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I. INTRODUCTIONRe
ently there has been mu
h interest in the study of B-meson produ
tion in p�p 
ollisionsat hadron 
olliders, both experimentally and theoreti
ally. The CDF Collaboration mea-sured di�erential 
ross se
tions d�=dpT for the in
lusive produ
tion of B mesons (and theiranti-parti
les) in p�p 
ollisions at the Fermilab Tevatron as a fun
tion of the transverse mo-mentum pT in the 
entral rapidity (y) region [1, 2, 3, 4℄. The data reported in Ref. [1℄ were
olle
ted in the run period from 1992 to 1995 (runs IA and I) at a 
enter-of-mass (
.m.) en-ergy of pS = 1:8 TeV and were obtained using fully re
onstru
ted B� mesons de
aying intothe ex
lusive �nal state J= K�. The data presented in Ref. [2℄ 
ome from measurementsin run II with pS = 1:96 TeV, where the in
lusive di�erential produ
tion 
ross se
tion ofJ= mesons was used and the fra
tion of events from the de
ay of long-lived b hadrons wasseparated by analyzing the lifetime distribution. These b hadrons in
lude B+, B�, B0, andB0 mesons. The data in Ref. [3℄ were also taken at pS = 1:96 TeV in run II. In this 
ase,the in
lusive 
ross se
tion for the produ
tion of B� mesons was obtained, as in Ref. [1℄, byre
onstru
ting B� ! J= K� de
ays. Very re
ently, CDF presented preliminary data fromrun II based on events with B� ! D0���� followed by D0 ! K��+ and B� ! D�+����followed by D�+ ! D0�+ and D0 ! K��+ 
olle
ted with the lepton-plus-displa
ed-tra
ktrigger [4℄. These data explore the range 25 GeV < pT < 40 GeV for the �rst time. Althoughthe measurement of B mesons is experimentally well de�ned, theoreti
al predi
tions did notagree with the data in the past.In order to 
al
ulate the B-meson produ
tion 
ross se
tion, the non-perturbative frag-mentation fun
tion (FF) for the transition b ! B must be known beforehand. The QCD-improved parton model implemented in the modi�ed minimal-subtra
tion (MS) renormaliza-tion and fa
torization s
heme then provides a rigorous theoreti
al framework for a 
oherentglobal data analysis.In this framework, two distin
t approa
hes for next-to-leading-order (NLO) 
al
ulationsin perturbative QCD have been used for 
omparisons with experimental data. In the so-
alled massless s
heme or zero-mass variable-
avor-number s
heme (ZM-VFNS) [5, 6, 7℄,whi
h is the 
onventional parton model approa
h, the zero-mass-parton approximation isapplied also to the b quark, although its massm is 
ertainly mu
h larger than the asymptoti
s
ale parameter �QCD. In this approa
h, the b quark is also treated as an in
oming parton2



originating from the (anti)proton, leading to additional 
ontributions besides those from u,d, s, and 
 quarks and the gluon (g). Although this approa
h 
an be used as soon as thefa
torization s
ales asso
iated with the initial- and �nal-state singularities are above thestarting s
ale of the parton distribution fun
tions (PDFs) and the FFs, the predi
tions arereliable only in the region of large pT values, with pT � m, where terms of the order ofm2=p2T 
an safely be negle
ted. A NLO 
al
ulation in this s
heme automati
ally resumsleading and next-to-leading logarithms (NLL), i.e. terms of the form [�s ln(p2T=m2)℄n and�s[�s ln(p2T=m2)℄n with n = 1; 2; 3; : : :. At the same time, all non-logarithmi
 terms throughO(�s) relative to the Born approximation are retained for m = 0 [35℄.The other 
al
ulational s
heme is the so-
alled massive s
heme or �xed-
avor-numbers
heme (FFNS) [8℄, in whi
h the number of a
tive 
avors in the initial state is limited tonf = 4, and the b quark appears only in the �nal state. In this 
ase, the b quark is alwaystreated as a heavy parti
le, not as a parton. The a
tual mass parameterm is expli
itly takeninto a

ount along with pT . In this s
heme, m a
ts as a 
uto� for the initial- and �nal-state
ollinear singularities and sets the s
ale for the perturbative 
al
ulations. A fa
torization ofthese would-be initial- and �nal-state 
ollinear singularities is not ne
essary, neither is theintrodu
tion of a FF for the transition b ! B. However, at NLO, terms proportional to�s ln(p2T=m2), where �s is the strong-
oupling 
onstant, arise from 
ollinear gluon emissionsby b quarks or from bran
hings of gluons into 
ollinear bb pairs. These terms are of orderO(1) for large values of pT , and with the 
hoi
e �R = O(pT ) for the renormalization s
alethey spoil the 
onvergen
e of the perturbation series. The FFNS with nf = 4 should thusbe limited to a rather small range of pT , from pT = 0 to pT & m. The advantage of thiss
heme is that the m2=p2T power terms are fully taken into a

ount.The ZM-VFNS and FFNS are valid in 
omplementary regions of pT , and it is desirableto 
ombine them in a uni�ed approa
h that in
orporates the virtues of both s
hemes, i.e.to resum the large logarithms, retain the full �nite-m e�e
ts, and preserve the universalityof the FFs. This is ne
essary for a reliable and meaningful interpretation of the CDF data[1, 2, 3℄, whi
h mostly lie in the transition region of the two s
hemes. An earlier approa
hto implement su
h an interpolation is the so-
alled �xed-order-next-to-leading-logarithm(FONLL) s
heme, in whi
h the 
onventional 
ross se
tion in the FFNS is linearly 
ombinedwith a suitably modi�ed 
ross se
tion in the ZM-VFNS with perturbative FFs, using apT -dependent weight fun
tion [9, 10℄. Then the FONLL 
ross se
tion is 
onvoluted with a3



non-perturbative FF for the b! B transition. These FFs are adjusted to e+e� data, usingthe same approa
h, and good agreement with the CDF data was obtained.In this work, we wish to present the results of an approa
h that is mu
h 
loser in spiritto the ZM-VFNS, but keeps all m2=p2T power terms in the hard-s
attering 
ross se
tions.This s
heme is 
alled general-mass variable-
avor-number s
heme (GM-VFNS) and has re-
ently been worked out for the photoprodu
tion [11, 12℄ and hadroprodu
tion [13, 14, 15℄of 
harmed hadrons. In this approa
h, one starts from the region pT � m and absorbs thelarge logarithms ln(�2F=m2), where �F is the fa
torization s
ale of the initial or �nal state,into the b-quark PDF of the in
oming hadrons and the FF for the b! B transition. Afterfa
torizing the lnm2 terms, the 
ross se
tion is infrared safe in the limit m! 0, and nf = 5is taken in the strong-
oupling 
onstant and the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi(DGLAP) evolution equations. The remaining m-dependent 
ontributions, i.e. the m2=p2Tpower terms, are retained in the hard-s
attering 
ross se
tions. These terms are very im-portant in the region of intermediate pT values, pT & m, and are expe
ted to improve thetheoreti
al predi
tions as 
ompared to the ZM-VFNS. The large logarithms are absorbedinto the PDFs and FFs by subtra
tion of the 
ollinearly (mass) singular terms at the initial-and �nal-state fa
torization s
ales, respe
tively.It is well known that the subtra
tion of just the 
ollinearly, i.e. mass singular terms, doesnot de�ne a unique fa
torization pres
ription. Also �nite terms must be spe
i�ed. In the
onventional ZM-VFNS 
al
ulation, one puts m = 0 from the beginning, and the 
ollinearlydivergent terms are de�ned with the help of dimensional regularization. This �xes the �niteterms in a spe
i�
 way, and their form is inherent to the 
hosen regularization pro
edure.If one starts with m 6= 0 and performs the limit m ! 0 afterwards, the �nite terms aredi�erent. These terms have to be removed by subtra
tion together with the lnm2 terms insu
h a way that, in the limit pT ! 1, the known massless MS expressions are re
overed.This mat
hing pro
edure is needed, sin
e we use PDFs and FFs de�ned in the ZM-VFNS.A subtra
tion s
heme de�ned in this way is the 
orre
t extension of the 
onventional ZM-VFNS to in
lude b-quark (or similarly 
-quark) mass e�e
ts in a 
onsistent way. We a
tuallyin
lude the 
-quark 
ontribution in the massless approximation, i.e. we treat the 
 quark asone of the light partons.The results of our earlier work on 
harmed-hadron in
lusive produ
tion by p�p s
attering atNLO in the GM-VFNS [13, 14, 15℄ dire
tly 
arry over to b hadrons. Then, the b quark is the4



heavy one, with mass m, while the 
 quark belongs to the group of light quarks, 
olle
tivelydenoted by q = u; d; s; 
 in the following, whose mass is put to zero. Furthermore, we needPDFs and FFs implemented with nf = 5 in the MS fa
torization s
heme. Non-perturbativeFFs for the transitions a! B�, where a = g; q; �q; b;�b, were extra
ted at leading order (LO)and NLO already several years ago [5℄ using data for the s
aled-energy (x) distribution d�=dxof e+e� ! B+X at pS = 91:2 GeV measured by the OPAL Collaboration at CERN LEP1[16℄.We note that our implementation of the GM-VFNS is similar to the Aivazis-Collins-Olness-Tung (ACOT) [17℄ s
heme formulated for the initial state of fully in
lusive deep-inelasti
 s
attering. The extension of this s
heme to the in
lusive produ
tion of heavypartons was 
onsidered in Ref. [18℄, where the resummation of the �nal-state 
ollinear loga-rithms was only performed to LO and parton-to-hadron FFs were not in
luded. A dis
ussionof the di�eren
es between our approa
h and the one in Ref. [18℄ 
on
erning the 
ollinearsubtra
tion terms 
an be found in Ref. [14℄.This paper is organized as follows. In Se
. II, we introdu
e new NLO sets of B-meson FFs.In Se
. III, we numeri
ally analyze the GM-VFNS predi
tions with regard to the impa
t ofthe m-dependent terms and the relative importan
e of the various partoni
 initial states. InSe
. IV, we 
ompare the predi
tions of the GM-VFNS, and also those of the ZM-VFNS andFFNS, with CDF data from run II [2, 3, 4℄. Our 
on
lusions are 
ontained in Se
. V.II. NON-PERTURBATIVE B-MESON FRAGMENTATION FUNCTIONAs input for the 
al
ulation of in
lusive B-meson produ
tion 
ross se
tions one needs arealisti
 non-perturbative FF des
ribing the transition of the b (�b) quark into a B meson.Su
h a FF 
an be obtained only from experiment. In Ref. [5℄, LEP1 data for the distributionin the s
aled B-meson energy, x = 2EB=pS, from OPAL [16℄ were �tted at LO and NLO inthe ZM-VFNS using three di�erent ansaetze for the b! B FF at the starting s
ale �F = �0of the DGLAP evolution, in
luding the ansatz by Peterson et al. [19℄,D(x; �20) = N x(1� x)2[(1� x)2 + �x℄2 ; (1)and the simple power ansatz [20℄,D(x; �20) = Nx�(1� x)�: (2)5



The best �t was obtained for the Peterson ansatz. In Ref. [5℄, the starting s
ale was takento be �0 = 2m, with m = 5:0 GeV. The a! B FFs for a = g; q; �q were assumed to be zeroat �F = �0 and generated through the DGLAP evolution to larger values of �F .In the meantime, new and more pre
ise measurements of the 
ross se
tion of in
lusiveB-meson produ
tion in e+e� annihilation on the Z-boson resonan
e have been publishedby the ALEPH [21℄, OPAL [22℄, and SLD [23℄ 
ollaborations, whi
h motivates us to updatethe analysis of Ref. [5℄. This also gives us the opportunity to adjust some of the 
hoi
esmade in Ref. [5℄, to 
onform with the 
onventions underlying modern PDF sets. In fa
t,for our numeri
al analysis, we use the NLO proton PDF set CTEQ6.1M, based on the MSpres
ription, by the Coordinated Theoreti
al-Experimental Proje
t on QCD (CTEQ) [24℄.In this set, the b-quark PDF has its starting s
ale at �0 = m with m = 4:5 GeV. Themass values used in PDFs and FFs have, of 
ourse, to be 
hosen 
onsistently in order toavoid the appearan
e of terms proportional to ln(�20=m2) in the NLO 
orre
tions. While ashift in the starting s
ale from �0 = 2m with m = 5:0 GeV to �0 = m with m = 4:5 GeV
hanges the b-quark FFs only marginally at �F values relevant for the e+e� annihilation
ross se
tions to be used in the �t, it does have a signi�
ant e�e
t on the g ! B FF, whi
hgreatly a�e
ts the 
ross se
tion predi
tions for the Tevatron. The size of the analogous e�e
tfor D�+ FFs is investigated in Fig. 1 of Ref. [25℄, whi
h uses �0 = m
, through 
omparisonwith Ref. [26℄, whi
h uses �0 = 2m
. We thus perform a 
ombined �t to these three datasets [21, 22, 23℄ using �0 = m with m = 4:5 GeV as in Ref. [24℄. Furthermore, we adoptfrom Ref. [24℄ the NLO value �(5)MS = 227 MeV appropriate for nf = 5, whi
h 
orresponds to�(5)s (mZ) = 0:1181. As in Ref. [5℄, we 
hose the renormalization and fa
torization s
ales tobe �R = �F = pS. We use the ansaetze of Eqs. (1) and (2) for the b! B FF at �F = �0,while the g; q ! B FFs are taken to vanish at �F = �0 and are generated through theDGLAP evolution. In order to obtain a

eptable �ts, we have to omit some of the datapoints in the small-x region. Spe
i�
ally, we only in
lude the ALEPH data with x � 0:25,the OPAL data with x � 0:325, and the SLD data with x � 0:28. At the other end of thex range, we in
lude all data points up to x = 1. Altogether we use 18, 15, and 18 datapoints of the ALEPH, OPAL, and SLD sets, respe
tively. Sin
e we only in
lude in the �tdata from the Z-boson resonan
e, �nite-m e�e
ts, being of relative order m2b=m2Z = 0:2%,are greatly suppressed, so that we are 
omfortably within the asymptoti
 regime where theGM-VFNS is equivalent to the ZM-VFNS. 6



TABLE I: Fit parameters of the b-quark FFs in Eqs. (1) and (2) at the starting s
ale �0 = m =4:5 GeV and values of �2d:o:f a
hieved. All other FFs are taken to be zero at �0 = m.N � � � �2=d:o:f0.06634 { { 0.008548 21.374684.1 16.87 2.628 { 1.495TABLE II: Bran
hing fra
tions B(�F ) and average energy fra
tions hxi(�F ) evaluated at fa
tor-ization s
ales �F = 4:5, 9.0, and 91.2 GeV using the b! B FFs based on the Peterson and poweransaetze. Peterson power�F (in GeV) B(�F ) hxi(�F ) B(�F ) hxi(�F )4.5 0.3994 0.8098 0.4007 0.83129.0 0.3935 0.7542 0.3955 0.773091.2 0.3767 0.6403 0.3803 0.6537The values of the parameters in Eqs. (1) and (2) obtained through the �ts based on thePeterson and power ansaetze are listed in Table I together with the respe
tive values of �2per degree of freedom, �2=d:o:f. The 
orresponding d�=dx distributions are 
ompared withthe ALEPH [21℄, OPAL [22℄, and SLD [23℄ data in Fig. 1. These three data sets mostlyoverlap and 
an hardly be distinguished in the �gure. We observe from Table I and Fig. 1that the power ansatz yields an ex
ellent overall �t to the sele
ted data points. There aredeviations at x . 0:3, whi
h are due to the ex
lusion of data points from the �t. The�2=d:o:f value for the 
ombined �t is 1:495. The individual �2=d:o:f values of the ALEPH,OPAL, and SLD data sets are 0.861, 2.350, and 1.410, respe
tively. On the other hand, thePeterson ansatz leads to an intolerable des
ription of the data, yielding �2=d:o:f = 21:37for the 
ombined �t and similar values for the individual data sets. This ansatz has onlytwo free parameters, N and �, and is just not 
exible enough to a

ount for the very pre
iseexperimental data.Besides the b! B FF itself, also its �rst two moments are of phenomenologi
al interest7
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and subje
t to experimental determination. They 
orrespond to the b ! B bran
hingfra
tion, B(�F ) = Z 1x
ut dxD(x; �2F ); (3)and the average energy fra
tion that the B meson re
eives from the b quark,hxi(�F ) = 1B(�F ) Z 1x
ut dx xD(x; �2F ); (4)where the 
ut x
ut = 0:15 ex
ludes the x range where our formalism is not valid. Weobserve from Table II that the Peterson and power ansaetze lead to rather similar resultsfor B(�F ) and hxi(�F ), the ones for the power ansatz being slightly larger. While B(�F ) ispra
ti
ally independent of �F , hxi(�F ) is shifted towards smaller values through the evolutionin �F . It is interesting to 
ompare the results for hxi(91:2 GeV) in Table II with the valuesquoted by ALEPH, OPAL, and SLD, whi
h read 0:7361� 0:0061 (stat)� 0:0056 (syst) [21℄,0:7193�0:0016 (stat)+0:0036�0:0031 (syst) [22℄, and 0:709�0:003 (stat)�0:003 (syst)�0:002 (model)[23℄, respe
tively. We observe that the experimental results lie systemati
ally above ours.However, one must keep in mind that the experimental results refer to the �rst momentof the measured 
ross se
tion distribution d�=dx, whi
h naturally in
ludes all orders andalso 
ontributions from gluon and light-quark fragmentation, while ours are evaluated fromthe b ! B FF at NLO in the MS s
heme via Eq. (4). Of 
ourse, the b ! B FF and itsmoments depend on s
heme, order, and implementation issues su
h as the fun
tional formof the ansatz at the starting s
ale �0 and the value of �0 itself, and thus do not representphysi
al observables by themselves. Nevertheless, 
omparisons of the quantities B(�F ) andhxi(�F ) de�ned in Eqs. (3) and (4), respe
tively, with their experimental 
ounterparts areuseful to 
he
k the dominan
e of b ! B fragmentation and are routinely performed in theliterature (see, e.g., Ref. [5℄).III. THEORETICAL PREDICTIONS FOR p�p! B +XWe are now in a position to perform a numeri
al analysis. We 
onsider the in
lusive
ross se
tion of p�p ! B + X, where B stands for the average of the B+ and B� mesons,at pS = 1:96 TeV as in run II at the Tevatron. We 
on
entrate on the pT distributionintegrated over jyj < 1 
orresponding to the 
entral region of the CDF dete
tor. We use theCTEQ6.1M proton PDFs [24℄ and the B-meson FFs based on the power ansatz presented in9



Se
. II, both implemented at NLO with �(5)MS = 227 MeV andm = 4:5 GeV. For simpli
ity, weuse a 
ommon fa
torization s
ale for the initial and �nal states. We set the renormalizationand fa
torization s
ales to �R = �RmT and �F = �FmT , where mT = pp2T +m2 is thetransverse mass of the b quark and �R and �F are introdu
ed to estimate the theoreti
alun
ertainty. Unless otherwise stated, we use the default values �R = �F = 1. With ourdefault 
hoi
es �0 = m and �F = mT , we have �F ! �0 as pT ! 0. In this limit, the FFsand b-quark PDF should fade out and quen
h the 
ross se
tion, leading to a turn-over of thepT distribution. However, the pre
ise lo
ation of the maximum and other details of the lineshape are also subje
t to other implementation issues of the GM-VFNS. We shall return tothis topi
 in Se
. IV.The 
al
ulation of the 
ross se
tion d2�=(dpTdy) of B-meson hadroprodu
tion at NLOin the GM-VFNS pro
eeds analogously to the 
ase of D mesons outlined in Ref. [13℄. Now,m denotes the mass of the b quark, and the 
 quark belongs to the group of light quarks q,
b

b B

g

g

(a)

g

b B

b

g

(b)

q

q

B

g

g

(c)FIG. 2: Examples of Feynman diagrams leading to 
ontributions of (a) 
lass (i), (b) 
lass (ii), and(
) 
lass (iii).
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whose mass is put to zero. The NLO 
ross se
tion 
onsists of three 
lasses of 
ontributions.1. Class (i) 
ontains all the partoni
 subpro
esses with a b;�b! B transition in the �nalstate that have only light partons (g; q; �q) in the initial state, the possible pairingsbeing gg, gq, g�q, and q�q. A Feynman diagram representing this 
lass is shown inFig. 2(a).2. Class (ii) 
ontains all the partoni
 subpro
esses with a b;�b! B transition in the �nalstate that also have b or �b quarks in the initial state, the possible pairings being gb,g�b, qb, q�b, �qb, �q�b, and b�b [see Fig. 2(b)℄.3. Class (iii) 
ontains all the partoni
 subpro
esses with a g; q; �q ! B transition in the�nal state [see Fig. 2(
)℄.In the FFNS, only the 
ontribution of 
lass (i) is in
luded, but the full m dependen
e isretained [8℄. On the other hand, in the ZM-VFNS, the 
ontributions of all three 
lasses aretaken into a

ount, but they are evaluated for m = 0 [27℄. In the GM-VFNS, the 
lass-(i)
ontribution of the FFNS is mat
hed to the MS s
heme, through appropriate subtra
tionsof would-be 
ollinear singularities, and is then 
ombined with the 
lass-(ii) and 
lass-(iii)
ontributions of the ZM-VFNS; thus, only the hard-s
attering 
ross se
tions of 
lass (i)
arry expli
it m dependen
e. Spe
i�
ally, the subtra
tions a�e
t initial states involvingg ! b�b splittings and �nal states involving g ! b�b, b ! gb, and �b ! g�b splittings, andthey introdu
e logarithmi
 dependen
es on the initial- and �nal-state fa
torization s
alesin the hard-s
attering 
ross se
tions of 
lass (i), whi
h are 
ompensated through NLO bythe respe
tive fa
torization s
ale dependen
es of the b-quark PDF and the b ! B FF,respe
tively. The expli
it form of the subtra
tions may be found in Ref. [14℄. A 
ertainpart of the 
lass-(ii) and 
lass-(iii) 
ontributions is due to Feynman diagrams with internalb-quark lines; another one is due to diagrams with external b-quark lines and 
ontains m-dependent logarithms, whi
h are resummed. In the FFNS, the m dependen
e of these
ontributions would only enter beyond NLO, whi
h is re
e
ted in the ZM-VFNS by thegeneri
 suppression of the b-quark PDF relative to the gluon and q-quark ones and of thegluon and q-quark FFs relative to the b-quark one. This entitles us to omit thism dependen
eby 
al
ulating the 
ontributions of 
lasses (ii) and (iii) in the ZM-VFNS. It turns out that q-quark fragmentation 
ontributes negligibly. However, the gluon fragmentation 
ontribution11



rea
hes approximately 50% at small values of pT , and its relative 
ontribution de
reases onlyrather mildly towards larger values of pT .We �rst investigate the e�e
t of the �nite-m terms in the hard-s
attering 
ross se
tions

gg! b�b + q�q ! b�b
m = 4:5 GeV
m = 0 LO [nb/GeV℄d�dpT

pT [GeV℄252015105

10410310210110�1
FIG. 3: Transverse-momentum distribution d�=dpT of p�p! B+X at 
.m. energy pS = 1:96 TeVintegrated over the rapidity range jyj < 1. The 
ontributions of 
lass (i) evaluated at LO in theZM-VFNS (dashed line) and the GM-VFNS (solid line), but with the NLO versions of �s, thePDFs, and the FFs, are 
ompared.

12



and thus 
on
entrate on the 
ontribution of 
lass (i) for the time being. This e�e
t 
analready be studied at LO, where the partoni
 subpro
esses read g+g! b+�b and q+�q ! b+�b.To this end, we simply swit
h o� the NLO terms in the hard-s
attering 
ross se
tions whilekeeping �s, the PDFs, and the FFs at NLO, although, stri
tly speaking, this does notrepresent a genuine LO analysis. The results are shown in Fig. 3, where the dashed andsolid lines refer to the results for zero and �nite values of m, respe
tively. We observe thatthese results rapidly approa
h ea
h other with in
reasing value of pT . At pT = 7:5 GeV,the �nite-m result is 33% smaller than the m = 0 one, a relative di�eren
e of the order ofm2=p2T , as expe
ted.We now turn to NLO by swit
hing on the QCD 
orre
tions to the hard-s
attering 
rossse
tions of 
lass (i). The results for m = 0 and �nite m are shown in Fig. 4 as the upperand lower solid lines, respe
tively. They 
onstitute parts of the �nal ZM-VFNS and GM-VFNS results. In both 
ases, the 
ontributions of 
lasses (ii) and (iii) for m = 0 stillmust be added to obtain the full predi
tions to be 
ompared with experimental data. The
lass-(i) 
ontributions in the ZM-VFNS and GM-VFNS s
hemes are, therefore, entitled tobe negative and they indeed are, for pT . 76 GeV and pT . 10 GeV, respe
tively, asmay be seen from Fig. 4. Comparing the ZM-VFNS and GM-VFNS results, we noti
ethat the �nite-m e�e
ts are signi�
ant for pT . 10 GeV and even 
ause a sign 
hange for10 GeV . pT . 76 GeV. However, as will be
ome apparent below, the 
ontributions of 
lass(i) are overwhelmed by those of 
lasses (ii) and (iii), so that the �nite-m e�e
ts are washedout in the �nal predi
tions, ex
ept for very small values of pT . It is instru
tive to studythe relative importan
e of the gg-initiated 
ontributions. They are also in
luded in Fig. 4for m = 0 and �nite m as the upper and lower dashed lines, respe
tively. They exhibit asimilar pattern as the full 
lass-(i) 
ontributions and dominate the latter in the small-pTrange. Comparing Fig. 4 with Fig. 2(
) in Ref. [13℄, we observe that the relative in
uen
eof the �nite-m e�e
ts is mu
h smaller in the 
-quark 
ase, as expe
ted be
ause the 
 quarkis mu
h lighter than the b quark.In the remainder of this se
tion, we work in the GM-VFNS and also in
lude the 
ontri-butions from 
lasses (ii) and (iii), i.e. we allow for b (anti)quarks in the initial state andg; q; �q ! B fragmentation. It is interesting to study the relative importan
e of the variousinitial states. In Fig. 5, the total result in the GM-VFNS (solid line) is broken up into the
ontributions from initial states 
onsisting of (1) one gluon and one b (anti)quark (upper13
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pT [GeV℄252015105

10410310210110�110�2
FIG. 4: Transverse-momentum distribution d�=dpT of p�p! B+X at 
.m. energy pS = 1:96 TeVintegrated over the rapidity range jyj < 1. The 
ontributions of 
lass (i) (solid lines) and their gg-initiated parts (dashed lines) evaluated at NLO in the ZM-VFNS (upper lines) and the GM-VFNS(lower lines) are 
ompared.dashed line); (2) one q (anti)quark and one b (anti)quark (middle dashed line); (3) two b(anti)quarks (lower dashed line); (4) one gluon and one q (anti)quark or two q (anti)quarks(lower dotted line); and (5) two gluons (upper dotted line). If it were not for the 
lass-(iii)14
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FIG. 5: Transverse-momentum distribution d�=dpT of p�p! B+X at 
.m. energy pS = 1:96 TeVintegrated over the rapidity range jyj < 1. The total NLO result in the GM-VFNS in
luding 
lasses(i){(iii) (solid line) is broken up into the 
ontributions from initial states 
onsisting of (1) one gluonand one b (anti)quark (upper dashed line); (2) one q (anti)quark and one b (anti)quark (middledashed line); (3) two b (anti)quarks (lower dashed line); (4) one gluon and one q (anti)quark ortwo q (anti)quarks; and (5) two gluons.
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ontribution, then the 
ombination of 
ontributions (4) and (5) would 
oin
ide with the
lass-(i) 
ontribution, 
onsidered in Fig. 4, and the 
ombination of 
ontributions (1){(3)would 
oin
ide with the 
lass-(ii) 
ontribution. However, in Fig. 5, the 
lass-(iii) 
ontribu-tion is distributed among the 
ontributions (1){(5) a

ording to the respe
tive initial states.We observe from Fig. 5 that the partoni
 subpro
esses with one b or �b quark in the initialstate make up the bulk of the 
ross se
tion throughout the entire mass range 
onsidered.Spe
i�
ally, the 
ontribution from the subpro
esses where the se
ond in
oming parton isa gluon (1) is more than twi
e as large than the one where this is a light (anti)quark (2),and it is even larger than the purely gluon-initiated 
ontribution (5), whi
h is a surprising�nding in view of the enormous gluon luminosity in p�p 
ollisions at a 
.m. energy of almost2 TeV. On the other hand, the 
ontribution from two in
oming b (anti)quarks (3) is greatlysuppressed, being less than 1% of the full result. The 
ontribution due to light-parton initialstates with no more than one gluon (4) ranks between 
ontributions (2) and (3), and itis negative for pT . 7 GeV. As explained above, the di�eren
e between the gg-initiatedGM-VFNS 
ontributions in Figs. 4 (lower dashed line) and 5 (upper dotted line) is due tog; q; �q ! B fragmentation being in
luded in the latter. Obviously, this additional 
ontribu-tion is quite signi�
ant throughout the whole pT range 
onsidered. Comparing the di�eren
ebetween the 
lass-(i) 
ontributions in the ZM-VFNS and the GM-VFNS in Fig. 4 with thetotal result in Fig. 5, we anti
ipate that the �nite-m e�e
ts on the latter will be rathermoderate, ex
ept for very small values of pT , where the ZM-VFNS is expe
ted to breakdown anyway. Also taking into a

ount that the 
lass-(i) 
ontributions 
onsidered in Fig. 4are less negative (or even positive) in the GM-VFNS than they are in the ZM-VFNS, we
on
lude that the �nite-m e�e
ts will moderately enhan
e the 
ross se
tion. This point willbe subje
t to further investigation in the next se
tion.IV. COMPARISON WITH CDF DATAWe are now ready to 
ompare our NLO predi
tions for the 
ross se
tion distributiond�=dpT with Tevatron data. We fo
us our attention on the more re
ent CDF data fromrun II published in Refs. [2, 3℄. This 
omparison is presented for the GM-VFNS in Fig. 6,where the solid line represents the 
entral predi
tion, for �R = �F = 1, and the dashed linesindi
ate the maximum and minimum values obtained by independently varying �R and �F16
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FIG. 6: Transverse-momentum distribution d�=dpT of p�p! B+X at 
.m. energy pS = 1:96 TeVintegrated over the rapidity range jyj < 1. The 
entral NLO predi
tion with �R = �F = 1 (solidline) of the GM-VFNS is 
ompared with CDF data from Refs. [2℄ (open squares) and [3℄ (solidsquares). The maximum and minimum values obtained by independently varying �R and �F in therange 1=2 � �R; �F � 2 with the 
onstraint that 1=2 � �R=�F � 2 are also indi
ated (dashed lines).in the range 1=2 � �R; �F � 2 with the 
onstraint that 1=2 � �R=�F � 2. The maximum andminimum values 
orrespond to �F = 2 and �F = 1=2, respe
tively. The variation with �R is17




onsiderably milder than the one with �F and only leads to a modest broadening of the errorband. For �F < 1, �F rea
hes the starting s
ale �0 = m for the DGLAP evolution of the FFsand the b-quark PDF at pT = mp1=�2F � 1. For smaller values of pT , there is no predi
tionbe
ause the FFs and the b-quark PDF are put to zero for �F < �0. This explains why thepT distribution for �F = 1=2 only starts at pT = p3m � 7:8 GeV. The most re
ent data [3℄ni
ely agree with the GM-VFNS result. In fa
t, they lie 
lose to the 
entral predi
tion, witha tenden
y to fall below it in the lower pT range, and they are 
omfortably 
ontained withinthe theoreti
al error band. Obviously, the notorious Tevatron B-meson anomaly, with data-to-theory ratios of typi
ally 2{3 [1℄, that has been with us for more than a de
ade has �nally
ome to its end, thanks to both experimental and theoreti
al progress (see also Ref. [28℄ fora re
ent status report on the observed and predi
ted 
ross se
tions at the Tevatron). Theprevious CDF data [2℄, based on a measurement of J= + X �nal states, are 
ompatiblewith the latest ones for pT . 12 GeV, but systemati
ally undershoot them for larger valuesof pT . This potential in
onsisten
y be
omes even more apparent by noti
ing that Fig. 6only 
ontains 4 out of the 13 data points for pT > 12 GeV quoted in Ref. [2℄ and that theomitted data points neatly line up with the sele
ted ones. This possibly suggests that thesystemati
al errors in Ref. [2℄, and perhaps also in Ref. [3℄, might be underestimated andthat the overall normalization might need some adjustment. In
identally, the preliminaryCDF data [4℄ fall right in the middle between those from Refs. [2℄ and [3℄.The measured pT distribution of Ref. [2℄ rea
hes down to pT = 0 and exhibits a maximumat pT � 2:5 GeV. As we shall see below, this small-pT behavior is 
orre
tly reprodu
ed in theFFNS without DGLAP-evolved FFs, whi
h only re
eives 
ontributions of 
lass (i) withoutany subtra
tions. It is 
lear that our present implementation of the GM-VFNS is not suitablefor 
ross se
tion 
al
ulations in the small-pT region. Although the GM-VFNS is designedto approa
h the FFNS and the ZM-VFNS in its regions of validity without introdu
ingadditional ad-ho
 mat
hing fa
tors, to implement this numeri
ally is a non-trivial task dueto ne
essary 
an
ellations between di�erent terms in the 
al
ulation. Stable 
omputer 
odesin
luding these features have been developed for the fully in
lusive 
ase and are used inglobal analyses of proton PDFs, e.g. in the CTEQ studies [24℄ using the ACOT s
heme [17℄.For one-parti
le in
lusive pro
esses, the problem to a
hieve su
h 
an
ellations is 
ompli
atedby the extra fa
torization s
ale; to obtain a smooth transition from the GM-VFNS to theFFNS, one has to 
arefully mat
h terms that are taken into a

ount at �xed order with18



terms that are resummed to higher orders in the PDFs and FFs. In addition, it remains tobe investigated whether a proper s
ale 
hoi
e in the small-pT range is required and helpfulto ensure that the FFs and b-quark PDF are suÆ
iently suppressed already at pT = O(m).The GM-VFNS predi
tion in Fig. 6 exhibits a sizeable s
ale un
ertainty for pT . 2m.As mentioned above, the pT distribution for �F = 1=2 only starts at pT � 7:8 GeV. Theseundesirable features will eventually be removed on
e the mat
hing with the FFNS is spe
i�edand implemented. This is a so-
alled implementation issue [29℄ that needs to be added on topof the de�nition of the pure GM-VFNS. This is beyond the s
ope of the present paper, whi
his 
on
erned with the intermediate pT range, and will be treated in a future publi
ation. Atthis point, we would like to re
all how this implementation issue is handled for the FONLLs
heme [9℄. In that s
heme, the FFNS and ZM-VFNS 
al
ulations are merged in su
h away that the 
ontribution that is added on to the FFNS result, i.e. the ZM-VFNS resultwith the zero-mass limit of the FFNS result subtra
ted, is multiplied by a weight fun
tionof the form p2T=(p2T + 
2m2) with 
 = 5 to model a smooth transition. Furthermore, thevariable pT of the subtra
ted ZM-VFNS 
ontribution is shifted to be
ome mT . In the regionwhere the ZM-VFNS predi
tion has a large s
ale un
ertainty, i.e. where pT is 2{3 timeslarger than m say, this weight fun
tion is still rather small, ranging from 14% to 26%. Thus,this weight fun
tion not only smoothens the transition, but also ensures that the sizeabletheoreti
al un
ertainty of the ZM-VFNS 
omponent in the transition region is not re
e
tedin the FONLL predi
tion, 
reating the impression that the latter has a small theoreti
alerror. Of 
ourse, this sour
e of theoreti
al un
ertainty unavoidably resurfa
es when theform of the weight fun
tion, whi
h is a priori unknown, is varied, e.g. by 
hanging the valueof its parameter 
. Unfortunately, su
h a variation is not in
luded in the theoreti
al error ofre
ent FONLL predi
tions [10, 34℄.We now extend our numeri
al analysis to in
lude the NLO predi
tion in the FFNS, withnf = 4 massless quark 
avors in the initial state, whi
h allows us to also 
ompare with thesmall-pT data from Ref. [2℄. In the FFNS analysis, we evaluate �(nf )s (�R) with nf = 4 and�(4)MS = 326 MeV [24℄, while we 
ontinue using the CTEQ6.1M proton PDFs [24℄, in wantof a rigorous FFNS set with nf = 4. In the FFNS, there is no room for DGLAP-evolvedFFs, and only b;�b ! B transitions are in
luded. For simpli
ity, we identify b (anti)quarkswith B mesons and a

ount for non-perturbative e�e
ts by in
luding the bran
hing fra
tionB(b ! B) = 39:8% [30℄ as an overall normalization fa
tor, i.e. we use a b ! B FF of the19
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FIG. 7: Transverse-momentum distribution d�=dpT of p�p! B+X at 
.m. energy pS = 1:96 TeVintegrated over the rapidity range jyj < 1. The 
entral NLO predi
tions in the FFNS with nf = 4and without FFs (dot-dashed line), the ZM-VFNS (dashed line), and the GM-VFNS (solid line)are 
ompared with CDF data from Refs. [2℄ (open squares) and [3℄ (solid squares). For referen
e,the histori
al FFNS predi
tion, evaluated with PDF set MRSD0 [31℄, a b! B FF of Peterson type[19℄ with � = 0:006, mb = 4:75 GeV, and �(4)MS = 215 MeV, is also shown.form D(x) = B(b ! B)Æ(1 � x), while the g; q; �q ! B FFs are put to zero. In Fig. 7,20



the 
entral FFNS (dot-dashed line), ZM-VFNS (dashed line), and GM-VFNS (solid line)predi
tions, for �R = �F = 1, are 
ompared with the CDF data from Refs. [2, 3℄. As inFig. 6, some of the data points with pT > 7 GeV from Ref. [2℄ are omitted for 
larity. Sin
ethe ZM-VFNS and our present implementation of the GM-VFNS are not appli
able to thesmall-pT range, we show the respe
tive predi
tions only for pT > 2m = 9 GeV. The GM-VFNS predi
tion shown in Fig. 7 is identi
al with the 
entral one in Fig. 6. By 
onstru
tion,it merges with the ZM-VFNS predi
tion with in
reasing value of pT . In a

ordan
e withthe expe
tation expressed in the dis
ussion of Figs. 3 and 4, the di�eren
e between theGM-VFNS and ZM-VFNS results is rather modest also at pT & 2m, sin
e the m-dependent
ontribution, of 
lass (i), is numeri
ally small and overwhelmed by the m-independent ones,of 
lasses (ii) and (iii). The FFNS predi
tion faithfully des
ribes the peak stru
ture exhibitedby the next-to-latest CDF data [2℄ in the small-pT range and it also ni
ely agrees with thelatest CDF data [3℄ way out to the largest pT values. In fa
t, for pT > 4m, where itsperturbative stability is jeopardized by unresummed logarithms of the form ln(m2T=m2) & 3,the FFNS predi
tion almost 
oin
ides with the GM-VFNS one, where su
h large logarithmsare resummed. This is a pure 
oin
iden
e, whi
h be
omes even more apparent if we alsore
all that the implementation of the b;�b ! B transition in the FFNS is not based on afa
torization theorem and quite inappropriate for su
h large values of pT .In Figs. 6 and 7, we limited our 
onsiderations to the range pT < 25 GeV, where thepublished CDF data [2, 3℄ are lo
ated. However, the preliminary CDF data [4℄, 
olle
ted inthe very 
entral part of the dete
tor (jyj < 0:6), 
over the range 9 GeV < pT < 40 GeV, andit is interesting to 
onfront them with the NLO predi
tions of the three s
hemes 
onsideredhere. Moreover, it is instru
tive to study the breakdown of the FFNS at suÆ
iently largevalues of pT due to unresummed large logarithms. For these purposes, we show in Fig. 8an extension of Fig. 7 in
luding the preliminary CDF data. We observe that the GM-VFNS result steadily merges with the ZM-VFNS one as the value of pT is in
reased, therelative deviations being 11%, 6%, and 3% at pT = 20, 30, and 50 GeV, respe
tively.The FFNS result breaks even with the GM-VFNS one at about pT = 20 GeV (see alsoFig. 7) and ex
eeds the latter for larger values of pT , the relative deviations being 20%,48%, and 100% at pT = 30, 50, and 100 GeV, respe
tively. Our results indi
ate that ameasurement of the pT distribution up to 40{50 GeV at the Tevatron 
ould be able toresolve the di�eren
e between the FFNS and the VFNS and so to establish for the �rst time21
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the break-down of the FFNS due to unresummed logarithms in the in
lusive hadroprodu
tionof heavy hadrons. This important question deserves a 
areful examination of the theoreti
alun
ertainties, whi
h we leave for a future publi
ation. The preliminary CDF data pointin the bin 29 GeV < pT < 40 GeV favors the ZM-VFNS and GM-VFNS results, while itundershoots the FFNS result.We 
on
lude this se
tion with an interesting observation that, in retrospe
t, sheds somenew light on the Tevatron B-hadron anomaly mentioned above and does not appear to besuÆ
iently well known to the 
ommunity. In fa
t, the 
ommon per
eption that the CDFdata [1, 2, 3℄ generally overshoot the FFNS predi
tion, frequently denoted as NLO QCDin the literature, by a fa
tor of 2{3 is entirely due the use of obsolete theoreti
al input.In fa
t, the FFNS predi
tion that has been serving as a ben
hmark for some 15 years andstill does even in very re
ent papers [3, 28℄ is evaluated with the proton PDF set MRSD0by Martin, Roberts, and Stirling [31℄, whi
h has been revoked by these authors. It has anuna

eptably weak gluon and a small value of �(4)MS, namely �(4)MS = 215 MeV translatinginto �(5)s (mz) = 0:111, whi
h is 3.3 standard deviations below the present world average�(5)s (mz) = 0:1176 � 0:0020 [30℄. Other inputs in
lude mb = 4:75 GeV and a PetersonFF parameter of � = 0:006, extra
ted from a �t to e+e� annihilation data from the pre-LEP/SLC era using a Monte-Carlo event generator based on massless LO matrix elements[32℄. For referen
e, the histori
al FFNS predi
tion evaluated with this 
hoi
e of input isalso in
luded in Fig. 7. Sin
e the FONLL predi
tion [10℄ is designed to merge with theFFNS one at low values of pT , the additional 
ontribution being faded out by a weightfun
tion of the form p2T=(p2T + 25m2b), the striking gap between the histori
al NLO QCDpredi
tion and the FONLL predi
tion, based on up-to-date input information, in Fig. 10 ofRef. [3℄ impressively illustrates the advan
ement in the PDF and �s determinations. Thetuning of FFs in 
onne
tion with the resummation of leading and next-to-leading logarithms,emphasized in the se
ond paper of Ref. [4℄, is a
tually of minor importan
e.V. CONCLUSIONSFor several years, the B-meson produ
tion rates measured at DESY HERA, CERN LEP2,and Tevatron have been notoriously ex
eeding, by up to a fa
tor of three, the usual NLOQCD predi
tions for massive b quarks, i.e. those in the FFNS (B-meson anomaly). This23



has even triggered theoreti
al attempts to interpret this deviation as a signal of new physi
sbeyond the standard model [33℄. However, it remained to be 
lari�ed if this deviation
ould be explained by improving and re�ning the QCD predi
tion itself. In this 
onne
tion,two of us, together with Binnewies, pointed out almost a de
ade ago that the ZM-VFNSprovides a rigorous theoreti
al framework for a 
oherent study of B-meson produ
tion inhigh-energy e+e�, p�p, and other 
ollisions, sin
e the fa
torization theorem guarantees theuniversality of the B-meson FFs [5℄. In fa
t, the ZM-VFNS predi
tion [5, 6℄ was found toni
ely agree with the CDF data from Tevatron runs IA and I [1℄. However, a ne
essary
ondition for the appli
ability of the ZM-VFNS is that the energy s
ale that separatesperturbative hard s
attering from non-perturbative fragmentation (�nal-state fa
torizations
ale �F ) is suÆ
iently large 
ompared to the b-quark mass m, and it had never been quite
lear how large the ratio �F=m a
tually needed to be in order for �nite-m e�e
ts to benegligible. In fa
t, the authors of Ref. [34℄ asserted in a footnote that mass 
orre
tions havea large size up to pT � 20 GeV and that \la
k of mass e�e
ts [5℄ will therefore erroneouslyoverestimate the produ
tion rate at small pT ."In the present paper, we addressed this problem by performing a 
omparative analysis ofB-meson hadroprodu
tion in the ZM-VFNS and the GM-VFNS, whi
h we had su

essfullyapplied to D-meson produ
tion in 

 [11℄, ep [12℄, and p�p [13, 14, 15℄ 
ollisions in the past.For this, we also updated the determination of B-meson FFs [5℄ by �tting to re
ent e+e�data from ALEPH [21℄, OPAL [22℄, and SLD [23℄ and also adjusting the values of m and theenergy s
ale �0 where the DGLAP evolution starts to 
onform with modern PDF sets [24℄.We found that �nite-m e�e
ts moderately enhan
e the pT distribution; the enhan
ementamounts to about 20% at pT = 2m and rapidly de
reases with in
reasing value of pT , fallingbelow 10% at pT = 4m. This �nding 
ontradi
ts earlier 
laims [34℄ in all respe
ts. Su
he�e
ts are 
omparable in size to the theoreti
al un
ertainty due to the freedom of 
hoi
e inthe setting of the renormalization and fa
torization s
ales. For 
omparison, we also evaluatedthe pT distribution in the FFNS, with nf = 4, using a delta-fun
tion-type b! B FF withoutDGLAP evolution.Confronting the three NLO predi
tions with the latest [3℄ and next-to-latest [2℄ CDF datasets published, we found that all of them agree rather well with the latest one, with pT >7 GeV. Despite unresummed large logarithms and poorly implemented fragmentation, theFFNS predi
tion happens to almost 
oin
ide with the GM-VFNS one in the range 15 GeV .24



pT . 25 GeV. The FFNS predi
tion also ni
ely reprodu
es the peak exhibited about pT �2:5 GeV by the next-to-latest CDF data [2℄. By 
ontrast, the histori
al ben
hmark resultbased on obsolete proton PDFs and a value of �(5)s (mz) falling short of the present worldaverage by 3.3 standard deviations, whi
h goes under the name NLO QCD in the literatureand is used as a referen
e point even in most re
ent papers [3, 28℄, undershoots the CDF databy the familiar fa
tor of 2{3. This illustrates that the progress in our understanding of theproton PDFs and our knowledge of �(5)s (mZ) is instrumental in over
oming the long-standingTevatron B-hadron anomaly in the low to intermediate pT range. The preliminary CDF data[4℄ favor the ZM-VFNS and GM-VFNS results in the upmost bin, 29 GeV < pT < 40 GeV,while they undershoot the FFNS result.It is desirable to extend the appli
ability of the GM-VFNS down to pT = 0. This requiresmat
hing with the FFNS. To a
hieve this in a way that avoids ad-ho
 weight fun
tions is anon-trivial task and is left for future work.A
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