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Feynman diagrams may be evaluated by Mellin-Barnes reptasens of their Feynman param-
eter integrals ind = 4 — 2¢ dimensions. Recently, the Mathematica toolkWBRE has been
developed for the automatic derivation of such represimztvith a loop-by-loop approach. We
describe the package and exemplify its use withgtexpansion of the massive one-loop QED
vertex function.
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AMBRE — MB-representations for Feynman integrals T. Riemann

1. Introduction

For many of the precision predictions of observables for L&th@ ILC we need the automated
evaluation of multi-leg and/or multi-loop Feynman diagegana summary of the needs and the
present status may be found [ [1].

A promising approach is the representation of the Feynmagrains by Feynman parameter
integrals and the subsequent use of Mellin-Barnes (MBasmntations for their further evaluation.
The method was invented in 1975 for the finite massive scataetpoint function in[j2]. Massive
one-loop self-energies and vertices were investigated dimensions in[[3]. An important step
was the explicit evaluation, in terms of polylogarithmstlwé planar on-shell double box i [4}-7]
and of the non-planar case ifj [8, 7]. Slightly different aitions are used for the derivation of
proper MB-representations for divergent diagrams as esipas in powers of = (4—d)/2. The
algorithm of Tausk was automated in Mathematica and Mdfjlerf@ in Mathematica[[10]; the
latter packagelMB, is publicly available. As input it needs some MB-integraprresentation and
performs thee expansion. Quite recently, the Mathematica packd¢BRE was published which
prepares for a large class of Feynman diagrams the MB-aitegpresentatior [11].

In this contribution, we describe the packa®eBRE and give a simple example of its use

2. Construction of Mellin-Barnes representations

We will use the MB-representation

io+R
(A+lB) 2mF /daA" T (-o)(v+0), (2.1)
f|m+R

where the integration contour separates the poles df-#umctions.
We evaluatd_-loop Feynman integradsin d = 4 — 2¢ dimensions withN internal lines with
momentag; and massesy, andE external legs with momenta.:

1 / dd;...d%, T(Kk)
(im/2)k ) (of —mg)Ve...(qf —mP)Vi... (o] — my)™

The numeratof (k) is a tensor in the integration variables:

k) = 1,k KKy, ... (2.3)

The momenta of the denominator functiahsre:

-nf = = (i\a"k' - iﬁiepe> —né. (2.4)

The momentum integrals are replaced by standard Feynmampter integrals:

GL[T (k)] = (2.2)

i XNV d(L+1)/2
ne, /ﬂldx’ Z)q “Fogneaz - LD

1Examples of different complexity may be found at the webp@,].
20ften one uses the additional normalizat&#"; we leave this to the later evaluation with the pack!s@e[@].
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(2.5)
with
N
N, = Y v (2.6)
v i; |
The two functionsJ andF may be derived from
N
N = Z)g(qiz—mz) = kMk—2kQ+J, (2.7)
i=
whereMy: = 3L, o aixi, andQ = 1L @il Px;, andd = 31, (B? — n)x; namely:
U(x) = detM), (2.8)
F(x) = —det(M) J+ QMQ. (2.9)

Where we may assunmd® = M. TheU andF as well asM = det(M) M~ are polynomials irx.
We will evaluateL-loop integrals with the loop-by-loop iteration procedusecause the formulae
simplify for one-loop integrals:

U=M =M = defM) = %m =1 (2.10)

N N
F=-Ul+Q = SRR -RP+mxx; = 3 fijxix;. (2.11)

The simplest tensor factoR5(T) in (£.3) become:

Pi(1) = 1, (2.12)
k) = _imﬂ“, (2.13)
ap
Py (KIKE) = Z)ﬁpa z X;P '\E”N—__)l) F 97. (2.14)
vT 2

TheP® are the so-called chords introduced in](2.4). The genesa

G]_(Tm) = Gl(lil kllm)

)N N r(N d+r B i
r|( S /r!d“v' oy J)Zo( (2>VF*N L (o),
i= i= r=o(—

(2.15)

with the abbreviation§ = F(x) andP = Pi(k¥) = 3 xR = Zi,exaBiep‘e‘. Ther starts from zero
(with o4 = 1), and it is«4 = 0 for r odd, ande; = gHiaHiz ... gHr—1Hr for r even. The convention
(Wi, - ..) means the totally symmetric combination of the arguments.

In AMBRE, the tensorial numerators are assumed to be contractecwetiso?(m) composed of
external moment@e, so that the following quantity is evaluated:

P(m) G1(Tm) = (pk2--- ph™) Ga(kH---kHm). (2.16)
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One now has to perform theintegrations. We do this by the following simple formula:

1 — M(d)---T(an)
dx>xd 15 (1-Vx | = : 2.17
/Oil:! ' ; T+ +an) (2.17)
From the above text it is evident that the integrand o] (2dB)tains besides simple sums of mono-
mials ;X" (like e.g. Q and M) also sums of monomials with non-integer exponents Thikies
to the appearance of the factddgx) andF(x). One may rewriteF (x) andU ) so that -7)

becomes applicable. For the one-loop case this has to becdrby\éor F(x). In @11),F(x
written as a sum ol < 2N(N + 1) non-vanishing, bilinear terms iq>:

N (Ny—dL/2)
=
F() NWdv2) = [Z fn(i,j)XaXJ]

n=1
1 1 Ne joo4Uj
= [fn(
F(Ny — dL/2) (2™ u / dz I_L n(i, J)xixj]™
—joo-Uj
[f2(i, §)%;] (Ny—dL/2)—3"F 4 (N dL & e r(-z)
130, )xxj] " T 9T =24 -—=+Y z -7j).
i VTS ]ZZ i JI:L i

(2.18)

Here, fu(i, j) = fij if fij #0. Inserting [2.18) and the tensor functiB(T) into (2.2) allows to
apply (2.1F) for an evaluation of theintegrations.

As aresultL-loop scalar Feynman integrals may be represented by asimgti-dimensional
MB-integral and tensor Feynman integrals by finite sums ofidtegrals.

3. The Mathematica package AMBRE

In this section we describe the use of the packayBRE [[L1]. AVBRE stands forAutomatic
Mellin-BarnesRepresentation. It is a (semi-)automatic procedure writtamnfiulti-loop calcula-
tions. The package works with Mathematica 5.0 and laterimessof it. One has to perform the
following tasks:

(i) define kinematical invariants which depend on the extenmomenta;

(i) make a decision about the order in whiclone-loop subloop$L > 1) will be worked out
sequentially;

(iii) construct a Feynman integral for the chosen subloap perform manipulations on the cor-
responding--polynomial to make it optimal for later use of the MB repnatsgions;

(iv) use equation[(2.18);

(v) perform the integrations over Feynman parameters vgjttation [2.1]7);

3If useful, one may also consid&i(x) with linear and bilinear terms in the.
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(vi) if needed, go back to step (iii) and repeat the stepsifemiext subloop untiF in the last,Lt"
subloop will be changed into an MB-integral.

The steps (ii) and (iii) must be analyzed carefully, becahsee exists some freedom of choice
on the order of loop integrations in step (ii) and also on trdeoof MB integrations in step (iii).
Different choices may lead to different forms of MB-repnetsgions.

The basic functions ocAVBRE are:

e Fullintegral[{numerator},{propagators},{internal momenta}] — is the basic function for
input Feynman integrals

e invariants—is a list of invariants, e.gnvariants = {p1*pl — s}

e IntPart[iteration] — prepares a subintegral for a given internal momentum Hgaoig the
related numerator, propagators, integration momentum

e Subloop[integral] — determines for the selected subintegralih@ndF polynomials and an
MB-representation

e ARint[result,i_] — displays the MB-representation number i for Feynman naisgvith nu-
merators

e Fauto[0] — allows user specified modifications of thgolynomialfupc

e BarnesL emma[repr,1,Shifts- >True] — function tries to apply Barnes’ first lemma to a
given MB-representation; wheghifts- >True is set, AMBRE will try a simplifying shift
of variables; the default iShifts- >False
BarnesL emma[repr,2,Shifts- >True] — function tries to apply Barnes’ second lemma

4. V3I2m: the one-loop massive QED vertex

As an example, we evaluate the one-loop massive QED venestifun V3I2m (vertex with 3
internal lines, 2 of them being massive? = 1):

d9k 1
im9/2 (k2)no[(k4 p1)2 — 1M [(k— pp)2 — 1]

The corresponding definition ilVBRE:

»V3I2m = Fullintegral[{1} {PR[K, O, n0] PR[k + p1, 1, n1] PR[k - p2, 1, n2]} {k}]
In a next step we define the invariants:

»invariants = {p1>— > 1,p2°— > 1, plp2— > (s—2)/2}
With IntPart[1] andSubL ocop[integral], we determine th&-polynomial for the diagram,

V3l 2m= €% / (4.1)

F = (x1 +%2)2 + [~ Sxu%, (4-2)

As usual, we have to replace here a positu®y s+ ig. After setting{nl1->1, n2->1, n0-> 1}
and applying Barnes'’ first lemma,
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» MBV3I2m = BarnesLemma[V3I2m, 1]
an MB-representation for the Feynman integral is obtained:

- e 1 (2T (-2F(1+e+2)
V312nly] = — 1 2s 2m/ 2= M(—2¢ - 22)

For the subsequent step, the derivation ofgtexpansion, the packadds may be used:

V312m[—1,y]

V312m[y] = +V312m[0,y]+ £ V312m[1,y] +---,

where we already introduced the conformal variable

 J/ostd- /s
Vst d+y/=s

(4.3)

(4.4)

(4.5)

Representations for the first terms of thexpansion are easily obtained with the followikB

commands
» rules= M BoptimizedRuleM BV 3I2m, eps-> 0, {}, {eps}]
» integrals = M BcontinuglM BV 3I2m, eps-> 0, rules)
» expV3l2m = M Bexpand[integrals, Exp[eps*Euler Gamma], {eps, 0, n}]
We reproduce a few of them here:
_ 11 e 1, T-2M[1+7
v3l2m[—1,y] = 5971 s S) M2
1 +i°°+“dz( 1, T3[-4r[1+4

oy —S
270 ) it ) F[-27

% [V —In(—s) + 2¥W[-27 — 2W[-7 + W[1+ 7],
1/4 [Hiotu 1, 3-4ri1+4
210 J iwyu d4-9)™ r[-27

V312m[0,y] =

V312m[l,y] =

[V +Log 52 + Log 5] (~2y — 4¥[ 27+ 4¥[-7] - 2W[1+7)

Ve (AW[—27 — AW[—7 + 2W[1+ Z))
—4W[1, 27+ 2W[1, 7 + W[1,1+7
+4(W[-27% - 2W[-24W[Z + W[-Z* + W[-27W[1 + 7
—Y[—ZW[1+7)+ W[1+ 7>

1/12 +i°°+“d N r3—4rii+4

V312m|2 = ——
m[ 7Y] 271 icotu ) r[—ZZ]

[a(z) +b2W(0,1+2) + W(2,1+2) + 2¥(0,1+2)? + ¥(0,1+2)°

+3W(0,1+2)W(1,1+2) +c(2)[W(L,1+2) + 2¥(0,1+ 27,

(4.6)

4.7)

(4.8)

(4.9)

with some coefficientsa(z),b(z),c(z), which depend orLog[—9|, y&,¥Y(k,—2), WY (k,—22) (k =

0,1,2). Here,W[Z andW[k, 7] are polygamma functions:

PolyGamma [z]= PolyGamma [0,z]= W(z) =

(4.10)
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n

PolyGamma [0,n+1E S(n)— g = Z% — ¥,

dW(Ez) e 1
o = (D +1n!k;W.

The integration path includes the straight line rangingnffe-ico 4+ 1/2) to (+ic +1/2). Closing
the path to the left, allows to express the integral as aniiefseries of residua arising from the
poles of

PolyGamma [n,z}= W[n,Z = (4.11)

M1+27,Wk,1+7, (4.12)

atz=—n,n=1,2,--- with different weight functionss(z), e.g. forV3Il 2n{ - 1, y] with

I e
_(_ 1-z
G(z2) = (—9) 2 (4.13)
The resulting respresentations are inverse binomial sums:
12 g
valom—-1,y] = 5 ) o — 4.14
m(—1,y] zn;( D)’ (4.14)
valomo.y = =% S s, (4.15)
S Zn;( " (2n+ 1) '
=y - 4.16
v312m[1,y] 4;)( oD [S1(N)*+ L —S(n)], (4.16)
2 g 1args 1 1 1 1
V312m[2,y] = nzom [1—251[n] — Zsj_[n]&[n] + ZZzsl[n] + 653[n] - 653 )
(4.17)
etc., and the harmonic numbeggn) are
HarmonicNumber[n,k]= S(n) = %k (4.18)
The simplest of the sums may be done with Mathematica:
l4arcsiy/s/2) 1
V3l2m[—1,y] = 5 \/—s\fs El—yz Iny. (4.19)

The other sums appearing above may be obtained from sumd IisfTable 1 of Appendix D in

[£4):

hd q"

g 2n (2n+1) = y2)i12|n(y)’ (4.20)
> FaiD i Sin) = 77 [~4Lia(-y) 4y N(L+y) +Iny) ~2%2],  (4.21)
n:O
> @D Si(n)? = yzy_l 16512(~y) - 8Lis(~y) + 16Liz(~y)In(L+y)
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+8In%(1+y)In(y) —4In(1+y)In?(y) + % In3(y) +8Z2In(1+Y)

—4>In(y) — 853] , (4.22)

8
o,
<

_ 3
2 WSZ(”) = —m = IN°(Y), (4.23)

Si(n)® = yz)i 1 [—9681,2(—3/) IN(1+y) — 965 3(—Y) +48%2(—Y)

—247,In?(1+y) — 48P (14 y)Lia(—Yy) +48Z3In(1+y)
+48In(1+y)Lis(—y) — 16In(y) In3(1+y) + 242, In(y) In(1+y)
+12IrP(y) In?(14y) — 2In3(y) In(1+y) + S In*(y) — 3Z2In?(y)

8
o,

n= (Znn) (2n + l)

12
+6In(y)Liz(—y) + 2In*(y)Li2(y) — 10Z3In(y) — 24In(y)Lis(—y)
—8In(y)Liz(y) + 34+ 24Lis(—y) + 12Li4(y)} : (4.24)
éoﬁ (n) = yzi 1[1—12 In*(y) + 12Lia(y) + 2In°(y)Li2(y)
—aZsIn(y) — 8In(y)Lis(y) — 1244 . (4.25)
3 o S = [y -5+l

+2In?(y)Liz(—y) + 2In*(y)Liz(y) +2¢3In(y) —8In(y)Liz(-y)
—8In(y)Liz(y)+22s +16Lis(~y) +12Li4(y)} . (4.26)

The one-loop QED vertex function is a relatively simple @gede problem, and in fact one may
derive the general term of theeexpansion. So far, we applied the Mathematica packagémuwutit
an interference by the user. The packages have been creatibe fautomatization of this type of
calculations. But here we have an instructive example ofithigations of that. Let us go back to
Equation [4.8) and shift the integration variaklaccording t@= Z — &, with a related shift of the
real part of the integration path!, = u+ ¢. The resulting MB-integral is:

el (—2¢) 1 T3(=2)T(~Z+e)F(1+2)
“Ta—2e2m ) 929 r(—22)

V312mfy] = (4.27)

After taking residua as before, but now without usi8, one has to evaluate:

e 2 g F(n+1+e¢)
V312m|y| = — . 4.28

[Y] 2¢ nZO (Znn) (2n+ l) r(n+ l) ( )
We may apply here the following well-known relatidn][£5]

Fr(n+1+e¢)
M(n+1)

= (14€)exp [— " Sk(n)] : (4.29)

4Expresd (—n+¢) by I'(£). Thereby factors A(—n+ € +k) are collected, inverse them for small
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and obtain the general term of the inverse binomial sum femth term in thee-expansion of
V3l 2n y] . The first terms agree with (4]14)—(4.17). The evaluatiothefsums may be per-
formed for the general case by introducing integral repriegimns for thel” functions and the
harmonic numbers (for the latter see e[g] [16]), and thefopring the two-dimensional integral.

Alternatively to the approach described here, one may éterthe vertex function in terms
of Harmonic Polylogarithms (HPLs) [1L7] by the differentiduation method, which allows easily
to derive thee-expansion of the Feynman integ&2| 2m The vertex may be related 821 2m
and to the tadpol@1l 1mby integration by parts; see e.§. [18]:

(d—2)T11im—2(d — 3)SE212m

V312m = (d—4)(s—4)

(4.30)

The master integral¥1l 1mand SE2| 2mare tabulated e.g. in the fileast er sHPL. m[fLS,
P0]. From the corresponding formulae it may be seen that bifty.s with arguments 0 and -1
appear. An approach to describe the verted dimensions with hypergeometric functions and the
subsequent derivation of tieeexpansion may be found ipJ21].

5. Summary

To summarize, for many applications of present phenomeieabor more theoretical interest
the packageAMBRE solves an important part of the calculational problem: tbmisautomatic
derivation of MB-representations for a large class of Fegnimtegrals.
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