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I. INTRODUCTION

Dielectric lined waveguides are under extensive study as accelerating structures

excited by charged beams [1]. Quartz and cordierite structures have been beam

tested, and accelerating gradient exceeding 100 MV/m has been demonstrated [2].

Several materials used for accelerating structures (sapphire, ceramic films etc) pos-

sess significant anisotropic properties. It is shown, for example, in [3] that the di-

electric anisotropy causes a frequency shift in comparison to dielectric-lined waveg-

uides with isotropic dielectric loadings.

The anisotropic dielectrics may be incorporated either intentionally or uninten-

tionally (processing-induced anisotropy) [4]. Dielectric permittivity and conductiv-

ity depend on the direction of wave propagation and polarization in many materi-

als. The anisotropy can have a significant effect on modal coupling and must be

accounted for in the design and analysis of such structures.

There are many papers which describe impedance calculations of steady-state

impedance for isotropic round and flat layered chambers [5–10] with translational

symmetry in the beam direction. The solutions for isotropic structures are obtained

in analytical form or a field-matching approach can be used to reduce the problem to

a simple matrix equation. In this paper we consider anisotropic transversally non-

homogeneous round and rectangular chambers where the field-matching technique

does not work.

We start in Section II from formulation of the problem. Then we review the gen-

eral form of the impedance for round and rectangular waveguides in non-relativistic

case. For a special case of uniaxial anisotropy in the beam direction the same field

matching approach as for the isotropic case [5] can be used. We consider shortly

the required modifications in Section III. For transversally non-homogeneous ma-

terials the structure can be approximated by many layers. However such approach

could be computationally expensive as it requires calculation of modified Bessel or
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exponential functions (of complex argument) for each layer.

A fully anisotropic case is treated in Section IV. The field-matching technique

does not work in this case. We consider several possible analytical formulations and

choose one with non-singular differential equations. For this choice we describe a

simple finite-difference scheme. With a proper permutation of mesh indexes we re-

duce a sparse matrix with 7 bands to a pentadiagonal one. It allows a fast algorithm

of complexity O(N) (N-number of mesh steps) for calculation of impedances for

non-homogeneous anisotropic materials. Open boundary conditions are formulated

for the case when the last layer has an uniaxial anisotropy in the beam direction.

The finite difference method allows treating of full anisotropy but could be time-

consuming. For the case when the anisotropic layers are thin we suggest in Sec-

tion V a combination of the field matching and the finite-difference approaches.

Finally in Section VI the described methods are cross-checked on several nu-

merical examples. The algorithms are implemented in numerical code ECHO[11].

II. PROBLEM FORMULATION

FIG. 1: Examples of ”round” and ”rectangular” geometry.
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We consider a point-charge q moving with constant velocity v through a struc-

ture with round or rectangular cross-section. In the following we call the structure

”round” if it is axially symmetric. If the structure has a constant width between two

perfectly conducting planes and has rectangular cross-sections then we call such

structure ”rectangular”. Fig. 1 shows examples of round and rectangular structures.

In the following we consider only an anisotropic materials with diagonal material

permittivity and permeability tensors, where the optical axes coincide with coordi-

nate ones. Hence their diagonals are given by complex vectors ε,µ.

We assume that the charge is moving along a straight line parallel to the longi-

tudinal axis of the system, and we neglect the influence of the wakefields on the

charge motion. For round structures we will use cylindrical coordinates r, ϕ, z. The

charge density in the frequency domain can be expanded in Fourier series

ρ(r, ϕ, z, k) = e−ikz/β
∞∑

m=0

ρm(r) cos(m(ϕ − ϕ0)), ρm(r) =
qδ(r − r0)

πvr0(1 + δm0)
, (1)

where r0, ϕ0 are coordinates of the point charge q, β = v/c, c is velocity of light in

vacuum, and δm0 = 1 if m = 1, 0 otherwise.

From the linearity of Maxwell’s equations the components of the electromag-

netic field can be represented by infinite sums:
Hϕ(r, ϕ, z, k)

Er(r, ϕ, z, k)

Ez(r, ϕ, z, k)

 = e−ikz/β
∞∑

m=0


Hϕ,m(r, k)

Er,m(r, k)

Ez,m(r, k)

 sin(mϕ),


Eϕ(r, ϕ, z, k)

Hr(r, ϕ, z, k)

Hz(r, ϕ, z, k)

 = e−ikz/β
∞∑

m=0


Eϕ,m(r, k)

Hr,m(r, k)

Hz,m(r, k)

 cos(mϕ). (2)

The electric displacement D and the magnetic induction B are defined using com-
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plex permittivity and permeability diagonal tensors

D =


εr(r, k) 0 0

0 εϕ(r, k) 0

0 0 εz(r, k)

 E, B =


µr(r, k) 0 0

0 µϕ(r, k) 0

0 0 µz(r, k)

 H.

We do not have to assume any particular frequency dependence. In order to include

conductivity and other losses in our code ECHO1D we use the following expres-

sions (here we consider as example r-component):

εr(r, k) = ε
′

r(r)(1 + iδεr(r)) + i
κr(r)

ω(1 + iωτr(r))
, µr(r, k) = µ

′

r(r)(1 + iδµr (r)), ω = kc,

where ε
′

r is the real part of the complex permettivity, µ
′

r is the real part of the com-

plex permeability, and the loss can be introduced with the help of dielectric loss

tangent δεr , magnetic loss tangent δµr or/and with AC conductivity following the

Drude model [12], where κr is the DC conductivity of the material and τr its relax-

ation time. We use similar expressions for ϕ- and z- components of the permittivity

and the permeability tensors.

For each mode number m we can write an independent system of equations

m
r

Hz,m + i
k
β

Hϕ,m = iωεrEr,m,

− i
k
β

Hr,m −
∂

∂r
Hz,m = iωεϕEϕ,m,

1
r
∂

∂r
(rHϕ,m) −

m
r

Hr,m = iωεzEz,m + vρm,

−
m
r

Ez,m + i
k
β

Eϕ,m = −iωµrHr,m,

− i
k
β

Er,m −
∂

∂r
Ez,m = −iωµϕHϕ,m,

1
r
∂

∂r
(rEϕ,m) +

m
r

Er,m = −iωµzHz,m,

1
r
∂

∂r
(rHr,mµr) −

m
r

Hϕ,mµϕ − ikHz,mµz = 0,

1
r
∂

∂r
(rEr,mεr) +

m
r

Eϕ,mεϕ − ikEz,mεz = ρm. (3)
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We have reduced the initial three-dimensional problem to an infinite set of indepen-

dent dimensional problems, Eqs. (3), for the Fourier componets of the field.

In rectangular case we choose a coordinate system with y in the vertical and x in

the horizontal directions; the z coordinate is directed along the beam direction. The

structures considered in this paper have constant width 2w in x-direction between

two perfectly conducting side walls.

The charge density can be expanded in Fourier series

ρ(x, y, z, k) =
e−ikz/β

w

∞∑
m=1

ρm(y) sin(kx,mx0) sin(kx,mx), kx,m =
πm
2w

, ρm(y) =
qδ(y − y0)

v
,

where x0, y0 are coordinates of the point charge. Again it follows from the lin-

earity of Maxwell’s equations that the components of electromagnetic field can be

represented by infinite sums:
Hx(x, y, z, k)

Ey(x, y, z, k)

Ez(x, y, z, k)

 =
e−ikz/β

w

∞∑
m=1


Hx,m(y, k)

Ey,m(y, k)

Ez,m(y, k)

 sin(kx,mx),


Ex(x, y, z, k)

Hy(x, y, z, k)

Hz(x, y, z, k)

 =
e−ikz/β

w

∞∑
m=1


Ex,m(y, k)

Hy,m(y, k)

Hz,m(y, k)

 cos(kx,mx).
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For each mode number m we can write an independent system of equations

− kx,mHz,m + i
k
β

Hx,m = iωεyEy,m,

− i
k
β

Hy,m −
∂

∂y
Hz,m = iωεxEx,m,

∂

∂y
Hx,m + kx,mHy,m = iωεzEz,m + vρm,

kx,mEz,m + i
k
β

Ex,m = −iωµyHy,m,

− i
k
β

Ey,m −
∂

∂y
Ez,m = −iωµxHx,m,

∂

∂y
(Ex,m) − kx,mEy,m = −iωµzHz,m,

∂

∂y
(Hy,mµy) + kx,mHx,mµx − ikHz,mµz = 0,

∂

∂y
(Ey,mεy) − kx,mEx,mεx − ikEz,mεz = ρm. (4)

We are interested in coupling impedances as defined in [5, 14]. For round pipe

the coupling impedance can be written as

Z‖(r0, ϕ0, r, ϕ, k, γ) =

∞∑
m=0

Zm(k, γ)Im

(
kr0

γβ

)
Im

(
kr
γβ

)
cos(m(ϕ − ϕ0)) + Zsc(r0, ϕ0, r, ϕ, k, γ),

Zsc(r0, ϕ0, r, ϕ, k, γ) = −
kZ0

2π(γ2 − 1)
K0


k
√

r2
0 + r2 − 2r0rcos(ϕ − ϕ0)

γβ

 , (5)

where γ is the relative relativistic energy and we have written explicitly the space

charge contribution Zsc.

For a rectangular pipe the impedance reads

Z‖(x0, y0, x, y, k) =
1
w

∞∑
m=1

Zm(y0, y, k, γ) sin(kx,mx0) sin(kx,mx) + Zsc(x0, y0, x, y, k, γ),

Zsc(x0, y0, x, y, k, γ) = −
kZ0

2π(γ2 − 1)
K0

k
√

(x − x0)2 + (y − y0)2

γβ

 ,
(6)



8

where

Zm(y0, y, k, γ) =
[
Zcc

m (k, γ) cosh(ky,my0) + Z sc
m (k, γ) sinh(ky,my0)

]
cosh(ky,my)

+
[
Zcs

m (k, γ) cosh(ky,my0) + Z ss
m (k, γ) sinh(ky,my0)

]
sinh(ky,my),

ky,m =

√
k2

x,m +
k2

γ2β2 .

In Eqs.(5, 6) the infinite sum defines a so-called wall impedance. The longitudi-

nal and the transverse wall impedances are connected by Panofsky-Wentzel theorem

(see [5] for a detailed discussion).

The wake field effect in time domain is described by a longitudinal wake function

which can be obtained by the Fourier transform of the longitudinal impedance

w||(s) =
c

2π

∫ ∞

−∞

Z||(k)eiks/βdk,

where s is the distance between the source and the test particles [14].

III. FIELD MATCHING FOR UNIAXIAL ANISOTROPY

In the general anisotropic case from system of first-order Eqs.(2) we obtain the

second-order coupled equations for z-components of the electric and the magnetic

fields:

1
r
∂

∂r
rεr

ν2
rϕ

∂

∂r
Ez,m −

(
m2εϕ

r2ν2
ϕr

+ εz

)
Ez,m +

m
rv

[
∂

∂r
1
ν2

rϕ
−

1
ν2
ϕr

∂

∂r

]
Hz,m =

iqδ(r − r0)
πr0(1 + δm0)ω

,

1
r
∂

∂r
rµr

ν2
ϕr

∂

∂r
Hz,m −

(
m2µϕ

r2ν2
rϕ

+ µz

)
Hz,m −

m
rv

[
∂

∂r
1
ν2
ϕr
−

1
ν2

rϕ

∂

∂r

]
Ez,m = 0,

ν2
rϕ = k2β−2 − ω2ε2

r µ
2
ϕ, ν2

ϕr = k2β−2 − ω2ε2
ϕµ

2
r .

(7)

The field matching technique for round and flat isotropic pipes was considered,

for example, in [5–10]. For the case of uniaxial anisotropy along z-axis we use the

same technique, which we describe shortly in this Section.
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FIG. 2: Examples of ”round” and ”rectangular” layered geometry.

We consider the uniaxial anisotropy when the permittivity and the permeability

tensors are diagonal and for their elements the following relations hold

εr(r) = εϕ(r), µr(r) = µϕ(r).

Inside of each layer where the complex permeability and permittivity are constants

(independent from r) Eqs.(7) reduce to the decoupled equations

1
r
∂

∂r
r
∂

∂r
Ez,m −

(
m2

r2 + ν2
r
εz

εr

)
Ez,m =

iqδ(r − r0)ν2
r

πr0(1 + δm0)ωεr
,

1
r
∂

∂r
r
∂

∂r
Hz,m −

(
m2

r2 + ν2
r
µz

µr

)
Hz,m = 0,

ν2
r = k2β−2 − ω2ε2

r µ
2
r . (8)

A general solution of homogeneous hyperbolic Eqs. (8) can be written in form

Ez,m(r) = Cm
I Im(νεrr) + Cm

K Km(νεrr), Hz,m(r) = Dm
I Im(νµr r) + Dm

KKm(νµr r), (9)

νεr = νr

√
εz/εr, νµr = νr

√
µz/µr,

where Im,Km are modified Bessel functions of complex argument.

In the following we will numerate the layers by index j and r = a j defines

interface between the layers with numbers j and j + 1. In order to find the constants
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Cm, j
I ,Cm, j

K ,Dm, j
I ,Dm, j

K in Eqs. (9) we can use 4 conditions at the interfaces between

the layers:

E j
z,m(a j) = E j+1

z,m (a j), H j
z,m(a j) = H j+1

z,m (a j),

ε j
r E j

r,m(a j) = ε j+1
r E j+1

r,m (a j), µ j
rH

j
r,m(a j) = µ j+1

r H j+1
r,m (a j), (10)

where the radial field components are defined through the longitudinal ones as

E j
r,m(r) =

ik
ν2

r

(
1
β

∂

∂r
E j

m,z +
mcµr

r
Hz,m

)
,

H j
r,m(r) =

ik
ν2

r

(
1
β

∂

∂r
H j

m,z +
mcεr

r
Ez,m

)
. (11)

From Eqs. (9)-(11) at each interface r = a j we obtain the relations

(Cm, j+1
I ,Cm, j+1

K ,Dm, j+1
I ,Dm, j+1

K )T = M j(C
m, j
I ,Cm, j

K ,Dm, j
I ,Dm, j

K )T ,

where M j is a complex matrix of order 4. We do not write the explicit form of the

elements of the matrix M j. They can be written as a combination of modified Bessel

functions and the expressions are similar to those obtained in [5] for an isotropic

case.

The matrix connecting the coefficients from vacuum layer to the coefficients of

the last layer can be found as a matrix product

M = MN−1MN−2...M1M0.

From the boundary condition at the axis we have Dm,0
K = 0. If the last layer,

j = N, is infinite with finite conductivity then we have open boundary condition.

The field should decay at infinity, giving Cm,N
K = 0,Dm,N

K = 0, and we are looking

for the solution of the following simple system

M11 M13 0 0

M21 M23 −1 0

M31 M33 0 0

M41 M43 0 −1





Cm,0
I /Cm,0

K

Dm,0
I /Cm,0

K

Cm,N
K /Cm,0

K

Dm,N
K /Cm,0

K


=



−M12

−M22

−M32

−M42


. (12)



11

After numerically solving of Eq. (12) the modal longitudinal impedance in Eq. (5)

can be found as

Zm(k, γ) = −
ikZ0

2π(γ2 − 1)
Cm,0

I

Cm,0
K

.

If the last layer, j = N, is closed with perfectly electric conducting (PEC) material

at r = aN , then we use a modified matrix

M = MC2F
N MN−1MN−2...M1M0,

where MC2F
N is a matrix converting the field coefficients in the field components

Hr,Hϕ and their derivatives:

Hr,m(aN)

Hϕ,m(aN)
∂
∂r [Hϕ,mr]|r=aN

∂
∂r [µrHr,mr]|r=aN


= MC2F

N



Cm,N
I

Cm,N
K

Dm,N
I

Dm,N
K


.

Again we do not write the explicit form of the elements of the matrix MC2F
N . They

can be written as a combination of modified Bessel functions and the expressions

are easy to obtain from Eqs. (3), (9) in any computer program supporting symbolic

calculations.

The boundary conditions for perfectly conducting material at aN can be written

as Hr,m(aN) = 0, ∂
∂r [Hϕ,mr]|r=aN = 0. Hence in order to find the impedance we again

use Eqs. (12) where the right hand side has the same form but the vector of un-

knowns is different: (Cm,0
I /Cm,0

K ,Dm,0
I /Cm,0

K ,Hϕ,m(aN)/Cm,0
K , ∂

∂r [µrHr,mr]|r=aN/C
m,0
K )T .

For rectangular geometries we follow the same approach. The field in the homo-

geneous uniaxially anisotropic layer can be presented as sum of complex exponents

Ez,m(r) = Cm
+ ekεy,my + Cm

−e−kεy,my, Hz,m(r) = Dm
+ekµy,my + Dm

−e−kµy,my,

kεy,m =

√
k2

x,m + ν2
y

εz

εy
, kµy,m =

√
k2

x,m + ν2
y

µz

µy
, ν2

y = k2β−2 − ω2ε2
yµ

2
y.
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In the following we consider only the case where the rectangular structure is sym-

metric in the y-direction (up-bottom symmetry). In this case Eq. (6) has a simpler

form

Zm(y0, y, k, γ) = Zcc
m (k, γ) cosh(ky,my0) cosh(ky,my) + Z ss

m (k, γ) sinh(ky,my0) sinh(ky,my).

The item Zcc
m (k, γ) can be found from the solution of the problem in the half of the

domain with magnetic boundary condition at the symmetry plane Hz,m(0) = 0. If

the last layer, j = N, is infinite with finite conductivity then we have open boundary

condition. The field should decay at infinity and it results in Cm,N
+ = 0,Dm,N

+ = 0.

Hence we are looking for the solution of the following system

M11 + M12 M13 − M14 0 0

M21 + M22 M23 − M24 −1 0

M31 + M32 M33 − M34 0 0

M41 + M42 M43 − M44 0 −1





Cm,0
+ /(Cm,0

− −Cm,0
+ )

Dm,0
+ /(Cm,0

− −Cm,0
+ )

Cm,N
− /(Cm,0

− −Cm,0
+ )

Dm,N
− /(Cm,0

− −Cm,0
+ )


=



−M12

−M22

−M32

−M42


. (13)

After numerical solution of Eq. (13) the item Zcc
m (k, γ) can be found as

Zcc
m (k, γ) = −

2ikZ0

π(γ2 − 1)k0
y,m

Cm,0
+

(Cm,0
− −Cm,0

+ )
, k0

y,m =

√
k2

x,m +
k2

γ2β2 .

The item Z ss
m (k, γ) can be found from the solution of another problem in the half of

the domain with electric boundary condition at the symmetry plane Ez,m(0) = 0. We

are looking for the solution of the following system

M11 − M12 M13 + M14 0 0

M21 − M22 M23 + M24 −1 0

M31 − M32 M33 + M34 0 0

M41 − M42 M43 + M44 0 −1





Cm,0
+ /(Cm,0

− + Cm,0
+ )

Dm,0
+ /(Cm,0

− + Cm,0
+ )

Cm,N
− /(Cm,0

− + Cm,0
+ )

Dm,N
− /(Cm,0

− + Cm,0
+ )


=



−M12

−M22

−M32

−M42


. (14)

After numerical solution of Eq.(14) the item Z ss
m (k, γ) can be found as

Z ss
m (k, γ) = −

2ikZ0

π(γ2 − 1)k0
y,m

Cm,0
+

(Cm,0
− + Cm,0

+ )
.
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If the last layer, j = N, is closed with perfectly conducting material at y = aN

then we use a modified matrix in the same way as described above for the round

geometry. We will not consider here a rectangular structure without symmetry. In

general, matrix M is a composition of matrices for all layers. It can be found and

treated in the same way as described in [5] for an isotropic case.

IV. FINITE-DIFFERENCE METHOD FOR FULL ANISOTROPY

In this section we describe a finite-difference method to treat the round and the

rectangular structures with arbitrary anisotropic materials. We start with the round

case. At the beginning we have to decide which equations to use. The system

(3) contains 8 first-order equations for 6 unknown field components. It can be

reduced only to 2 second-order equations. For example we can use Eqs. (7) for

longitudinal components of electric and magnetic fields. However for relativistic

beam in vacuum these equations degenerate: the coefficients in highest derivatives

go to infinity. We would like to have a pair of equations which are non-singular

and give the field components even in a perfectly conducting vacuum pipe. The

relativistic charge in the limit v = c in perfectly conducting pipe does not have

the longitudinal filed components. Hence the equations should be ones for the

transverse field components. A possible choice could be to write equations for

the radial components of electric and magnetic fields. However for higher order

modes, m > 0, these equations have singular coefficients as well.

We suggest to solve the well-posed problem for transverse components of mag-

netic field only,

∂

∂r
1

rεz

∂

∂r
[H s

ϕ,mr] + bϕ(r)[H s
ϕ,mr] +

m
r2εrµz

∂

∂r
[µrHr,mr]−

∂

∂r

(
m

r2εzµr
[µrHr,mr]

)
= −bϕ(r)[H0

ϕ,mr], (15)
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∂

∂r
1

rµz

∂

∂r
[µrHr,mr] + br(r)[µrHr,mr] +

mεϕ
r2εz

∂

∂r
[H s

ϕ,mr]−

∂

∂r

(
mµϕ
r2µz

[H s
ϕ,mr]

)
=
∂

∂r

(
mµϕ
rµz

H0
ϕ,m

)
, (16)

bϕ(r) =
ω2µϕ

r
−

k2

rεrβ2 −
m2µϕ

r3εrµz
, br(r) =

ω2εϕ

r
−

k2

rµrβ2 −
m2εϕ

r3µrεz
.

In order to remove the discontinuity of the azimuthal component in the charge lo-

cation r0 we present the azimuthal component of the magnetic field in the form

Hϕ,m = H s
ϕ,m + H0

ϕ,m, H0
ϕ,m = (1 + δm0)H0

ϕ, H0
ϕ =

θ(r − r0)
2πr

,

where θ(r) is Heaviside function and H0
ϕ presents a monopole harmonic of the self

field of relativistic charge in free space. Let us note that H s
ϕ,m has the meaning of

the scattered field only for the lowest monopole mode, m = 0, and the relativistic

charge. Another choice could be to take H0
ϕ,m as a true m-harmonic of the self-

field but this introduces additional terms into the right-hand side of Eqs. (15), (16)

without any clear improvement of the accuracy of the numerical solution.

FIG. 3: One dimensional mesh and positions of the transverse magnetic field components.

We introduce one dimensional mesh with shifted positions of the transverse

magnetic filed components as shown in Fig. 3. The mesh in material is not equidis-

tant in general. It is chosen to sample the wave length in the material properly and
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depends on the wavenumber k = ω/c. We use the standard second order approxi-

mations of the derivatives [15] and the finite-difference scheme reads
1

ri+0.5 − ri−0.5

[
aϕ(ri+0.5)

hϕ,i+1 − hϕ,i
ri+1 − ri

− aϕ(ri−0.5)
hϕ,i − hϕ,i−1

ri − ri−1

]
+ bϕ(ri)hϕ,i+

cϕ(ri)
hr,i+0.5 − hr,i−0.5

ri+0.5 − ri−0.5
−

dϕ(ri+0.5)hr,i+0.5 − dϕ(ri−0.5)hr,i−0.5

ri+0.5 − ri−0.5
= fϕ(ri),

1
ri − ri−1

[
ar(ri)

hr,i+0.5 − hr,i−0.5

ri+0.5 − ri−0.5
− ar(ri−1)

hr,i−0.5 − hr,i−1.5

ri−0.5 − ri−1.5

]
+ br(ri−0.5)hr,i−0.5+

cr(ri−0.5)
hϕ,i − hϕ,i−1

ri − ri−1
−

dr(ri)hϕ,i − dr(ri−1)hϕ,i−1

ri − ri−1
= fr(ri−0.5), (17)

where we have introduced the discrete field components hϕ,i = H s
ϕ,m(ri)ri, hr,i+0.5 =

µr(ri+0.5)Hr,m(ri+0.5)ri+0.5 and the following notation

aϕ(ri+0.5) =
1

ri+0.5εz(ri+0.5)
, cϕ(ri) =

m
r2

i εr(ri)µz(ri)
,

dϕ(ri+0.5) =
m

r2
i+0.5εz(ri+0.5)µr(ri+0.5)

, fϕ(ri) = −br(ri)[H0
ϕ,m(ri)ri]

ar(ri) =
1

riµz(ri)
, cr(ri−0.5) =

m
r2

i−0.5εϕ(ri−0.5)εz(ri−0.5)
,

dr(ri) =
m

r2
i µϕ(ri)µz(ri)

, fr(ri−0.5) =
dr(ri)[H0

ϕ,m(ri)ri] − dr(ri−1)[H0
ϕ,m(ri−1)ri−1]

ri − ri−1
.

At the axis of axially symmetric geometry we have magnetic boundary condition

[Hϕ,rr]|r=0 = 0,
∂

∂r
[µrHr,mr]|r=0 = 0,

and the equations for i = 1 can be written in the form
1

r1.5 − r0.5

[
aϕ(r1.5)

hϕ,2 − hϕ,1
r2 − r1

− aϕ(r0.5)
hϕ,1
r1

]
+ bϕ(r1)hϕ,1+

cϕ(r1)
hr,1.5 − hr,0.5

r1.5 − r0.5
−

dϕ(r1.5)hr,1.5 − dϕ(r0.5)hr,0.5

r1.5 − r0.5
= fϕ(r1),

1
r1

[
ar(r1)

hr,1.5 − hr,0.5

r1.5 − r0.5

]
+ br(r0.5)hr,0.5 + cr(r0.5)

hϕ,1
r1
−

dr(r1)hϕ,1
r1

= fr(r0.5),

If the exterior boundary is perfectly conducting at rN+0.5 = b then we have electric

boundary condition for the magnetic field

[µrHr,mr]|r=b = 0,
∂

∂r
[Hϕ,mr]|r=b = 0,
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and the equations for i = N can be written in form (17) with hϕ,N+1 = hϕ,N , hr,N+0.5 =

0. Hence we have to solve a linear system

Mh = f , h = (hϕ,1, hϕ,2, ..., hϕ,N , hr,0.5, hr,1.5, ..., hr,N+0.5)t, (18)

where the matrix M has dimensions 2N × 2N and the seven band structure shown

in Fig. 4 on the left side.

FIG. 4: Reduction of seven band matrix to pentadiagonal form.

In order to use a direct method of solution of linear system (18) we introduce the

permutation matrix Pσ defined by permutation of indexis

σi =

 2N + 1 − i
2 , i even,

N + 1 − i−1
2 , i odd.

(19)

It converts the sparse seven band matrix M in pentadiagonal form PσMPT
σ shown in

Fig. 4 on the right side. The new system allows for a direct solution with complexity

O(N) [16], meaning that the solution time is proportional to the number of mesh

points.

If the last layer is infinite then we need an open boundary condition to truncate

the matrix at r = b. If the last material has only uniaxial anisotropy like one con-

sidered in Section III then we can easily write such a condition. Indeed from the

definition of the modified Bessel functions of the second type, the open boundary
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condition in the round geometry reads (see Eq. (9))

∂

∂r
Ez,m +

Kε
m

r
Ez,m = 0, Kε

m =

(
m + rνεr

Km−1(νεrr)
Km(νεrr)

)
,

∂

∂r
Hz,m +

Kµ
m

r
Hz,m = 0, Kµ

m =

(
m + rνµr

Km−1(νµr r)
Km(νµr r)

)
. (20)

Combining Eqs.(20) with Maxwells equations (3) we can derive the open boundary

conditions for the transverse components of the magnetic field:

εr

εz

(
Kε

m −
m2

Kµ
m

)
∂

∂r
[Hϕ,mr] + rν2

r [Hϕ,mr] +
m
r

(
r2 ν

2
r

Kµ
m
−
εr

εz

(
Kε

m −
m2

Kµ
m

))
[µrHr,mr] = 0,

µr

µz

(
Kµ

m −
m2

Kε
m

)
∂

∂r
[µrHr,mr] + rν2

r [µrHr,mr] +
m
r

(
r2 ν

2
r

Kε
m
−
µr

µz

(
Kµ

m −
m2

Kε
m

))
[Hϕ,mr] = 0.

We approximate these boundary condition on the one dimensional mesh with sec-

ond order by finite differences [15]. The final matrix will have the same structure

as in previous situation with the perfectly conducting boundary (see Fig.4).

After numerical solution of the linear system (18) the longitudinal electric field

component and the impedance can be found as

Ez,m(r0) = −
i

ωεz(r0)r0

[
∂

∂r
[Hϕ,mr]|r=r0 − mHr(r0)

]
,

Zm(k) =
Ez,m(r0)
Im(ν0

r r0)2 −
GKm(ν0

r r0)
Im(ν0

r r0)
, G =

ikZ0

2π(γ2 − 1)
.

In the case of rectangular geometry we again consider only the case with sym-

metry plane at y = 0. In this case we have to solve two problems in half of the

computational domain. The first problem for Zcc has a magnetic boudary condition

at the symmetry plane (Hz,m(0) = 0) and we approximate it in the same way as it

was done at the axis for round geometry. The second problem for Zss has an electric

boundary condition (Ez,m = 0) at the symmetry plane and we approximate it in the

same way as it was done for round geometry at PEC boundary.

If the last layer of the rectangular geometry is infinite and has only uniaxial

anisotropy then the open boundary condition for the longitudinal field components
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read

∂

∂y
Ez,m + kεy,mEz,m = 0,

∂

∂y
Hz,m + kµy,mHz,m = 0,

Combining them with Maxwell’s equations (4) we can derive the open boundary

conditions for the transverse components of the magnetic field in the rectangular

case:

εy

εz

kεy,m − k2
x,m

kµy,m

 ∂

∂y
Hx + ν2

yHx − kx,m

 ν2
y

kµy,m
−
εy

εz

kεy,m − k2
x,m

kµy,m

 Hy,m = 0,

µy

µz

kµy,m − k2
x,m

kεy,m

 ∂

∂y
Hy + ν2

yHy − kx,m

 ν2
y

kεy,m
−
µy

µz

kµy,m − k2
x,m

kεy,m

 Hx,m = 0.

The longitudinal electric field component and the impedance in the rectangular case

can be found as

Ez,m(y0) = −
i

ωεz(y0)

[
∂

∂y
Hx,m|y=y0 + kx,mHy,m(y0)

]
,

Zcc
m (k) =

Ez,m(y0)
cosh(k0

y,my0)2 −
2G

k0
y,m cosh(k0

y,my0)
e−k0

y,m ,

Z ss
m (k) =

Ez,m(y0)
sinh(k0

y,my0)2 −
2G

k0
y,m sinh(k0

y,my0)
e−k0

y,m ,

where Hx,m,Hy,m are solutions of the corresponding problem with magnetic or elec-

tric boundary condition at the symmetry plane.

V. COMBINATION OF FIELD MATCHING AND FINITE-DIFFERENCE

METHODS FOR ANISOTROPIC WAVEGUIDES

The finite-difference method of the previous section allows treating the full

anisotropy but it could also be time-consuming as it requires a mesh in the whole

domain. In this Section we suggest a combination of the field matching technique

and of the finite-difference method.

Again we will start with a round geometry. In order to describe the method, let

us consider example shown in Fig.5: the first and the third layers allow solutions
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FIG. 5: One dimensional mesh of combined method and positions of the transverse mag-

netic field components.

in analytical form, Eq.(9), the middle layer is anisotropic and could be treated only

with finite-difference method. Let us denote the coefficients in the first layer as

Cm,1
I ,Cm,1

K ,Dm,1
I ,Dm,1

K and the coefficients in the third layer as Cm,3
I ,Cm,3

K ,Dm,3
I ,Dm,3

K .

In order to use the matrix approach of Section III we need to find matrix MFD
13 ,

converting the first set of coefficients in the second one:

Cm,3
I

Cm,3
K

Dm,3
I

Dm,3
K


= MFD

13



Cm,1
I

Cm,1
K

Dm,1
I

Dm,1
K


.

The matrix M13 can be found as a product of several simple complex matrices of

size 4 × 4:

M13 = MF2C
2 MF2F

2 MFD
12 MF2F

1 MC2F
1 , (21)

where MCF
1 is the matrix introduced already at Section III. It converts

the coefficients Cm,1
I ,Cm,1

K ,Dm,1
I ,Dm,1

K in the magnetic field components (and

their derivatives) Hr,m(a−1 ),Hϕ,m(a−1 ), ∂
∂r [Hϕ,mr]|r=a−1

, ∂
∂r [µrHr,mr]|r=a−1

. Here the
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notation r = a−1 means a one-sided limit from below. The matrices

MF2F
1 converts the one-sided limits of the fields components from below

Hr,m(a−1 ),Hϕ,m(a−1 ), ∂
∂r [Hϕ,mr]|r=a−1

, ∂
∂r [µrHr,mr]|r=a−1

into one-sided limits of the fields

components from above Hr,m(a+
1 ),Hϕ,m(a+

1 ), ∂
∂r [Hϕ,mr]|r=a+

1
, ∂
∂r [µrHr,mr]|r=a+

1
. The ma-

trix MF2F
2 makes the same at r = a2. Finally matrix MF2C

2 converts the field

components Hr,m(a+
2 ),Hϕ,m(a+

2 ), ∂
∂r [Hϕ,mr]|r=a+

2
, ∂
∂r [µrHr,mr]|r=a+

2
into the coefficients

Cm,3
I ,Cm,3

K ,Dm,3
I ,Dm,3

K . All these matrices can be found easily in the analytical

form with a help of any computer program for symbolic calculations. Only

the matrix MFD
12 converting Hr,m(a+

1 ),Hϕ,m(a+
1 ), ∂

∂r [Hϕ,mr]|r=a+
1
, ∂
∂r [µrHr,mr]|r=a+

1
into

Hr,m(a−2 ),Hϕ,m(a−2 ), ∂
∂r [Hϕ,mr]|r=a−2

, ∂
∂r [µrHr,mr]|r=a−2

requires application of the finite-

difference scheme of Section IV.

For the combined method we use the one-dimensional mesh shown in Fig. 5. In

order to obtain the second-order approximation of the boundary conditions we use

the fictive nodes outside of the layer. The equations are discretized in the same way

as in Section IV for i = 1, ...,N (see. Eq. (17)) and we can write the undetermined

matrix equation

Mh = f , h = (hϕ,0, hϕ,1, ..., hϕ,N+1, hr,−0.5, hr,0.5, ..., hr,N+0.5)t, (22)

where M is a non-square matrix of size 2N×(2N +4). In order to reduce the number

of the unknowns to 2N we will use the boundary conditions at r = a1 and exclude

hϕ,0, hϕ,1, hr,−0.5, hr,0.5.

Let us write a general form of the boundary conditions at r = a1

Hr,m(a+
1 ) = Br,Hϕ,m(a+

1 ) = Bϕ,
∂

∂r
[Hϕ,mr]|r=a+

1
= Dϕ,

∂

∂r
[µrHr,mr]|r=a+

1
= Dr. (23)

It is easy to write the second order approximation of the first three equations (23)

and obtain the expressions for hϕ,0, hϕ,1, hr,0.5 :

hr,0.5 = Br, hϕ,0 = Bϕ − (r0.5 − r0)Dϕ, hϕ,1 = Bϕ + (r1 − r0.5)Dϕ.
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In order to find hr,−0.5 we use the second order approximation of the fourth boundary

condition and Eq. (23) for i = 1. After a simple algebra we obtain:

hr,−0.5 = −
MN+1,1hϕ,1 + MN+1,2hϕ,2 + MN+1,N+4hr,0.5 + MN+1,N+5Dr(r1.5 − r−0.5)

MN+1,N+3 + MN+1,N+5
,

where Mi, j are elements of matrix M in Eq. (22). Through excluding of

hϕ,0, hϕ,1, hr,−0.5, hr,0.5 from system Eq.(22) we obtain a matrix equation with reduced

matrix Mr of size 2N × 2N:

Mr hr = f r, (24)

hr = (hϕ,2, hϕ,3, ..., hϕ,N+1, hr,1.5, hr,2.5, ..., hr,N+0.5)t,

f r = ( f r
1 , f r

2 , f3, fN , f r
0.5, f r

1.5, f r
2.5..., fN−0.5)t,

Mr
i, j = Mi, j+2, i = 1, ..., 2N, j = 1, ...,N,

Mr
i, j = Mi, j+4, i = 1, ..., 2N, j = N + 1, ..., 2N,

where

f r
1 = f1 − (M1,1hϕ,0 + M1,2hϕ,1 + M1,N+4hr,0.5), f r

2 = f2 − M2,2hϕ,1,

f r
0.5 = f0.5 − (MN+1,1hϕ,0 + MN+1,2hϕ,1 + MN+1,N+3hr,−0.5 + MN+1,N+4hr,0.5),

f r
1.5 = f1.5 − (MN+2,2hϕ,1 + MN+2,N+4hr,0.5).

The matrix Mr of system (24) has the form shown in Fig. 6 and it can be reduced

with the permutations (19) to the upper triangular matrix shown on the right. Hence

the system requires only O(N) operations to solve it.

In order to find matrix MFD
12 we need to solve the same equations but with 4

different sets of boundary conditions at r = a1. The boundary conditions at r = a1

for the first problem read

Hr,m(a+
1 ) = 1,Hϕ,m(a+

1 ) = 0,
∂

∂r
[Hϕ,mr]|r=a+

1
= 0,

∂

∂r
[µrHr,mr]|r=a+

1
= 0.
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FIG. 6: Reduction of seven band matrix of combined method to upper triangular form.

The field components

Hr,m(a−2 ) = (hr,N+0.5 + hr,N−0.5)/2, Hϕ,m(a−2 ) = hϕ,N ,

∂

∂r
[Hϕ,mr]|r=a−2

=
hr,N+1 − hr,N−1

rN+1 − rN−1
,

∂

∂r
[µrHr,mr]|r=a−2

=
hr,N+0.5 − hr,N−0.5

rN+0.5 − rN−0.5

will give the elements of the first column of matrix MFD
12 . The second column can be

found from the solution of the same equations but with another boundary condition

at r = a1:

Hr,m(a+
1 ) = 0,Hϕ,m(a+

1 ) = 1,
∂

∂r
[Hϕ,mr]|r=a+

1
= 0,

∂

∂r
[µrHr,mr]|r=a+

1
= 0.

Analogously we will find the third and the fourth columns of this matrix.

As can be seen from the above description we need to solve the problem 4 times

in the anisotropic layer only. If the layer is thin then the suggested method is faster

than the finite-difference method of the previous section where the whole domain

has to be discretized to sample the electromagnetic field everywhere. At the rectan-

gular geometry the algorithm is exactly the same with corresponding equations for

the rectangular case.
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VI. NUMERICAL EXAMPLES

Recently, experimental demonstration of energy modulations in dielectric pipes

was observed at the PITZ facility [17]. The experiment was performed with a di-

electric pipe with an isotropic dielectric layer of permittivity ε = 4.41ε0. The layer

starts at radius a0 = 0.45 mm and is closed with PEC at a1 = 0.55 mm. We take

this dielectric pipe as our first example and calculate the steady-state wake of a

relativistic Gaussian bunch with rms length σz = 25 µm. In Fig. 7 we show the

longitudinal and the transverse wake potentials near the pipe axis. The longitudinal

wake potential for the charge distribution λ(s) is defined as

W‖(s) =

∫ s

−∞

w‖(s′)λ(s − s′)ds′.

The transverse wake potential is defined analogously and W⊥(s) means here the

dipole component of the transverse wake normalized by offset [14].

FIG. 7: The longitudinal and the transverse wake potentials near the pipe axis as obtained

by time-domain code ECHO2D (solid black line) and by frequency-domain code ECHO1D

(grey dashed line).

The gray dashed line shows the results obtained with field matching method

as described in Section III. The solid line is obtained with time-domain code
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FIG. 8: The longitudinal wake and the real part of the longitudinal impedance for dielectric

pipe at PITZ. The solid black lines show the results for isotropic case and the dashed grey

line presents the result for anysotropic case.

ECHO2D [11]. In order to obtain the steady-state wake in time-domain we have

subtracted the wake for pipe of length 10 cm from the wake of pipe of length 11 cm.

The agreement of the curves from two different methods confirms the correctness of

the results. In Fig. 8 the longitudinal wake potential and the real part of the longitu-

dinal impedance are shown. The solid black lines show the results for the isotropic

case and the dashed grey line presents the result for the anisotropic case when we

have changed only the permittivity in radial direction, εr = 6ε0. We see a clear shift

in the modal frequencies for the anisotropic case. It cannot be treated with the field

matching only. Here we have used methods described in Sections IV, V. The wave

number k was sampled from 1 m−1 to 105 m−1 with step 0.2. The execution times

for all methods are shown in Table I. Let us note that in this example we have used

a small conductivity κ = 1 S/m to resolve the real part of the impedance.

For the same aperture size the cylindrical geometry allows to obtain the high-

est accelerating gradients. Due to technological difficulties in preparing cylindrical

structures with stringent requirements to tolerances the rectangular structures are
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TABLE I: Execution time in seconds for different methods.

Method Round Rectangular

Field Matching (Section III) 31 5

Finite-Difference (Section IV) 170 110

Combined (Section V) 86 60

FIG. 9: The longitudinal electric field component and the real part of the longitudinal

impedance for anisotropic (solid black line) and isotropic (dashed gray line) rectangular

structures.

considered as well. As a next example we consider a Gaussian relativistic elec-

tron bunch with parameters of the Argonne wakefield accelerator in the sapphire-

based rectangular accelerating structure [1, 3]. The rectangular structure has width

2w = 11mm, the anisotropic layer starts at a0 = 1.5 mm and is closed by PEC at

a1 = 2.39 mm. The permittivities along main axes are: εx = εz = 9.4ε0, εy = 11.5ε0.

It corresponds to a frequency of 25.0 GHz of the accelerating mode of the structure.

For comparison a waveguide with isotropic dielectric filling with ε = 10.45ε0 cor-

responds to the base frequency of 24.23 GHz. The electron bunch with energy 15

MeV, charge 100 nC and bunch length σz = 1.5mm is considered. The dependence
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of the longitudinal electric field component Ez at the symmetry axis produced by

the bunch on the distance s = vt − z behind it is shown in Fig. 9. The solid line

corresponds to anisotropic sapphire, the dashed line corresponds to isotropic fill-

ing. The wave number k was sampled from 1 m−1 to 20e4 m−1 with step 0.2 and we

have calculated 5 the lowest odd Fourier harmonics in Eq. (6). At this example we

used a small conductivity κ = 0.05 S/m to resolve the real part of the impedance.

The data in Fig. 9 agree with the results published in [3]. A frequency shift with a

little influence on the wake field amplitudes can be seen.

The execution times of different methods discussed in this paper for the rectan-

gular example are shown in Table I. It can be seen again that for the same accuracy

the combined method requires less computational time as compared to a fully finite-

difference one.
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