
*0
70
7.
25
53
*

Revised Version  DESY 07-103
 MPP-2007-96

ar
X

iv
:0

70
7.

25
53

v2
  [

he
p-

ph
] 

 1
2 

O
ct

 2
00

7

DESY 07-103 ISSN 0418-9833MPP-2007-96July 2007
Ele
troweak 
orre
tions to W -bosonhadroprodu
tion at �nite transversemomentumW. Hollika, T. Kasprzika, B.A. Kniehlba Max-Plan
k-Institut f�ur Physik (Werner-Heisenberg-Institut),F�ohringer Ring 6, 80805 Muni
h, Germanyb II. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstra
tWe 
al
ulate the full one-loop ele
troweak radiative 
orre
tions to the 
rossse
tion of singleW -boson in
lusive hadroprodu
tion at �nite transverse momentum(pT ). This in
ludes the O(�) 
orre
tions toW+j produ
tion, the O(�s) 
orre
tionsto W + 
 produ
tion, and the tree-level 
ontribution from W + j photoprodu
tionwith one dire
t or resolved photon in the initial state. We present the integrated
ross se
tion as a fun
tion of a minimum-pT 
ut as well as the pT distribution for theexperimental 
onditions at the Fermilab Tevatron and the CERN LHC and estimatethe theoreti
al un
ertainties.PACS: 12.15.Lk, 12.38.Bx, 13.85.Fb, 13.85.Qk
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1 Introdu
tionThe hadroprodu
tion of single W bosons via the Drell-Yan pro
ess in pp 
ollisions atthe CERN SppS led to the dis
overy of this parti
le in 1983 [1℄. Nowadays, this pro
essserves as a standard 
andle to 
alibrate and monitor the luminosity of hadroni
 
ollisions,sin
e its 
ross se
tion is rather sizeable and W bosons are straightforward to identifyexperimentally thanks to their simple and distin
t de
ay signature. The quality of theluminosity determination is thus limited by the pre
ision to whi
h this 
ross se
tion ispredi
ted theoreti
ally. It is, therefore, mandatory to 
al
ulate higher-order radiative
orre
tions. At present, they are known at next-to-leading order (NLO) [2℄ and next-to-next-to-leading order (NNLO) [3℄ in quantum 
hromodynami
s (QCD) as well as at NLO[4℄ in the ele
troweak se
tor of the standard model (SM) of elementary parti
le physi
s.In order for the W boson to a
quire �nite transverse momentum (pT ), it must beprodu
ed in asso
iation with one or more other parti
les. To lowest order (LO) in QCD,the additional parti
le is a gluon (g), quark (q), or antiquark (q), materialising as a hadronjet (j). The 
orresponding partoni
 subpro
esses are of O(��s). Their 
ross se
tionsare presently known at NLO [5℄ and NNLO [6℄ in QCD, i.e. at O(��2s) and O(��3s),respe
tively. Very re
ently, also the one-loop ele
troweak 
orre
tions, at O(�2�s), were
onsidered [7℄. This is also the topi
 of the present paper. However, as explained below, wea
tually study somewhat di�erent 
ross se
tion observables and arrange for our results tobe manifestly infrared (IR) safe by avoiding kinemati
 
uts that destroy the in
lusivenessof massless quanta. In fa
t, the situation is 
ompli
ated by the 
ir
umstan
e that bothphotons and gluons 
an appear as bremsstrahlung.The observable we thus wish to investigate is the di�erential 
ross se
tion for the in-
lusive hadroprodu
tion of single W bosons with �nite pT at O(�2�s). Spe
i�
ally, we
on
entrate on the pT distribution and the integrated 
ross se
tion as a fun
tion of aminimum-pT 
ut, leaving the distributions in other observables, su
h as rapidity, for fu-ture work. At LO, the system X re
oiling against the W boson is purely hadroni
, whileat O(�2�s) it 
an in
lude a photon (
). We thus also have to 
onsider W + 
 produ
-tion, whose LO partoni
 
ross se
tions are of O(�2), be
ause its NLO QCD 
orre
tion
ontributes at the very order we are aiming at. In fa
t, the real radiative 
orre
tionsto W + j and W + 
 produ
tion re
eive 
ontributions from a 
ommon set of 2 ! 3partoni
 subpro
esses. In the former (latter) 
ase, IR singularities from the radiation ofsoft photons (gluons) 
an
el against similar 
ontributions from virtual photons (gluons)by the Blo
h-Nordsie
k theorem [8℄. Similarly, the IR singularities from 
ollinear �nal-state radiation (FSR) 
an
el against similar 
ontributions from the virtual 
orre
tions bythe Kinoshita-Lee-Nauenberg theorem [9℄. The residual IR singularities from 
ollinearinitial-state radiation (ISR) are fa
torised and absorbed at O(�) (O(�s)) into the partondistribution fun
tions (PDFs). This pro
edure leads to manifestly IR-safe 
ross se
tionobservables and translates into unique and simple event sele
tion 
riteria on the experi-mental side.By 
ontrast, the notion of ele
troweak NLO 
orre
tions toW+j produ
tion 
omprisesa 
on
eptual problem. In fa
t, in the treatment of �nal-state 
ollinear singularities 
aused2



by the parallel emission of a photon from an outgoing (anti)quark line, one is led to intro-du
e a 
ut in an appropriate separation variable. Within the 
ollinear phase spa
e regionthus de�ned, the (anti)quark-photon system is e�e
tively treated as one parti
le whosemomentum is identi�ed with that of j and thus subje
t to an a

eptan
e 
ut in transversemomentum, pT (j) > pminT (j), to ensure the experimental observation of j. This in
ludesphase spa
e 
on�gurations where the photon essentially 
arries all the momentum, whilethe (anti)quark 
an, in prin
iple, be arbitrarily soft. This will not generate any soft IRsingularities. However, sin
e (anti)quark and gluon jets 
an, in general, not be distin-guished experimentally on an event-by-event basis, the same re
ombination pro
edureneeds to be applied to a gluon-photon system in the �nal state as well. This time, a softgluon will inevitably produ
e an IR singularity, whi
h 
an only be 
an
eled by the NLOQCD 
orre
tions to W + 
 produ
tion, so that one falls ba
k to the symmetri
 pro
edureoutlined in the pre
eding paragraph. Formally, this soft-gluon singularity 
an be avoidedby applying the pminT (j) 
ut just to the transverse momentum of the gluon, even if it isa

ompanied by a 
ollinear photon. However, su
h a pres
ription is purely a
ademi
 andquite unsuitable for experimental implementation be
ause (anti)quark and gluon jets aretreated on di�erent footings.By 
rossing external lines, the LO partoni
 subpro
esses of W + 
 hadroprodu
tion
an be 
onverted to those of W + j photoprodu
tion with one in
oming photon parti
i-pating dire
tly in the hard s
attering (dire
t photoprodu
tion). The emission of photonso� the proton 
an happen either elasti
ally or inelasti
ally, i.e. the proton stays inta
tor is destroyed, respe
tively. In both 
ases, an appropriate PDF 
an be evaluated in theWeizs�a
ker-Williams approximation [10,11,12℄. Sin
e they are of O(�), these dire
t pho-toprodu
tion 
ontributions are of O(�3). In
oming photons 
an parti
ipate in the hards
attering also through their quark and gluon 
ontent, leading to resolved photoprodu
-tion. The 
ontributions from dire
t and resolved photoprodu
tion are formally of the sameorder in the perturbative expansion. This may be understood by observing that the PDFsof the photon have a leading behaviour proportional to � ln(M2=�2QCD) / �=�s, where Mis the fa
torisation s
ale and �QCD is the asymptoti
 s
ale parameter of QCD. Althoughphotoprodu
tion 
ontributions are parametri
ally suppressed by a fa
tor of �=�s relativeto the O(�2�s) 
orre
tions dis
ussed above, we shall in
lude them in our analysis be
ausethey turn out to be quite sizeable in an extensive region of phase spa
e.This paper is organised as follows. In Se
tion 2, we list the partoni
 
ross se
tionsat LO and explain how to evaluate the hadroni
 
ross se
tion from them. In Se
tion 3,we dis
uss in detail the stru
ture of the NLO 
orre
tions. In Se
tion 4, we present ournumeri
al results for pp 
ollisions with 
entre-of-mass (
.m.) energy pS = 1:96 TeV atthe Fermilab Tevatron and pp 
ollisions with pS = 14 TeV at the CERN Large HadronCollider (LHC).
3



2 Conventions and LO resultsWe 
onsider the hadroni
 pro
essA(pA) +B(pB)! W (p) +X; (2.1)where the four-momentum assignments are indi
ated in parentheses. We work in the
ollinear parton model of QCD [13℄ with nf = 5 massless quark 
avours q = u; d; s; 
; b,negle
t the masses of the in
oming hadrons, A and B, and impose the a

eptan
e 
utpT > p
utT on the transverse momentum pT of the W boson. (We assign masses to thepartons 
; g; q; q only to regulate soft and 
ollinear IR singularities in intermediate stepsof our 
al
ulation.)Spe
i�
ally, denoting u1 = u, u2 = 
, d1 = d, d2 = s, and d3 = b, the relevant partoni
subpro
esses in
lude ui + dj !W+ + g; (2.2)ui + g!W+ + dj; (2.3)dj + g!W+ + ui; (2.4)at O(��s), ui + dj !W+ + 
; (2.5)ui + 
!W+ + dj; (2.6)dj + 
!W+ + ui; (2.7)at O(�2), and ui + dj !W+ + g + 
; (2.8)ui + g!W+ + dj + 
; (2.9)dj + g!W+ + ui + 
; (2.10)at O(�2�s). The partoni
 subpro
esses involving aW� boson emerge through 
harge 
on-jugation. Pro
esses (2.2){(2.5) must be treated also at one loop, O(�2�s). Pro
esses (2.6)and (2.7) 
ontribute to dire
t photoprodu
tion and pro
esses (2.2){(2.4) to resolved pho-toprodu
tion. Sin
e photon emission o� protons happens at O(�), it is suÆ
ient to dealwith photoprodu
tion at tree level. In summary, we 
al
ulate the 
ross se
tion of pro-
ess (2.1) at NLO as the sum�AB!WX = �Wj0 + �W
0 + �WjO(�) + �W
O(�s) + �Wj
0 + �Wj
 ; (2.11)where �Wj0 and �WjO(�) are due to pro
esses (2.2){(2.4) at tree level and one loop, �W
0 and�W
O(�s) are due to pro
ess (2.5) at tree level and one loop, �Wj
0 is due to pro
esses (2.8){(2.10) at tree level, and �Wj
 is due to pro
esses (2.6) and (2.7) via dire
t photoprodu
tionand due to pro
esses (2.2){(2.4) via resolved photoprodu
tion, both at tree-level.4



The minimum-pT 
ut is ne
essary to stay away from the regions of phase spa
e thatare sensitive to the 
ollinear IR singularities due to the q ! 
=g + q�, q ! 
=g + q�,
=g ! q + q�, and 
=g ! q + q� splittings, whi
h are present already at LO. Here, anasterisk marks a virtual parton. The 
ross se
tion �AB!WX of the hadroni
 pro
ess (2.1)is related to the 
ross se
tions �̂ab!W
(d) of the partoni
 subpro
esses,a(pa) + b(pb)!W (p) + 
(p
)(+d(pd)); (2.12)where a; b; 
; d = 
; g; q; q and pa = xapA, pb = xbpB with s
aling parameters xa, xb, as thein
oherent sum�AB!WX(S; pT > p
utT ) = Xa;b;
(;d) Z 1�0 d� LABab (�)�̂ab!W
(d)(s; pT > p
utT ); (2.13)where S = (pA+pB)2 and s = (pa+pb)2 = �S are the hadroni
 and partoni
 
.m. energies,respe
tively, � = xaxb, andLABab (�) = Z 1� dxaxa fa=A(xa;M2)fb=B � �xa ;M2� (2.14)is the parton luminosity de�ned in terms of the PDFs fa=A(xa;M2), fb=B(xb;M2). Here,M denotes the fa
torisation mass s
ale. Introdu
ing the short-hand notation w = M2W ,we have �0 = �p
utT +pw + (p
utT )2�2S : (2.15)In order to obtain �̂ab!W
(d), we have to evaluate the transition matrix elementsT ab!W
(d) of pro
esses (2.12), square them, average them over the initial-state spins and
olours, and sum them over the �nal-state ones, whi
h leads to jT ab!W
(d)j2. To the orderof our 
al
ulation, T ab!W
d is 
al
ulated at tree level, while T ab!W
 may re
eive alsoone-loop 
ontributions, T ab!W
 = T ab!W
0 + T ab!W
1 , so thatjT ab!W
j2 = ��T ab!W
0 ��2 + 2Re ��T ab!W
0 �� T ab!W
1 �: (2.16)Then we have to integrate over the partoni
 phase spa
es imposing the minimum-pT 
ut.In the following two subse
tions, we des
ribe how this 
an be 
onveniently done for thetwo- and three-parti
le �nal states, respe
tively.Sin
e we are dealing with 
harged-
urrent intera
tions of quarks, ui and dj, theCabibbo-Kobayashi-Maskawa quark mixing matrix Vij appears. At tree level, the 
rossse
tions of pro
esses (2.2){(2.10) 
ontain the overall fa
tor jVijj2, and a part of the one-loop 
orre
tions is proportional to V �ijVij0V �i0j0Vi0j, where ui0 and dj0 are virtual quarks.Sin
e we negle
t all down-quark masses, we 
an sum over the indi
es of the virtual andoutgoing down quarks to trigger the unitarity relation P3j=1 VijV �i0j = Æii0 . In the 
ase of5



in
oming down quarks, we 
an absorb the residual appearan
es of jVijj2 into a rede�nitionof their PDFs, as [7℄ ~fdi=A(x;M2) = 3Xj=1 jVijj2 fdj=A(x;M2); (2.17)and similarly for down antiquarks. Therefore, it is suÆ
ient to 
al
ulate the partoni

ross se
tions for the 
avour-diagonal 
ase, with Vij = Æij.2.1 Two-parti
le �nal stateIf parton d is absent in pro
ess (2.12), we supplement s by two more Mandelstam variables,t = (pa� p)2 and u = (pb� p)2. Four-momentum 
onservation implies that s+ t+u = w,and we have p2T = tu=s. The partoni
 
ross se
tion entering Eq. (2.13) is evaluated as�̂ab!W
(s; pT > p
utT ) = Z pmaxTp
utT dpT d�̂ab!W
dpT ; (2.18)where pmaxT = (s� w)=(2ps) andd�̂ab!W
dpT = pT8�sp(s� w)2 � 4sp2T jT ab!W
j2 + (t$ u): (2.19)For the reader's 
onvenien
e, we list the di�erential 
ross se
tions of pro
esses (2.2){(2.7), in the 
onventional formd�̂ab!W
dt = 116�s2 jT ab!W
j2; (2.20)at LO. The Feynman diagrams 
ontributing to pro
esses (2.2) and (2.5) are displayed inFigs. 1 (a) and (b), respe
tively. We haved�̂ud!W+gdt = 2���s9s2w s2 + w2 � 2tus2tu ;d�̂ud!W+
dt = �12�s �1 + 3ts� w�2 d�̂ud!W+gdt ; (2.21)where sw = sin �w is the sine of the weak-mixing angle. Sin
e the W -boson mass sets therenormalisation s
ale of the 
ouplings, it is natural to adopt the de�nition of Sommerfeld's�ne-stru
ture 
onstant � in terms of Fermi's 
onstant GF ,� = p2� GFs2ww: (2.22)The implementation of this renormalisation s
heme at one loop is explained in Se
-tion 3.1. The 
ross se
tions of pro
esses (2.3), (2.4), (2.6), and (2.7) may be obtained6



from Eq. (2.21) by exploiting 
rossing symmetries, ass2d�̂ug!W+ddt = �38 "s2d�̂ud!W+gdt #s$u ;s2d�̂dg!W+udt = "s2d�̂ug!W+ddt #s$t ;s2d�̂u
!W+ddt = �3"s2d�̂ud!W+
dt #s$u ;s2d�̂d
!W+udt = "s2d�̂u
!W+ddt #s$t : (2.23)2.1.1 Three-parti
le �nal statesIf parton d is present in pro
ess (2.12), then the partoni
 
ross se
tion entering Eq. (2.13)may be obtained through a four-fold phase-spa
e integration along the lines of Ref. [14℄.We work in the partoni
 
.m. frame and 
hoose our 
oordinate system so that ~pa pointsalong the z dire
tion and ~pd lies in the x-y plane. We denote the polar angle of ~pd by #and the azimuthal angle of ~p
 by '. As the �rst three independent variables, we sele
t p0d,#, and ', whi
h take the values0 < p0d < s� w2ps ; 0 < # < �; 0 < ' < 2�: (2.24)In the 
ase of pro
ess (2.8), whi
h 
ontains two massless gauge bosons in the �nal state,it is 
onvenient to take the fourth variable to be p0
, with values12 �ps� 2p0d � wps� < p0
 < 12 �ps� wps� 2p0d� : (2.25)We then have d4�̂ud!W+g
dp0
dp0dd 
os#d' �����pT>p
utT = 18(2�)4 ��T ud!W+g
��2� �pT � p
utT � : (2.26)On the other hand, in the 
ase of pro
esses (2.9) and (2.10), whi
h only 
ontain onemassless gauge boson in the �nal state, it is more useful to 
hoose the fourth variable tobe the angle  en
losed between ~p
 and ~pd, with values0 <  < �: (2.27)We then haved4�̂ug!W+d
dp0dd 
os#d'd �����pT>p
utT = p0d [ps (ps� 2p0d)� w℄16(2�)4 �ps� 2p0d sin2( =2)�2 jT ug!W+d
 j2� �pT � p
utT � ;(2.28)7



and similarly for pro
ess (2.10). In order to implement the minimum-pT 
ut, pT needs tobe expressed in terms of the integration variables, whi
h is 
onveniently done with thehelp of Eqs. (5.40) and (5.42) of Ref. [14℄ and starting frompT =q(p1
 + p1d)2 + (p2
 + p2d)2: (2.29)3 NLO resultsWe now des
ribe the 
al
ulation of the NLO 
ontributions �WjO(�), �W
O(�s), and �Wj
0 ofEq. (2.11) in some detail.We employ the following tools. We generate the relevant Feynman diagrams usingthe symboli
 program pa
kage FeynArts [15℄, 
arry out the spin and 
olour sums usingthe program pa
kage FormCal
 [16℄, and perform the Passarino-Veltman redu
tion of thetensor one-loop integrals [17℄ using the program pa
kage FeynCal
 [18℄. Subsequently,we implement the analyti
al results in a Fortran program. We evaluate the standards
alar one-loop integrals 
ontained in the purely weak 
orre
tions using the programpa
kage LoopTools [19℄, whi
h in
orporates the program library FF [20℄. The numeri
alintegrations are performed using the program pa
kage Cuba [21℄, whi
h provides severaldi�erent integration routines and is, therefore, also well suited for 
ross 
he
ks.3.1 Virtual ele
troweak 
orre
tions to W + j produ
tionThe virtual ele
troweak 
orre
tions of O(�) to pro
esses (2.2){(2.4) arise from self-energy,triangle, box, and 
ounterterm diagrams. They are shown for pro
ess (2.2) in Figs. 2{5,respe
tively.Evaluating the transition matrix element T WjO(�) from these loop diagrams, we en
ounterboth ultraviolet (UV) and IR singularities, whi
h need to be regularised and removed.As usual, we use dimensional regularisation, with D = 4� 2� spa
e-time dimensions and't Hooft mass s
ale �, to extra
t the UV singularities as single poles in �. These areremoved by renormalising the parameters and wave fun
tions of the LO transition matrixelement T Wj0 , whi
h leads to the 
ounterterm 
ontribution (see Fig. 5),T WjCT = T Wj0 ÆWjCT : (3.1)Owing to the renormalisability of the SM, the UV singularities in T WjO(�) 
an
el, and thephysi
al limit �! 0 
an be rea
hed smoothly.The ele
troweak on-shell renormalisation s
heme uses the �ne-stru
ture 
onstant �de�ned in the Thomson limit and the physi
al parti
le masses as basi
 parameters. Inorder to avoid the appearan
e of large logarithms indu
ed by the running of � to theele
troweak s
aleMW in T WjO(�), it is useful to repla
e � byGF in the set of basi
 parameters,by substituting GF = ��p2s2ww 11��r ; (3.2)8



where �r [22℄ 
ontains those radiative 
orre
tions to the muon lifetime whi
h the SMintrodu
es on top of those derived in the QED-improved Fermi model. In the ele
troweakon-shell s
heme thus modi�ed, we haveÆWjCT = ÆZe � Æswsw + 12 �ÆZLuu + ÆZLdd + ÆZW ��r� ; (3.3)where the renormalisation 
onstants read [23℄Æswsw =�12 
2ws2w Re ��TWW (M2W )M2W � �TZZ(M2Z)M2Z � ;ÆZe = 12 ��TAA(q2)�q2 ����q2=0 � sw
w �TAZ(0)M2Z ;ÆZW =�Re ��TWW (q2)�q2 ����q2=M2W ;ÆZLqq =�Re�Lqq(m2q)�m2q ��q2 Re ��Lqq(q2) + �Rqq(q2) + 2�Sqq(q2)�����q2=m2q : (3.4)Here, �TWW , �TZZ , �TAA, and �TAZ are the transverse parts of the respe
tive ele
troweakgauge-boson self-energies and mixing amplitudes, �Lqq, �Rqq, and �Sqq are the left-handed,right-handed, and s
alar parts of the quark self-energy, and 
2w = 1� s2w.The IR singularities 
an be of soft or 
ollinear type. The loop diagrams involvingvirtual photons inter
hanged between external lines are plagued by soft IR singularities.Owing to the Blo
h-Nordsie
k theorem [8℄, they 
an
el against similar singularities arisingfrom the real emission of soft photons, to be dis
ussed in Se
tion 3.3. The loop diagramsinvolving external quark or antiquark lines that split into virtual photons and quarksgenerate 
ollinear IR singularities. Su
h singularities also arise from the real emission of
ollinear photons o� external quark or antiquark lines, as will be explained in Se
tion 3.3.Thanks to the Kinoshita-Lee-Nauenberg theorem [9℄, 
ollinear IR singularities from FSRare 
ompletely 
an
eled in the sum of real and virtual 
orre
tions provided that the �nalstate is treated in
lusively enough. On the other hand, 
ollinear IR singularities from ISRsurvive and have to be absorbed into the quark and antiquark PDFs. For 
onsisten
y, thesplitting fun
tions in the evolution equations of the PDFs then need to be 
omplementedby their O(�) terms. IR singularities also arise from the wave-fun
tion renormalisations inEq. (3.4). We 
hoose to regularise the IR singularities by assigning in�nitesimal masses,�, mu, and md, to the photon, the light up-type quarks, and the down-type quarks,respe
tively. This is 
onvenient be
ause the standard s
alar one-loop integrals C0 andD0 that emerge after the tensor redu
tion [17℄ are well established for this regularisationpres
ription [24℄. Although the purely weak loop 
orre
tions are altogether devoid ofIR singularities, terms logarithmi
 in mu and md are generated by the tensor redu
tion.However, these arti�
ial IR singularities 
an
el among themselves.We emphasise that, in the treatment of both the virtual and real 
orre
tions, termsdepending on �,mu, andmd are extra
ted analyti
ally and their 
an
ellation is established9



manifestly, so that the expressions used for the numeri
al analysis do not 
ontain theseIR regulators.3.2 Virtual QCD 
orre
tions to W + 
 produ
tionThe virtual QCD 
orre
tions of O(�s) to pro
ess (2.5) arise from the self-energy, triangle,and box diagrams shown in Fig. 6 and the 
ounterterm 
ontribution,T W
CT = T W
0 ÆW
CT : (3.5)The latter only re
eives 
ontributions from the gluon-indu
ed wave-fun
tion renormalisa-tion of the external quark lines,ÆW
CT = 12 �ÆZguu + ÆZgdd� ; (3.6)where ÆZgqq = ��g;Vqq (m2q)� 2m2q ��q2 h�g;Vqq (q2) + �g;Sqq (q2)i����q2=m2q : (3.7)Be
ause parity is 
onserved within QCD, the quark self-energy has just one ve
tor part�g;Vqq = �g;Lqq = �g;Rqq . Up to terms that vanish in the limit mq ! 0, we haveÆZgqq = ��sCF4� �1� � 
E + ln(4�)� lnm2q�2 � 2 lnm2q�2 + 4�+O(�); (3.8)where CF = (N2
 � 1)=(2N
) = 4=3 for N
 = 3 quark 
olours, 
E is the Euler-Mas
heroni
onstant, and � now represents an in�nitesimal gluon mass.3.3 Real 
orre
tions due to W + j + 
 produ
tionThe tree-level diagrams for pro
ess (2.8) are shown in Fig. 7. They 
ontribute at the sametime to the ele
tromagneti
 bremsstrahlung in pro
ess (2.2) and to the QCD bremsstrah-lung in pro
ess (2.5), whi
h 
ompli
ates the treatment of the ele
troweak 
orre
tions toW+j asso
iated produ
tion, as explained in the Introdu
tion. The diagrams 
ontributingto the ele
tromagneti
 bremsstrahlung in pro
esses (2.3) and (2.4) emerge from Fig. 7 by
rossing the gluon with the u and d quarks, respe
tively.When the 
ross se
tions of pro
esses (2.8){(2.10) are integrated over their three-parti
le phase spa
es, one en
ounters IR singularities of both soft and 
ollinear types.The former stem from the emission of soft photons and gluons and 
an
el against simi-lar 
ontributions from the virtual 
orre
tions owing to the Blo
k-Nordsie
k theorem [8℄,as explained in Se
tion 3.1. The latter arise when a massless gauge boson is 
ollinearlyemitted from an external massless fermion line or when a massless gauge boson splits intotwo 
ollinear massless fermions. Spe
i�
ally, in pro
ess (2.8), the photon or the gluon 
anbe emitted 
ollinearly from the in
oming ui and dj quarks; in pro
ess (2.9), the photon10




an be emitted 
ollinearly from the in
oming ui quark or the outgoing dj quark, andthe gluon 
an split into a 
ollinear djdj quark pair; and in pro
ess (2.10), the photon
an be emitted 
ollinearly from the in
oming dj quark or the outgoing ui quark, and thegluon 
an split into a 
ollinear uiui quark pair. As already mentioned in Se
tion 3.1, the
ollinear IR singularities from FSR are 
an
eled by the virtual 
orre
tions a

ording tothe Kinoshita-Lee-Nauenberg theorem [9℄ if the 
onsidered pro
ess is treated in
lusivelyenough. By 
ontrast, those from ISR survive and have to be absorbed into the PDFs.Due to the minimum-pT 
ut, the photon and the gluon 
annot be soft simultaneouslybe
ause one of them has to balan
e the transverse momentum of the W boson. By thesame token, there 
an only be one 
ollinear situation at a time. However, soft and 
ollinearsingularities do overlap, and 
are needs to be exer
ised to avoid double 
ounting.For 
onsisten
y, also the IR singularities in the real 
orre
tions need to be regularisedby the photon and gluon mass � and the light-quark masses mu and md introdu
ed inSe
tions 3.1 and 3.2. As already mentioned in Se
tion 3.1, their 
an
ellation is a
hievedanalyti
ally, so that the expressions underlying the numeri
al analysis are free of them.As in Ref. [4,25,26℄, we employ the method of phase spa
e sli
ing [27℄ to separate thesoft and 
ollinear regions of the phase spa
e from the one where the momenta are hardand non-
ollinear, so that the partoni
 
ross se
tion 
an be written asd�̂Wj
 = �̂Wj
soft + d�̂Wj

oll + d�̂Wj
hard : (3.9)For de�niteness, let us assume that parton d in pro
ess (2.12) is the soft or 
ollinearlyemitted one and that partons a and 
 are the ones emitting ISR and FSR, respe
tively. Inthe notation introdu
ed in Se
tion 2.1.1, the soft regions of phase spa
e are then de�nedby � < p0d < �E � (s� w)=(2ps), the 
ollinear ones for ISR and FSR by # < �#� �and  < � � �, respe
tively, and p0d > �E, and the hard and non-
ollinear one by therest. In Se
tions 3.3.1 and 3.3.2, we explain how to evaluate d�̂Wj
soft and d�̂Wj

oll analyti
allyusing appropriate approximations. On the other hand, d�̂Wj
hard 
an straightforwardly beevaluated numeri
ally with high pre
ision [28℄. Sin
e �E is to be measured in units ofps=2, we de�ne Æs = 2�E=ps. The demar
ation parameters Æs, �#, and � mustbe 
hosen judi
iously. If the are too small, then the numeri
al phase-spa
e integrationperformed for d�̂Wj
hard be
omes unstable; if they are too large, the approximations adoptedfor d�̂Wj
soft and d�̂Wj

oll be
ome 
rude. In pra
ti
e, one varies Æs, �#, and � to �nd therespe
tive stability regions. For the problem 
onsidered here, this is easily a
hieved.3.3.1 Soft singularitiesIn the soft phase spa
e regions, T ab!W
d fa
torises into T ab!W
 times an eikonal fa
-tor that depends on ~pd. Squaring T ab!W
d, performing the spin and 
olour sums, andintegrating over ~pd with the 
onstraint � < p0d < �E, one has [23,29℄d�̂ab!W
dsoft (�;�E) = Æab!W
dsoft (�;�E)d�̂ab!W
: (3.10)
11



In the 
ase of soft ele
tromagneti
 and QCD bremsstrahlung in pro
ess (2.8), we thenobtainÆud!W+g
soft (�;�E) = � �2� �Q2uÆuu +Q2dÆdd + ÆWW + 2QuQdÆud + 2QuÆuW + 2QdÆdW � ;Æud!W+
gsoft (�;�E) = ��sCF2� (Æuu + Ædd + 2Æud); (3.11)where Qu = 2=3 and Qd = �1=3 are the fra
tional ele
tri
 
harges of the u and d quarks,respe
tively, andÆuu = ln 4(�E)2�2 + ln m2us ;Ædd = Æuujmu$md ;Æud = 12 ln 4(�E)2�2 ln m2um2ds2 + 14 �ln2 m2us + ln2 m2ds �+ �23 ;ÆWW = ln 4(�E)2�2 + s + ws� w ln ws ;ÆuW = 12 ln 4(�E)2�2 ln wm2u(w � t)2 + 14 �ln2 m2us + ln2 ws �+ Li2� �tw � t� + Li2� �uw � t� + �26 ;ÆdW =� ÆuW jt$u;mu$md : (3.12)Here, Li2(x) = � R 10 dt ln(1 � tx)=t is the dilogarithm, and terms that vanish for mu =md = 0 have been omitted.Furthermore, we �nd the soft-photon 
orre
tion fa
tor for pro
ess (2.9) to beÆug!W+d
soft (�;�E) = � �2� �Q2uÆuu +Q2dÆdd + ÆWW + 2QuQd~Æud + 2QuÆuW + 2Qd~ÆdW� ;(3.13)in whi
h two terms of Eq. (3.12) are modi�ed to be~Æud = 12 ln 4(�E)2�2 ln m2um2du2 + 14 �ln2 m2us + ln2 sm2d(s� w)2�+ Li2�� tu� + �23 ;~ÆdW = �12 ln 4(�E)2�2 ln wm2u(s� w)2 � 14 �ln2 ws + ln2 sm2d(s� w)2�� Li2 �1� ws �� �26 :(3.14)Finally, the soft-photon 
orre
tion fa
tor for pro
ess (2.10) emerges from the one ofpro
ess (2.9) through the simple repla
ementÆdg!W+u
soft (�;�E) = Æug!W+d
soft (�;�E)���mu$md : (3.15)12



3.3.2 Collinear singularitiesAs explained in Se
tion 3.3, 
ollinear singularities arise from three sour
es: (1) the emis-sion of a photon or gluon from an in
oming quark or antiquark; (2) the splitting of anin
oming gluon into a quark-antiquark pair; and (3) the emission of a photon from anoutgoing quark or antiquark. The resulting 
ontributions to d�̂Wj

oll all fa
torise into therespe
tive LO 
ross se
tions without radiation and appropriate 
ollinear radiator fun
-tions [14,30℄. In the 
ase of ISR, this also involves a 
onvolution with respe
t to thefra
tion z of four-momentum that the emitting parton passes on to the one that entersthe hard intera
tion.Let parton a in pro
ess (2.12) be the emitting quark q and parton d the emitted photonor gluon. Then we have [14,30℄d�̂qb!W
f
;gg
oll (mq;�#) = ��Q2q; �sCF	2� Z 1�Æsz0 dz RISq (mq;�#; z) d�̂qb!W
0 ���pq!zpq ; (3.16)where Æs is introdu
ed to ex
lude a sli
e of phase spa
e that is both soft and 
ollinear andis already in
luded in �̂Wj
soft , z0 = �0S=s, with �0 being de�ned in Eq. (2.15), andRISq (mq;�#; z) = Pq!q(z) �ln s(�#)24m2q � 2z1 + z2� ; (3.17)with Pq!q(z) = 1 + z21� z (3.18)being the LO q ! q splitting fun
tion [31℄. This result readily 
arries over to the 
asewhen parton a is an antiquark q. Note that the 
.m. frame is boosted along the beamaxis by the 
ollinear emission of the photon or gluon.Now, let parton a in pro
ess (2.12) be a gluon that splits into a qq pair, with q beingoutgoing and q entering the residual hard s
attering. Then we have [26℄d�̂gb!W
q
oll (mq;�#) = �sTF2� Z 1z0 dz RISg (mq;�#; z) d�̂qb!W
0 ���pq!zpq ; (3.19)where TF = 1=2 andRISg (mq;�#; z) = Pg!q(z) ln s(1� z)2(�#)24m2q + 2z(1� z); (3.20)with Pg!q(z) = z2 + (1� z)2 (3.21)being the LO g ! q splitting fun
tion. This result readily 
arries over to the 
ase whenparton d is an antiquark q. 13



Finally, let parton 
 in pro
ess (2.12) be the emitting quark q and parton d the emittedphoton. Then we have [14,30℄d�̂ab!Wq

oll (mq;� ) = �Q2q2� Z 1�~Æs0 dz RFSq (mq;� ; z)d�̂ab!Wq0 ; (3.22)where ~Æs = sÆs=(s� w) is again to avoid double 
ounting of phase spa
e regions that areboth soft and 
ollinear, andRFSq (mq;� ; z) = Pq!q(z) �ln (s� w)2(� )24sm2q + 2 ln z � 2z1 + z2� ; (3.23)with Pq!q given in Eq. (3.18). This result readily 
arries over to the 
ase when parton 
is an antiquark q. The integral in Eq. (3.22) is not a 
onvolution and 
an easily be 
arriedout, yieldingZ 1�~Æs0 dz RFSq (mq;� ; z) = ��2 ln ~Æs � 32� ln (s� w)2(� )24sm2q + 2 ln ~Æs � 23� + 92 : (3.24)In order to obtain d�̂Wj

oll for one of the pro
esses (2.8){(2.10), all possible 
ollinearemissions must be taken into a

ount one by one.While the 
ollinear IR singularities from FSR 
an
el upon 
ombination with the virtual
orre
tions by the Kinoshita-Lee-Nauenberg theorem [9℄, those from ISR survive. Sin
etheir form is universal, they 
an be fa
torised and absorbed into the PDFs [32℄. Adoptingthe modi�ed minimal-subtra
tion (MS) fa
torisation s
heme both for the 
ollinear sin-gularities of relative orders O(�) and O(�s), this is a
hieved by modifying the PDF ofquark q inside hadron A asfq=A(x;M2)! ~fq=A(x;M2) = fq=A(x;M2)�1� �Q2q + �sCF� ��ln Æs + 34� lnM2m2q� ln2 Æs � ln Æs + 1��� Z 1�Æsx dzz fq=A �xz ;M2� �Q2q + �sCF2� Pq!q(z)� �ln M2(1� z)2m2q � 1�� Z 1x dzz fg=A �xz ;M2� �sTF2� Pg!q(z) lnM2m2q ; (3.25)where M is the fa
torisation mass s
ale, whi
h separates the perturbative and non-perturbative parts of the hadroni
 
ross se
tion.4 Numeri
al resultsWe are now in a position to present our numeri
al results. We start by spe
ifying our
hoi
e of input. We adopt the values GF = 1:6637 � 10�5 GeV�2, MW = 80:403 GeV,MZ = 91:1876 GeV, andmt = 174:2 GeV re
ently quoted by the Parti
le Data Group [33℄,14



take the other nf = 5 quarks to be massless partons, and assume MH = 120 GeV, whi
his presently 
ompatible with the dire
t sear
h limits and the bounds from the ele
troweakpre
ision tests [33℄. We take the absolute values of the CKM matrix elements to be [33℄jVudj = 0:9377; jVusj = 0:2257; jV
dj = 0:230;jV
sj = 0:957; jV
bj = 41:6� 10�3; jVubj = 4:31� 10�3: (4.1)Sin
e we are working at LO in QCD, we employ the one-loop formula for �(nf )s (�). We usethe LO proton PDF set CTEQ6L1 by the Coordinated Theoreti
al-Experimental Proje
ton QCD (CTEQ) [34℄, with �(5)QCD = 165 MeV. In the 
ase of photoprodu
tion, weadd the photon spe
tra for elasti
 [10℄ and inelasti
 [11,12℄ s
attering elaborated in theWeizs�a
ker-Williams approximation. In the latter 
ase, we use the more re
ent set byMartin, Roberts, Stirling, and Thorne (MRSTQED04) [12℄ as our default, and the set byGl�u
k, Stratmann, and Vogelsang (GSV) [11℄ to assess the theoreti
al un
ertainty fromthis sour
e. We 
hoose the renormalisation and fa
torisation s
ales to be � =M = �m
utT ,where m
utT =p(p
utT )2 +M2W is the minimum transverse mass of the produ
ed W bosonand � is introdu
ed to estimate the theoreti
al un
ertainty. Unless otherwise stated, weuse the default value � = 1.We 
onsider the total 
ross se
tions of pp ! W� +X at the Tevatron (run II) withpS = 1:96 TeV and pp!W�+X at the LHC with pS = 14 TeV as fun
tions of p
utT . Bynumeri
ally di�erentiating the latter with respe
t to p
utT , we also obtain the 
orrespondingpT distributions as d�=dpT = � d�(p
utT )=dp
utT jp
utT =pT . Owing to the baryon symmetryof the initial state, the results for W+ and W� bosons are identi
al at the Tevatron,and it is suÆ
ient to study one of them. By 
ontrast, W+-boson produ
tion is favouredat the LHC be
ause the proton most frequently intera
ts via a u quark. Therefore, itis ne
essary to study the produ
tion of W+ and W� bosons separately at the LHC. We
ompare the 
ontributions of four di�erent orders: (1) the LO 
ontribution ofO(��s) frompro
esses (2.2){(2.4), where the system X a

ompanying the W boson 
ontains a hadronjet; (2) the LO 
ontribution of O(�2) from pro
ess (2.5), where X 
ontains a promptphoton; (3) the NLO 
ontribution of O(�2�s) 
omprising pro
esses (2.2){(2.5) at one loopas well as pro
esses (2.8){(2.10) at tree level, where X 
ontains a hadron jet, a promptphoton, or both; and (4) the LO 
ontributions of O(�3) from pro
esses (2.6) and (2.7)via dire
t photoprodu
tion and from pro
esses (2.2){(2.4) via resolved photoprodu
tion,where X 
ontains a hadron jet and, in the 
ase of elasti
 photoprodu
tion, also thes
attered proton or antiproton. Sin
e we 
onsider in
lusive one-parti
le produ
tion, wedo not use any information on the 
omposition of X, i.e. we in
lude all possibilities. In thefollowing, we regard the sum of 
ontributions (1) and (2) as LO and sum of 
ontributions(1){(4) as NLO unless the perturbative orders are expli
itly spe
i�ed in terms of 
oupling
onstants. We thus de�ne the 
orre
tion fa
tor K to be the NLO to LO ratio with thisunderstanding.Let us now dis
uss the numeri
al results and their phenomenologi
al impli
ations indetail. Spe
i�
ally, Figs. 8, 9(a), and 10(a) refer to the Tevatron, while Figs 9(b), 10(b),11, 12, and 13 refer to the LHC. In Fig. 8(a) the NLO result for the total 
ross se
tion15



as a fun
tion of p
utT is 
ompared with the LO 
ontributions of O(��s) and O(�2) aswell as with the photoprodu
tion 
ontribution of O(�3). The O(��s) and O(�2) resultsexhibit very similar line shapes, but the normalisation of the latter is suppressed by afa
tor of about 500. This may be qualitatively understood from the partoni
 
ross se
tionformulae in Eq. (2.21) and by noti
ing that the O(��s) 
ontributions from the Compton-like pro
esses (2.3) and (2.4), whi
h have no 
ounterparts in O(�2), are signi�
antlyenhan
ed by the gluon PDF. As a 
onsequen
e, the LO result is almost entirely exhaustedby the O(��s) 
ontribution.The in
lusion of the NLO 
orre
tion leads to a moderate redu
tion in 
ross se
tion,whi
h in
reases in magnitude with p
utT , rea
hing about �4% for p
utT = 200 GeV, as maybe seen from Fig. 9(a), where the K fa
tor is depi
ted.In Fig. 8(a), also the photoprodu
tion 
ontribution is shown. As explained above, wehave to distinguish between elasti
 and inelasti
 s
attering o� the proton on the one hand,and between dire
t and resolved photons on the other hand, so that, altogether, we havefour di�erent 
ontributions, whi
h all formally 
ontribute at O(�3). The resolved-photon
ontributions turn out to be small against the dire
t-photon ones and are, therefore,not in
luded in Fig. 9(a). As for the 
ombined dire
t-photoprodu
tion 
ontribution, weobserve from Fig. 8(a), that, ex
ept for small values of p
utT , it overshoots the O(�2) 
ontri-bution, although it is formally suppressed by one power of �! Detailed inspe
tion revealsthat this unexpe
ted enhan
ement 
an be tra
ed to the dire
t-photoprodu
tion diagraminvolving the triple-gauge-boson 
oupling and the spa
e-like W -boson ex
hange, whi
hsigni�
antly 
ontributes at large values of ps. In fa
t, for a �xed value of p
utT , the total
ross se
tions of pro
esses (2.6) and (2.7) have an asymptoti
 large-s behaviour propor-tional to 1=(m
utT )2, while those of pro
esses (2.2){(2.5) behave as ln s=s. Consequently,photoprodu
tion appre
iably 
ontributes to the K fa
tor, as is apparent from Fig. 9(a),whi
h also shows the photoprodu
tion to LO ratios for elasti
 and inelasti
 s
attering.The freedom in the 
hoi
e of the inelasti
 photon 
ontent of the proton is likely to be thelargest sour
e of theoreti
al un
ertainty in the photoprodu
tion 
ross se
tion. In order toget an idea of this un
ertainty, we display in Fig. 9(a) also the inelasti
-photoprodu
tionto LO ratio evaluated with the GSV photon spe
trum for inelasti
 s
attering. The resultis roughly a fa
tor of two smaller than our default predi
tion based on the MRSTQED04spe
trum.In Fig. 10(a), we examine the theoreti
al un
ertainties in the O(��s), O(�2), NLO,and photoprodu
tion results due to the freedom in setting the renormalisation and fa
tori-sation s
ales by exhibiting their � dependen
ies relative to their default values at � = 1.The � dependen
ies of the O(�2) and dire
t-photoprodu
tion results stem solely fromthe fa
torisation s
ale M and are rather feeble, while those of the O(��s) and resolved-photoprodu
tion results are also linked to the renormalisation s
ale � of �s(�) and aremore pronoun
ed, but still not dramati
. The s
ale variation of the LO result amounts toless than �15% for 1=2 < � < 2. It is only slightly redu
ed by the in
lusion of the NLO
orre
tion. This is expe
ted be
ause the NLO result is still linear in �s(�), so that the �dependen
e of �s(�) is not 
ompensated yet.In Fig. 8(b), the analysis of Fig. 8(a) is repeated for the pT distribution. We observe16



that the line shapes and relative normalisations of the various distributions are very similarto those in Figs. 8(a) and the same 
omments apply.Turning to the LHC, we 
an essentially repeat the above dis
ussion for the Tevatron,ex
ept that we have to take into a

ount the di�eren
e between W+ and W� bosonprodu
tion. Thus, Fig. 8 has two LHC 
ounterparts, Figs. 11 and 12, for the W+ andW� bosons, respe
tively. To illustrate this di�eren
e more expli
itly, we show in Fig. 13the W+ to W� ratios of the respe
tive results from Figs. 11 and 12. For simpli
ity,Figs. 9(b) and 10(b), the LHC 
ounterparts of Figs. 9(a) and 10(a), refer to the averagesof the results for W+ and W� bosons. In the following, we only fo
us on those featureswhi
h are spe
i�
 for the LHC. From Figs. 11 and 12, we observe that the gaps betweenthe O(��s) and O(�2) results are in
reased by about a fa
tor of two, to rea
h threeorders of magnitude. This is mainly be
ause the Compton-like pro
esses (2.3) and (2.4)bene�t from the extended dominan
e of the gluon PDF at small values of x. Furthermore,the photoprodu
tion 
ontributions now signi�
antly ex
eed the O(�2) ones throughoutthe entire p
utT and pT ranges. From Fig. 13, we see that the W+ to W� ratios takevalues in ex
ess of unity, as expe
ted, and strongly in
rease with in
reasing values ofp
utT . Comparing Figs. 9(a) and (b), we �nd that the K fa
tors are signi�
antly ampli�edas one passes from the Tevatron to the LHC. This is due to the fa
t that the Sudakovlogarithms, whi
h originate from triangle and box diagrams, be
ome quite sizeable at thelarge values of ps and pT that 
an be rea
hed at the LHC. This issue was already dwelledon in Ref. [7℄, to whi
h we refer the interested reader. Finally, 
omparing Fig. 10(a) and(b), we 
on
lude that the � dependen
e is generally somewhat smaller at the LHC.5 Con
lusionsWe studied the e�e
t of ele
troweak radiative 
orre
tions at �rst order on the 
ross se
tionof the in
lusive hadroprodu
tion of singleW bosons with �nite values of pT , putting spe
ialemphasis on the notion of infrared-save observables with a demo
rati
 treatment of hadronjets initiated by (anti)quarks and gluons. This is indispensable be
ause, as a matter ofprin
iple, a 
ollinear gluon-photon system 
annot be distinguished from a single gluonwith the same momentum, so that a minimum-transverse-momentum 
ut on the gluon isan inadequate tool to prevent a soft-gluon singularity. This led us to in
lude the O(�s)
orre
tion to W + 
 produ
tion along with the O(�) 
orre
tion to W + j produ
tion,both 
ontributing at absolute order O(�2�s). We also 
onsidered the 
ontribution fromevents where one of the 
olliding hadrons intera
ts via a real photon, whi
h is of absoluteorder O(�3). The hadron 
an then either stay inta
t (elasti
 s
attering) or be destroyed(inelasti
 s
attering), and the photon 
an parti
ipate in the hard s
attering dire
tly (dire
tphotoprodu
tion) or via its quark and gluon 
ontent (resolved photoprodu
tion), so thatfour 
ombinations are possible.We extra
ted the UV singularities using dimensional regularisation and removed themby renormalisation in the on-shell s
heme. We regularised the soft and 
ollinear IR sin-gularities by means of in�nitesimal photon, gluon, and quark masses, �, mu, and md,17



respe
tively. We used the phase-spa
e sli
ing method, with 
uts Æs, �#, and � on thes
aled photon and gluon energies and on the separation angles in the initial and �nalstates, respe
tively, to isolate the soft and 
ollinear singularities within the 
orre
tionsfrom real parti
le radiation. We a
hieved the 
an
ellation of �, mu, and md analyti
allyand ensured that the numeri
al results are insensitive to variations of Æs, �#, and � within wide ranges about their sele
ted values.We presented theoreti
al predi
tions for the total 
ross se
tions with a minimum-pT
ut and for the pT distributions to be measured in pp 
ollisions with pS = 1:96 TeVat run II at the Tevatron and in pp 
ollisions with pS = 14 TeV at the LHC, andestimated the theoreti
al un
ertainties from the s
ale setting ambiguities. We found that
onsiderably less than 1% of all W +X events 
ontain a prompt photon. The 
orre
tions
onsidered turned out to be negative and to in
rease in magnitude with the value of pT .While the redu
tion is moderate at the Tevatron, rea
hing about �4% at pT = 200 GeV,it 
an be quite sizeable at the LHC, of order �30% at pT = 2 TeV, whi
h is due to thewell-known enhan
ement by Sudakov logarithms. It is an interesting new �nding thatthe photoprodu
tion 
ontribution is 
onsiderably larger than expe
ted from the formalorder of 
ouplings. In fa
t, it 
ompensates an appre
iable part of the redu
tion due tothe O(�2�s) 
orre
tion.A
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ud Wgd ud W gu(a)u d W 
W ud W
d ud W 
u(b)Figure 1: Tree-level diagrams of (a) pro
ess (2.2) and (b) pro
ess (2.5). The tree-leveldiagrams of pro
esses (2.3), (2.4), (2.6), and (2.7) emerge through 
rossing.
ud Wgddd 
 ud Wgddd Z ud Wgddu W
ud Wguuu 
 ud Wguuu Z ud Wguud W

Figure 2: O(�) self-energy diagrams of pro
ess (2.2).
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Figure 3: O(�) triangle diagrams of pro
ess (2.2).
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 ud d ud WgZ ud d ud Wg
 udu ud WgZ uduud Wg
 uW u ud WgW d
 d ud WgZ uW u ud WgW dZ dFigure 4: O(�) box diagrams of pro
ess (2.2).
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Figure 5: O(�) 
ounterterm diagrams of pro
ess (2.2).
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Figure 6: O(�s) self-energy, triangle, and box diagrams of pro
ess (2.5).
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Figure 7: Tree-level diagrams of pro
ess (2.8). The tree-level diagrams of pro
esses (2.9)and (2.10) emerge through 
rossing. 24
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