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Eletroweak orretions to W -bosonhadroprodution at �nite transversemomentumW. Hollika, T. Kasprzika, B.A. Kniehlba Max-Plank-Institut f�ur Physik (Werner-Heisenberg-Institut),F�ohringer Ring 6, 80805 Munih, Germanyb II. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstratWe alulate the full one-loop eletroweak radiative orretions to the rosssetion of singleW -boson inlusive hadroprodution at �nite transverse momentum(pT ). This inludes the O(�) orretions toW+j prodution, the O(�s) orretionsto W +  prodution, and the tree-level ontribution from W + j photoprodutionwith one diret or resolved photon in the initial state. We present the integratedross setion as a funtion of a minimum-pT ut as well as the pT distribution for theexperimental onditions at the Fermilab Tevatron and the CERN LHC and estimatethe theoretial unertainties.PACS: 12.15.Lk, 12.38.Bx, 13.85.Fb, 13.85.Qk
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1 IntrodutionThe hadroprodution of single W bosons via the Drell-Yan proess in pp ollisions atthe CERN SppS led to the disovery of this partile in 1983 [1℄. Nowadays, this proessserves as a standard andle to alibrate and monitor the luminosity of hadroni ollisions,sine its ross setion is rather sizeable and W bosons are straightforward to identifyexperimentally thanks to their simple and distint deay signature. The quality of theluminosity determination is thus limited by the preision to whih this ross setion ispredited theoretially. It is, therefore, mandatory to alulate higher-order radiativeorretions. At present, they are known at next-to-leading order (NLO) [2℄ and next-to-next-to-leading order (NNLO) [3℄ in quantum hromodynamis (QCD) as well as at NLO[4℄ in the eletroweak setor of the standard model (SM) of elementary partile physis.In order for the W boson to aquire �nite transverse momentum (pT ), it must beprodued in assoiation with one or more other partiles. To lowest order (LO) in QCD,the additional partile is a gluon (g), quark (q), or antiquark (q), materialising as a hadronjet (j). The orresponding partoni subproesses are of O(��s). Their ross setionsare presently known at NLO [5℄ and NNLO [6℄ in QCD, i.e. at O(��2s) and O(��3s),respetively. Very reently, also the one-loop eletroweak orretions, at O(�2�s), wereonsidered [7℄. This is also the topi of the present paper. However, as explained below, weatually study somewhat di�erent ross setion observables and arrange for our results tobe manifestly infrared (IR) safe by avoiding kinemati uts that destroy the inlusivenessof massless quanta. In fat, the situation is ompliated by the irumstane that bothphotons and gluons an appear as bremsstrahlung.The observable we thus wish to investigate is the di�erential ross setion for the in-lusive hadroprodution of single W bosons with �nite pT at O(�2�s). Spei�ally, weonentrate on the pT distribution and the integrated ross setion as a funtion of aminimum-pT ut, leaving the distributions in other observables, suh as rapidity, for fu-ture work. At LO, the system X reoiling against the W boson is purely hadroni, whileat O(�2�s) it an inlude a photon (). We thus also have to onsider W +  produ-tion, whose LO partoni ross setions are of O(�2), beause its NLO QCD orretionontributes at the very order we are aiming at. In fat, the real radiative orretionsto W + j and W +  prodution reeive ontributions from a ommon set of 2 ! 3partoni subproesses. In the former (latter) ase, IR singularities from the radiation ofsoft photons (gluons) anel against similar ontributions from virtual photons (gluons)by the Bloh-Nordsiek theorem [8℄. Similarly, the IR singularities from ollinear �nal-state radiation (FSR) anel against similar ontributions from the virtual orretions bythe Kinoshita-Lee-Nauenberg theorem [9℄. The residual IR singularities from ollinearinitial-state radiation (ISR) are fatorised and absorbed at O(�) (O(�s)) into the partondistribution funtions (PDFs). This proedure leads to manifestly IR-safe ross setionobservables and translates into unique and simple event seletion riteria on the experi-mental side.By ontrast, the notion of eletroweak NLO orretions toW+j prodution omprisesa oneptual problem. In fat, in the treatment of �nal-state ollinear singularities aused2



by the parallel emission of a photon from an outgoing (anti)quark line, one is led to intro-due a ut in an appropriate separation variable. Within the ollinear phase spae regionthus de�ned, the (anti)quark-photon system is e�etively treated as one partile whosemomentum is identi�ed with that of j and thus subjet to an aeptane ut in transversemomentum, pT (j) > pminT (j), to ensure the experimental observation of j. This inludesphase spae on�gurations where the photon essentially arries all the momentum, whilethe (anti)quark an, in priniple, be arbitrarily soft. This will not generate any soft IRsingularities. However, sine (anti)quark and gluon jets an, in general, not be distin-guished experimentally on an event-by-event basis, the same reombination proedureneeds to be applied to a gluon-photon system in the �nal state as well. This time, a softgluon will inevitably produe an IR singularity, whih an only be aneled by the NLOQCD orretions to W +  prodution, so that one falls bak to the symmetri proedureoutlined in the preeding paragraph. Formally, this soft-gluon singularity an be avoidedby applying the pminT (j) ut just to the transverse momentum of the gluon, even if it isaompanied by a ollinear photon. However, suh a presription is purely aademi andquite unsuitable for experimental implementation beause (anti)quark and gluon jets aretreated on di�erent footings.By rossing external lines, the LO partoni subproesses of W +  hadroprodutionan be onverted to those of W + j photoprodution with one inoming photon partii-pating diretly in the hard sattering (diret photoprodution). The emission of photonso� the proton an happen either elastially or inelastially, i.e. the proton stays intator is destroyed, respetively. In both ases, an appropriate PDF an be evaluated in theWeizs�aker-Williams approximation [10,11,12℄. Sine they are of O(�), these diret pho-toprodution ontributions are of O(�3). Inoming photons an partiipate in the hardsattering also through their quark and gluon ontent, leading to resolved photoprodu-tion. The ontributions from diret and resolved photoprodution are formally of the sameorder in the perturbative expansion. This may be understood by observing that the PDFsof the photon have a leading behaviour proportional to � ln(M2=�2QCD) / �=�s, where Mis the fatorisation sale and �QCD is the asymptoti sale parameter of QCD. Althoughphotoprodution ontributions are parametrially suppressed by a fator of �=�s relativeto the O(�2�s) orretions disussed above, we shall inlude them in our analysis beausethey turn out to be quite sizeable in an extensive region of phase spae.This paper is organised as follows. In Setion 2, we list the partoni ross setionsat LO and explain how to evaluate the hadroni ross setion from them. In Setion 3,we disuss in detail the struture of the NLO orretions. In Setion 4, we present ournumerial results for pp ollisions with entre-of-mass (.m.) energy pS = 1:96 TeV atthe Fermilab Tevatron and pp ollisions with pS = 14 TeV at the CERN Large HadronCollider (LHC).
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2 Conventions and LO resultsWe onsider the hadroni proessA(pA) +B(pB)! W (p) +X; (2.1)where the four-momentum assignments are indiated in parentheses. We work in theollinear parton model of QCD [13℄ with nf = 5 massless quark avours q = u; d; s; ; b,neglet the masses of the inoming hadrons, A and B, and impose the aeptane utpT > putT on the transverse momentum pT of the W boson. (We assign masses to thepartons ; g; q; q only to regulate soft and ollinear IR singularities in intermediate stepsof our alulation.)Spei�ally, denoting u1 = u, u2 = , d1 = d, d2 = s, and d3 = b, the relevant partonisubproesses inlude ui + dj !W+ + g; (2.2)ui + g!W+ + dj; (2.3)dj + g!W+ + ui; (2.4)at O(��s), ui + dj !W+ + ; (2.5)ui + !W+ + dj; (2.6)dj + !W+ + ui; (2.7)at O(�2), and ui + dj !W+ + g + ; (2.8)ui + g!W+ + dj + ; (2.9)dj + g!W+ + ui + ; (2.10)at O(�2�s). The partoni subproesses involving aW� boson emerge through harge on-jugation. Proesses (2.2){(2.5) must be treated also at one loop, O(�2�s). Proesses (2.6)and (2.7) ontribute to diret photoprodution and proesses (2.2){(2.4) to resolved pho-toprodution. Sine photon emission o� protons happens at O(�), it is suÆient to dealwith photoprodution at tree level. In summary, we alulate the ross setion of pro-ess (2.1) at NLO as the sum�AB!WX = �Wj0 + �W0 + �WjO(�) + �WO(�s) + �Wj0 + �Wj ; (2.11)where �Wj0 and �WjO(�) are due to proesses (2.2){(2.4) at tree level and one loop, �W0 and�WO(�s) are due to proess (2.5) at tree level and one loop, �Wj0 is due to proesses (2.8){(2.10) at tree level, and �Wj is due to proesses (2.6) and (2.7) via diret photoprodutionand due to proesses (2.2){(2.4) via resolved photoprodution, both at tree-level.4



The minimum-pT ut is neessary to stay away from the regions of phase spae thatare sensitive to the ollinear IR singularities due to the q ! =g + q�, q ! =g + q�,=g ! q + q�, and =g ! q + q� splittings, whih are present already at LO. Here, anasterisk marks a virtual parton. The ross setion �AB!WX of the hadroni proess (2.1)is related to the ross setions �̂ab!W(d) of the partoni subproesses,a(pa) + b(pb)!W (p) + (p)(+d(pd)); (2.12)where a; b; ; d = ; g; q; q and pa = xapA, pb = xbpB with saling parameters xa, xb, as theinoherent sum�AB!WX(S; pT > putT ) = Xa;b;(;d) Z 1�0 d� LABab (�)�̂ab!W(d)(s; pT > putT ); (2.13)where S = (pA+pB)2 and s = (pa+pb)2 = �S are the hadroni and partoni .m. energies,respetively, � = xaxb, andLABab (�) = Z 1� dxaxa fa=A(xa;M2)fb=B � �xa ;M2� (2.14)is the parton luminosity de�ned in terms of the PDFs fa=A(xa;M2), fb=B(xb;M2). Here,M denotes the fatorisation mass sale. Introduing the short-hand notation w = M2W ,we have �0 = �putT +pw + (putT )2�2S : (2.15)In order to obtain �̂ab!W(d), we have to evaluate the transition matrix elementsT ab!W(d) of proesses (2.12), square them, average them over the initial-state spins andolours, and sum them over the �nal-state ones, whih leads to jT ab!W(d)j2. To the orderof our alulation, T ab!Wd is alulated at tree level, while T ab!W may reeive alsoone-loop ontributions, T ab!W = T ab!W0 + T ab!W1 , so thatjT ab!Wj2 = ��T ab!W0 ��2 + 2Re ��T ab!W0 �� T ab!W1 �: (2.16)Then we have to integrate over the partoni phase spaes imposing the minimum-pT ut.In the following two subsetions, we desribe how this an be onveniently done for thetwo- and three-partile �nal states, respetively.Sine we are dealing with harged-urrent interations of quarks, ui and dj, theCabibbo-Kobayashi-Maskawa quark mixing matrix Vij appears. At tree level, the rosssetions of proesses (2.2){(2.10) ontain the overall fator jVijj2, and a part of the one-loop orretions is proportional to V �ijVij0V �i0j0Vi0j, where ui0 and dj0 are virtual quarks.Sine we neglet all down-quark masses, we an sum over the indies of the virtual andoutgoing down quarks to trigger the unitarity relation P3j=1 VijV �i0j = Æii0 . In the ase of5



inoming down quarks, we an absorb the residual appearanes of jVijj2 into a rede�nitionof their PDFs, as [7℄ ~fdi=A(x;M2) = 3Xj=1 jVijj2 fdj=A(x;M2); (2.17)and similarly for down antiquarks. Therefore, it is suÆient to alulate the partoniross setions for the avour-diagonal ase, with Vij = Æij.2.1 Two-partile �nal stateIf parton d is absent in proess (2.12), we supplement s by two more Mandelstam variables,t = (pa� p)2 and u = (pb� p)2. Four-momentum onservation implies that s+ t+u = w,and we have p2T = tu=s. The partoni ross setion entering Eq. (2.13) is evaluated as�̂ab!W(s; pT > putT ) = Z pmaxTputT dpT d�̂ab!WdpT ; (2.18)where pmaxT = (s� w)=(2ps) andd�̂ab!WdpT = pT8�sp(s� w)2 � 4sp2T jT ab!Wj2 + (t$ u): (2.19)For the reader's onveniene, we list the di�erential ross setions of proesses (2.2){(2.7), in the onventional formd�̂ab!Wdt = 116�s2 jT ab!Wj2; (2.20)at LO. The Feynman diagrams ontributing to proesses (2.2) and (2.5) are displayed inFigs. 1 (a) and (b), respetively. We haved�̂ud!W+gdt = 2���s9s2w s2 + w2 � 2tus2tu ;d�̂ud!W+dt = �12�s �1 + 3ts� w�2 d�̂ud!W+gdt ; (2.21)where sw = sin �w is the sine of the weak-mixing angle. Sine the W -boson mass sets therenormalisation sale of the ouplings, it is natural to adopt the de�nition of Sommerfeld's�ne-struture onstant � in terms of Fermi's onstant GF ,� = p2� GFs2ww: (2.22)The implementation of this renormalisation sheme at one loop is explained in Se-tion 3.1. The ross setions of proesses (2.3), (2.4), (2.6), and (2.7) may be obtained6



from Eq. (2.21) by exploiting rossing symmetries, ass2d�̂ug!W+ddt = �38 "s2d�̂ud!W+gdt #s$u ;s2d�̂dg!W+udt = "s2d�̂ug!W+ddt #s$t ;s2d�̂u!W+ddt = �3"s2d�̂ud!W+dt #s$u ;s2d�̂d!W+udt = "s2d�̂u!W+ddt #s$t : (2.23)2.1.1 Three-partile �nal statesIf parton d is present in proess (2.12), then the partoni ross setion entering Eq. (2.13)may be obtained through a four-fold phase-spae integration along the lines of Ref. [14℄.We work in the partoni .m. frame and hoose our oordinate system so that ~pa pointsalong the z diretion and ~pd lies in the x-y plane. We denote the polar angle of ~pd by #and the azimuthal angle of ~p by '. As the �rst three independent variables, we selet p0d,#, and ', whih take the values0 < p0d < s� w2ps ; 0 < # < �; 0 < ' < 2�: (2.24)In the ase of proess (2.8), whih ontains two massless gauge bosons in the �nal state,it is onvenient to take the fourth variable to be p0, with values12 �ps� 2p0d � wps� < p0 < 12 �ps� wps� 2p0d� : (2.25)We then have d4�̂ud!W+gdp0dp0dd os#d' �����pT>putT = 18(2�)4 ��T ud!W+g��2� �pT � putT � : (2.26)On the other hand, in the ase of proesses (2.9) and (2.10), whih only ontain onemassless gauge boson in the �nal state, it is more useful to hoose the fourth variable tobe the angle  enlosed between ~p and ~pd, with values0 <  < �: (2.27)We then haved4�̂ug!W+ddp0dd os#d'd �����pT>putT = p0d [ps (ps� 2p0d)� w℄16(2�)4 �ps� 2p0d sin2( =2)�2 jT ug!W+d j2� �pT � putT � ;(2.28)7



and similarly for proess (2.10). In order to implement the minimum-pT ut, pT needs tobe expressed in terms of the integration variables, whih is onveniently done with thehelp of Eqs. (5.40) and (5.42) of Ref. [14℄ and starting frompT =q(p1 + p1d)2 + (p2 + p2d)2: (2.29)3 NLO resultsWe now desribe the alulation of the NLO ontributions �WjO(�), �WO(�s), and �Wj0 ofEq. (2.11) in some detail.We employ the following tools. We generate the relevant Feynman diagrams usingthe symboli program pakage FeynArts [15℄, arry out the spin and olour sums usingthe program pakage FormCal [16℄, and perform the Passarino-Veltman redution of thetensor one-loop integrals [17℄ using the program pakage FeynCal [18℄. Subsequently,we implement the analytial results in a Fortran program. We evaluate the standardsalar one-loop integrals ontained in the purely weak orretions using the programpakage LoopTools [19℄, whih inorporates the program library FF [20℄. The numerialintegrations are performed using the program pakage Cuba [21℄, whih provides severaldi�erent integration routines and is, therefore, also well suited for ross heks.3.1 Virtual eletroweak orretions to W + j produtionThe virtual eletroweak orretions of O(�) to proesses (2.2){(2.4) arise from self-energy,triangle, box, and ounterterm diagrams. They are shown for proess (2.2) in Figs. 2{5,respetively.Evaluating the transition matrix element T WjO(�) from these loop diagrams, we enounterboth ultraviolet (UV) and IR singularities, whih need to be regularised and removed.As usual, we use dimensional regularisation, with D = 4� 2� spae-time dimensions and't Hooft mass sale �, to extrat the UV singularities as single poles in �. These areremoved by renormalising the parameters and wave funtions of the LO transition matrixelement T Wj0 , whih leads to the ounterterm ontribution (see Fig. 5),T WjCT = T Wj0 ÆWjCT : (3.1)Owing to the renormalisability of the SM, the UV singularities in T WjO(�) anel, and thephysial limit �! 0 an be reahed smoothly.The eletroweak on-shell renormalisation sheme uses the �ne-struture onstant �de�ned in the Thomson limit and the physial partile masses as basi parameters. Inorder to avoid the appearane of large logarithms indued by the running of � to theeletroweak saleMW in T WjO(�), it is useful to replae � byGF in the set of basi parameters,by substituting GF = ��p2s2ww 11��r ; (3.2)8



where �r [22℄ ontains those radiative orretions to the muon lifetime whih the SMintrodues on top of those derived in the QED-improved Fermi model. In the eletroweakon-shell sheme thus modi�ed, we haveÆWjCT = ÆZe � Æswsw + 12 �ÆZLuu + ÆZLdd + ÆZW ��r� ; (3.3)where the renormalisation onstants read [23℄Æswsw =�12 2ws2w Re ��TWW (M2W )M2W � �TZZ(M2Z)M2Z � ;ÆZe = 12 ��TAA(q2)�q2 ����q2=0 � sww �TAZ(0)M2Z ;ÆZW =�Re ��TWW (q2)�q2 ����q2=M2W ;ÆZLqq =�Re�Lqq(m2q)�m2q ��q2 Re ��Lqq(q2) + �Rqq(q2) + 2�Sqq(q2)�����q2=m2q : (3.4)Here, �TWW , �TZZ , �TAA, and �TAZ are the transverse parts of the respetive eletroweakgauge-boson self-energies and mixing amplitudes, �Lqq, �Rqq, and �Sqq are the left-handed,right-handed, and salar parts of the quark self-energy, and 2w = 1� s2w.The IR singularities an be of soft or ollinear type. The loop diagrams involvingvirtual photons interhanged between external lines are plagued by soft IR singularities.Owing to the Bloh-Nordsiek theorem [8℄, they anel against similar singularities arisingfrom the real emission of soft photons, to be disussed in Setion 3.3. The loop diagramsinvolving external quark or antiquark lines that split into virtual photons and quarksgenerate ollinear IR singularities. Suh singularities also arise from the real emission ofollinear photons o� external quark or antiquark lines, as will be explained in Setion 3.3.Thanks to the Kinoshita-Lee-Nauenberg theorem [9℄, ollinear IR singularities from FSRare ompletely aneled in the sum of real and virtual orretions provided that the �nalstate is treated inlusively enough. On the other hand, ollinear IR singularities from ISRsurvive and have to be absorbed into the quark and antiquark PDFs. For onsisteny, thesplitting funtions in the evolution equations of the PDFs then need to be omplementedby their O(�) terms. IR singularities also arise from the wave-funtion renormalisations inEq. (3.4). We hoose to regularise the IR singularities by assigning in�nitesimal masses,�, mu, and md, to the photon, the light up-type quarks, and the down-type quarks,respetively. This is onvenient beause the standard salar one-loop integrals C0 andD0 that emerge after the tensor redution [17℄ are well established for this regularisationpresription [24℄. Although the purely weak loop orretions are altogether devoid ofIR singularities, terms logarithmi in mu and md are generated by the tensor redution.However, these arti�ial IR singularities anel among themselves.We emphasise that, in the treatment of both the virtual and real orretions, termsdepending on �,mu, andmd are extrated analytially and their anellation is established9



manifestly, so that the expressions used for the numerial analysis do not ontain theseIR regulators.3.2 Virtual QCD orretions to W +  produtionThe virtual QCD orretions of O(�s) to proess (2.5) arise from the self-energy, triangle,and box diagrams shown in Fig. 6 and the ounterterm ontribution,T WCT = T W0 ÆWCT : (3.5)The latter only reeives ontributions from the gluon-indued wave-funtion renormalisa-tion of the external quark lines,ÆWCT = 12 �ÆZguu + ÆZgdd� ; (3.6)where ÆZgqq = ��g;Vqq (m2q)� 2m2q ��q2 h�g;Vqq (q2) + �g;Sqq (q2)i����q2=m2q : (3.7)Beause parity is onserved within QCD, the quark self-energy has just one vetor part�g;Vqq = �g;Lqq = �g;Rqq . Up to terms that vanish in the limit mq ! 0, we haveÆZgqq = ��sCF4� �1� � E + ln(4�)� lnm2q�2 � 2 lnm2q�2 + 4�+O(�); (3.8)where CF = (N2 � 1)=(2N) = 4=3 for N = 3 quark olours, E is the Euler-Masheronionstant, and � now represents an in�nitesimal gluon mass.3.3 Real orretions due to W + j +  produtionThe tree-level diagrams for proess (2.8) are shown in Fig. 7. They ontribute at the sametime to the eletromagneti bremsstrahlung in proess (2.2) and to the QCD bremsstrah-lung in proess (2.5), whih ompliates the treatment of the eletroweak orretions toW+j assoiated prodution, as explained in the Introdution. The diagrams ontributingto the eletromagneti bremsstrahlung in proesses (2.3) and (2.4) emerge from Fig. 7 byrossing the gluon with the u and d quarks, respetively.When the ross setions of proesses (2.8){(2.10) are integrated over their three-partile phase spaes, one enounters IR singularities of both soft and ollinear types.The former stem from the emission of soft photons and gluons and anel against simi-lar ontributions from the virtual orretions owing to the Blok-Nordsiek theorem [8℄,as explained in Setion 3.1. The latter arise when a massless gauge boson is ollinearlyemitted from an external massless fermion line or when a massless gauge boson splits intotwo ollinear massless fermions. Spei�ally, in proess (2.8), the photon or the gluon anbe emitted ollinearly from the inoming ui and dj quarks; in proess (2.9), the photon10



an be emitted ollinearly from the inoming ui quark or the outgoing dj quark, andthe gluon an split into a ollinear djdj quark pair; and in proess (2.10), the photonan be emitted ollinearly from the inoming dj quark or the outgoing ui quark, and thegluon an split into a ollinear uiui quark pair. As already mentioned in Setion 3.1, theollinear IR singularities from FSR are aneled by the virtual orretions aording tothe Kinoshita-Lee-Nauenberg theorem [9℄ if the onsidered proess is treated inlusivelyenough. By ontrast, those from ISR survive and have to be absorbed into the PDFs.Due to the minimum-pT ut, the photon and the gluon annot be soft simultaneouslybeause one of them has to balane the transverse momentum of the W boson. By thesame token, there an only be one ollinear situation at a time. However, soft and ollinearsingularities do overlap, and are needs to be exerised to avoid double ounting.For onsisteny, also the IR singularities in the real orretions need to be regularisedby the photon and gluon mass � and the light-quark masses mu and md introdued inSetions 3.1 and 3.2. As already mentioned in Setion 3.1, their anellation is ahievedanalytially, so that the expressions underlying the numerial analysis are free of them.As in Ref. [4,25,26℄, we employ the method of phase spae sliing [27℄ to separate thesoft and ollinear regions of the phase spae from the one where the momenta are hardand non-ollinear, so that the partoni ross setion an be written asd�̂Wj = �̂Wjsoft + d�̂Wjoll + d�̂Wjhard : (3.9)For de�niteness, let us assume that parton d in proess (2.12) is the soft or ollinearlyemitted one and that partons a and  are the ones emitting ISR and FSR, respetively. Inthe notation introdued in Setion 2.1.1, the soft regions of phase spae are then de�nedby � < p0d < �E � (s� w)=(2ps), the ollinear ones for ISR and FSR by # < �#� �and  < � � �, respetively, and p0d > �E, and the hard and non-ollinear one by therest. In Setions 3.3.1 and 3.3.2, we explain how to evaluate d�̂Wjsoft and d�̂Wjoll analytiallyusing appropriate approximations. On the other hand, d�̂Wjhard an straightforwardly beevaluated numerially with high preision [28℄. Sine �E is to be measured in units ofps=2, we de�ne Æs = 2�E=ps. The demaration parameters Æs, �#, and � mustbe hosen judiiously. If the are too small, then the numerial phase-spae integrationperformed for d�̂Wjhard beomes unstable; if they are too large, the approximations adoptedfor d�̂Wjsoft and d�̂Wjoll beome rude. In pratie, one varies Æs, �#, and � to �nd therespetive stability regions. For the problem onsidered here, this is easily ahieved.3.3.1 Soft singularitiesIn the soft phase spae regions, T ab!Wd fatorises into T ab!W times an eikonal fa-tor that depends on ~pd. Squaring T ab!Wd, performing the spin and olour sums, andintegrating over ~pd with the onstraint � < p0d < �E, one has [23,29℄d�̂ab!Wdsoft (�;�E) = Æab!Wdsoft (�;�E)d�̂ab!W: (3.10)
11



In the ase of soft eletromagneti and QCD bremsstrahlung in proess (2.8), we thenobtainÆud!W+gsoft (�;�E) = � �2� �Q2uÆuu +Q2dÆdd + ÆWW + 2QuQdÆud + 2QuÆuW + 2QdÆdW � ;Æud!W+gsoft (�;�E) = ��sCF2� (Æuu + Ædd + 2Æud); (3.11)where Qu = 2=3 and Qd = �1=3 are the frational eletri harges of the u and d quarks,respetively, andÆuu = ln 4(�E)2�2 + ln m2us ;Ædd = Æuujmu$md ;Æud = 12 ln 4(�E)2�2 ln m2um2ds2 + 14 �ln2 m2us + ln2 m2ds �+ �23 ;ÆWW = ln 4(�E)2�2 + s + ws� w ln ws ;ÆuW = 12 ln 4(�E)2�2 ln wm2u(w � t)2 + 14 �ln2 m2us + ln2 ws �+ Li2� �tw � t� + Li2� �uw � t� + �26 ;ÆdW =� ÆuW jt$u;mu$md : (3.12)Here, Li2(x) = � R 10 dt ln(1 � tx)=t is the dilogarithm, and terms that vanish for mu =md = 0 have been omitted.Furthermore, we �nd the soft-photon orretion fator for proess (2.9) to beÆug!W+dsoft (�;�E) = � �2� �Q2uÆuu +Q2dÆdd + ÆWW + 2QuQd~Æud + 2QuÆuW + 2Qd~ÆdW� ;(3.13)in whih two terms of Eq. (3.12) are modi�ed to be~Æud = 12 ln 4(�E)2�2 ln m2um2du2 + 14 �ln2 m2us + ln2 sm2d(s� w)2�+ Li2�� tu� + �23 ;~ÆdW = �12 ln 4(�E)2�2 ln wm2u(s� w)2 � 14 �ln2 ws + ln2 sm2d(s� w)2�� Li2 �1� ws �� �26 :(3.14)Finally, the soft-photon orretion fator for proess (2.10) emerges from the one ofproess (2.9) through the simple replaementÆdg!W+usoft (�;�E) = Æug!W+dsoft (�;�E)���mu$md : (3.15)12



3.3.2 Collinear singularitiesAs explained in Setion 3.3, ollinear singularities arise from three soures: (1) the emis-sion of a photon or gluon from an inoming quark or antiquark; (2) the splitting of aninoming gluon into a quark-antiquark pair; and (3) the emission of a photon from anoutgoing quark or antiquark. The resulting ontributions to d�̂Wjoll all fatorise into therespetive LO ross setions without radiation and appropriate ollinear radiator fun-tions [14,30℄. In the ase of ISR, this also involves a onvolution with respet to thefration z of four-momentum that the emitting parton passes on to the one that entersthe hard interation.Let parton a in proess (2.12) be the emitting quark q and parton d the emitted photonor gluon. Then we have [14,30℄d�̂qb!Wf;ggoll (mq;�#) = ��Q2q; �sCF	2� Z 1�Æsz0 dz RISq (mq;�#; z) d�̂qb!W0 ���pq!zpq ; (3.16)where Æs is introdued to exlude a slie of phase spae that is both soft and ollinear andis already inluded in �̂Wjsoft , z0 = �0S=s, with �0 being de�ned in Eq. (2.15), andRISq (mq;�#; z) = Pq!q(z) �ln s(�#)24m2q � 2z1 + z2� ; (3.17)with Pq!q(z) = 1 + z21� z (3.18)being the LO q ! q splitting funtion [31℄. This result readily arries over to the asewhen parton a is an antiquark q. Note that the .m. frame is boosted along the beamaxis by the ollinear emission of the photon or gluon.Now, let parton a in proess (2.12) be a gluon that splits into a qq pair, with q beingoutgoing and q entering the residual hard sattering. Then we have [26℄d�̂gb!Wqoll (mq;�#) = �sTF2� Z 1z0 dz RISg (mq;�#; z) d�̂qb!W0 ���pq!zpq ; (3.19)where TF = 1=2 andRISg (mq;�#; z) = Pg!q(z) ln s(1� z)2(�#)24m2q + 2z(1� z); (3.20)with Pg!q(z) = z2 + (1� z)2 (3.21)being the LO g ! q splitting funtion. This result readily arries over to the ase whenparton d is an antiquark q. 13



Finally, let parton  in proess (2.12) be the emitting quark q and parton d the emittedphoton. Then we have [14,30℄d�̂ab!Wqoll (mq;� ) = �Q2q2� Z 1�~Æs0 dz RFSq (mq;� ; z)d�̂ab!Wq0 ; (3.22)where ~Æs = sÆs=(s� w) is again to avoid double ounting of phase spae regions that areboth soft and ollinear, andRFSq (mq;� ; z) = Pq!q(z) �ln (s� w)2(� )24sm2q + 2 ln z � 2z1 + z2� ; (3.23)with Pq!q given in Eq. (3.18). This result readily arries over to the ase when parton is an antiquark q. The integral in Eq. (3.22) is not a onvolution and an easily be arriedout, yieldingZ 1�~Æs0 dz RFSq (mq;� ; z) = ��2 ln ~Æs � 32� ln (s� w)2(� )24sm2q + 2 ln ~Æs � 23� + 92 : (3.24)In order to obtain d�̂Wjoll for one of the proesses (2.8){(2.10), all possible ollinearemissions must be taken into aount one by one.While the ollinear IR singularities from FSR anel upon ombination with the virtualorretions by the Kinoshita-Lee-Nauenberg theorem [9℄, those from ISR survive. Sinetheir form is universal, they an be fatorised and absorbed into the PDFs [32℄. Adoptingthe modi�ed minimal-subtration (MS) fatorisation sheme both for the ollinear sin-gularities of relative orders O(�) and O(�s), this is ahieved by modifying the PDF ofquark q inside hadron A asfq=A(x;M2)! ~fq=A(x;M2) = fq=A(x;M2)�1� �Q2q + �sCF� ��ln Æs + 34� lnM2m2q� ln2 Æs � ln Æs + 1��� Z 1�Æsx dzz fq=A �xz ;M2� �Q2q + �sCF2� Pq!q(z)� �ln M2(1� z)2m2q � 1�� Z 1x dzz fg=A �xz ;M2� �sTF2� Pg!q(z) lnM2m2q ; (3.25)where M is the fatorisation mass sale, whih separates the perturbative and non-perturbative parts of the hadroni ross setion.4 Numerial resultsWe are now in a position to present our numerial results. We start by speifying ourhoie of input. We adopt the values GF = 1:6637 � 10�5 GeV�2, MW = 80:403 GeV,MZ = 91:1876 GeV, andmt = 174:2 GeV reently quoted by the Partile Data Group [33℄,14



take the other nf = 5 quarks to be massless partons, and assume MH = 120 GeV, whihis presently ompatible with the diret searh limits and the bounds from the eletroweakpreision tests [33℄. We take the absolute values of the CKM matrix elements to be [33℄jVudj = 0:9377; jVusj = 0:2257; jVdj = 0:230;jVsj = 0:957; jVbj = 41:6� 10�3; jVubj = 4:31� 10�3: (4.1)Sine we are working at LO in QCD, we employ the one-loop formula for �(nf )s (�). We usethe LO proton PDF set CTEQ6L1 by the Coordinated Theoretial-Experimental Projeton QCD (CTEQ) [34℄, with �(5)QCD = 165 MeV. In the ase of photoprodution, weadd the photon spetra for elasti [10℄ and inelasti [11,12℄ sattering elaborated in theWeizs�aker-Williams approximation. In the latter ase, we use the more reent set byMartin, Roberts, Stirling, and Thorne (MRSTQED04) [12℄ as our default, and the set byGl�uk, Stratmann, and Vogelsang (GSV) [11℄ to assess the theoretial unertainty fromthis soure. We hoose the renormalisation and fatorisation sales to be � =M = �mutT ,where mutT =p(putT )2 +M2W is the minimum transverse mass of the produed W bosonand � is introdued to estimate the theoretial unertainty. Unless otherwise stated, weuse the default value � = 1.We onsider the total ross setions of pp ! W� +X at the Tevatron (run II) withpS = 1:96 TeV and pp!W�+X at the LHC with pS = 14 TeV as funtions of putT . Bynumerially di�erentiating the latter with respet to putT , we also obtain the orrespondingpT distributions as d�=dpT = � d�(putT )=dputT jputT =pT . Owing to the baryon symmetryof the initial state, the results for W+ and W� bosons are idential at the Tevatron,and it is suÆient to study one of them. By ontrast, W+-boson prodution is favouredat the LHC beause the proton most frequently interats via a u quark. Therefore, itis neessary to study the prodution of W+ and W� bosons separately at the LHC. Weompare the ontributions of four di�erent orders: (1) the LO ontribution ofO(��s) fromproesses (2.2){(2.4), where the system X aompanying the W boson ontains a hadronjet; (2) the LO ontribution of O(�2) from proess (2.5), where X ontains a promptphoton; (3) the NLO ontribution of O(�2�s) omprising proesses (2.2){(2.5) at one loopas well as proesses (2.8){(2.10) at tree level, where X ontains a hadron jet, a promptphoton, or both; and (4) the LO ontributions of O(�3) from proesses (2.6) and (2.7)via diret photoprodution and from proesses (2.2){(2.4) via resolved photoprodution,where X ontains a hadron jet and, in the ase of elasti photoprodution, also thesattered proton or antiproton. Sine we onsider inlusive one-partile prodution, wedo not use any information on the omposition of X, i.e. we inlude all possibilities. In thefollowing, we regard the sum of ontributions (1) and (2) as LO and sum of ontributions(1){(4) as NLO unless the perturbative orders are expliitly spei�ed in terms of ouplingonstants. We thus de�ne the orretion fator K to be the NLO to LO ratio with thisunderstanding.Let us now disuss the numerial results and their phenomenologial impliations indetail. Spei�ally, Figs. 8, 9(a), and 10(a) refer to the Tevatron, while Figs 9(b), 10(b),11, 12, and 13 refer to the LHC. In Fig. 8(a) the NLO result for the total ross setion15



as a funtion of putT is ompared with the LO ontributions of O(��s) and O(�2) aswell as with the photoprodution ontribution of O(�3). The O(��s) and O(�2) resultsexhibit very similar line shapes, but the normalisation of the latter is suppressed by afator of about 500. This may be qualitatively understood from the partoni ross setionformulae in Eq. (2.21) and by notiing that the O(��s) ontributions from the Compton-like proesses (2.3) and (2.4), whih have no ounterparts in O(�2), are signi�antlyenhaned by the gluon PDF. As a onsequene, the LO result is almost entirely exhaustedby the O(��s) ontribution.The inlusion of the NLO orretion leads to a moderate redution in ross setion,whih inreases in magnitude with putT , reahing about �4% for putT = 200 GeV, as maybe seen from Fig. 9(a), where the K fator is depited.In Fig. 8(a), also the photoprodution ontribution is shown. As explained above, wehave to distinguish between elasti and inelasti sattering o� the proton on the one hand,and between diret and resolved photons on the other hand, so that, altogether, we havefour di�erent ontributions, whih all formally ontribute at O(�3). The resolved-photonontributions turn out to be small against the diret-photon ones and are, therefore,not inluded in Fig. 9(a). As for the ombined diret-photoprodution ontribution, weobserve from Fig. 8(a), that, exept for small values of putT , it overshoots the O(�2) ontri-bution, although it is formally suppressed by one power of �! Detailed inspetion revealsthat this unexpeted enhanement an be traed to the diret-photoprodution diagraminvolving the triple-gauge-boson oupling and the spae-like W -boson exhange, whihsigni�antly ontributes at large values of ps. In fat, for a �xed value of putT , the totalross setions of proesses (2.6) and (2.7) have an asymptoti large-s behaviour propor-tional to 1=(mutT )2, while those of proesses (2.2){(2.5) behave as ln s=s. Consequently,photoprodution appreiably ontributes to the K fator, as is apparent from Fig. 9(a),whih also shows the photoprodution to LO ratios for elasti and inelasti sattering.The freedom in the hoie of the inelasti photon ontent of the proton is likely to be thelargest soure of theoretial unertainty in the photoprodution ross setion. In order toget an idea of this unertainty, we display in Fig. 9(a) also the inelasti-photoprodutionto LO ratio evaluated with the GSV photon spetrum for inelasti sattering. The resultis roughly a fator of two smaller than our default predition based on the MRSTQED04spetrum.In Fig. 10(a), we examine the theoretial unertainties in the O(��s), O(�2), NLO,and photoprodution results due to the freedom in setting the renormalisation and fatori-sation sales by exhibiting their � dependenies relative to their default values at � = 1.The � dependenies of the O(�2) and diret-photoprodution results stem solely fromthe fatorisation sale M and are rather feeble, while those of the O(��s) and resolved-photoprodution results are also linked to the renormalisation sale � of �s(�) and aremore pronouned, but still not dramati. The sale variation of the LO result amounts toless than �15% for 1=2 < � < 2. It is only slightly redued by the inlusion of the NLOorretion. This is expeted beause the NLO result is still linear in �s(�), so that the �dependene of �s(�) is not ompensated yet.In Fig. 8(b), the analysis of Fig. 8(a) is repeated for the pT distribution. We observe16



that the line shapes and relative normalisations of the various distributions are very similarto those in Figs. 8(a) and the same omments apply.Turning to the LHC, we an essentially repeat the above disussion for the Tevatron,exept that we have to take into aount the di�erene between W+ and W� bosonprodution. Thus, Fig. 8 has two LHC ounterparts, Figs. 11 and 12, for the W+ andW� bosons, respetively. To illustrate this di�erene more expliitly, we show in Fig. 13the W+ to W� ratios of the respetive results from Figs. 11 and 12. For simpliity,Figs. 9(b) and 10(b), the LHC ounterparts of Figs. 9(a) and 10(a), refer to the averagesof the results for W+ and W� bosons. In the following, we only fous on those featureswhih are spei� for the LHC. From Figs. 11 and 12, we observe that the gaps betweenthe O(��s) and O(�2) results are inreased by about a fator of two, to reah threeorders of magnitude. This is mainly beause the Compton-like proesses (2.3) and (2.4)bene�t from the extended dominane of the gluon PDF at small values of x. Furthermore,the photoprodution ontributions now signi�antly exeed the O(�2) ones throughoutthe entire putT and pT ranges. From Fig. 13, we see that the W+ to W� ratios takevalues in exess of unity, as expeted, and strongly inrease with inreasing values ofputT . Comparing Figs. 9(a) and (b), we �nd that the K fators are signi�antly ampli�edas one passes from the Tevatron to the LHC. This is due to the fat that the Sudakovlogarithms, whih originate from triangle and box diagrams, beome quite sizeable at thelarge values of ps and pT that an be reahed at the LHC. This issue was already dwelledon in Ref. [7℄, to whih we refer the interested reader. Finally, omparing Fig. 10(a) and(b), we onlude that the � dependene is generally somewhat smaller at the LHC.5 ConlusionsWe studied the e�et of eletroweak radiative orretions at �rst order on the ross setionof the inlusive hadroprodution of singleW bosons with �nite values of pT , putting speialemphasis on the notion of infrared-save observables with a demorati treatment of hadronjets initiated by (anti)quarks and gluons. This is indispensable beause, as a matter ofpriniple, a ollinear gluon-photon system annot be distinguished from a single gluonwith the same momentum, so that a minimum-transverse-momentum ut on the gluon isan inadequate tool to prevent a soft-gluon singularity. This led us to inlude the O(�s)orretion to W +  prodution along with the O(�) orretion to W + j prodution,both ontributing at absolute order O(�2�s). We also onsidered the ontribution fromevents where one of the olliding hadrons interats via a real photon, whih is of absoluteorder O(�3). The hadron an then either stay intat (elasti sattering) or be destroyed(inelasti sattering), and the photon an partiipate in the hard sattering diretly (diretphotoprodution) or via its quark and gluon ontent (resolved photoprodution), so thatfour ombinations are possible.We extrated the UV singularities using dimensional regularisation and removed themby renormalisation in the on-shell sheme. We regularised the soft and ollinear IR sin-gularities by means of in�nitesimal photon, gluon, and quark masses, �, mu, and md,17



respetively. We used the phase-spae sliing method, with uts Æs, �#, and � on thesaled photon and gluon energies and on the separation angles in the initial and �nalstates, respetively, to isolate the soft and ollinear singularities within the orretionsfrom real partile radiation. We ahieved the anellation of �, mu, and md analytiallyand ensured that the numerial results are insensitive to variations of Æs, �#, and � within wide ranges about their seleted values.We presented theoretial preditions for the total ross setions with a minimum-pTut and for the pT distributions to be measured in pp ollisions with pS = 1:96 TeVat run II at the Tevatron and in pp ollisions with pS = 14 TeV at the LHC, andestimated the theoretial unertainties from the sale setting ambiguities. We found thatonsiderably less than 1% of all W +X events ontain a prompt photon. The orretionsonsidered turned out to be negative and to inrease in magnitude with the value of pT .While the redution is moderate at the Tevatron, reahing about �4% at pT = 200 GeV,it an be quite sizeable at the LHC, of order �30% at pT = 2 TeV, whih is due to thewell-known enhanement by Sudakov logarithms. It is an interesting new �nding thatthe photoprodution ontribution is onsiderably larger than expeted from the formalorder of ouplings. In fat, it ompensates an appreiable part of the redution due tothe O(�2�s) orretion.AknowledgementWe are grateful to Stefan Dittmaier for helpful theoretial and pratial advie, to GustavKramer for useful advie regarding phase spae sliing, and to Thomas Hahn, Max Huber,and Frank Fugel for bene�ial disussions. The work of B.A.K. was supported in partby the German Federal Ministry for Eduation and Researh BMBF through Grant No.05 HT6GUA.Referenes[1℄ UA1 Collaboration, G. Arnison, et al., Phys. Lett. B 122 (1983) 103;UA2 Collaboration, M. Banner, et al., Phys. Lett. B 122 (1983) 476.[2℄ J. Kubar-Andre, F.E. Paige, Phys. Rev. D 19 (1979) 221;K. Harada, T. Kaneko, N. Sakai, Nul. Phys. B 155 (1979) 169;K. Harada, T. Kaneko, N. Sakai, Nul. Phys. B 165 (1980) 545, Erratum;G. Altarelli, R.K. Ellis, G. Martinelli, Nul. Phys. B 157 (1979) 461;P. Aurenhe, J. Lindfors, Nul. Phys. B 185 (1981) 274.[3℄ R. Hamberg, W.L. van Neerven, T. Matsuura, Nul. Phys. B 359 (1991) 343;R. Hamberg, W.L. van Neerven, T. Matsuura, Nul. Phys. B 644 (2002) 403, Erra-tum;R.V. Harlander, W.B. Kilgore, Phys. Rev. Lett. 88 (2002) 201801.18
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ud Wgd ud W gu(a)u d W W ud Wd ud W u(b)Figure 1: Tree-level diagrams of (a) proess (2.2) and (b) proess (2.5). The tree-leveldiagrams of proesses (2.3), (2.4), (2.6), and (2.7) emerge through rossing.
ud Wgddd  ud Wgddd Z ud Wgddu W
ud Wguuu  ud Wguuu Z ud Wguud W

Figure 2: O(�) self-energy diagrams of proess (2.2).
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ud Wgdd d ud WgddZ d ud WgduW u ud W guu u
ud W guuZ u ud W gudW d ud Wgud u ud WgudZ u
ud WguWu  ud Wgud W ud WguWu Z ud WguZd W

ud Wgdu d ud WgduZ d ud Wgdu W ud WgdWd 
ud WgdZu W ud WgdWd Z

Figure 3: O(�) triangle diagrams of proess (2.2).
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ud Wg ud d ud WgZ ud d ud Wg udu ud WgZ uduud Wg uW u ud WgW d d ud WgZ uW u ud WgW dZ dFigure 4: O(�) box diagrams of proess (2.2).
ud Wgd ud W gu ud W gu
ud Wgd ud Wgdd ud W guu

Figure 5: O(�) ounterterm diagrams of proess (2.2).
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ud Wddg d ud W uug u ud Wudg u
ud Wdug d ud W Wg ud ud Wg ud d
ud Wg udu ud Wddd g ud Wuuu g

Figure 6: O(�s) self-energy, triangle, and box diagrams of proess (2.5).
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d

W gdd u
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Wgud u
d Wg u W u

d W gud u
d

Wg d W
Figure 7: Tree-level diagrams of proess (2.8). The tree-level diagrams of proesses (2.9)and (2.10) emerge through rossing. 24
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