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Abstract

We study the dual production of helical Abelian gauge fields and chiral fermions through the Chern-

Simons (CS) coupling with a pseudo-scalar inflaton in the presence of a chiral anomaly. Through

the CS term, the motion of the inflaton induces a tachyonic instability for one of the two helicities

of the gauge field. We show that the resulting helical gauge field necessarily leads to the production

of chiral fermions by deforming their Fermi sphere into discrete Landau levels. The population of

the lowest Landau level leads to a chiral asymmetry as inferred from the chiral anomaly, while the

higher levels are populated symmetrically through pair production. From the backreaction of the

fermions on the gauge field production we derive a conservative but stringent upper bound on

the magnitude of the gauge fields. Consequently, we find that the scalar perturbations sourced by

these helical gauge fields, responsible for enhanced structure formation on small scales, get re-

duced significantly. We also discuss the fate of the primordial chiral asymmetry and of the helical

gauge fields after inflation, and show that the instability in the chiral plasma tends to erase these

primordial asymmetries. This result may impact scenarios where the baryon asymmetry of the

Universe is connected to primordial magnetic fields.
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1 Introduction

Particle production in the early Universe is a key element in understanding the properties of the pri-

mordial plasma which sets the initial conditions for the hot Big Bang Standard Model of cosmology.

The energy density stored as vacuum energy during inflation is transformed into a thermal bath of

Standard Model (SM) particles, with an asymmetry between particles and anti-particles generated

along the way. A special role is played by the axial coupling of the inflaton (or of any other scalar field

φ) to gauge fields and fermions,

gauge fields: L ⊃ g 2φεαβµνFαβFµν , fermions: L ⊃φ∂µ J
µ

5 (1.1)

with F µν denoting the field strength tensor of the gauge fields\1, g is the gauge coupling and J
µ

5 =

ψ̄γµγ5ψ is the axial current of the fermionψ. By partial integration, these couplings can be expressed

as derivative couplings of φ and hence (at the classical level) preserve any shift symmetry associated

with φ. This unique property renders these couplings prime candidates for couplings to the inflaton

field in slow-roll inflation, as well as to any axion-like particle or more general any pseudo Nambu

Goldstone Boson. On top of this, these couplings come with a range of striking phenomenological

implications.

On the one hand, the spontaneous C P -violation induced by the rolling scalar field leads to a tachy-

onic instability in one of the gauge field modes [2–4]. This has a wide range of consequences, including

the production of helical magnetic fields [4], an additional contribution to the scalar power spectrum

and to the stochastic gravitational wave background predicted from inflation [5–9] as well as an effi-

cient preheating mechanism [10]. The gauge fields moreover backreact on the equations of motion

for the scalar through an effective friction term. This enables inflation on fairly steep potentials [11]

and has also been employed to dynamically generate the electro-weak scale by means of the relaxion

mechanism [12–15]. The decay of the helical gauge fields after the end of inflation may be the source

for the baryon asymmetry of the Universe [16–21]. On the other hand, implications of the axial cou-

pling of the inflaton to fermions have been studied in Refs. [22–27], leading to models of successful

baryogenesis accompanied by chiral gravitational wave production. The impact of this coupling on

the scalar power spectrum (and bispectrum) has recently been studied in [28].

The two couplings in Eq. (1.1) can be closely tied through the Adler-Bell-Jackiv (ABJ) anomaly

which describes the anomalous nonconservation of the axial current [29, 30],

∂µ J
µ

5 =−
g 2

16π2
εαβµνFαβFµν . (1.2)

Consequently, background field configurations in which the right-hand side of Eq. (1.2) is non-zero

lead to a non-conservation of the number of left- and right-handed fermions (despite these numbers

being conserved at the classical level). This immediately generalizes to more complex theories, as long

\1Throughout this paper we will for simplicity focus on Abelian gauge fields. The axial coupling to non-Abelian gauge

fields has been studied under the name of chromo-natural inflation [1] and it would be interesting (and indeed necessary

for a realistic connection to the SM) to extend our work to this case.
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as the group theoretical factors then appearing on the right-hand side of Eq. (1.2) do not cancel. It is

well known that in the SM this is not the case, leading to the SM chiral anomaly [31]. We will here

focus on theories with massless fermions. Due to the anomaly (1.2) massless fermions charged under

the gauge symmetry cannot be described by a conformally invariant theory, and the axial coupling in

Eq. (1.1) cannot be eliminated by a chiral rotation.

In this paper we study the production of helical gauge fields and chiral fermions in the case where

the chiral anomaly connects the two operators in Eq. (1.1). In this case, the production of the gauge

fields and fermions cannot be treated independently, but are linked by Eq. (1.2). In other words, a

homogeneous scalar field with a non-vanishing velocity leads to an external chemical potential for

the chiral fermions as well as to a non-vanishing Chern-Simons number on equal footing. As a result,

parallel electric and magnetic fields\2 created via the tachyonic instability necessarily lead to chiral

fermion production by deforming the fermion energy levels to discrete Landau levels. Populating the

lowest Landau level yields the chiral asymmetry indicated by Eq. (1.2) [32], while the higher levels are

populated through pair-production analogue to the Schwinger effect [33, 34]. The chiral fermions,

accelerated in the electro-magnetic (EM) field, result in an induced current [35, 36] which backreacts

on the gauge fields by inducing an EM field with destructive interference.\3 We compute the induced

current by solving the equations of motion for the fermions in the presence of a suitable gauge field

background. Taking into account this backreaction and assuming the existence of a non-trivial at-

tractor solution for the gauge fields, we derive upper bounds on the gauge field production which lie

significantly below the results obtained in the absence of fermions.

We briefly discuss possible implications for the wide range of applications mentioned above, fo-

cusing on axion inflation and on baryogenesis. In the case of axion inflation, we find the effective

friction arising from the gauge fields is greatly reduced and the scalar power spectrum at small scales

is significantly suppressed, with implications for the possibility of primordial black hole production.

Concerning baryogenesis, we note the existence of a chiral asymmetry in the fermion sector at the

end of inflation, which is a direct consequence of Eq. (1.2). The survival of this asymmetry after infla-

tion depends on the efficiency of competing erasure processes: The instability of the thermal plasma

arising from the chiral magnetic effect [39, 40] strives to symmetrically erase both the helical gauge

field and the chiral asymmetry, whereas SM processes (i.e., Yukawa interactions and Sphalerons) may

disrupt this balance.

The remainder of this paper is structured as follows. In Sec. 2 we introduce the framework we will

be working in and discuss the overall picture in terms of conserved Noether charges and currents.

We confirm these results by an explicit computation of the gauge field and fermion production in

Sec. 3. This provides insight into the microphysical processes which ensure the equivalence of the two

reference frames linked by the anomaly equation and which intimately connect the helical gauge and

chiral fermion production. These results are refined in Sec. 4 by taking into account the backreaction

of the fermions on the gauge fields, leading to strong upper bounds on the gauge field production. In

\2We will borrow the familiar terminology from electro-magnetism to describe the components of the Abelian gauge field.
\3 See Refs. [37, 38] for the backreaction from the Schwinger effect in a strong electric field but without a magnetic field.
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Sec. 5 we discuss possible impacts of our results on axion inflation and leptogenesis, before concluding

in Sec. 6. Details on our notation and the conventions used can be found in App. A.

2 Setup

2.1 Toy model

For simplicity, we consider the following toy model throughout this paper:

S =

∫

d4 x

�

p−g
�

g µν

2
∂µφ∂νφ−V (φ)− 1

4
g µρg νσF̂µνF̂ρσ + ψ̂i /̂Dψ̂

�

+
αφ

4π fa
F̂µν

ˆ̃F µν
�

, (2.1)

whereφ is a real pseudo-scalar field that could be an inflaton (but not necessarily), Âµ is a U(1) gauge

field, and ψ̂ is a massless Dirac fermion with charge Q under this U(1) group. We will assume that,

while the vector current is conserved, the axial current is anomalous. The dual field strength is de-

fined by ˆ̃F µν ≡ εµνρσF̂ρσ/2 with ε0123 = +1. The F̂ ˆ̃F term is suppressed below the scale α/ fa where

α= g 2/(4π) denotes the gauge coupling of the U (1) group. Throughout this paper, we take the FLRW

metric with vanishing curvature, ds 2 = dt 2−a 2(t )dx2 = a 2(η)(dη2−dx2)with a being the scale factor.

This implies the following vierbein, e a
µ = aδa

µ and e
µ
a = δ

µ
a /a ; where µ runs over η, x , y , and z . The

covariant derivative acting on ψ̂ involves the spin connectionωµ
a b :

/̂Dψ̂= γ̂µ
�

∂µ+ i g Q Âµ+
1

4
ωµ

a bγa b

�

ψ̂=
�

γ̂µ
�

∂µ+ i g Q Âµ
�

+
3

2
a H γ̂0

�

ψ̂, (2.2)

where we have inserted the FLRW metric in the second equality with H being the Hubble parameter,

H ≡ ȧ/a . The gamma matrices with a hat fulfill {γ̂µ, γ̂ν} = g µν, while those without a hat satisfy that

in the flat spacetime {γa ,γb } = ηa b . They are related through γ̂µ = e
µ
a γ

a = γµ/a . See Ref. [41] for an

introduction to QFT on curved space time as well as App. A for our notations and conventions.

As is well known, massless fermions and gauge fields are conformal. That is, their dynamics does

not depend on the scale factor, a . To use this property explicitly, we redefine the fields as follows: ψ≡
a 3/2ψ̂, (Âµ) = (A0,−A) ≡ (Aµ), and (Âµ) = (A0/a

2,A/a 2) ≡ (Aµ)/a 2, where the index of the comoving

field A is raised/lowered by ηµν, while for the physical field Â this is done by g µν. By means of these

rescaled fields, one may rewrite the action as follows:

S =

∫

d4 x

�

p−g
�

g µν

2
∂µφ∂νφ−V (φ)

�

− 1

4
FµνF µν+ψ

�

i /∂ − g Q /A
�

ψ+
αφ

4π fa
FµνF̃ µν

�

. (2.3)

Note here that the index of co-moving objects, such as Fµν and γµ, is raised/lowered by the flat metric;

F µν =ηµρηνσFρσ and γµ =ηµνγν. In the rest of this paper, we usually raise/lower the index by ηµν. If

we would like to use g µν instead, we will explicitly write down the metric as done in the kinetic term

of the scalar field.

Let us define the electric and magnetic fields here. The physical electric and magnetic fields, Ê,B̂,
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are given by

Ê =
1

a 2(η)

�

− ∂
∂ η
A−∇A0

�

=
E

a 2(η)
, (2.4)

B̂ =
1

a 2(η)
∇×A= B

a 2(η)
. (2.5)

Here we have also defined the comoving electric and magnetic fields,E andB. In terms of these fields

the kinetic and Chern-Simons (CS) term read\4

FµνF µν = 2
�

B2−E2
�

= 2a 4(η)
�

B̂2− Ê2
�

, FµνF̃ µν =−4E ·B =−4a 4(η)Ê · B̂. (2.6)

The energy density of this system can be conveniently expressed as

ρ =
1

2
φ̇2+V (φ) +

1

a 4

�

E2+B2

2
+ψ

�−i∇ ·γ − g QA ·γ�ψ
�

. (2.7)

Again, one can see that the fermion and gauge fields are conformal. For later convenience, we divide

the energy density into three contributions and take the expectation value:

ρφ ≡ 1

vol (R3)

∫

d3 x


1

2
φ̇2+V (φ)

·

, (2.8)

ρA ≡ 1

vol (R3)

∫

d3 x
1

2a 4




E2+B2
�

, (2.9)

ρψ ≡ 1

vol (R3)

∫

d3 x
1

a 4




ψ
�−i∇ ·γ − g QA ·γ�ψ� . (2.10)

Here we have explicitly written down the spatial average, i.e.,
∫

d3 x/vol (R3). Practically, one may omit

it because we are mostly interested in a state with translational invariance, i.e., [ρ̂, P̂ ] = 0, with P̂ de-

noting the spacial translation operator. In this case, the one point function does not depend on the

spatial coordinate, 〈O (x )〉 =O (t ), and hence the spatial average becomes trivial. In the following, we

usually drop the spatial average for this reason, but we sometimes recover it to avoid confusions and

to make the physical meaning clear.

2.2 Conservation equations

To capture the dynamics of this system intuitively, it is instructive to see it from the viewpoint of con-

served quantities. Here we summarize the current equations that the system obeys.

Suppose that V (φ)does not depend onφ. If this is the case, the scalar field enjoys the shift symme-

try φ 7→φ+ const. This observation implies a conserved quantity associated with the shift symmetry

which is broken by V ′. This is in particular useful for the description of slow-roll inflation, which is

often characterized by an approximate shift symmetry. We can explicitly see this structure after reor-

ganizing the equation of motion for the scalar field:

∂µ

�

p−g J
µ
φ −

1

2
K
µ

CS

�

=−p−g fa V ′, (2.11)

\4Here and in the following, we use the dot product to denote the three-dimensional scalar product over the spatial indices.
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where

J
µ
φ ≡ fa g µν∂νφ, (2.12)

K
µ

CS ≡
α

π
εµνρσAν∂ρAσ. (2.13)

Let us move on to the fermions. Classically, for massless fermions, we have two independent sym-

metries, U(1)L ×U(1)R. However, their axial summation is modified in the presence of an anomaly

while the vector one is kept intact: U(1)L×U(1)R→U(1)V. The equations of motion for the vector/axial

currents are given by

0= ∂µ J
µ
ψ , (2.14)

0= ∂µ
�

J
µ

5 +Q 2K
µ

CS

�

, (2.15)

where

J
µ
ψ ≡ψγµψ (2.16)

=
p−g ψ̂γ̂µψ̂≡p−g Ĵ

µ
ψ , (2.17)

J
µ

5 ≡ψγµγ5ψ (2.18)

=
p−g ψ̂γ̂µγ5ψ̂≡

p−g Ĵ
µ

5 . (2.19)

Here we have clarified the relation of these currents in terms of the original field before the rescaling.

In our notation (See App. A), the vector/axial current is given by the right-handed current plus/minus

the left-handed current: J
µ
ψ/5 = J

µ
R ± J

µ
L with JH ≡ψγµPHψ for H = R, L. Throughout this paper, we

write down the charge densities with respect to those quantities as

q• ≡ 1

vol (R3)

∫

d3 x



J 0
•
�

. (2.20)

Also, one can reorganize Eqs. (2.11) and (2.15) to obtain the following current equation:

∂µ

�

p−g J
µ
φ +

1

2Q 2
J
µ

5

�

=−p−g fa V ′. (2.21)

This fact is related to the redundancy of the description of the system. By performing the chiral rota-

tion, we can replace the CS term with a term proportional toφ∂µ J
µ

5 :

S =

∫

d4 x

�

p−g
�

g µν

2
∂µφ∂νφ−V (φ)

�

− 1

4
FµνF µν+ψ

�

i /∂ − g Q /A
�

ψ− φ

2Q 2 fa
∂µ J

µ
5

�

. (2.22)

In this frame, the shift symmetric charge is qφ +q5/2Q 2 which is consistent with Eq. (2.21). While the

two theories [Eqs. (2.1) and (2.22)] are inequivalent classically, the anomalous equation (2.15) makes

them identical. See Fig. 1 for illustration of our setup. In a word, the interaction with φ never breaks

the symmetry of the fermion-gauge system. Rather, it pumps up the chemical potential of the system.
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q5 qCS

�

@µ J µ5 =�Q 2@µK µ
CS

↵�

4⇡ fa
Fµ⌫F̃ µ⌫� �

2Q 2 fa
@µ J µ5

Figure 1: A schematic figure of our setup. The interaction with φ never breaks the symmetry of the fermion-gauge system.

Rather, it generates a non-vanishing chemical potential for the system.

Finally, let us explicitly write down the energy conservation which clarifies how the energy is con-

verted from the scalar field to the gauge/fermion field. By using equations of motion, one can show

that the energy densities for each component given in Eqs. (2.8), (2.9), and (2.10) obey

ρ̇φ +3H



φ̇2
�

=− αφ̇
π fa

〈E ·B〉
a 4

, (2.23)

ρ̇A +4HρA =+
αφ̇

π fa

〈E ·B〉
a 4

−



E · (g QJψ)
�

a 5
, (2.24)

ρ̇ψ+4Hρψ =+




E · (g QJψ)
�

a 5
. (2.25)

One can easily see that the energy density is conserved up to the cosmic dilution by taking a → 1 and

H → 0. The CS term converts the energy of the scalar field into the gauge field, while



E ·Jψ
�

transfers

this energy into the fermionic sector. Of course, all the processes have to be consistent with the charge

conservation laws depicted above. Note that we must have φ̇ 〈E ·B〉 > 0 otherwise the system runs

into contradiction. This indicates the relation between the sign of φ̇ and q̇CS. See also discussion in

the next subsection.

Thus, the rapid production of the helical gauge field should occur also in from the action (2.22),

though it may not be apparent at a first glance from the equation of motion for the gauge field. In the

Sec. 3.1, we will see how these two descriptions give the same physics.

2.3 Overall picture via current equations

Before going into details, here we briefly summarize the dynamics of this system. For intuitive under-

standing, the current equations derived in the previous section are useful. In what follows, the initial

state of our interest is a homogeneous background of the scalar field with a non-vanishing velocity:
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φ̇ 6= 0, as arises e.g., ifφ is identified with the inflaton. Such a background spontaneously breaks T or

C P , and when communicated to the visible sector this leads to interesting phenomenology.

As an illustration, let us suppose that the scalar field respects φ 7→ φ + const, i.e., V ′ = 0, and

let us neglect the cosmic expansion. Initially, the shift-symmetric charge stored in the scalar field is

qφ = fa φ̇. The question is how this charge will be distributed among the other charges. If one changes

the basis to Eq. (2.22), the question becomes more evident. Since such a background can be regarded

as an external chemical potential µeff imposed on the fermion-gauge system,

(φ/ fa )∂µ J
µ

5 =−(φ̇/ fa )J
0

5 ≡−µeff J 0
5 , (2.26)

the system would like to increase/decrease q5 for φ̇ ≷ 0 via q5 breaking processes. Eq. (2.15) tells us that

q5 can be broken by the production of qCS, but it costs finite energy because the Abelian gauge theory

does not have a non-trivial vacuum structure contrary to non-Abelian gauge theories. Interestingly,

as we will see in Sec. 3.1, such a background of φ̇ 6= 0 can create helical gauge fields yielding non-zero

qCS. Through this process, the system tries to approach non-vanishing q5 (qCS) corresponding to the

chemical potential from φ̇ 6= 0.

Let us perform a consistency check. The production of non-zero qCS costs finite energy, and hence

|φ̇|must decrease according to energy conservation. This means q̇φ ≶ 0 for φ̇ ≷ 0. Then, the current

equation for the shift-symmetric charge, Eq. (2.11), yields q̇CS = 2q̇φ ≶ 0 for φ̇ ≷ 0. This, in turn,

implies the production of the chiral charge because of the anomalous equation (2.15): q̇5 =−q 2q̇CS ≷ 0

for φ̇ ≷ 0. We can see that the direction of the dynamics is consistent with the chemical potential

which can be read off from Eq. (2.22). Putting it the other way around, one can understand which

helicity of the gauge field is amplified from φ̇ 6= 0 without explicitly solving the equation of motion for

the gauge field. See also Eqs. (3.4) and (3.5); and discussion below. Moreover, in the background of

the strong helical gauge field, we may have another fermion production processes which create the

right- and left-handed fermions in a symmetric way, i.e., 0 = q̇5 = q̇R − q̇L. This process must also be

consistent with Eq. (2.14), 0 = q̇ψ = q̇R + q̇L. Hence, q̇R = q̇L = 0. This observation implies that such a

process, q̇5 = 0, must be a pair-production of particle and anti-particle, analogous to the Schwinger

effect without a magnetic field. We will confirm these properties by explicit computations in the rest

of this paper.

3 Production of helical gauge fields and chiral fermions

In this section, we investigate helical gauge field and chiral fermion production induced by the back-

ground of φ̇ 6= 0. In particular, we emphasize that these processes are inevitably related through the

anomaly equation (2.15). In addition, besides the process related to Eq. (2.15) which yields the net q5

charge in the plasma, we will find another fermion production that does not give non-zero q5. This is

similar to the Schwinger process in a strong electric field. We will clarify the relations between these

two channels of the fermion production.
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3.1 Helical gauge field production without backreaction

Let us start with the helical gauge field production by assuming that the backreaction from the fermion

production can be safely neglected. This part of the discussion closely resembles the nonperturbative

helical gauge field production in axion inflation [3, 4, 42]. The validity of this approximation is dis-

cussed later in Sec. 4. Throughout Sec. 3, we assume that the change of φ̇ is much slower than all the

production processes we will discuss. For instance, this is the case for a slow-rollingφ during inflation.

Taking a variation with respect to A in Eq. (2.3), one gets

0= ∂µ

�

F µν− αφ
π fa

F̃ µν
�

− g Q J νψ +
1

ρ
∂ ν

�

∂µAµ
�

, (3.1)

where the last term is a gauge fixing term with ρ denoting a gauge fixing parameter. We take the

Feynman gauge, ρ = 1, in the following.

Once the fermion is generated by the gauge field, the gauge field drives the motion of fermion. As

a result, the current Jψ is induced. This induced current in turn affects the equation of motion for the

gauge field. We can also see this from the equations for the energy densities [Eqs. (2.24) and (2.25)].

Now it is clear that this term is responsible for the backreaction from the fermion production. We leave

the discussion of its effect in Sec. 4, focusing on the weak backreaction regime in this section. Then,

one may simplify the Eq. (3.1) as

0=

�

�ηµν−a
αφ̇

π fa
ε0µσν∂σ

�

Aν. (3.2)

The quantization of A can be performed in the usual way. The mode expansion of A is given by

Aµ(x ) =

∫

d3k

(2π)3/2
∑

σ=±,L ,S

�

ε(σ)µ (k)a
(σ)
k Aσ(η,k)e ik·x+H.c.

�

, (3.3)

where the polarization tensor fulfills the following relations: (εµ(±)) = (0,ε(±))t , k · ε(±)(k) = 0, ε(±)(k)∗ ·
ε(±)(k) = 1, k× ε(±) = ∓i kε(±)(k); ε(L )µ = −i kµ, and (ε(S )µ ) = i (k ,−k)t /2k 2. As can be seen from Eq. (3.2),

the background of φ̇ has no effects on modes withσ= L ,S . Thus, we may focus on transverse modes

σ=± to study the gauge production from φ̇ 6= 0 as expected. The resulting wave equation is obtained

from Eq. (3.2):

0=
�

∂ 2
η +k (k ±2λξa H )

�

A±(η,k) , (3.4)

where λ=± for φ̇ ≷ 0 encodes the sign of φ̇ and

ξ≡ αλφ̇

2π fa H
> 0 . (3.5)

We take the normalization of Wronskian as A±∂ηA∗± − (∂ηA±)A∗± = i , which implies the following nor-

malization for the commutators, [a (±)k , a (±)q
†] =δ(k−q).
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Flat spacetime. Let us first look at how the wave function behaves without the cosmic expansion. We

can recover the flat spacetime result by taking a → 1 and H → 0. It is clear that one of the polarizations

exhibits an exponential growth in its infrared mode as can be seen from in Eq. (3.4): A±∝ eωk t for

φ̇ ≶ 0 withωk =
Æ

(α|φ̇|/π fa −k )k . Plugging this solution into the CS term, we find q̇CS ≶ 0 for φ̇ ≷ 0.

It is instructive to see what happens from the viewpoint of Eqs. (2.11), (2.15), and also (2.21). Lets

assume for a moment a flat potential V ′ = 0 and take the initial condition as φ̇ 6= 0. The production

of the helical gauge field indicates that |φ̇| decreases due to energy conservation; namely q̇φ ≶ 0 for

φ̇ ≷ 0. Then Eq. (2.11) tells us that q̇CS = 2q̇φ ≶ 0 for φ̇ ≷ 0, which is consistent with the above result

obtained from the direct computation. The anomaly equation (2.15) determines the growth of the

chiral charge: q̇5 =−q̇CS ≷ 0 for φ̇ ≷ 0. In Sec. 3.2, we will also confirm that this result is consistent with

the direct computation of the equation of motion for the fermion.

De Sitter. Next, we move on to a de Sitter Universe. Contrary to flat spacetime, the exponential ex-

pansion of the Universe dilutes away the gauge field and red-shifts its momentum. In addition, the

scalar field now experiences Hubble friction. Hence, to have an almost constant φ̇, V ′ is needed.

The background of |φ̇| ' const is more violent than that of flat spacetime because the instability

scale, 2ξa H , grows exponentially. In other words, the gauge field production in de Sitter is twofold;

due to the tachyonic instability and the broken conformal invariance, induced by the background of

|φ̇| ' const.\5 As a result, the gauge field becomes superhorizon and approaches a constant amplitude.

Requiring that the wave function becomes a plane wave, A±∝ e −iωkη, for deep inside the horizon,

−kη� 1, we get the following analytical solution for the growing mode:

A−λ(η,k) =
e πξ/2p

2k
W−iλξ,1/2(2i kη), (3.6)

where Wκ,µ(x ) is the Whittaker function. One can explicitly check that this solution approaches a con-

stant value for superhorizon modes, −kη� 1:

lim
kη→−0

A−λ(η,k) =
1p
2k

e πξ/2

Γ (1+ iλξ)
. (3.7)

By plugging the growing mode into F F̃ , one may estimate ∂ηqCS in de Sitter Universe:

∂ηqCS =
1

vol (R3)

∫

d3 x
α

2π




FµνF̃ µν
�

(3.8)

=−a 4(η)
2α

π




Ê · B̂� , (3.9)

\5 If the scalar field has a conformal non-minimal coupling ξR = 1/6 to the Ricci scalar and respects the shift symmetry,

one may have |∂ηφ| ' const initially. This limit is exactly parallel to the case in the flat spacetime because we can completely

factor out the scale factor. To be more specific, one can directly observe it from ξR a H ∝ ∂ηφ.
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where




Ê · B̂�=λe 2πξ

ξ4
H 4×

�

− ξ
4

8π2
e −πξ

∫ κUV

0

dκκ3 ∂

∂ κ

�

�W−iλξ,1/2(−2iκ)
�

�

2
�

' 2.6×10−4λ
e 2πξ

ξ4
H 4. (3.10)

with κ = −kη = k/(a H ). Recall that λ = ± for φ̇ ≷ 0. Here we have taken κUV = 2ξ, which is a natural

value of the UV cutoff since we do not have instabilities above this value. For ξ ¦ 3, the results are

insensitive to the choice of this UV cut-off [21]. For these values of ξ, the last term in the parenthesis

takes a constant, ξ-independent value, as given in the last line of Eq. (3.10). Also, one can check that

this integral is dominated byκ® 1. The produced gauge fields have a constant amplitude with a super-

horizon correlation length. The fourth power of the scale factor arising in Eq. (3.9) means that the

charge stored in a comoving volume must grow to have such a constant physical electromagnetic field.

We can estimate the growth of the chiral charge compared to some initial time t0 by using Eq. (2.15):

∂t (a
3q̂5) = q̇5 =

1

a
∂ηq5 'λQ 2a 3

�

2.6×10−4 2α

π

e 2πξ

ξ4
H 4

�

, (3.11)

→∆q̂5(t )∼λQ 2

�

10−4 2α

π

e 2πξ

ξ4
H 3

�

�

1− e −3H (t−t0)
�

. (3.12)

On time-scales larger than the Hubble expansion rate, one may drop e −3H (t−t0). Note that the physical

charge, q̂ , is related to its comoving charge, q , via a 3q̂ = q . Hence the net chiral charge in the Universe

becomes non-zero and constant over the superhorizon scale, if a helical gauge field is generated under

which the fermion is charged (and if there is a chiral anomaly). We will reproduce this result directly

from the equation of motion for the fermion in Sec. 3.2.

Before closing this section, we would like to clarify the equivalence of Eqs. (2.3) and (2.22) in terms

of the equation of motion for the gauge field. The equation of motion for the gauge field in Eq. (2.22)

is

0= ∂µF µν− g Q J νψ +
1

ρ
∂ ν(∂µAµ). (3.13)

One may express the current by

g Q J νψ(x ) = i

∫

z

Π
νµ
Ret(x , z )Aµ(z ), (3.14)

at leading order in the coupling expansion, where Π
νµ
Red denotes the retarded fermion propagator. At

first glance, this seems to be independent of the background with φ̇ 6= 0, but this is not the case once

you include the quantum effects on J νψ: namely a fermion loop in the background of φ̇ 6= 0 (see Fig. 2).

The equation of motion for the fermion in Eq. (2.22) is given by

0=

�

i /∂ − g Q /A+
a φ̇

2Q 2 fa
γ0γ5

�

ψ. (3.15)
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⇧µ⌫ �

�

Aµ A⌫

Figure 2: The diagram leading to Eq. (3.16).

From this, we can obtain the fermion propagator in the presence of φ̇ 6= 0. By plugging the propagator

into the self energy, one can estimate the impact of φ̇. In the following, we will be interested in the UV

part of the loop integral, and hence one may regard a φ̇ as essentially constant. Also, we assume that

the phase space density of the fermion gets suppressed for a sufficiently large momentum. Hence,

the self energy with a large loop momentum may be regarded as the vacuum state for these particles.

After some computation, we arrive at

iΠ
µν
Ret(P )⊃

αa φ̇

π fa
ε0µσν(−i Pσ) → ∂ν

�

αφ

π fa
F̃ νµ

�

, (3.16)

which reproduces the equation of motion for Aµ as obtained from Eq. (2.1), see Eq. (3.2) or Eq. (3.1).

Here P denotes the external momentum in the Fourier-transformed propagator. The connection more

evident in the language of Feynman diagrams. The relevant diagram is nothing but the one which

leads to the triangle anomaly as can be seen from Fig. 2. To sum up, the two theories, Eqs. (2.3) and

(2.22), are independent classically, and hence we have to look at the loop contributions to see the

equivalence explicitly from the equations of motion.

3.2 Chiral fermion production from the helical gauge field

Now we are in a position to discuss the fermion production in the presence of the helical gauge field.

The aim of this section is twofold. On the one hand, the production of fermions is expected from the

anomalous current equation given in Eq. (2.15). On the other hand, we expect another production

channel in the presence of a strong electric field, namely the Schwinger effect. We would like to clarify

the relation among them and also reproduce the result inferred by Eq. (2.15) directly from the equation

of motion for the fermions.

The rigorous way to study this fermion production may be to track the real time evolution of all the

correlators, such as gauge bosons and fermions, simultaneously in the presence of the slowly rollingφ,

starting for instance from first principles like the closed-time-path formalism [43–45]. This treatment

is however beyond the scope of this paper. Instead, we would like to approximate the situation. This

allows us to investigate the process intuitively and analytically.

In flat spacetime, the approximation we will employ is easy to understand: stop the gauge field

production at a given time t , take one patch within a correlation length of the generated gauge field,
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and study the fermion production inside each patch. If the fermion production is much faster than

the growth rate of the gauge field, this approximation is justified a posteriori.

In de Sitter spacetime, the situation is more involved due to the cosmic expansion. As indicated

by the discussion in the previous section, the electric and magnetic fields are correlated over super-

horizon scales. The averaged values of Ê 2, B̂ 2, and Ê B̂ can be expressed as [21]




Ê2
�

=
e 2πξ

|ξ|3 H 4×
�

|ξ|3
4π2

e −πξ
∫ κUV

0

dκκ3

�

�

�

�

∂

∂ κ
W−iλξ,1/2(−2iκ)

�

�

�

�

2
�

' 2.6×10−4 e 2πξ

|ξ|3 H 4, (3.17)




B̂2
�

=
e 2πξ

|ξ|5 H 4×
� |ξ|5

4π2
e −πξ

∫ κUV

0

dκκ3
�

�W−iλξ,1/2(−2iκ)
�

�

2
�

' 3.0×10−4 e 2πξ

|ξ|5 H 4, (3.18)




Ê · B̂�=λe 2πξ

ξ4
H 4×

�

− ξ
4

8π2
e −πξ

∫ κUV

0

dκκ3 ∂

∂ κ

�

�W−λiξ,1/2(−2iκ)
�

�

2
�

' 2.6×10−4λ
e 2πξ

ξ4
H 4, (3.19)

where λ = ± for φ̇ ≷ 0. Moreover, inserting the helical structure of Eq. (3.3) into Eqs. (2.4) and (2.5),

we see that the electric and magnetic fields are parallel. All the integrals above are dominated by

κ ≡ k/(a H ) ® 1, namely by superhorizon modes. Let us take one Hubble patch at a time t . We

approximate the electric/magnetic field as a uniform field in this patch; E ∼ 10−2H 2e πξ/ξ3/2 and

B ∼ 10−2λH 2e πξ/ξ5/2.\6 In the rest of this section, we assume that the production of fermions is much

faster than the cosmic expansion and discuss the validity of this assumption a posteriori. This enables

us to perform a first estimate of the effects of the fermion production. We hope our results will moti-

vate more refined studies in the future.

With this, we now turn to the production of fermions in the presence of constant, parallel electric

and magnetic fields. Parts of this discussion closely follow Refs. [32, 36]. The equation of motion for

the fermion can be obtained from a variation with respect toψ in Eq. (2.3). For later convenience, we

consider the left-/right-handed fermions separately:

0=
�

i∂η± i∇ ·σ− g Q A0± g QA ·σ�ψR/L . (3.20)

\6Note that this is only possible locally, but not globally since averaged over all space 〈E 〉 = 0. For this reason it will not

be possible to construct a vector potential for constant, parallel E and B -fields in de Sitter spacetime. This problem is

circumvented by considering a sufficiently small patch and fast processes so that expansion of the Universe can be neglected.

To clarify the situation, suppose that the production stops at t . Then, the gauge field decays proportional to Ê , B̂ ∝ a−2. This

observation indicates that the background of φ̇ 6= 0 compensates the decay by the exponential production. Putting it the

other way around, we may neglect the cosmic expansion (and the gauge field production through the tachyonic instability)

if the process of our interest is much faster than it.
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Let us define an auxiliary field

ψR/L ≡
�

i∂η∓ i∇ ·σ− g Q A0∓ g QA ·σ�ΦR/L . (3.21)

Then, one can reorganize the equation of motion as

0=
��−�−2i g Q A · ∂ + g 2Q 2A2

�

+ g Q a 2
�

B̂± i Ê
� ·σ�ΦR/L . (3.22)

Under the aforementioned approximation, we may consider a uniform background of electric and

magnetic fields pointing the same (opposite) direction for φ̇ > 0 (φ̇ < 0). We also neglect the cosmic

expansion in the following, i.e., a → 1. Note that this also impliesη 7→ t . We adopt the following vector

potential, without loss of generality pointing along the z -axis, (Aµ) = (0, 0,−λB x , E t ) with λ = ± for

φ̇ ≷ 0. For later convenience, we perform the Fourier transform with respect to the spatial coordinates

y and z :

ΦR/L(t ,x) =

∫

dpy dpz

2π
e i (py y+pz z )ΦR/L(t , x ; py , pz ) . (3.23)

Then, one may rewrite the equation of motion as follows:

0=

�

− ∂
2

∂ t 2
+
∂ 2

∂ x 2
− �g QλB x −py

�2− �g Q E t +pz

�2
+ g Q (λB ± i E )σz

�

ΦR/L . (3.24)

Noticing that the x -dependent part of this equation is nothing but the Harmonic oscillator, one can

solve it by the separation of variables. Let the auxiliary function beΦR/L = hn (x−s ) gR/L(t ; n , pz ) χs with

x−s ≡
p

g |Q |B x − s py /
p

g |Q |B , σzχ± = ±χ±, and s = ± for Qλ ≷ 0. One can separate the equation

into two parts:

�

∂ 2

∂ x 2
− g 2Q 2B 2

�

x − py

g QλB

�2
�

hn =− (2n +1)g |Q |B hn , (3.25)

�

∂ 2

∂ t 2
+
�

pz + g Q E t
�2− g |Q |(B ± iλE )

�

gR/L =− (2n +1)g |Q |B gR/L , (3.26)

where hn is expressed by the Hermite function Hn :

hn (x−s )≡
�

1

2n n !

�1/2 �g |Q |B
π

�1/4

e −x 2
−s /2Hn (x−s ) . (3.27)

It is straightforward to show that hn spans a complete and orthogonal set, namely
∫

dx hn (x−s )hn̄ (x−s ) =

δn ,n̄ and
∑

n hn (x−s )hn (x̄−s ) =δ(x − x̄ ).

Let us count degrees of freedom before proceeding further. A Weyl fermion has two degrees of free-

dom. Nevertheless, the solution of this form, ΦR/L = hn gR/Lχ±, apparently has 4 degrees of freedom:

positive/negative energy solution of gR/L and two spin wave functions χ±. This observation implies

its redundancy. In fact, one may take one of two spin wave functions, σzχ = ∓χ for Qλ ≶ 0, without

loss of generality. We have already taken this into account in Eq. (3.26).
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Figure 3: The Landau levels for left-/right-handed fermions for s = +, i.e., φ̇Q > 0, are shown in the left/right figure. The

lowest Landau level is depicted by the blue line while the higher ones are drawn as black lines. One can readily see that

the higher ones are symmetric but the lowest one is asymmetric with respect to the interchange of left- and right-handed

fermions.

Landau levels. First, we study the spectrum of Eq. (3.26) when we turn off the electric field. This

consideration is useful for understanding the relation of two fermion production channels via the

anomalous equation and via the Schwinger-like effect. Eq. (3.26) then becomes

0=

�

∂ 2

∂ t 2
+p 2

z +2ng |Q |B
�

gR/L . (3.28)

Let us focus on the right-handed fermion. Its dispersion relation is obtained from Eq. (3.28):

ωR =







±Æp 2
z +2ng |Q |B for n = 1, 2, . . . ,

s pz for n = 0 ,
(3.29)

where s = ± for Qλ ≷ 0. One can see that the energy spectrum is discretized, which is known as Lan-

dau levels. Intuitively, this is because the uniform magnetic field restricts the transverse motion of

a charged particle by the Lorentz force. Note here that, for given Q and λ, the lowest Landau level

(LLL) with n = 0 has only one frequency while the higher Landau levels (HLLs) with n ≥ 1 have pos-

itive/negative frequencies. To understand the reason, let us move back to the definition of the aux-

iliary field, Eq. (3.21). Evidently, Eq. (3.28) allows two independent solutions gR = N e ∓i pz t for n = 0

with N being a normalization factor. However, one of them yieldsψR = 0 if we insert the solution into

Eq. (3.21):

ψR =
�

±pz − i
∂

∂ x
σx +pyσy +pzσz − s g |Qλ|B xσy

�

N h0(x−s )e
∓i pz tχs

=
�±pz + s pz

�

N h0(x−s )e
∓i pz tχs , (3.30)

where s = ± for Qλ ≷ 0. Now it is clear that we need ωR = ±pz for s = ± to have non-vanishing ψR.

More intuitively, since the LLL can be regarded as a fermion moving along with the magnetic field

(z -direction), the right-handed fermion must have a spin, χs , parallel to its motion.
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Similarly, we get the dispersion relation for the left-handed fermion as follows:

ωL =







±Æp 2
z +2ng |Q |B for n = 1, 2, . . . ,

−s pz for n = 0 ,
(3.31)

where s =± for Qλ≷ 0. Note that the HLLs have exactly the same structure for left- and right-handed

fermions, while the LLL has opposite sign. Intuitively, this is because the left-handed fermion has a

spin anti-parallel to its motion contrary to the right-handed fermion. We can also show the sign of the

LLL explicitly by plugging the solution into Eq. (3.21) as done for the right-handed fermion:

ψL =
�

±pz + i
∂

∂ x
σx −pyσy −pzσz + s g |Qλ|B xσy

�

N h0(x−s )e
∓i pz tχs

=
�±pz − s pz

�

N h0(x−s )e
∓i pz tχs , (3.32)

which impliesωL =∓pz for s =±.

To sum up, in the presence of a uniform magnetic field, the dispersion relation is discretized to

form the Landau levels. For the HLLs, the right- and left-handed fermions have exactly the same spec-

trum. Meanwhile, the LLL is asymmetric between the right- and left-handed fermions. See Fig. 3 for

an illustration. This implies that the LLL is related to the production of the chiral charge, while the

HLLs contribute to the symmetric production of the right- and left-handed fermions. We will confirm

this understanding explicitly in the following.

Lowest Landau level and anomaly equation. Here, we focus on the particle production in the LLL

and discuss its relation to the anomalous current equation (2.15). As we will see soon, the electric field

(anti-)parallel to the magnetic field drives the particle production from the vacuum.

As indicated previously, the LLL can be regarded as a particle moving along with the magnetic field,

namely z -direction. To be concrete, let us take Q > 0 and λ=+ for which the dispersion relation then

becomes ωR/L = ±pz . Its dependence on Q and λ will be discussed later. If we add an electric field

parallel to the magnetic field, the charged particles get accelerated as ṗz = g Q E . As a result, even

if we start from the vacuum state where all the negative energy modes are filled while the positive

energy modes are empty, the positive energy modes are continuously generated/destroyed for the

right-/left-handed fermions because pz increases with time. See Fig. 3 for an illustration. Thus, we

have the particle/anti-particle production for the right-/left-handed fermions, which contributes to

the asymmetry in the chirality, i.e., to q5. In this case, q5 increases through this particle production

since q5 measures qR − qL with qH (H = R, L) being the number of H -handed particles minus anti-

particles.

Now we discuss how the particle production depends on the sign of Q and φ̇. Let us first flip the

sign of Q . The dispersion relation gets flipped ωR/L = ∓pz [See Eqs. (3.29) and (3.31)]. At the same

time, a particle with a negative charge is decelerated, ṗz = −g |Q |E . As a result, the dynamics of the

chiral charge remains the same, namely q5 increases. Next, we move on to the dependence on the

sign λ. If one takes λ = − but Q > 0, the dispersion relation becomes ωR/L = ∓pz while a particle is
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accelerated. In this case, the chiral charge q5 decreases. In a word, we find q̇5 ≷ 0 for φ̇ ≷ 0 which is

consistent with the result indicated from the current equation [see e.g., Eq. (3.12)]. Recall here that the

sign of λ encodes the sign of the velocity of the scalar field: λ=± for φ̇ ≷ 0.

Finally, let us quantitatively estimate the particle production rate and reproduce the anomalous

current equation (2.15). As an illustrative example, we assume the following evolution of the z -component

vector potential:

Az =















0 for t ≤ 0

−E t for 0< t <τ

−Eτ for τ≤ t

→ Ez =















0 for t ≤ 0

E for 0< t <τ

0 for τ≤ t

. (3.33)

For t ≤ 0 and τ ≤ t , we can unambiguously define the positive/negative frequency modes, and thus

count how many particles are generated due to the electric field imposed during 0 < t < τ. For t ≤ 0,

the right-handed fermions of the LLL can be expressed as

ψR =

∫

dpy dpz

2π
e i py y+i pz z h0(x−s )χs e −i s pz t

�

b0,py ,pz
θ (s pz ) +d †

0,−py ,−pz
θ (−s pz )

�

,

where b (†)n ,py ,pz
, d (†)n ,py ,pz

are the annihilation (creation) operators and the vacuum is defied by b |0〉 =
d |0〉= 0. After t ≥τ, this becomes

ψR =

∫

dpy dpz

2π
e i py y+i pz z h0(x−s )χs e −i s (pz+g Q Eτ)t

�

�

b0,py ,pz
θ (s pz ) +d †

0,−py ,−pz
θ (−s pz )

�

︸ ︷︷ ︸

B0,py ,pz

θ (s (pz + g Q Eτ))

+
�

b0,py ,pz
θ (s pz ) +d †

0,−py ,−pz
θ (−s pz )

�

︸ ︷︷ ︸

D †
0,−py ,−pz

θ (−s (pz + g Q Eτ))

�

, (3.34)

where B (†) and D (†) represent the annihilation (creation) operators associated with the positive and

negative frequency modes for t ≥ τ. To avoid unnecessary complication, let us take Q > 0 and λ > 0,

i.e., s =+. Now one can compute the expectation value ofψγ0PRψ for the LLL explicitly:

qR

�

�

n=0
=

1

vol (R3)

∫

d3 x



:ψ†
RψR :

��

�

n=0

=
1

vol (R3)

∫

d3 x

∫

dpy dpz

(2π)2
h0(x−)h0(x−)θ (−pz )θ (pz + g Q Eτ)

=
L y Lzτ

vol (R3)

�

g Q E

2π

��

g Q B

π

�1/2
∫

dx dpy

2π
e
−
�p

g Q B x− pyp
g Q B

�2

=τ× αQ 2

π
E B , (3.35)
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where : O : represents the normal ordering of O . It is straightforward to show that the result withλ=−
has the opposite sign.

One can perform a similar computation for the left-handed fermions. Recall that qH (H = R, L)

counts the number of particles minus that of anti-particles: B †B−D †D . For the left-handed fermions,

a non-vanishing contribution comes from the anti-particles, i.e.,



D †D
�

. As a result, we get the oppo-

site sign for the left-handed fermions:

qL

�

�

n=0
=τ×

�

−αQ 2

π
E B

�

. (3.36)

for λ=+. Again, the overall sign is flipped for λ=−.

Collecting the obtained results so far, we finally arrive at

q̇5 = q̇R

�

�

n=0
− q̇L

�

�

n=0
=

2αQ 2

π
E (λB ) (3.37)

=−αQ 2

2π
FµνF̃ µν , (3.38)

where λ = ± for φ̇ ≷ 0. Following the procedure of Ref. [32], we have here reproduced the anomaly

equation (2.15). Also, we directly obtain q̇5 ≷ 0 for φ̇ ≷ 0 which is indicated from the current equations:

Eqs. (2.11), (2.15), and (2.21). As we will see in the section, the particle production from the HLLs

does not contribute to the chiral charge q5 because the right- and left- handed fermions have the

same spectrum. This is expected because the anomalous current equation does not receive radiative

corrections [46].

Higher Landau levels and Schwinger effect. Here we discuss the fermion production in the HLLs.

Contrary to the LLL, HLLs are gapped and hence we cannot create particles in a smooth way. Never-

theless, the quantum tunneling allows a pair creation of particle and anti-particle, as in the Schwinger

effect. Before discussing the particle production in the HLLs, we briefly summarize the basics of the

Schwinger effect by turning off the magnetic field. Equipped with some intuition, we move on to the

particle production in the HLLs. In the following, we for simplicity take Q > 0, λ=+ unless otherwise

stated.

Suppose that we turn on a uniform electric field during 0 < t < τ pointing along the z -axis as in

Eq. (3.33). For a fixed transverse momentum p⊥, with p 2
⊥ = p 2

x+p 2
y , the dispersion relation as a function

of pz is given byω=±
q

p 2
⊥ +p 2

z , i.e. it is gapped by the effective transverse mass given by
�

�p⊥
�

�. In the

presence of the electric field, the quantum mechanical pair production of particles and anti-particles

is favored while there is no classical path for this process due to this transverse mass. As a result, the

pair-production rate is exponentially suppressed by e −πp 2
⊥/g Q E . By taking this tunneling suppression

into account, one gets the well-known result [33, 34, 47]:

ṅR ' 1

τ

∫

d3p

(2π)3
θ (−pz )θ (pz + g Q Eτ)e −

πp 2
⊥

g Q E =
g Q E

2π

∫

d2p⊥
(2π)2

e −
πp 2
⊥

g Q E (3.39)

=
g 2Q 2E 2

8π2
= ˙̄nR = ṅL = ˙̄nL , (3.40)
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where nH (n̄H ) is the number density of the particle (anti-particle) for the H -handed fermions. These

are related to the corresponding charges through qH = nH − n̄H .

Now we move back to the HLLs. Contrary to the simplest case we have discussed, the transverse

mass is no longer continuous, rather it is discretized as the Landau levels. This observation indicates

that the exponential suppression becomes e −2πB n/E for each HLL of n , and that the integration with

respect to p⊥ should be replaced with the summation over n . Moreover, if the electric field is much

larger than the magnetic field, the electric field probes much higher levels and thus the spectrum can

be well approximated with the continuous one. Thus, we expect that the ordinary Schwinger effect is

recovered in the limit of B � E . In the rest of this section, we explicitly derive the production rate and

confirm this expectation.

We again assume that the z -component of the vector potential obeys Eq. (3.33). For t ≤ 0 andτ≤ t ,

the positive/negative frequency modes are clearly separated. Let us start with the explicit form of the

wave function of the positive/negative frequency modes for t < 0. As can be seen from Eqs. (3.29)

and (3.31), the HLLs have two independent solutions ω = ±Æp 2
z +2g Q B n . We define g (±)R so that it

becomes the positive/negative frequency modes for t ≤ 0, namely g (±)R/L → N e ∓iωt for t ≤ 0 with N

being the normalization factor. By plugging this into Eq. (3.21), we can express the wave function of

the positive frequency mode as

u (R)
n ,py ,pz

=
�

�

ω+pz

�

χ+− i
p

g Q B
�

∂

∂ x−
+ x−

�

χ−
�

g (+)R hn

=
e −iωt

p

2ω(ω+pz )

��

ω+pz

�

hnχ+− i
p

2ng Q B hn−1χ−
�

. (3.41)

In the second equality, we have used h ′n =−x hn +
p

2nhn−1. We normalize the wave function so that
∫

dx u (R)†

n ,py ,pz
u (R)

n̄ ,py ,pz
=δnn̄ . Similarly, the wave function for the negative frequency mode is

v (R)
n ,py ,pz

=
e iωt

p

2ω(ω−pz )

��−ω+pz

�

hnχ+− i
p

2ng Q B hn−1χ−
�

, (3.42)

where the normalization is
∫

dx v (R)†

n ,py ,pz
v (R)

n̄ ,py ,pz
= δnn̄ . In addition, u and v are orthogonal. Thanks

to these properties, one may extract the annihilation operator from ψR by multiplying u (R) from the

left, i.e.,
∫

dx u (R)†
n ,py ,pz

ψR(x ; py , pz ). This is also true for the creation operator for the anti-particle via

multiplying v (R) from the left.

Motivated by this observation, let us define a wave function for the positive/negative frequency

mode during 0 < t < τ. Since the z -component of the vector potential depends on time, the pos-

itive/negative frequencies in g (±)R get mixed, which indicates the particle production. By inserting

G (+)R ∝ e −i
∫ t

dt ′ω(t ′) into Eq. (3.21) instead of gR, one may obtain the wave function for the positive

frequency mode at a given time t :

U (R)
n ,py ,pz

=
e −i

∫ t
dt ′ω(t ′)

p

2ω(t )[ω(t ) +Πz (t )]

�

[ω(t ) +Πz (t )]hnχ+− i
p

2ng Q B hn−1χ−
	

, (3.43)
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whereω(t ) =
Æ

Π2
z (t ) +2ng Q B and Πz (t ) = pz + g Q E t . Also, the wave function for the negative fre-

quency mode can be obtained from G (−)R ∝ e +i
∫ t

dt ′ω(t ′) as follows:

V (R)
n ,py ,pz

=
e +i

∫ t
dt ′ω(t ′)

p

2ω(t )[ω(t )−Πz (t )]

�

[−ω(t ) +Πz (t )]hnχ+− i
p

2ng Q B hn−1χ−
	

. (3.44)

Their normalization and orthogonality are the same as those for t ≤ 0.

By means of those functions, one may extract the coefficient of the positive/negative frequency

modes from g (±)R , which has the positive/negative frequency initially t ≤ 0. That is to say, the Bo-

golyubov coefficients are obtained:

α(R)
n ,py ,pz

(t ) =

∫

dx U (R)†
n ,py ,pz

�

[i∂t +Πz (t )]hnχ+− i
p

2ng Q B hn−1χ−
	

g (+)R

=
p

2ng Q BG (−)R [i∂t +ω(t )]g
(+)
R , (3.45)

β (R)
n ,py ,pz

(t ) =

∫

dx V (R)†
n ,py ,pz

�

[i∂t +Πz (t )]hnχ+− i
p

2ng Q B hn−1χ−
	

g (+)R

=
p

2ng Q BG (+)R [−i∂t +ω(t )]g
(+)
R . (3.46)

The Bogolyubov transformation is defined by

B (R)
n ,py ,pz

=α(R)
n ,py ,pz

b (R)
n ,py ,pz

−β (R)∗
n ,py ,pz

d (R)†
n ,−py ,−pz

, (3.47)

D (R)†
n ,−py ,−pz

=β (R)
n ,py ,pz

b (R)
n ,py ,pz

+α(R)∗
n ,py ,pz

d (R)†
n ,−py ,−pz

, (3.48)

where |α|2 + |β |2 = 1. Recall that we have defined the vacuum via b |0〉 = d |0〉 = 0, and taken this

vacuum to be the initial state. This means that the initial condition for the coefficients is given by

α = 1 and β = 0. One may write down the equation of motion for α and β explicitly, which could be

useful for numerical studies:

α̇(R)
n ,py ,pz

=−β (R)
n ,py ,pz

g Q E

2ω2
e 2i

∫ t
dτω×p2ng Q B , (3.49)

β̇ (R)
n ,py ,pz

=α(R)
n ,py ,pz

g Q E

2ω2
e −2i

∫ t
dτω×p2ng Q B . (3.50)

If one replaces
p

2ng Q B with
q

p 2
⊥, the equation for the ordinary Schwinger effect is recovered. Hence,

the asymptotic behavior of |β |2 at t = τ, which is related to the number of produced particles, is es-

sentially the same as that of the Schwinger effect [47] except for the exponential suppression factor:

|β (R)
n ,py ,pz

(τ)|2 ' θ (−pz )θ (pz + g Q Eτ)e −
2πn B

E . (3.51)

Now we can estimate the pair-production rate of a particle and anti-particle at the n-th Landau
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level:

ṅ (n )R =
1

τvol (R3)

∫

dx dpy dpz

¬

B (R)†
n ,py ,pz

B (R)
n ,−py ,−pz

¶

�

ω+Πz

2ω
h 2

n (x−) +
ω−Πz

2ω
h 2

n−1(x−)
�

=
1

τ

g Q B

2π

∫

dpz

2π
θ (−pz )θ (pz + g Q Eτ)e −

2πn B
E

=
g 2Q 2

4π2
E B e −

2πn B
E (3.52)

= ˙̄n (n )R = ṅ (n )L = ˙̄n (n )L . (3.53)

In the second equality, we have used Eq. (3.51). Since 〈B †B 〉 and 〈D †D 〉 are determined by the same

coefficient |β |2, the production rates for particles and anti-particles are exactly the same. This is ex-

pected because the process is a pair-production. One can explicitly check that the result does not

depend on the sign of Q , λ, or the chirality. This is because the dispersion relation of HLLs is insensi-

tive to these. Summing over the Landau levels n ≥ 1, we eventually get

ṅH =
∞
∑

n=1

ṅ (n )H =
g 2Q 2

4π2
E B

1

e 2πB/E −1
= ˙̄nH , (3.54)

for H = R, L. It is obvious that one may recover the result of the Schwinger effect given in Eq. (3.40) in

the limit of 2πB � E :

ṅH = ˙̄nH → g 2Q 2

8π3
E 2 . (3.55)

Throughout this section we have assumed that the fermion production is fast compared to the

expansion of the Universe. We now have all the ingredients to confirm this a posteriori. Let us focus in

the following on the regimeξ¦ 3, in which the simple analytical formulas for the electric and magnetic

field, Eqs. (3.17) and (3.18) apply. In this case the fermion production rates (see Eq. (3.37) and (3.55))

read

ṅ LLL
ψ = 2× g 2Q 2

4π2
E B , (3.56)

ṅ HLL
ψ = 4× g 2Q 2

8π3

�

E 2−πE B +
π2

3
B 2+ · · ·

�

. (3.57)

Choosing as reference values Q = 1 and the SM GUT-scale gauge coupling g = 1/
p

2, we find both rates

to be much larger than H 4, justifying the flat spacetime approximation of this section.

Moreover, throughout this section we have neglected the possibility of Pauli blocking in the final

HLL fermion states. To estimate the importance of this effect, consider the characteristic time scale

for the production of one fermion within a volume λ3
c , where λc denotes the Compton wavelength of

the fermion:

tprod = ṅ−1
ψ λ

−3
c . (3.58)
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Figure 4: For the values of E and B obtained in Sec. 4, Pauli blocking is inefficient. The solid line corresponds to the upper

bounds for the E and B fields as depicted in the left panel of Fig. 6, the dotted line corresponds to the estimates depicted in

the right panel of Fig. 6.

During this time interval, the previous fermion generated in this phase space box will have been ac-

celerated due to the force exerted by the constant electric field, F = dp/dt = g Q E . If this acceleration

is large compared to the initial energy λ−1
c ,

∆p = g Q E tprod�λ−1
c , (3.59)

the effect of Pauli blocking can be safely neglected. For the higher Landau levels, λc is set by the

transverse energy determining the level splitting, p 2
⊥ = 2ng |Q |B , see Eq. (3.31). Evaluating Eq. (3.59)

requires the knowledge of the relative size of the E and B fields after taking into account the backreac-

tion effects from the fermion production. This will be the main topic of the next section. Anticipating

these results, we show that ∆pλc � 1 holds in the entire parameter space of interest in Fig. 4, and

hence Pauli Blocking can be safely neglected.

4 Backreaction

In the previous section we computed the fermion production in a background of constant electric and

magnetic fields, as sourced by the tachyonic instability in Eq. (3.4). If produced abundantly enough,

the produced particles (both fermions and gauge fields) may affect the production of the helical gauge

field, as indicated by Eq. (3.1) and also Eq. (2.24). In this section, we derive the induced fermion current

which allows us to estimate the gauge field production.

Before going into details, we would like to recall our basic assumptions. As explained at the begin-

ning of Sec. 3.2, we employ an approximation for the gauge field, focusing on its horizon-scale config-

uration. One may regard such a gauge field as a classical field which points in a random direction for

each Hubble patch, analogous to the stochastic formalism in Ref. [48]. We pick one Hubble patch and

adopt typical values of the electric/magnetic fields denoted asE andB.\7 Under these assumptions,

\7 Note that, after averaging over all the Hubble patches, we get 〈E 〉= 〈B 〉= 0. The typical values at each Hubble patch are
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we expect 〈E ·B〉 'E ·B, 〈E ·E〉 'E2, 〈B ·B〉 'B2, and



E ·Jψ
� 'E · 
Jψ

�

. In particular, we will

focus on the charged current



Jψ
�

induced by the presence of the classical background ofE andB.

4.1 Consistency conditions

Unfortunately, the backreaction makes the equations of motion non-linear and difficult to solve. Hence

we would like to give criteria that enable us to estimate the maximal amount of the gauge field with-

out solving the equations of motion explicitly. Here, we summarize the consistency conditions to have

gauge fields ranging over superhorizon scales which must be fulfilled regardless of the details of the

fermion production.

Energy conservation. Let us look at the energy equation for the scalar field given in Eq. (2.23):

ρ̇φ +3H



φ̇2
�

=−2ξH Ê · B̂ . (4.1)

Here we have picked up typical values of the electric/magnetic fields of one Hubble patch, and hence

we can drop 〈•〉 (and also the spatial average). The term in the right-hand-side represents the energy

conversion from the scalar field to the gauge field. It is obvious that we cannot extract energy larger

than that carried byρφ . Since we have required that the change of φ̇ is slower than the cosmic expan-

sion throughout our analysis (in other words we impose the existence of an equilibrium configuration

with negligible φ̈), the gauge field production must not consume all the energy within a Hubble time.

This consideration puts the following bound:

ξÊ · B̂ ®ρφ 'V . (4.2)

In the second step, we have assumed V � φ̇2.

Non-trivial attractor. Let us first neglect the fermion production and examine the solution (3.6) from

another viewpoint. Eq. (3.6) indicates constant electric/magnetic fields over horizon scales. We would

like to understand its meaning through Eq. (2.24):

ρ̇A '−4HρA +2ξH Ê · B̂ . (4.3)

To have such constant solutions, the production must compensate the decrease due to the cosmic

expansion, i.e.,

0= ρ̇A (4.4)

= 2H
�

ξÊ · B̂− Ê2− B̂2
�

. (4.5)

For ξ� 1, one finds two branches; Ê ' ξB̂ and B̂ ' ξÊ, which reflects an electromagnetic duality in

the absence of matter. In the end, we introduce the electric matter, ψ, and couple it with the gauge

field perturbatively, which implies Ê ' ξB̂. This is consistent with Eqs. (3.17) and (3.18) as expected.

estimated from
Æ

〈E2〉 and
Æ

〈B2〉with the overline denoting the spatial average.
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Now, we turn on the coupling with ψ. We have an energy transfer from the gauge field to the

fermion:

ρ̇A =−4HρA +2ξH Ê · B̂− Ê · g Q



Jψ
�

. (4.6)

The last term represents the energy reduction by the fermion production. At the same time, the gauge

field is reproduced immediately from the scalar field. If the fermion production significantly drains the

energy of the gauge field configuration, the background electric and magnetic fields decrease, which

then leads to the reduction of the fermion production. Owing to this negative feedback, we expect

that there exists a non-trivial attractor of constant gauge field even in the presence ofψ, where these

processes have reached a dynamical equilibrium. The condition to have such a constant gauge field

is given by

0= ρ̇A (4.7)

=−4HρA +2ξH Ê · B̂− Ê · g Q



Jψ
�

. (4.8)

To sum up, Eqs. (4.2) and (4.8) must be satisfied in order to have approximately constant helical

gauge fields over horizon-scales. The remaining question is how the induced current



Jψ
�

behaves as

a function of Ê and B̂.

4.2 Induced current and backreaction

It is instructive to first consider the induced current in general before discussing our particular setup.

Suppose that we have charged particles whose phase-space distribution is fψ(p ) and impose an elec-

tric field Ê. The induced current in such a system is estimated by

g Q



Jψ
�'Ndof g Q

∫

d3p

(2π)3
Π

ω
fψ(p ),

=Ndof

�

g Q
�2
Êτ

∫

d3p

(2π)3
fψ(p )

ω
, (4.9)

where Π=p+g QÊτ,ω=
Æ

p2+ g 2Q 2Ê2τ2, and Ndof counts the degrees of freedom forψ. Note that

τ represents a typical time scale of acceleration until it is disrupted by large angle scatterings. In the

second line, we have assumed that the phase-space distribution is isotropic: fψ(p ).

Let us estimate the behavior of the induced current. Suppose that the phase-space distribution is

dominated by a typical momentum of p̄ . If the typical momentum, p̄ , is larger than the one acquired

by the acceleration, g QÊτ, the induced current is proportional to the scattering time scale, τ. On the

other hand, if it is not, the induced current is independent of τ. Hence, one may estimate the induced

current as

g Q



Jψ
�∼











g 2Q 2Êτ

p̄
nψ for g |Q | Êτ� p̄ ,

g |Q |nψeÊ for g |Q | Êτ� p̄ ,

(4.10)
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where eÊ ≡ Ê/Ê denotes the unit vector in the direction of the electric field.

As an illustration, we confirm that this equation reproduces the electric conductivity in the thermal

plasma. We assume that the system is thermalized and would like to see how the system responses to

a weak electric field. In this setup, the typical momentum is just the temperature T and the time scale

of large angle scatterings would be τ ∼ (α2T )−1. If the electric field is so weak that g |Q | Êτ� T , the

induced current can be estimated as ∼ ÊT /α, which reproduces the well-known result of the electric

conductivity, i.e.,σ∼ T /α [49, 50]. From this demonstration, one can see that the typical momentum

p̄ and the time scale of scatterings play an essential role in determining the behavior of the induced

current.

Neglecting scatterings among particles. Here we estimate the induced current by assuming that the

scatterings among particles are so slow that g |Q | Êτ� p̄ . A concrete value of p̄ in our setup will be

specified soon and the validity of this approximation will be justified in the next subsection. Under

this approximation, one may compute the induced current just by plugging the solutions [see e.g.,

Eqs. (3.34) and (3.51)] into the definition of the current (2.16).

Again, let us take the electric and magnetic fields along the z -axis without loss of generality, E =

(0, 0, E ) andB = (0, 0,λB ) with λ = ±; and assume that the gauge field evolves as Eq. (3.33). By using

the asymptotic solution of (3.34), one may estimate the induced current of the LLL as

1

τ
g Q

¬

J z
ψ

¶

�

�

�

LLL
'
�

g |Q |�3
2π2

E B . (4.11)

On the other hand, the induced current of the HLLs reads

1

τ
g Q

¬

J z
ψ

¶

�

�

�

HLLs
' 1

τ

g 2Q 2B

2π

∞
∑

n=1

∫

dpz

2π

Πz

ω
×4

�

�

�βn ,pz ,py

�

�

�

2

'
�

g |Q |�3
π2

E B
1

e 2πB/E −1
, (4.12)

where Πz = pz + g Q Eτ and ω =
Æ

Π2
z +2ng |Q |B . Contrary to the LLL, the HLLs have transverse

momentum, which sets a characteristic scale of
p

ng |Q |B . In the second step, we have assumed

g |Q |Eτ � p

g |Q |B . Note that the induced current is dominated by the level n which saturates

g |Q |Eτ∼p2ng |Q |B . Summing Eqs. (4.11) and (4.12), we get [35]

∂η
�

g Q
¬

J z
ψ

¶�

'
�

g |Q |�3
2π2

coth
�

πB

E

�

E B . (4.13)

Let us turn on the cosmic expansion. As mentioned at the beginning of Sec. 3.2, all particle produc-

tion processes are much faster than the cosmic expansion for the parameters of our interest. Hence,

the cosmic expansion can be treated adiabatically by just replacing E and B with a 2Ê and a 2B̂ . As-
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Figure 5: Consistency conditions on the magnitude of the Ê and B̂ fields forξ= 3.5 (left panel) andξ= 22 (right panel). The

solid blue line indicates the consistency condition to have the stationary solution (4.8). The red circle denotes the analytical

solution without backreaction, in the right panel this solution is far outside the plotted range. The blue circle indicates the

estimate obtained by taking ξeff to be constant. The dotted (dashed) red contour indicate the upper bound from energy

conservation in slow-roll inflation (Eq. (4.2)) for r = 0.1 (r = 0.05), relevant only for large ξ. Here we have set Q = 1 and

g = 1/
p

2.

suming constant physical electric/magnetic fields, we can perform the time integral, which reads

1

a 3
g Q

¬

J z
ψ

¶

'
�

g |Q |�3
6π2

coth

�

πB̂

Ê

�

Ê B̂
1

H
(4.14)

→
�

g |Q |�3
6π3

Ê 2

H
for Ê � B̂ . (4.15)

In the second line, we check that the result is consistent with the one known in the literature [37, 38]

for B → 0.

Upper bounds on gauge fields. Now we are in a position to discuss how the backreaction modifies

the helical gauge field production by using the explicit expression for the induced current [Eq. (4.14)].

The condition for the non-trivial attractor [Eq. (4.8)] defines a curve in the (Ê , B̂ ) plane,

0=−2H
�

Ê 2+ B̂ 2
�

+2ξeffH Ê B̂ , (4.16)

where

ξeff = ξ−
�

g |Q |�3
12π2

coth

�

πB̂

Ê

�

Ê

H 2
. (4.17)

One may roughly estimate the maximum values of electric/magnetic fields on this curve:

B̂max ∼ 3π2

�

g |Q |�3
ξ2H 2 , Êmax ∼ 12π2

�

g |Q |�3
ξH 2 . (4.18)
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Figure 6: Magnitude of the gauge fields including backreaction. Left panel: Maximally allowed values for Ê , B̂ and Ê B̂

requiring the condition to have a stationary solution (Eq. (4.16) and energy conservation in slow-roll inflation (Eq. (4.2)) for

r = 0.1. In the following we will focus left branch in Fig. 5, indicated by the solid lines. Right panel: Estimate of Ê , B̂ and

Ê B̂ assuming an attractor solution with constant ξeff, see Eq. (4.17). Here we have set Q = 1 and g = 1/
p

2.

The curve is depicted as a blue solid line in Fig. 5. For comparison, we also show the analytic solution

without the backreaction as the red circle, and the condition for a non-trivial attractor without the

backreaction as the gray dashed line.

As suggested by the introduction of ξeff, the equation of motion for the gauge field is obtained by

simply replacing ξ with ξeff. In a crude estimation, we can estimate Ê and B̂ as follows. Taking ξeff

to be a time-independent constant [in line with the assumption of the existence of an attractor with

constant Ê and B̂ , see Eq. (4.8)], one may estimate the solution of Ê and B̂ by just replacing ξ 7→ ξeff

in Eqs. (3.17) and (3.18). Then, using this Ê and B̂ , one may compute ξeff according to Eq. (4.17).

Finally, requiring this ξeff to be the same as the input ξeff (which in turn depends on Ê and B̂ ), we

can find a self-consistent solution. We indicate this estimation with a blue circle in Fig. 5. Finally, the

energy conservation condition (4.2) adds an upper bound on the electric/magnetic fields, shown as

red curves in Fig. 5.

In summary, we obtain upper limits on the electric/magnetic fields without solving the equation

of motion explicitly, cf. left panel of Fig. 6. Taking Q = 1 and g = 1/
p

2, we numerically determine the

maximal values of E and B (independently) allowed by Eq. (4.16). For ξ® 4, we recover Eqs. (3.17) to

(3.19), implying an exponential growth of the gauge fields as a function ofξ. Forξ¦ 4, the backreaction

becomes important, limiting the growth of the gauge fields. For 4® ξ® 20, we find that the maximally

allowed B -field is well described by Eq. (4.18), whereas the maximally allowed E -field is slightly over-

estimated by this expression. Forξ¦ 20, Eq. (4.2) becomes relevant, splitting the non-zero solutions of

Eq. (4.16) into two disconnected branches. Both the analytical solution in the absence of backreaction

as well as our estimate of Ê and B̂ for constant ξeff hint towards values of gauge fields on the leftmost

of these two branches, i.e., preferring larger values of Ê and smaller values of B̂ . In the following we

will thus for definiteness focus on this branch. We have however checked explicitly that the results of

this section, in particular the conclusions about thermalization below, do not depend on this choice.
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For reference, the right panel of Fig. 6 shows the estimate obtained by taking ξeff to be constant in

Eq. (4.16).

In the absence of fermions, values of ξ ¦ 10 are not reached in slow-roll inflation with an axionic

inflation - gauge field coupling, since the backreaction of the gauge fields on the inflaton acts a fric-

tion term, limiting the inflaton velocity, see e.g., [6]. As demonstrated above, the backreaction of the

fermions however significantly reduces the efficiency of the gauge field production. This results in a

power-law instead of an exponential dependence of the generated gauge fields onξ. Consequently, we

expect much larger values of ξ to be reached. A first estimate for the maximal value of ξ reached can

be obtained as follows: In single field slow-roll inflation, where inflation ends at ε = φ̇2/(2H 2M 2
P ) = 1,

the change in ξ is bounded by the tensor-to-scalar ratio r :

ξe

ξCMB
=
�

εe

εCMB

�1/2

=
�

16

r

�1/2

, (4.19)

where the indices ‘e’ and ‘CMB’ denote the end of inflation and the time when the CMB modes exited

the horizon, respectively. Imposing the upper bound from the non-observation of non-gaussianities

in the CMB, ξCMB < 2.5 [6], this yields ξmax ® 32 in the case of r = 0.1. Hence at least for high-scale

inflation models, we will be mainly interested in the regime where the gauge fields are bounded by

Eq. (4.18). This is in particular the case for the example we will discuss in Sec. 5.1.

Thermalization in the fermion sector. In the analysis above we neglected scattering among the pro-

duced fermions. The purpose of this section is to confirm the validity of this approximation. To study

this question, we will in the following assume ξ¦ 3 and when giving numerical results set Q and g to

the reference values Q = 1, g = 1/
p

2. The analysis presented here is based on gauge fields saturating

the upper bounds depicted by the solid lines in Fig. 6, however we have checked that the conclusions

remain unchanged both when employing the other branch of the upper bounds (dashed line line the

left panel of Fig. 6) and when employing the self-consistent estimate shown in the right panel of Fig. 6.

Let us start with the fermions in the lowest Landau level. We can estimate their scattering rate as

Γ LLL
sc =τ−1

sc = nψσsc withσsc =
4πα2

3s
. (4.20)

Here s denotes the center of mass energy and is determined by the acceleration in the electric field,

s = 2(g Q Eτsc)2 and nψ = ṅψT is determined by Eq. (3.56) with T indicating the duration of continuous

fermion production. Solving for τsc, we obtain

τsc =
α2

3π

B̂

Ê
T ' 1.7×10−4 B̂

Ê
H −1 . (4.21)

where in the last step we have set T 'H −1. From Fig. 6 we expect B̂/Ê ®O (5) for ξ< 50, implying that

scattering rate is much faster than the Hubble rate. Hence the LLL fermions thermalize and we can

estimate the temperature of the resulting fermion gas as

(T LLL
ψ )4 =

30

π2g∗
nψ

p

s/2 , (4.22)
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Figure 7: Scattering rates and (would-be) temperature for the LLL fermions (left) and the HLL fermions (right).

where for the number of relativistic degrees of freedom we take the SM value g∗ = 427/4. Both the scat-

tering rate and temperature are depicted in Fig. 7 as a function of ξ. For completeness we also include

the acceleration rate which indicates the time-scale the particle would double it’s typical (thermal)

energy due to acceleration in the electric field in the absence of scattering.

The situation is a bit more complicated for the fermions in the higher Landau levels. The energy

density of the produced HLL fermions (before acceleration in the electric field) is given by
∑

n p⊥n (n )ψ .

Inserting Eq. (3.52), we find that the main contribution to the fermion energy density in the HLL (at

the time of production) arises from the Landau level with 2πn B/E ' 1. For the range of ξ of interest,

this implies that the most import level is the n = 1 level. Estimating the scattering rate as above, but

now taking into account the transverse energy, s = 2(m 2
t + (g Q Eτsc)2), we find the scattering rate to

by highly suppressed compared to the Hubble expansion rate, Γsc/H ∼ 10−5. However, this picture

may change when taking into account multiple soft gauge boson scatterings. In a realistic scenario,

we expect the presence of both Abelian and non-Abelian gauge fields. We will hence in the following

estimate the thermalization by employing the Landau-Pomeranchuk-Migdal scattering rate [51, 52]

for non-Abelian gauge groups [53–56],\8

ΓHLL
sc =τ−1

sc =







α2Twb for Twb >ω

α2Twb (Twb/ω)
1/2 for Tw b <ω

, (4.23)

where T 4
wb = 30/(π2g∗)nψω denotes the ’would-be’ temperature if the fermions did thermalize and

ω =
p

s/2. In the parameter range of interest, we have Twb/ω < 1. The resulting scattering rate, to-

gether with the temperature Twb is depicted in the right panel of Fig. 7. In addition, we also show the

acceleration rate Γacc, which indicates the time scale for the acceleration due to the E -field to overcome

the initial energy p⊥. For the entire ξ-range of interest, the scattering rate is negligible compared to

both the Hubble expansion and the acceleration rate, indicating that contrary to the LLL fermions,

the kinetic energy of the HLL fermions is dominated by acceleration in the electric field and not by

random thermal motion.
\8 See also [57–59] in the context of reheating after inflation.
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Figure 8: Relative energie densities. Left panel: fraction of the fermion energy density in the lowest Landau level compared

to the n = 1 level. Right panel: upper bounds on energy density stored in fermions and gauge fields. In both panels, the solid

curves correspond to gauge fields saturating the upper bonds (see left panel of Fig. 6, whereas the dotted curves correspond

to the estimate of an attractor solution with constant Ê and B̂ (see right panel of Fig. 6).

With these results, we can now quantify the relative energy density in the LLL compared to the HLL

(n = 1) for values of the gauge fields saturating the bound in Fig. 6. We show this in the left panel of

Fig. 8. Clearly the HLL population is responsible for nearly the entire fermion energy. Note that due

to energy conservation, here we have imposed that the maximal acceleration of fermions is limited by

the energy scale of inflation. The relative number densities in the LLL and HLLs are given by Eq. (3.56)

and (3.57). Our estimate of the gauge field magnitudes (see right panel of Fig. 6) indicates E B � E 2,

implying that the total number density is dominated by the HLL population. In addition, the efficient

pair annihilation in the LLL will reduce this number density compared to the result of Eq. (3.56). In

summary, the induced current is dominated by the HLL fermions (which exhibit negligible scattering

rates), thus a posteriori justifying our assumption of omitting the fermion scattering above.

Finally, the right panel of Fig. 8 shows upper bounds on the energy density of the gauge field and

the fermion as a function ofξ. The energy density of the fermion is always larger than that of the gauge

field. This implies that the gauge field converts most of its energy to the fermions.

The results obtained here differ from those recently obtained in Ref. [60]. More precisely, we find

the same efficient production rates for fermions, but we find that the dominant contributions of the

fermion population (the HLL fermions) do not thermalize efficiently since their large kinetic energy

suppresses the scattering cross section. These results can be extended to the thermalization of gauge

fields, which in the Abelian case is dominated by fermion loops, see [60].

5 Phenomenological implications

5.1 Inflation

The pseudo-scalar couplingφF F̃ as in Eq. (2.1) is the key ingredient of phenomenologically rich infla-

tion model discussed e.g., in Ref. [61]. In the absence of fermions, the tachyonic instability in the gauge
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Figure 9: Evolution of the homogeneous inflaton in the absence of any couplings (dashed blue), including gauge fields

(black) and including gauge fields and fermions (orange). The parameters chosen for this figure are m = 6.5 × 10−6 MP ,

Q = 1, α/(π fa ) = 35 andN = 8.

field equation of motion leads to an exponential production of low-momentum gauge fields [2–4].

These gauge fields form an additional, classical source for scalar and tensor perturbations, dramati-

cally modifying the predictions obtained from the usual vacuum contributions only. This leads to a

large range of possible observable consequences: non-gaussianities in the scalar power spectrum in

the CMB [6,7,61], a distortion of the CMB black body spectrum [62], primordial black black hole (PBH)

production [9,63] and an enhanced chiral gravitational wave signal in the frequency band of LIGO and

LISA [5–8,64,65]. This provides a unique window to probe a coupling of the inflaton to other (e.g., Stan-

dard Model) particles. In this section we show that the presence of massless fermions, related to the

gauge fields through the anomaly equation (1.2), significantly changes some of these predictions.

The slow-roll equation of motion for the homogeneous inflaton field is\9

φ̈+3H φ̇+V ′(φ) =− α

π fa
〈Ê · B̂〉 . (5.1)

Here 〈Ê · B̂〉 is directly related to the chiral current and the Chern-Simons charge,

a 4(η)〈Ê · B̂〉=−1

4
〈FµνF̃ µν〉=− π

2αQ 2
〈∂µ J

µ
5 〉=

π

2α
〈∂µK

µ
CS〉=

π

2α
∂0qCS . (5.2)

Consequently, in the presence of fermions, it suffices to implement the modified dependence of 〈Ê·B̂〉
onξ, Eq. (5.1) is insensitive to the distribution of the chiral charge between the gauge field and fermion

sector. Decoupling the equations of motion of the inflaton and the gauge fields in this way relies on

the assumption that the variation of ξ is small, which is well justified up to the very last few e-folds of

inflation (slow-roll approximation).

Fig. 9 shows the evolution of the homogeneous inflaton background in a scalar potential\10 V (φ) =

\9Here we are using the conventionφ < 0, φ̇ > 0 and hence 〈ÊB̂〉> 0.
\10Despite being disfavoured by the latest Planck data, we use this reference model for simplicity. Agreement with the

Planck data (i.e., a reduced tensor-to-scalar ratio) can easily be obtained by adding a small negative quartic term, which

would not impact the main results presented here.
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1
2 m 2φ2 for three cases, taking into account (i) the inflaton only (i.e., α= 0), (ii) the inflaton and gauge

fields and (iii) the inflaton, gauge fields and fermions. In the latter two cases we have chosen the

maximal value of the inflaton-gauge field coupling in accordance with current bounds on the non-

gaussianity of the scalar power spectrum (α/(π fa ) = 35, corresponding to ξCMB = 2.5). In the absence

of fermions, the gauge field production is exponentially sensitive to the inflaton velocity (encoded in

ξ). The right-hand side of Eq. (5.1) thus acts as a very efficient friction term once ξ crosses some criti-

cal value. This leads to the flattening of the growth ofξ and it also delays the end of inflation by about 6

e-folds. In the presence of fermions, the backreaction reduces the efficiency of the gauge field produc-

tion. The resulting upper bound on 〈Ê · B̂〉 is determined by Eq. (4.16), see also Fig. 6. (Note that for

the values ofξ arising in Fig. 9, the bound (4.2) is irrelevant.) Forξ¦ 4, the exponential dependence on

ξ reduces to a power-law dependence. Correspondingly the resulting ‘friction’ in Eq. (5.1) is reduced

and the backreaction of the gauge field on the inflaton becomes negligible over the entire course of

inflation. Interestingly, this implies that in the presence of fermions, this setup is less sensitive to the

theoretical uncertainties of the strong backreaction regime, which (in the absence of fermions) may

become important at ξ¦ 4.7 [66].

Taking ξ̇ to be small, the equation of motion for the inflaton fluctuations δφ can be estimated

as [9]

δφ̈+3βHδφ̇− ∇
2

a 2
δφ+V,φφ(φ)δφ =− α

π fa

�

Ê · B̂−〈Ê · B̂〉� , (5.3)

with β = 1+2ξα



Ê · B̂�/(3πH φ̇ fa ). The total scalar power spectrum then reads

∆2
s =

H 2

φ̇2
〈δφ2〉 '

�

H 2

2πφ̇

�2

+

�

α〈Ê · B̂〉
3πβH φ̇ fa

pN

�2

, (5.4)

where the first term is the standard vacuum contribution and the second term in sourced by the Chern-

Simons charge. In the limit of large gauge fields,

β ≈ 2ξα



Ê · B̂�

3πH φ̇ fa

, (5.5)

and we obtain the simple expression

∆2
s '

1

N (2πξ)2 . (5.6)

Here we have introduced the parameterN to denote the number of Abelian gauge groups (or equiva-

lently the number generators of weakly coupled non-Abelian gauge groups) [8,64]. As can be seen from

Eq. (5.6), this suppresses the amplitude of the scalar power spectrum, avoiding a dangerous overpro-

duction of primordial black holes [9]. Alternatively, this parameter may be seen as a parametrization

of the theoretical uncertainties in the calculation of the scalar power spectrum due the breakdown of

perturbation theory in the strong backreaction regime [66, 67].

Fig. 10 shows the scalar power spectra with/without gauge fields and with/without fermions. The

correct normalization at the CMB scales (N = 55) is ensured by our choice of m in the scalar potential

(lower horizontal gray line). The inflaton - gauge field coupling leads to a dramatic enhancement of
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Figure 10: Scalar power spectrum in the absence of any couplings (dashed blue), including gauge fields (black) and including

gauge fields and fermions (orange). The solid orange curve corresponds to gauge fields saturating the upper bound obtained

from Eq. (4.16), the dotted orange curve corresponds to the estimate for the gauge fields based on an attractor solution with

constant gauge fields, cf. (4.17). Color-coding and parameters as in Fig. 9.

the scalar power spectrum at small scales. In the absence of fermions, Eq. (5.6) leads to nearly scale-

invariant spectrum. In the presence of fermions, the value of ξ grows rapidly towards the end of infla-

tion since the friction term in the equation of motion for the inflaton is less efficient. Consequently,

Eq. (5.6) leads to a rapid drop of the scalar power spectrum as N → 0. The upper horizontal gray line

in Fig. 10 indicates (a rough estimate of) the critical threshold of PBH formation. Note that a large

non-Gaussianity of this model slightly reduces the threshold value for creating PBHs, and this effect

is already taken into account in Fig. 10. See e.g., Ref. [63] for a more detailed analysis. In the absence

of fermions, strong bounds on the presence of relatively light PBHs (∼ 1015 g) exclude the possibil-

ity of arranging for any significant PBH component of dark matter. In the presence of fermions and

assuming the gauge fields saturate the upper bound given by Eq. (4.16), we note that a more peaked

spectrum arises, opening up the possibility to evade the strong bounds on light PBHs while obtaining

a population of heavier black holes with could contribute significantly to dark matter. This effect be-

comes stronger if one goes to scalar potential which come with a stronger acceleration of the inflaton

ξ∝ (1+N )−p/2 with p > 1 [64]. If the gauge fields do not saturate this upper bound but are instead

given by the self-consistent estimate for constant Ê and B̂ , cf. Eq. (4.17), we do not reach the regime

indicated in Eq. (5.5) and the scalar power spectrum is significantly suppressed. Obviously, also this

result es extremely relevant for PBH production.

The source term for the tensor power spectrum is the transverse traceless part of the energy mo-

mentum tensor in the linearized Einstein equation. This is not immediately related to one of our con-

served charges, and hence the distribution of the energy density between the gauge sector and fermion

sector becomes important. We leave a full computation of the tensor power spectrum to future work,

and restrict ourselves here to a simple and very conservative estimate: assuming that the fermions do

not source any gravitational waves, and taking Ê and B̂ to be approximately constant for ξ ≥ 4, we
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can estimate the amplitude of gravitational waves by evaluating the corresponding expression in the

absence of fermions at ξ= 4 [6, 7]:

ΩGW|ξ≥4 >ΩGW(ξ= 4)|no fermions =
Ωr

12

�

H

πMP

�2
�

1+4.3 ·10−7N H 2

M 2
P

ξ−6e 4πξ

��

�

�

�

ξ=4

, (5.7)

where Ωr = 8.6 · 10−5 denotes the radiation energy density today. For the model we are considering

here, this yields ΩGWh 2 > 10−13, which is about two orders of magnitude above the vacuum contri-

bution and within the sensitivity range of the planned space-based interferometer LISA [68]. A more

detailed study of this signal, including also possible contributions from the chiral fermion sector via

the gravitational anomaly [27],\11 would thus be very interesting.

5.2 Leptogenesis

As is well known, the SM fermion exhibits chiral anomaly which renders the global B + L symmetry

anomalous. This opens up the possibility that the primordial helical gauge field/chiral asymmetry

generated during inflation could be eventually converted into the baryon asymmetry of the Universe,

if it survives the wash-out induced by the electroweak Sphaleron processes. In the following, we briefly

discuss leptogenesis as one of the interesting phenomenological applications originating from the

pseudo-scalar coupling. Determining the final net baryon asymmetry of the Universe requires solving

kinetic equations for all SM particles, including in particular the wash-out by the Sphaleron processes

and the effect of Yukawa interactions. We postpone this challenging task to future work, instead il-

lustrating by means of our toy model the qualitatively new effects compared to related studies (see

e.g., [16, 19, 21, 71–73]), focusing in particular to the impact of the chiral charge q5 generated during

inflation.

As a crude approximation, we assume instant reheating and thermalization after inflation. The

plasma is characterized by the temperature T̂ and chemical potential µ̂5. Note that both are diluted by

the cosmic expansion as T̂ = T /a and µ̂5 =µ5/a . Throughout this section, we take Q = 1 to avoid un-

necessary complications. The temperature right after inflation is T̂ini ∼
p

MPlHinf. The chiral chemical

potential right after inflation can be estimated by using the relation q̂5 ∼ µ̂5T̂ 2 which holds in kinetic

equilibrium for µ̂5 < T̂ :

µ̂5,ini ∼ q̂5

T̂ 2

�

�

�

�

ini

∼ α
π




Ê · B̂�
ini

H 2
infMPl

. (5.8)

If one inserts the analytic solution given in Eq. (3.10), the estimate of Eq. (3.12) is recovered. However,

notice that this solution is not valid forξ¦ 4, because of the backreaction as discussed in Sec. 4. Fig. 11

shows the upper bound of µ̂5/T̂ as a function ofξ and also the rough self-consistent estimate depicted

as a blue circle in Fig. 5.

The question is how the system would evolve with this specific initial condition. We further assume

that the system is in the regime of magnetohydrodynamics (MHD), which suffices in the most cases.\12

\11 Roughly speaking, this is the opposite process as discussed in gravi-leptogenesis [69, 70].
\12 Note that the MHD description holds if µ5/T <α. See Ref. [74] for a nice summary of the range of the validity.
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Then one may estimate the induced current by

g



Jψ
�' a σ̂E+

α

π
2a µ̂5B, (5.9)

with the electric conductivity being [49, 50]

σ̂∼ T̂

α
. (5.10)

The first term in Eq. (5.9) is just Ohm’s law and the second one comes from the chiral magnetic ef-

fect [39]. Here we have neglected the fluid velocity. Let us recall that the comovingE andB remain

constant against the cosmic expansion while the physical ones, Ê and B̂, decay via Ê = E/a 2 and

B̂ =B/a 2. The equations governing MHD read

∂

∂ η
B ' 1

a σ̂

�

∇2B+
2α

π
a µ̂5∇×B

�

, (5.11)

0'∇×B−a σ̂E− 2α

π
a µ̂5B. (5.12)

The notable difference with respect to Eq. (3.2) is that the opposite helicity of the gauge field exhibits

the instability due to the primordial µ̂5. Thus, this process erases the primordial helicity of the gauge

field generated during inflation as well as the primordial chiral asymmetry. We can see this by expand-

ing the gauge field in the same polarization modes defined below Eq. (3.3) and rewrite Eq. (5.11):

∂

∂ η
B±(η,k)'− 1

a σ̂

�

k 2∓ 2α

π
a µ̂5

�

B±(η,k). (5.13)

In the absence of µ̂5, the magnetic field just decays by the diffusion k 2/a σ̂ which becomes slow for a

large conductivity, i.e., high temperature. The presence of µ̂5 may activate a more violent process as
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we discuss below. Recalling that µ̂5 ≷ 0 for φ̇ ≷ 0 right after inflation [See Eq. (3.12) for instance], one

can see that Bλ exhibits the instability with λ=± for φ̇ ≷ 0, which has an opposite polarization to the

solution during inflation (3.6). We can see this directly by keeping the CS term sourced by φ̇ 6= 0 while

assuming the MHD approximation. Then, we readily find an additional term with the opposite sign,

−(αa φ̇/π fa )∇×B, in the right-hand-side of Eq. (5.11).

Note that this behavior is expected from the viewpoint of the conservation laws discussed in Sec. 2.3.

The background of φ̇ 6= 0 can be regarded as an external chemical potential. In the presence of φ̇ 6= 0,

the system would like to approach 2µ̂5 → φ̇/ fa by creating helical gauge fields and correspondingly

chiral fermions to fulfill the anomaly equation. However, after inflation, the external chemical poten-

tial vanishes. The system then tries to move back to µ̂5 → 0 by erasing the chemical potential and

helical gauge fields since there is no external driving force. Since our initial condition at inflation is

q5 = qCS = 0, the anomaly equation allows the complete erasure of the helical gauge fields and of the

chiral charge.

As a final remark of this section, let us estimate the time scale of this erasure process by µ̂5. From

Eq. (5.13), one easily finds that the typical time scale of the erasure is ηers =π2σ/α2µ2
5, or equivalently

the typical temperature at which the erasure process becomes efficient is

Ters ∼M 1/2
Pl H 1/2

ers =

�

π2σ̂ini

α2µ̂2
5,ini

H 1/2
inf

M 1/2
Pl

�−1

∼ α
5

π4




Ê · B̂�2

ini

H 5
infM

2
Pl

(5.14)

∼ 106 GeV×
� α

0.04

�5
�

Hinf

1014 GeV

�3
�


Ê · B̂�
ini
/H 4

inf

105

�2

(5.15)

∼ 107 GeV×
� α

0.04

�3
�

µ̂5,ini/T̂ini

10−3

�2

. (5.16)

See Figs. 11 for the upper bound and estimate of µ̂ini/T̂ini. One can see that the erasure process is quite

efficient in our toy model, driving the asymmetry to zero already in the early Universe. Note again

that, since we have started from vanishing chiral/CS charges in the infinite past, this erasure process

can continue until both charges become zero, which is a consequence of the anomaly equation (2.15).

This erasure process is generic for all the models which create helical gauge fields without modifying

the anomalous current equation in the fermion-gauge system.

Based on these observations, let us briefly speculate what might happen in a more realistic sce-

nario. Suppose that we have a CS coupling of U(1)Y with the inflaton φ. In the case of the SM, the

SU(2)W Sphaleron explicitly breaks Eq. (2.15) in the left-handed sector and the Yukawa interactions

mediate this breaking to the right-handed sector. The electro-weak Sphaleron becomes efficient al-

ready at temperatures around 1012 GeV, before the erasure process discussed above becomes relevant.

Consequently, the balance between helical hyper gauge fields and chiral fermions is disrupted. This

may enable some amount of the hypercharge magnetic field to survive until the EW phase transi-

tion\13, where it can regenererate a chiral asymmetry [18, 19, 72]. Moreover, if all the SM processes

\13 See also Refs. [71, 75].
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are efficient (at least below T ∼ 105 GeV when the electron Yukawa becomes also efficient), they can

re-shuffle all the chemical potentials. In this case, the final baryon asymmetry may become indepen-

dent of the initial conditions for the chemical potentials. In summary, the specific initial conditions

imposed by the anomaly equation as well as the erasure process discussed above may impact sce-

narios which relate the baryon asymmetry of the Universe to primordial magnetic fields [16, 71, 73].

The final verdict depends on the details of the interplay of all the processes involved and we leave a

detailed study to future work.

6 Conclusions and outlook

Particle production in the early Universe plays a crucial role in a wide range of processes, e.g., during

inflation, during (p)reheating and for baryogenesis. In this paper, we clarify the duality between heli-

cal gauge field and chiral fermion production in the presence of a chiral anomaly. We demonstrate the

equivalence of the two actions, Eq. (2.1) and Eq. (2.22), at the level of the equations of motion and illus-

trate the intimate connection between gauge field and fermion production by means of conservation

equations and Noether charges in Sec. 2. This qualitative understanding of the system is then con-

firmed by explicit computations of the fermion and gauge field production, including backreaction

effects, in Secs. 3 and 4.

The helical gauge fields are produced through a tachyonic instability arising from the Chern-Simons

term φF F̃ in the presence of a rolling scalar field, φ̇ 6= 0. For the most part of this paper, we take this

scalar field to be the inflaton, but our formalism applies also to more general situations. The fermions

are produced by two distinct mechanisms. On the one hand, similar to Schwinger production (but

taking into account a non-vanishing magnetic field), pairs of fermions and anti-fermions are created

with vanishing net chiral charge. Quantizing the energy states of the fermions in Landau levels with

label n , this corresponds to populating the higher landau levels (n ≥ 1). On the other hand, in the

presence of helical gauge fields, the population of the lowest Landau level (n = 0), leads to fermion

production with a non-vanishing net chiral charge. We find that fermions produced through the first

production channel typically dominate the fermion energy density.

Energy conservation dictates that the production of chiral fermions must reduce the energy in the

helical gauge fields. The fermions are accelerated in the gauge field background, leading to an in-

duced current which counteracts the gauge field background. Additionally, the Schwinger-type pair

production drains the gauge field energy. We derive consistency equations to take this backreaction

into account, based on energy conservation [see Eq. (4.2)] and on postulating a dynamical equilibrium

state with constant gauge field energy density (4.16). Along the way, we obtain an analytical estimate

for the induced current, see Eq. (4.14). Assuming the existence of a dynamical equilibrium between

particle production and backreaction, we derive upper bounds on the gauge field amplitudes, lead-

ing immediately to two important consequences: Firstly, the gauge field amplitudes now exhibit a

power-law dependence on |φ̇| instead of the exponential dependence known in the absence of this

backreaction, leading to a completely different picture in the regime of increasing |φ̇|. Secondly, due
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to the dominance of the pair production over the chiral fermion production, we find that thermal-

ization is typically inefficient. Besides obtaining upper bounds for the gauge field, we also provide

an estimate for their magnitude. Depending on the value of φ̇, this estimate lies about 1 - 2 orders

of magnitude below the upper bound, rendering the effects of the fermion backreaction even more

pronounced.

As an illustrative example, we study the impact of these effects on axion inflation. As is common

for single field slow-roll inflation models, the velocity of the inflaton (an axion-like particle) increases

over the course of inflation. This initially triggers the gauge field and fermion production, but also

leads to a strong backreaction towards the end of inflation. Correspondingly, for gauge fields satu-

rating the bounds imposed by the fermion backreaction, the scalar power spectrum is enhanced at

intermediate scales, but is suppressed at the largest and smallest scales. This structure, arising natu-

rally in this setup, could be interesting in the context of producing primordial black holes in a mass

range where they could contribute to dark matter. One the other hand, if the gauge fields do not satu-

rate the upper bounds, the scalar power spectrum is further suppressed, eliminating the possibility of

producing primordial black holes in this setup. We expect similarly important effects on the gravita-

tional wave spectrum. However, the analytical estimates performed here are not sufficient to address

this question, since contrary to the scalar power spectrum, the tensor power spectrum is not directly

related to a chiral charge. We hence leave this interesting analysis for future work.

Other applications in the post-inflationary Universe require tracking the evolution of our Noether

charges far into the radiation dominated regime. As an example, we considered possible implications

for leptogenesis. In the toy model considered in the main part of this paper, the balance between chi-

ral fermions and helical gauge fields, imposed by the anomaly equation, leads to the full erasure of

both the chiral and the Chern-Simons charge. The physical process responsible for this is the chiral

plasma instability which reduces both the chiral charge and helical gauge fields. Moreover, the ther-

mal plasma may reduce these charges analogously to the Sphaleron in non-Abelian gauge theory [74].

In a more realistic setup, involving the Standard Model thermal plasma, the balance between the chi-

ral and Chern-Simons charge is disrupted by the electro-weak Sphalerons and Yukawa interactions,

which might allow for a final net asymmetry surviving till today. Nevertheless, the symmetric initial

conditions for the chiral fermions and helical gauge fields, dictated by the anomaly equation, will in

general have an impact on the final value of the predicted baryon asymmetry. Further possible appli-

cations in the post-inflationary universe include the (p)reheating process as well as implementations

of the relaxion using theφF F̃ coupling, see e.g., [12,15]. We hope that our work will stimulate further

research in this direction.

Finally, we emphasize that while the analytical estimates performed here lead to upper bounds

on the particle production, we do not know if these bounds are actually saturated. We illustrated the

effect of this uncertainty by showing our results both for gauge fields saturating these bounds and for

and an estimated solution which turns out to lie significantly lower. Moreover, both our upper bound

and the estimated solution are based on assuming the existence of non-trivial attractor. While this is

plausible and well motivated, it would be important to check the dynamical approach of the system
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to this attractor explicitly. Resolving this question requires solving the non-linear equations of motion

for the gauge-fields involving the backreaction, possibly by means of a lattice study. The application

of inflation moreover requires performing such a study in de-Sitter space, a challenging task, which

is far beyond the scope of this paper. Also, note that, throughout this paper, we have for simplicity

limited ourselves to the CS coupling with an Abelian gauge field and studied the decay of the gauge

field via the production of fermions. An extension to a non-Abelian case immediately comes to mind.

There, another violent process called Nielsen-Olesen instability [76]may accelerate the decay of the

gauge field [77]. We leave the discussion on this effect to future work.
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A Notations and conventions

A.1 Metric

We adopt

�

ηa b

�

= diag (+,−,−,−) (A.1)

for the metric in Minkowski spacetime. For the totally anti-symmetric tensor, we take the following

convention

ε0123 =−ε0123 =+1. (A.2)

Throughout this paper, we consider the Friedmann-Lemaître-Robertson-Walker metric with zero cur-

vature:

ds 2 = dt 2−a 2(t )dx2 = a 2(η)
�

dη2−dx2
�

. (A.3)

We usually adopt the conformal time η unless otherwise stated. This metric implies the following

vierbein:

e a
µ = aδa

µ , e µa =
1

a
δµa , (A.4)

where µ runs over η, x , y , z while a runs over the flat coordinate.

A.2 Clifford algebras

The Clifford algebras in Minkowski spacetime is given by

�

γa ,γb
	

= 2ηa b . (A.5)
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Together with the sign convention (A.1), one can see that γ0 is hermitian while γi is anti-hermitian.

We use the chiral representation for the gamma matrices

γ0 =

�

0 1

1 0

�

, γ =

�

0 σ

−σ 0

�

, γ5 =

�

−1 0

0 1

�

. (A.6)

The left-/right-handed fermions are obtained from acting with the projection operator PL/R = (1∓
γ5)/2.

The Clifford algebras in the curved spacetime is

�

γ̂µ, γ̂ν
	

= 2g µν. (A.7)

The gamma matrices with a hat represent those defined in the curved spacetime. They are related to

the flat spacetime ones via

γ̂µ = e µa γ
a =

1

a
γµ. (A.8)

In the second equality, we have plugged in Eq. (A.4). In the curved spacetime, the covariant derivative

acting on fermions includes the spin connectionωa b
µ :

/̂Dψ̂= γ̂µ
�

∂µ+ i g Q Âµ+
1

4
ωµ

a bγa b

�

ψ̂ (A.9)

=
�

γ̂µ
�

∂µ+ i g Q Âµ
�

+
3

2
a H γ̂0

�

ψ̂, (A.10)

where γa b = [γa ,γb ]/2. In the second line, we have inserted Eq. (A.4) to compute the spin connection

explicitly.
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