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DESY 07-120, Edinburgh 2007/13, LTH 754, TUM/T39-07-12The spin struture of the pionD. Br�ommel,1, 2 M. Diehl,1 M. G�okeler,2 Ph. H�agler,3 R. Horsley,4 Y. Nakamura,5D. Pleiter,5 P.E.L. Rakow,6 A. Sh�afer,2 G. Shierholz,1, 5 H. St�uben,7 and J.M. Zanotti4(QCDSF/UKQCD Collaborations)1Deutshes Elektronen-Synhrotron DESY, 22603 Hamburg, Germany2Institut f�ur Theoretishe Physik, Universit�at Regensburg, 93040 Regensburg, Germany3Institut f�ur Theoretishe Physik T39, Physik-Department der TU M�unhen, 85747 Garhing, Germany�4Shool of Physis, University of Edinburgh, Edinburgh EH9 3JZ, UK5John von Neumann-Institut f�ur Computing NIC / DESY, 15738 Zeuthen, Germany6 Department of Mathematial Sienes, University of Liverpool, Liverpool L69 3BX, UK7Konrad-Zuse-Zentrum f�ur Informationstehnik Berlin, 14195 Berlin, Germany(Dated: August 21, 2009)We present the �rst alulation of the transverse spin struture of the pion in lattie QCD.Our simulations are based on two avors of non-perturbatively improved Wilson fermions, withpion masses as low as 400MeV in volumes up to (2:1 fm)3 and lattie spaings below 0:1 fm. We�nd a harateristi asymmetry in the spatial distribution of transversely polarized quarks. Thisasymmetry is very similar in magnitude to the analogous asymmetry we previously obtained forquarks in the nuleon. Our results support the hypothesis that all Boer-Mulders funtions are alike.Introdution.| Sine their disovery in the late 1940s,pions have played a entral role in nulear and partilephysis. As pseudo-Goldstone bosons of spontaneouslybroken hiral symmetry they are at the ore of the low-energy setor of quantum hromodynamis (QCD). Sinethe pion has spin zero, its longitudinal spin struture interms of quark and gluon degrees of freedom is trivial.Pion matrix elements of quark and gluon heliity opera-tors vanish due to parity invariane, h�(P 0)j�3j�(P )i=0,where, e.g., for quarks �3=q35q. An instrutive quan-tity desribing the spin struture of hadrons is the prob-ability density �(x; b?) of quarks in impat parameterspae [1℄, illustrated in Fig. 1.Here x is the longitudinal mo-
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FIG. 1: Illustration ofthe quark distribution ina �+ in impat parameterspae.
mentum fration arried bythe quark, and the impat pa-rameter b? gives the distanebetween the quark and theenter of momentum of thehadron in the plane transverseto its motion. Beause ofparity invariane, the density�(x; b?; �) of quarks with he-liity � in a pion is determinedby the unpolarized density,2�(x; b?; �) = �(x; b?). Thelatter is given by �(x; b?) =H�(x; �=0; b2?) in terms of ab? dependent generalized parton distribution (GPD) atzero skewness �. The lattie QCD alulations disussedbelow give aess to x-moments of quark spin densi-ties, whih we have investigated in [3℄ for quarks withtransverse spin s? in a nuleon with transverse spin S?.The orresponding expression �(x; b?; s?) for polarizedquarks in the pion is obtained by setting S? = 0 in thenuleon densities of [3, 4℄. The result is muh simpler

but still ontains a dipole term / si?�ij bj?, whih leadsto a dependene on the diretion of b? for �xed s?,�n(b?; s?) = Z 1�1 dx xn�1�(x; b?; s?)= 12�A�n0(b2?)� si?�ij bj?m� B�0Tn0(b2?) � ; (1)where B�0Tn0 = �b2?B�Tn0. The b? dependent vetor andtensor generalized form fators (GFFs) of the pion, A�n0and B�Tn0, are moments of the GPDs:Z 1�1 dx xn�1H�(x; �=0; b2?) = A�n0(b2?) ;Z 1�1 dx xn�1E�T (x; �=0; b2?) = B�Tn0(b2?) : (2)To this day, next to nothing is known about the signsand sizes of the B�Tn0. Sine these GFFs determine thedipole-like distortion of the quark density in the trans-verse plane, non-vanishing B�Tn0 would imply a surprisingnon-trivial transverse spin struture of the pion. A om-putation of the B�Tn0 from �rst priniples in lattie QCDtherefore provides ruial insight into the pion struture.Lattie QCD alulations give aess to GFFs F (t) =A�n0(t); B�Tn0(t) in momentum spae, whih are relatedto the impat parameter dependent GFFs F (b2?) =A�n0(b2?); B�Tn0(b2?) by a Fourier transformationF (b2?) = (2�)�2 Z d2�? e�ib?��?F (t = ��2?) ; (3)where �? is the transverse momentum transfer. Themomentum-spae GFFs B�Tn0(t) parameterize pion ma-
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FIG. 2: Lattie results at � = 5:29 and m� � 600MeV forthe �rst two generalized form fators B�;uTn0(t) for up-quarksin the �+. The shaded bands show p-pole parameterizations.trix elements of loal tensor quark operators,h�+(P 0)jO���1 ����n�1T j�+(P )i = AS �P��� ��� �P �m�� n�1Xi=0even��1 � � ���i �P�i+1 � � � �P�n�1B�Tni(t) (4)with �P = 12 (P 0 + P ), � = P 0 � P and t = �2. HereAS denotes symmetrization in �; : : : ; �n�1 followed byanti-symmetrization in �; � and subtration of traes inall index pairs. The tensor operators are given byO���1����n�1T = AS q i��� iD$�1 � � � iD$�n�1 q (5)with D$ = (D! �D )=2 and all �elds taken at spae-timepoint z = 0. The analogous matrix elements of loalvetor quark operators are parameterized by A�n0(t) asspei�ed in [5℄. For de�niteness we onsider in the fol-lowing A�;un0 (t) and B�;uTn0(t) for up-quarks in a �+. Theirounterparts for down-quarks and for �� or �0 readilyfollow from isospin invariane [2℄, sine Wilson fermionspreserve avor symmetry. We note that A�;u10 (t) is identi-al to the eletromagneti pion form fator F�(t), whihwe investigated in detail in [6℄.Lattie QCD results.| Based on our simulations withWilson gluons and dynamial, non-perturbatively O(a)improved Wilson fermions with nf = 2, we have eval-uated the matrix elements in Eq. (4) for n = 1; 2 andmomentum transfers up to �t � 3GeV2. Con�gurationswere generated at four di�erent ouplings � = 5:20, 5:25,5:29, 5:40 with up to �ve di�erent � = �sea values per�, on latties of sizes V � T = 163 � 32 and 243 � 48.We have set the lattie sale a using a Sommer param-eter of r0 = 0:467 fm [7℄. The pion masses are as lowas 400MeV, spatial volumes are as large as (2:1 fm)3,and lattie spaings are below 0:1 fm (see [6℄ for a listof lattie parameters). The omputationally demandingdisonneted ontributions present for even n are not in-luded. For the tensor GFFs B�Tn0 we expet them to besmall in the physial limit, sine they require a hiralityip on a quark line and are thus suppressed by the quarkmass [8℄. All results were transformed to the MS sheme
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FIG. 3: Study of disretization errors in B�;uT10(t=0)=m�.at a sale of 4GeV2 using non-perturbative renormal-ization [9℄. Further information on the omputation ofGFFs in lattie QCD an be found, e.g., in [6, 10℄, anddetails of the present analysis will be given in [11℄.As an example we show in Fig. 2 the t dependene ofB�;uT (n=1;2)0 at � = 5:29 and m� � 600MeV. The ex-trapolation to the forward limit t = 0 requires a param-eterization of the t dependene of the lattie results. Asthe statistis and t range of our data is not yet suÆientfor sophistiated multi-parameter �ts, we use a standardp-pole form F (t) = F0=[1 � t=(pm2p)℄p, where the for-ward value F0 = F (t=0) and the p-pole mass mp are freeparameters for eah GFF. Good �ts are obtained in awide range of p, with a preferene for relatively low val-ues. On the other hand, a regular behavior of �n(b?; s?)in the limit b? ! 0 (whih is of ourse inaessible ina lattie alulation) requires p > 3=2 for B�;uTn0(t) [4℄.We therefore take p = 1:6 in the following. For the ex-amples in Fig. 2 we obtain B�;uT10(t=0) = 0:856(60) withmp = 0:949(57)GeV, and B�;uT20(t=0) = 0:206(24) withmp = 1:239(30)GeV. We stress that our �nal resultsshow only a mild dependene on the hosen value of p.Taking, e.g., p = 2, whih gives the power behavior fort ! �1 expeted from dimensional ounting, hangesour �ts of B�;uTn0 by less than the statistial errors evenbeyond the region �t < 3GeV2 where we have data [11℄.Before disussing potential disretization and �nitesize e�ets as well as the pion mass dependene of ourresults we note that, due to the prefator m�1� in the pa-rameterization (4), the GFFs B�Tn0(t) must vanish likem� for m� ! 0 [2℄. This is also required to ensure thatthe densities in Eq. (1) stay positive and �nite in the hi-ral limit. In the following we therefore onsider the ratioB�Tn0Æm�, whih tends to a onstant at m� = 0.Figure 3 shows the dependene of B�;uT10(t=0)Æm� onthe lattie spaing a for two ranges of pion masses, wherewe have exluded those lattie data points whih are moststrongly a�eted by �nite volume orretions (see below).We onlude that disretization errors are smaller thanthe statistial errors and neglet any dependene of theGFFs on a in the following analysis.Figure 4 shows the volume dependene ofB�;uT10(t=0)Æm� for three di�erent ranges of m�.The �nite volume orretions to the matrix elements
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FIG. 4: Study of �nite size e�ets of B�;uT10(t=0)Æm�. Shadedbands represent a ombined �t (restrited to m�L > 3) in m�and L as desribed in the text. The dashed lines show thein�nite-volume limit of the �t.with n = 1; 2 in Eq. (4) are known to leading order inhiral perturbation theory (ChPT) [12℄. For m�L � 1the leading orretion to B�Tn0(t=0)Æm� is proportionalto m2� exp(�m�L) up to powers of (m�L)�1=2, where Lis the spatial extent of the lattie. Although our analysisinludes pion masses as low as 400MeV, we feel that aquantitative appliation of the hiral expansion requireslattie omputations at even lower values of m� andprobably the inlusion of higher-order terms. We takehowever the result of [12℄ as a guide to estimate the Ldependene of our lattie data, �tting B�;uT10(t=0)Æm�to the form 0 + 1m2� + 2m2� exp(�m�L). This�t, represented by shaded bands in Fig. 4, givesB�;uT10(t=0) = 1:47(18) GeV�1 at L = 1 and m� �440 MeV, ompared to B�;uT10(t=0) = 1:95(27) GeV�1at L � 1:65 fm as represented by the diamond in thelowest panel of Fig. 4. The typial orretions forB�;uT20(t=0)Æm� are similar. Within present statis-tis, we do not see a lear volume dependene of theorresponding p-pole masses for n = 1; 2.The pion mass dependene of B�;uTn0(t=0)Æm� is shownin Fig. 5. The darker shaded bands show �ts based onthe ansatz we just desribed. Data points and errorbands have been shifted to L=1. For m� = 140MeVwe obtain B�;uT10(t=0)Æm� = 1:54(24) GeV�1 with mp =0:756(95)GeV, and B�;uT20(t=0)Æm� = 0:277(71) GeV�1with mp = 1:130(265)GeV, where in both ases we haveset p = 1:6. The errors of the forward values inludethe unertainties from �nite volume e�ets. The lightshaded bands in Fig. 5 show �ts restrited to m� < 650MeV using 1-loop ChPT [2℄ plus the volume depen-dent term 2m2� exp(�m�L). We note that the ChPT-extrapolation gives larger values for B�;uT10(t=0) at thephysial point than the linear extrapolation in m2�.To ompute the lowest two moments of the density inEq. (1) we further need the GFFs A�n0(t) with n = 1; 2.For A�;u10 (t) = F�(t) we refer to our results in [6℄. Adetailed analysis of A�;u20 (t) will be presented in [11℄,and �rst results are given in [5℄. We �t A�;un0 (t) to a
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FIG. 5: Pion mass dependene of B�;uTn0(t=0)Æm�. Theshaded bands represent �ts as explained in the text.p-pole parameterization with p = 1, whih provides anexellent desription of the lattie data and is onsistentwith power ounting for t ! �1. Fourier transform-ing the parameterizations of the momentum-spae GFFswe obtain the densities �n(b?; s?). In Fig. 6 we show�n=1(b?; s?) for up-quarks in a �+ together with or-responding pro�le plots for �xed bx. Compared to theunpolarized ase on the left, the right-hand side of Fig. 6shows strong distortions for transversely polarized quarksand thus a pronouned spin struture. The di�erene be-tween p = 1:6 and p = 2 for B�;uTn0 is negligible within er-rors. The negative values of the density on the lower rightin Fig. 6, obtained for the maximal values of B�;uT10 fromthe hiral extrapolations in Fig. 5, are unphysial. Theyshow that 1-loop ChPT annot be regarded as quantita-tively reliable in this ase and provides only a rough ideaof the unertainties related to the hiral extrapolation.From Eq. (1) we obtain an average transverse shifthby?in = R d2b? by?�n(b?; s?)R d2b? �n(b?; s?) = 12m� B�Tn0(t=0)A�n0(t=0) (6)in the y diretion for a transverse quark spin s? = (1; 0)in the x diretion. Our lattie results give hby?i1 =0:151(24) fm and hby?i2 = 0:106(28) fm.Let us ompare our results for B�Tn0 with those forthe analogous GFFs BTn0 that desribe the dipole-likedistortion in the density of transversely polarized quarksin an unpolarized nuleon. The orresponding averagetransverse shift is hby?in = BTn0(t=0)Æ�2mNAn0(t=0)�,where An0(t=0) is the n-th moment of the unpolarizedquark distribution. With the lattie results of [3℄ we�nd hby?i1 = 0:154(6) fm and hby?i2 = 0:101(8) fm forup-quarks in the proton. Remarkably, the distortion inthe distribution of a transversely polarized up-quark iswithin errors of the same strength in a �+ and in theproton. An explanation of this �nding has reently beenproposed in the framework of quark models [13℄.The moments of the GPDs E�T in the pion and ET inthe nuleon an be onneted with the respetive Boer-Mulders funtions, whih desribe the orrelation be-tween transverse spin and intrinsi transverse momentumof quarks in an unpolarized hadron [14℄. They lead, e.g.,
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