (%) Op(b)], are annihilated by 79, as we discussed before. To leading

order in A they are determined from (3.3 and given by

[0r(a) XV @D ], = X[ eVi(a) +ne? Vi j(a) ] + O(N),

- (3.14)
[V @D OR(b)], = X[ Vi (b) + ne? Vi 5 (b)] + O(A?).
In the regular case, we find from the exact expression in ([B.10) that
Ozegular _ O%egular =\ [CVl + 77€¢ 171/2] , (3_15)

7



and there are no higher-order corrections to the operators O, and Og.
Let us introduce the following operators:
[Or(a) V(@Y ], = lim R(a — €)[Op(a) VY],

e—0
[eAV(a,b) aR( )]r = _ hm[ AV (a,b) ( )]r (b n 6) ‘ (316)

e—0

These are generalizations of )\cfeﬂbvl/g(a) eV (@b) and X erV(a:b) cfe*¢171/2(b) in the regular case.
The ghost sector couples to the matter sector only through ¢ and ne? in the BRST current, and the
operator products of c€0¢e™2? with ¢, ne?, and their derivatives are regular. The limit e — 0 in (3.16)

is therefore regular. To leading order in A these operators reduce to

[Or(a) M @D, = Xete™V; jp(a) + O(N?),

N % 3.17
[V @) OR(b)], = Acte ™V ja(b) + O(N?). o

The BRST transformation of [6L(a) eAV(@b) ] can be calculated from (38) and from the BRST

AV (@h) ]

transformation of [Op(a)e r- When the deformation is exactly marginal and preserves super-

conformal invariance, we assume that the BRST transformation of [Of (a) e*V(%b) ], is given by
Qs - [0p(a) V@], = —[0p(a) V@D Og(b)], . (3.18)

See the introduction of [I] for more detailed discussion. The BRST transformation of [ O (a) e*V (@) ],
is then given by

~

Qp - [01(a) NV @D, = Qp - [E%R(a — &[0 (a) V(@D ]T]

(3.19)
= [0p(a) V@) ], + lim R(a — ¢) [O (a) AV Op(b)], .
e—
This is a generalization of (8:12)). Similarly, we find
Qp - [V Op(b)]; = — Qs [Im [V Or(H) ], R(b + )
- (3.20)

= [V Op(b) ], + lim [O1(a) (D Op(b) ], R(b+e).

As we mentioned before, the relations ([8.19) and ([B8.20) play a crucial role in the construction of the

general superstring solutions in the next section.

4 Solutions in the superstring

In this section we construct solutions for general marginal deformations in open superstring field theory

formulated by Berkovits [3]. The equation of motion is

770(6_‘I> QBeq)) =0, (4.1)



where @ is the superstring field of ghost number zero. The leading term in the expansion of (4.J]) in
® is given by
Qpm @ +0(¢?) =0, (4.2)

where we have used {Qp,n0} = 0. To leading order in the deformation parameter A, a solution ®

associated with an exactly marginal deformation takes the form

<(Pa(1)> = A(fo(P(O) C£€7¢‘71/2(1) >W1 +O(>‘2)v (4'3)

where ‘71 /2 18 the superconformal primary operator corresponding to the marginal deformation, as
introduced in section Bl The term of ([43)) at O()) solves the equation of motion to linear order in
® given in ([4.2) because 7y eliminates the operator £ and the remaining unintegrated vertex operator
ce*¢‘71/2 in the —1 picture is annihilated by the BRST operator.

In [22] Erler proposed to solve the following equation:

e ?Qpe® =0, (4.4)

where U satisfies
Q¥+ V2 =0, ¥ =0, (4.5)

and to linear order in A the state ¥ reduces to

(0, 0) =X(fop(0) Qp - [cte™Vi /(1) ]I, +O(N?). (4.6)

Namely, the state ¥ is a pure-gauge string field with respect to the gauge transformation of bosonic
string field theory, while we use the BRST operator of the superstring. Since the left-hand side of (&.4])
also takes a pure-gauge form, we expect a solution ® to the equation (Z£4]) of the form (A3]). Since ¥
is annihilated by 79, the solution of (£.4]) also solves the equation of motion (Z.I]).

In [22] such a pure-gauge string field ¥ was constructed from the solution of open bosonic string
field theory in [20] 2I] by replacing the unintegrated vertex operator cV; in the bosonic string with
QB - [cﬁe*¢171 /2] in the superstring. Then the equation (&4 was solved and solutions for marginal
deformations were constructed in open superstring field theory when operator products of the marginal
operator are regular [22] 25].

We can also obtain pure-gauge string fields satisfying (4.5]) using the construction of solutions
for bosonic string field theory in [I], which covers the case where operator products of the marginal
operator are singular. As we reviewed in section 2] the solutions in [I] are constructed from the
operator [e)V(%b)], under the assumptions listed in appendix [Al String fields in the superstring
satisfying (43) can be constructed from the operator [e)‘V(“’b) |r with V; = G_1/2- 171/2 as introduced
in ([B.0) of section 3 because all the assumptions listed in appendix[Al are expected to be satisfied when
the deformation corresponding to 171 /2 is exactly marginal and preserves superconformal invariance.
All the solutions in section 2] have the same leading term in A given by )\Ag) + O()\?), where Aszn)



is defined in (m) As Ag) is determined by the leading term of [Of(a) eV (@Y ], which is given
in (BI4)) for the superstring case, we find

(fop(0) O (1)),
(Fo0(0) [Vi(1) +ne? Vi 2(1) by (4.7)
(fop(0) Qr - [cte™Th a(1)] I »

where we have used (3.9]). Therefore, the condition (4.6]) is satisfied. The solutions in [I] are built from
the operator [V (%b)], and its BRST transformation which are both annihilated by 79, and thus the

(o, AN

second condition in (£3) is also satisfied. We can thus construct superstring solutions for marginal
deformations from the bosonic solutions of [I] by solving (4.4]).

The leading term of the superstring solution ® in (4.3)) is built from the leading term of the operator
[aL(a) eAV(@b) ] “as can be seen from ([BI7). We therefore expect that the operator [6L(a) V(@) ]
plays an important role in the construction of superstring solutions. Just as Ay, and Ag are constructed
from the operators [ O, (1) eV (™) ], and [e*V (™) Op(n) ], at O(A"), respectively, we introduce states
Ay, and Ap which are constructed from [6L(1) AV L) ] and [erV () 6R(n) ]r at O(A"). We define

o0 o0
A=A, Ap=3 Ay (4.8)
n=1 n=1

with

. (4.9)
(o, AR)) = —lim S"(f o p(O) [V I (1,0) OF ()], R(n + ) ), -
r=1

The states A\L and A r are related by the conjugation:
(Ap)' = — Ag. (4.10)

This can be shown as follows. The state R corresponding to the operator R(0) satisfies Qg R = |0) and
thus R* = R, which follows from |0)* = |0) and (Z2I). Following the argument in § 2.2.1 of [I], the
operator R(1 —¢€) on W, in the definition of A\én) is mapped to R(n + €) under the conjugation. The
relation ([4.I0) then follows from AIL = Ap. The BRST transformations of Aj, and Ap can be derived
from those of A, and Ar. The BRST transformation of Ay, is presented in (2.I8)), and using (2.13))
we find QpAr = Qp (QpU + AL) = QpAyL. Thus we have

QpAp = —-A, U ' Ap, QpAr=—-A, U Ap. (4.11)

3 The leading terms of the bosonic solutions ¥y, Ux, and ¥ are )\A(Ll), )\AS), and A\ (AS) + Ag))/Z, respectively.
Because Og) = OS), we have Ag) = AS) and thus all three solutions are equivalent to leading order.

10



Using the identities (3.19) and (3.20), the BRST transformations of Ay and Ay are given by
QBA\L :AL—{—A\L U_IAR, QB;{R:AR_AL U_IA\R. (4.12)

These relations hold when the assumptions in appendix [Al are satisfied.
We now claim that ®; and ® defined by

P =14+ A,U", e ®r=1-U"4g (4.13)

solve the equation (£4) with ¥ being ¥; = AU ! and Up = U ! Ay, respectively, defined in
section 2l Using the relations ([2.I3) and (£I2]), we have

Qpe® = (Ar, + AL U! AR) U™ - AU (Ap — AU

= (1+ A, U YA, U (4.14)
=e®r g,
and
Qpe ®r = —U ' (Ap— ALU "AR) + U " (Ap — AL)U " Ap
= U Ap (1 -U ' 4R) (4.15)
= —Up e PR
Therefore,
e ®r Qpe® =V, e PR Qpe®t = — (Qpe TR) PR = Tp. (4.16)

Since ¥, and g are annihilated by 7y, the states @7 and ®p solve the equation of motion (4.1]).
The reality condition on the superstring field ® is ®* = — &, or

() '=e®. (4.17)
The solutions ®;, and ®x do not satisfy the reality condition. In fact, we find
(e‘h)i = 1, (4.18)

which follows directly from (£.I0) and the definitions ([{.I3]). However, we can generate a real solution
from @7, and ®p by generalizing the method in appendix B of [22]. We claim that & defined by

e? = (Ve?L Ue % )_1 (er \/ﬁ) (4.19)

satisfies the reality condition and solves the equation of motion. The state ® is well defined to all
orders in A because e®> Ue % =1+ O()\) and U = 1 + O()). Using the relations

e?LUe PR = (eq)L \/ﬁ) (eq)L \/ﬁ)i, (eq)L Ue ®r );t =P Ue ?r, (4.20)

11



we have

(e(b)i e®

(VB (y (VD) (2 VT) )T (Y (e V) (e vT) ) (V)
(eéL\/ﬁ)i<(e¢L\/ﬁ) (eéL\/ﬁ)i)il (e%\/ﬁ)
1

(4.21)
Therefore, (e®)* = e~® and the reality condition ([@I7) is satisfied.
The state @ defined in ([£I9)) is related to the solution ®y, in the following way:
e? =Qe®r A, (4.22)

where Q = (Ve®r Ue=®r) ! and A = U . If Q is annihilated by Qp and A is annihilated by 7, the
state @ is a gauge transformation of @7 and thus satisfies the equation of motion. It is obvious that
the state v/U is annihilated by ny. The state (Ve®z U e~®r )~! is annihilated by Qp if e®> U e ®r is
annihilated by Qp. It can be shown as follows:
Qp (e Ue ™) =e® (U U+ QpU —-UWUp)e ®r

= e (AL +QpU — Ap) e ®r (4.23)

=0,
where we used (ZI3) in the last step. This completes the construction of real solutions in open

superstring field theory for general marginal deformations under the assumptions listed in appendix[Al
Incidentally, the solution ® satisfies the equation (£4)) with the real solution ¥ of [I] given in (2.26]):

(Ve®r Ue=2r )_1 QB(e(I)L \/ﬁ)
(VT )~ o (W, VT + QD)

(Ve T etm ) ! ebey/T (% T,V \/Lﬁ QT )

Qpe®

(4.24)

=e? 0.

Since ¥ is annihilated by 79, we have reconfirmed that ® solves the equation of motion (4.T]).

5 Superstring field theory around the deformed background
It was shown in [I] that the action of open bosonic string field theory expanded around the real

solution (2.26]) can be written in terms of deformed algebraic structures defined by

XxY=XU"Y,
OX =QpX +AL*xX — (-1)* X« Ap=QX + ¥ X — (-1)*X X Up, (5.1)
(X y)=(x,u'vyu)

12



for arbitrary string fields X and Y. When A = 0, the deformed structures reduce to their undeformed
counterparts because U = 1 4+ O(\) and Ay, Ag, ¥y, and Up are of O(A). The equation of motion

derived from the action in terms of the deformed structures is
QoV 4+ 0¥ x0¥ =0, (5.2)

where 0V is related to the original string field ¥ expanded around the real solution (2.26)), which we

now denote by Wy, as follows: . .
U="U)+—=0¥—. 5.3
AV A (53)

The deformed structures obey the expected algebraic relations

Q2X =0,
QX *Y)=(0X)xY + (-1)X X x (QY),
(X, V)= (=) (Y, X)), (5.4)

((QX,Y)) = —(-D)¥((X,QV)),
(X, Y *Z)) = ((X*Y,Z)),

which are necessary for a consistent formulation of string field theory. Since open superstring field
theory [3] is formulated using the algebraic structures of open bosonic string field theory, the action of
open superstring field theory written in terms of the deformed structures is consistent. It is expected
to describe fluctuations around the background corresponding to the solution (4I9]) in terms of a
redefined string field 0®. We show in this section that this is indeed the case and derive the relation
between 0® and the original string field ® analogous to the relation (5.3]) between ¥ and 0¥ for the
bosonic case found in [I].

To formulate superstring field theory using the deformed algebraic structures, we first have to
introduce an exponential operator exp,[ X | of the deformed star algebra. As can be seen from the
definition (5.0)), the state U plays the role of the identity element of the deformed star algebra:

X+xU=U+xX=X. (5.5)
We thus define exp, [ X | by
1 1 1
exp*[X]:U+X+EX*X+§X*X*X+...:U+ZH\X*X§..*X. (5.6)
n=1 n times

The equation of motion derived from the action using the deformed algebraic structures is
mo ( exp,[—0®]* Qexp,[d®]) =0. (5.7)

To determine the relation between 0® and the original string field ®, let us express (0.7 in terms of
the undeformed star product and the BRST operator @Qp. The exponential operator exp,[ X | can be

written as
1 1

exp,[X]=VUevi X Vi VU . (5.8)

13



We thus find

L [no(exp [—0® ] * Qexp [5@])] L

VU - ) VU

_ (e F 5 L [Tk e ] L

_770(6\/_ r\/ﬁg[\/ﬁer rﬁ]ﬁ)

_ 1 osp-L L §p-L 1

:7’]0(6 ﬁ6¢ﬁQB eﬁéd)\/ﬁ])—l—no([QB\/ﬁ_\/ﬁ\pR]ﬁ)
VU] e 7).

—

1 1
Vi it
The second term on the right-hand side vanishes. Note that the real solution of bosonic string field
theory in ([2.26]) appeared in the last line of (5.9). We use the relation (d.4]) applied to the real bosonic
and superstring solutions shown in ([£.24]) and find

1 1

UQB\/ﬁ—l—\/ﬁ

+ ﬂo(e_ﬁéd)ﬁ [

QB\/E-F

N U VU =e P Qpeo, (5.10)

where we denoted the real superstring solution (£I9) by ®;. The equation of motion can then be
written as
——L 5p L L_5p = —-Lip-L o & L_§p =
m (e VU PVT QplevT VU | +e VUPVT e 0 Qp[e® | eV VT
L 5L L s L (5'11)
= (e VU d)ﬁ eiq)OQB[eq)Oe\/ﬁ ¢\/ﬁ]) =0.
We recognize this as the equation of motion for the original string field ® with the following identifi-
cation:

1 1
e? = 0 VU7 (5.12)

This is the relation between d® and ®, which is a natural extension of (5.3) for the bosonic case.

6 Discussion
6.1 Explicit construction for a class of marginal deformations

We followed the strategy adopted in [1], and we have presented a procedure to construct solutions
for general marginal deformations in the superstring from properly renormalized operator products
of the marginal operator V; satisfying the set of assumptions listed in appendix [Al In section 4
of [1], such renormalized operator products in the bosonic string were explicitly constructed for a class
of marginal deformations satisfying a finiteness condition. To state it, we define operator products
o Vi(t) Vi(te) ... Vi(ty) o for arbitrary n with ¢; # ¢; recursively as follows:

JVi(t) e =Vi(th),

SVi(t) Va(ta) ... Vitn) S = Va(ty) SVilts) ... Vi(tn)® (6.1)

= Vit Vilt)) SVailte) - Viltioa) Viltisn) - Va(ta) §
=2

14



for n > 1 and t; # t;. The finiteness condition of [I] then demands that the limit
Lim S V4 (2) V1 ("2 (6.2)
is finite for any positive integer n.
In the superstring case, we furthermore define operator products involving the operator 171 /2. For
arbitrary n with ¢; # t;, we define gV 5(t1) Vi(t2) ... Vi(ta) o by

2‘71/2(751)‘/1@2) - Vitn) o = ‘71/2(t1) JVilta) ... Vi(tn) < (6.3)
and 2V 5 (t1) Vi 2 (t2) Vi (ts) ... Vi(ta) S by

S Vija(t1) Vija(t2) Vilts) ... Vi(tn) 2 = Vija(ts) S Vijalte) Vilts) - Viltn) S

e (6.4)
— (Vija(t1) Vija(ta)) o Vilts) .. Valtn) s -

Note that the correlation function (171 /2(t) Vi(t') ) vanishes because the conformal dimensions of the
operators do not match so that it does not appear in the definitions (6.3)) and (6.4]). Then the bosonic

finiteness condition (6.2)) can be generalized to the following superstring finiteness conditions.

The superstring finiteness conditions. The operators
m Vi) Vi) S, Tm V() Vi) (6.5)
t—t’ t—t'

are finite for any positive integer n and the operator

Lim 5 V12 (t) Vi ) Vi)™ g (6.6)

vanishes for any non-negative integer n.

We now construct explicit solutions of superstring field theory for the class of marginal deforma-
tions satisfying the superstring finiteness conditions. The operators [V (%0 ], [V (a) eV (@) ], and
[AV(98) Vi (b) ], were explicitly constructed in § 4.3 of [I]. When the superstring finiteness conditions

are satisfied, we have

Qp - [V D], = [V O(b)], — [OL(a) V"M, (6.7)
witer
2
[0L(a) XV ), = Ae(a) [Vi(a) VD], + Ane? Vi jo(a) [V D], — /\7 dc(a) [XV ()],
(6.8)
)\2

(XD 0p(0) ] = A O VID) ] c(b) + A[N @O el Vo (b) + T [V, 0e().

* When the double-pole term 1/¢* in the operator product expansion of V;(¢) Vi(0) is nonvanishing, we normalize
Vi (t) such that the coefficient of the double-pole term is unity. If this convention conflicts with the reality condition on
the string field, we set A = ¢ A and take A to be real when constructing the real solution.
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It then follows that

A~

o~ A2
[0 (a) eV, = Xege™ Vyjo(a) [ XV, + - cOecdge ™ (a) [V 10)]

2
% (VD)) chcedee2? (b).

T

(6.9)
[NV @D Op(b) ], = MMV @ ], cte™ T, o (b) —

We can explicitly construct superstring solutions from these operators. By generalizing the calculation

in appendix B.2 of [1], we can show that
Qp - [Or(a) VD], = —[0p(a) V@) OR(b) ], (6.10)

[0r(a) M@ 0L ()], = N e(a) [Vi(a) M @D VI (D) ]y e(b) + N el Vi o (a) [ @D Vi (B) ], c(b)

3 ~
= 2 0e(@) [V D VB ], efb) + N (@) [V (a) >V @), e Vi/2(b)

2
~ A3 ~
+ A2 ne? Vi jo(a) [e AV(@b) ] pe? V1/2(b) - 30( ) [eXV (@) ], pe? Vi2(b)
A3 A3 ~
Tt c(a) [Vi(a) eV )], dc(b) + 5 ne?® Vi jo(a) [e*V (0], Oc(b)
)\4

— == 0c(a) [NV D], dc(b)
(6.11)

when the superstring finiteness conditions are satisfied. Here the operator [V;(a) eV (@b v ()], is
defined as in appendix B.1 of [I]. This proves the assumption (II)) stated in appendix[Al The remaining
assumptions ([IT)-(VI)) can be shown just as in [I] for the bosonic case. Thus the superstring solutions
constructed from the operators [ O (a) eV (@? ], and [e*V (@) Ok(b)], given in 6J) using [V (@) ],
defined in section 4 of [I] satisfy the equation of motion.

The simplest example of a deformation satisfying the superstring finiteness conditions is the defor-
mation associated with the constant mode of the gauge field on a D-brane in flat space. If we denote
a space-like coordinate along the D-brane by X* and its fermionic partner by *, the superconformal

primary field 171 /2 associated with the marginal deformation is given by ¢*, and V} is

Vi(t) = G 12 - M (t) = \/% X" (t) (6.12)

as in the bosonic case. In this example, the operator products (6.1)), (6.3]), and (6.4) are those defined
by the standard normal ordering and the superstring finiteness conditions are satisfied. In § 4.2
of [1], several examples of marginal deformations satisfying the finiteness condition in the bosonic case
were presented. It is easy to see by generalizing the argument in § 4.2 of [I] that the superstring
finiteness conditions are satisfied for the supersymmetric extensions of these examples, which include
deformations of flat D-branes in flat backgrounds by constant massless modes of the gauge field and of
the scalar fields on the D-branes, the cosine potential for a space-like coordinate, and the hyperbolic
cosine potential for the time-like coordinate. Therefore, we have explicitly constructed superstring

solutions for these marginal deformations.
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6.2 More specific assumptions

A point where the boundary condition is changed behaves as a primary field in the bosonic case and as
a superconformal primary field in the superstring case and is often described in terms of a boundary-
condition changing operator. If we assume this property, we can derive more specific forms of the
operators [Op (a)e*V (@) ] and [e*V(®Y Ok(b)], both in the bosonic and superstring cases.

In the bosonic case, the BRST transformation of a primary field V},(¢) of dimension A is

Qp - Vi(t) = cOVy(t) + h(0c) Vi (t) . (6.13)
We thus expect that
(VD OR0)]r = e(b) 8 [V ]y + h(N) De(b) [XV V], 6.14)
[01(a) NP, = —¢(a) B, [V (D], — h(N) Dc(a) [}V 4], '

where h(A) is a function of A, which can be interpreted as the conformal dimension of the boundary-

condition changing operator. Therefore, once the operator [e*V (@) ],

for arbitrary a and b is given,
the solution is determined up to one unknown function A()). The assumption (I} in appendix [A] can

now be derived from (6.14). We have

Qs -[01(a) V], = —lim Qp - (c(a — €) o + h(A) de(a — ) [ D],
= — (cdc(a) Ba + h(N) cd%c) [V (D], o
+ (c(a) 3y + h(N) dc(a)) (cla) By + h(X) dc(a)) [V (@D)],
+ (c(a) 3y + h(N) dc(a)) (c(b) Dy + h(N) De(b)) [V (@D ],
The second line on the right-hand side precisely cancels the first line. We find
Qp - [0r(a) V@Y, = (c(a) B, + h(X) dc(a)) (c(b) dp + h(X) De(b)) [V (@D)], -

= —[01(a) XY OR(H) .,

and thus we have derived the assumption ([I). The assumptions ([II)-(V]) in appendix [Al with addi-
tional operator insertions can also be derived from those without operator insertions.

If the conformal dimension of the boundary-condition changing operator corresponding to a de-
formed background is known and the function A()\) is determined from the BRST transformation of
[eAV(ab)], | we can identify the value of A\ which describes the deformed background. As we discussed
in § [61] renormalized operators satisfying the assumptions of appendix [A] were constructed in [I] for
a specific class of marginal deformations, and the function h()\) was determined as h(\) = \2/2 for
this class of deformations. The simplest example in this class is the deformation associated with the
zero mode of the gauge field (6.I12), and i in this case the boundary condition changing operators at
the end points a¢ and b are given by : e ~ Ve X (@) :and : e\/ﬁ *®) ;, respectively. They are primary

fields of dimension \2/2, and this is consistent with the general result h()\) = A\%?/2 for the class
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of deformations. The deformation by the cosine potential [51], 52, 53, [54] which interpolates Neu-
mann and Dirichlet boundary conditions is also included in the class, and the conformal dimension
of the boundary-condition changing operator between Neumann and Dirichlet boundary conditions is
known to be 1/16. Thus a natural conjecture is that a periodic array of lower-dimensional D-branes
is described by the solution presented in section 4 of [I] with A = 1/(2v/2 )H

AV (a,b) ]

If the renormalized operator [e ~ obeys the relations

Oy [e/\V(a,b) ]r — [8(1 e/\V(a,b) ]r - — ) [VI (a) eAV(a,b) ]7" ’

(6.17)
0 [V N ], = [0,V D), = A[AVED Vi (1)],,
then (6.14) can also be expressed as
[V @D 0p(B) ] = [ (AeVi(b) + h(A) De(b) ], (6.18)

[0p(a) V(@D ], = (Ach h(X\) dc(a)) V@D,

It is easy to verify that the renormalized operators constructed in section 4 of [I] satisfy (G.I7).
In the superstring case, the BRST transformation of a superconformal primary field Vh(t) of
dimension A is

Qp - Vi(t) = cOVi(t) + b (3e) Vi (t) +1e? G 1)y - Vi(t) . (6.19)
Since

lim R(t — ) c(t) =0, lmR(t —¢) de(t) = ~ cOctdEe™ (1), lim R(t — ¢) ne®(t) = cte™?(t),
(6.20)

the ghost sectors of the operators [Op(a) V(@9 ], and [e*V(D) Ok (b)], and consequently of the
superstring solutions are highly constrained and written in terms of c€e~? and cOc€dée2?. We can

AV(ab) ] and use it to

again read off the unknown function i(A) from the BRST transformation of [e
identify the value of A which describes a deformed background when the conformal dimension of the

corresponding boundary-condition changing operator is known.

6.3 Pure-gauge forms

As was discussed in appendix C of [I], the bosonic solutions in section 2l can be formally written as
pure-gauge string fields if we use boundary-condition changing operators expanded in A. Similarly,
the superstring solutions in this paper can also be formally written as pure-gauge string fields of

superstring field theory. Let us write the operator [e*V(®b) ], as

[V (@] = 57 (a) or(b), (6.21)

® The solution, however, is not directly constructed from [eAV(“’b) ]» but from its expansion in A with different values
of a and b for different terms in the expansion. Furthermore, the radius of convergence in X of this solution is not known,
so there could be possible loopholes in our argument.
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where o7, (a) and or(b) are the boundary-condition changing operators, and expand them as follows:

or(@)=1+> Mo(a),  or() =1+ Ao (D). (6.22)
n=1 n=1

These are formal expansions and we do not expect the operators 05:”) and O'%L) to belong to the complete

set of local operators of the boundary CFT. Then the state U can be formally factorized as follows:

U=ALAR, (6.23)
where - -
Ap=1+> NA",  Ap=1+> A"AY (6.24)
n=1 n=1
with
(0, A ) = (Fop0) ot (M)w,, (0. AP ) = (Fop(0)oh (n) ), . (6.25)
The states Ay, and Agr can be written as
A = —(QBAL) AR, Arp = AL (QBAR) . (6.26)

Let us introduce states Q7 and Qg defined by

Q=1+> A0, Qp=1+> amQf (6.27)

n=1 n=1

with

(0,20 = (fop(0) Qp- (R M) ws  (9,98)) = (Fop(0) Qp-[RoS (n)])w, . (6.28)

They are obviously annihilated by the BRST operator: QpQr =0, Qg = 0. Since

i _ o™iy = . _ (n) (n)
lim R(a ) Qp 0§ () = ~ lim Q- [R(a — ) o (a) ] + 0" (a) 620)
= - Qp-[Ro{" (@] + 0" (a),
the state ZL can be written as
AL =Q Ag—U. (6.30)
Similarly, we have
Ap=U—ALQx. (6.31)
Thus the solutions e®Z and e~®% can be written as
b _ -1 _ -1
e —'14_((h;AR'_[])[[ =QrA
K (6.32)

e PR =1-U""(U-ALQr)=Ay' Q.
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The left factor Q7 of e®~ and the right factor Qg of e~®7 are annihilated by @p. Furthermore, the
right factor Azl of e~ and the left factor A;zl of e®R are annihilated by 7y so that both ®; and ®p
are formally written as pure-gauge string fields of superstring field theory. For the particular marginal
deformation (6.12)) associated with turning on the zero mode of the gauge field, ®;, corresponds to the
solution constructed in [2§].

We can also express the real solution ® in (4.I9) in terms of Az, Ar, Qr, and Qp. Since
L Ue Pr = QO QR (6.33)

we have

e® = (ve% Ue %k )_1 (e‘bL \/ﬁ) = [(M)_l QL} [AZI \/M} . (6.34)

This expression for e® is again formally in a pure-gauge form because the left factor is annihilated by
@p and the right factor is annihilated by 79. Thus we have also solved the problem of finding a real

superstring solution in a pure-gauge form raised in [28].
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A Assumptions

In this appendix we present a list of the assumptions introduced in [I] on the renormalized opera-

tor [e/\V(a,b) ]

r for constructing solutions corresponding to general marginal deformations. See § 1.1
of [I] for more detailed discussion. While the discussion in [I] was for the bosonic string, it can be
extended to the superstring if the marginal operator Vi is the supersymmetry transformation of a
superconformal primary field V; /2 of dimension 1/2 as stated in (3.I]) and if the BRST operator (3.4)
for the superstring is used. We believe that all the assumptions are satisfied for any exactly marginal

deformation preserving superconformal invariance.

1. The BRST transformation of the operator [e/\v(“’b) | takes the following form:
Qp- [V D], = [V Op(b)], — [Or(a) VD], (@)

where Or(a) and Og(b) are some local operators at a and b, respectively.
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2. The BRST transformation of the operator [Or(a) eV (@b) ], is given by

Qg -[01(a) VM ], = — [0p(a) V"D Ok (b)), (1)
The operator [e*V(%b)], generalizes to
n
[H iV (aisaitn) ] (A.1)
i=1
with a; < a4 for ¢ = 1,2,...,n when different boundary conditions on different segments on the

boundary are introduced. Two assumptions on this operator were made in [I].

3. Replacement. When \iy1 = i, the product eV (@i0it1) griviV(eiv1.0i02) ingide the operator (A1)

can be replaced by etiV (@irti+2).

[... eNV(eair) AiViaiviaive) | 1 eAiV(esair) (II1)

4. Factorization. When \j vanishes, the renormalized product (A1) factorizes as follows:

[... e tVia-00) AinViesneee) ) = [ eN-tVa-0a) | TeAinViegenaee) IV)

It was also assumed that ([II) and (IV]) hold when Of(a1), Og(an+1) or both are inserted into the

operator (A.J]). The next assumption is for operators on the family of surfaces W,.

5. Locality. The operators [V (@Y ], and [Or(a) e*V (@) ], defined on W, coincide with those defined

on Wy, with m > n;:
[e/\V(a,b) ]r on W, = [e/\V(a,b) ]r on Wi,

\Y%
[0L(a) V@ ] on W, = [Op(a) eV (Y], on W, . (V)

Finally, e’V () is classically invariant under the reflection where V() is replaced by Vi(a + b — t),

and it was assumed that [e*V(®b) ], preserves this symmetry.

6. Reflection. The operator [V (@0 ], is invariant under the reflection where Vi (t) is replaced by

Vi(a +b—t):
[exp(k/ﬂbdtvl(aqtb—t))]r: [exp(k/ﬂbdtvl(t)>]r. (V1)
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