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Abstract: It was found that renormalization group equations in the heavy-quark effective theory

(HQET) for the operators involving one effective heavy quark and light degrees of freedom are

completely integrable in some cases and are related to spin chain models with the Hamiltonian

commuting with the nondiagonal entry C(u) of the monodromy matrix. In this work we provide

a more complete mathematical treatment of such spin chains in the QISM framework. We also

discuss the relation of integrable models that appear in the HQET context with the large-spin

limit of integrable models in QCD with light quarks. We find that the conserved charges and the

“ground state” wave functions in HQET models can be obtained from the light-quark counterparts

in a certain scaling limit.
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1 Introduction

The notion of effective field theories (EFT) is central to modern particle physics both at the

conceptual level and as a calculational tool. In particular the large range of quark masses in nature

invites the EFT construction. If the quarks are very light as compared to the typical scales, their

masses effectively become irrelevant and can be treated as a perturbation; the theory of strong

interactions in this limit acquires additional — chiral — symmetry and can be matched to an

effective low-energy theory described by chiral Lagrangian. Similarly, if the quarks are very heavy,

their masses again become irrelevant. Heavy quarks in loops decouple whereas heavy quarks in

initial and final states move along their classical trajectories and can be thought of as sources of an

external Coulomb field. The corresponding EFT — the Heavy Quark Effective Theory (HQET) [1]

— is well established and contributed significantly to the studies of flavor sector of the Standard

Model.

Gauge theories can have “hidden” symmetries that are not seen at the Lagrangian level. In

particular, it turns out that the renormalization group equations (RGEs) in QCD are integrable for

several important cases to one loop accuracy in the multi-color limit [2–6]. This property allows one

to apply a powerful mathematical apparatus – Quantum Inverse Scattering Method (QISM) [7–10]

– to study properties of these equations and their solutions in great detail, see e.g. [5, 11–14] for

several concrete applications. Integrability was also discovered in the N = 4 supersymmetric

Yang-Mills theory [15, 16] and is much more powerful in this case. A comprehensive review of

integrability in N = 4 supersymmetric Yang-Mills theory and its connection with the AdS/CFT

correspondence can be found in [16], together with further references.

It is natural to expect that an EFT describing a certain sector of the underlying theory retains

some of the symmetries. Indeed, it was found [17–19] that RGEs in HQET for the operators

involving one effective heavy quark and light degrees of freedom are integrable under similar

conditions as in QCD with light quarks and are related to unconventional integrable models

with the Hamiltonian commuting with the nondiagonal entry C(u) of the monodromy matrix.

Analogous unconventional integrable models have appeared recently in the studies of high-energy

scattering amplitudes in the N = 4 supersymmetric Yang-Mills theory [20–23].

In Refs. [17–19] only the results of immediate relevance for the phenomenology of B-meson

weak decays were presented without derivation. The aim of the present paper is twofold. First, we

provide a more complete mathematical treatment of the RG equations in HQET in the framework

of QISM approach. The relevant spin chain models are identified and solved for one heavy and

arbitrary number of light degrees of freedom.

Second, we discuss the relation of integrable models that appear in the HQET context with the

large-spin limit of integrable models in QCD with light quarks [4–6]. We find that the conserved

charges in HQET models can be obtained from the light-quark counterparts by a simple rescaling

procedure, and also the “ground state” wave functions are related.
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2 General remarks

2.1 Renormalization Group Equations in HQET

For our discussion the two-component spinor formalism is the most convenient. We write the Dirac

spinor as

q =

(
ψα

χ̄β̇

)
, q̄ = (χβ, ψ̄α̇) (2.1)

and decompose the gluon field strength in terms of chiral and antichiral symmetric tensors fαβ
and f̄α̇β̇,

Fαβ,α̇β̇ = σµαα̇σ
ν
ββ̇
Fµν = 2

(
εα̇β̇fαβ − εαβ f̄α̇β̇

)
, (2.2)

which belong to (1, 0) and (0, 1) representations of the Lorenz group, respectively.

Twist decomposition is usually done by a projection on a pair of auxiliary light-like vectors

n2 = 0, n̄2 = 0 which can be represented by a product of auxiliary spinors

nαα̇ = nµσ
µ
αα̇ = λαλ̄α̇ , n̄αα̇ = n̄µσ

µ
αα̇ = µαµ̄α̇ (2.3)

where λ̄ = λ†, µ̄ = µ†. The “+” and “–” fields are defined as

χ+ = λαψα, ψ̄+ = λ̄α̇ψα̇, f++ = λαλβfαβ, f+− = λαµβfαβ , f̄++ = λ̄α̇λ̄β̇ f̄α̇β̇ (2.4)

etc. The effective heavy quark field of HQET hv can be represented by a Wilson line in a timelike

direction v = (1/2)(n+ n̄), v2 = 1 with an attached free Dirac spinor so that [24]:

〈0|hv(0)|h, v〉 = [0,−v∞] = Pexp

[
ig

∫ 0

−∞
dα vµA

µ(αv)

]
. (2.5)

The equation of motion (EOM) /vhv = hv implies for the two-component spinors

h+ = −h̄− , h− = h̄+ . (2.6)

In this work we will be dealing with renormalization of gauge-invariant operators built of a

heavy quark and light quark/gluon fields at lightlike separations (“light-ray operators”). The

simplest operator in question is

O+(z, µ) = ψ̄+(zn)[zn, 0]h+(0) , [zn, 0] = Pexp

[
ig

∫ 1

0
dαnµA

µ(αzn)

]
. (2.7)

Thanks to (2.5) this operator can be viewed as a single light antiquark attached to the Wilson line

with a cusp containing one lightlike and one timelike segment. Its matrix element between vacuum

and HQET meson state defines what is called a leading twist heavy-meson (e.g. B-meson in static

limit) distribution amplitude (DA) in position space

i〈0|O+(z, µ)|B(v)〉 ∼ Φ+(z;µ) . (2.8)
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The DA Φ+(z;µ) is an analytic function of the light-cone separation z in the lower half of the

complex plane. Its scale dependence is driven by the RGE for the operator O+(z, µ), which has

the form (
µ
∂

∂µ
+ β(g)

∂

∂g
+
αsCF
π
Hqh

)
O+(z, µ) = 0 , (2.9)

where the evolution kernel Hqh (the heavy-light “Hamiltonian”) is an integral operator [25–27]

[Hqhf ](z) =

∫ 1

0

dα

α

(
f(z)− ᾱf(ᾱz)

)
+ ln(iµz) f(z)− (σh + σq) f(z) , ᾱ ≡ 1− α . (2.10)

Here σh = 1/2 and σq = 3/4 are the heavy and light quark anomalous dimensions, respectively. In

what follows we imply using dimensional regularization with minimal subtraction (MS-scheme).

It was noticed [28] that this operator can be written in a simpler form in terms of the generator

of special conformal transformations

Hqh = ln(iµS+
q ) + γE − σh − σq . (2.11)

Thus Hqh and S+
q = z2∂z + 2z share the same eigenfunctions

iS+Qs(z) = sQs(z) , HqhQs(z) =
[

ln(µ s) + γE − σh − σq
]
Qs(z) (2.12)

with

Qs(z) = − 1

z2
eis/z , (2.13)

providing the complete set of solutions for the RGE (2.9).

In the description of heavy baryons and also of higher Fock states in heavy mesons, more

complicated operators arise that involve more than one light degree of freedom, of the type

ψ+(z1n)ψ+(z2n)h+(0) ,

χ+(z1n)f̄++(z2n)h+(0) ,

χ+(z1n)f+−(z2n)h−(0) , (2.14)

etc., where we suppress color structure and the gauge links. The “Hamiltonians” appearing in the

RGEs for such operators to one loop accuracy have a pairwise structure, e.g.

Hqgh = Hqg +Hqh +Hgh , (2.15)

where the “heavy-light” two-particle evolution kernels have the form similar to (2.11) with the

generators in the appropriate representation, and the “light-light” ones can be written in terms of

the corresponding quadratic Casimir operators [29]. Explicit expressions can be found, e.g., in [19].

It turns out [17–19] that these more complicated RGEs are completely integrable and can be

solved using QISM techniques. In this work we construct and discuss the corresponding spin chain

models which differ somewhat from the standard ones and may be interesting in other applications.

– 4 –



2.2 Spin chain models

The RGE kernels in HQET of the type (2.15) can be identified with the Hamiltonians of certain

spin chain models with SL(2,R) symmetry. These models describe quantum mechanical systems

of interacting spins, S
(k)
α = {S(k)

+ , S
(k)
− , S

(k)
0 }, which are the generators of SL(2,R). The index

k = 1, . . . , N enumerates the sites of the chain, where the number N corresponds to the number of

light degrees of freedom. The spin operators on a given site k obey standard commutation relations

[S
(k)
0 , S

(k)
± ] = ±S(k)

± , [S
(k)
+ , S

(k)
− ] = 2S

(k)
0 (2.16)

and commute with each other for k 6= k′. The generators can conveniently be realized as the first

order differential operators

S
(k)
+ = z2k∂zk + 2zksk, S

(k)
0 = zk∂zk + sk, S

(k)
− = −∂zk . (2.17)

The spin sk labels a representation of the SL(2,R) group. The choice of the representation depends

on the problem under consideration. In statistical physics one usually encounters spin chains with

finite dimensional representations, while in QFT one deals with infinite dimensional representations.

In the present context we need the so-called discrete series representation of SL(2,R) group,

D−s [30]. It is defined on the space of functions analytic in the lower half-plane and equipped with

the scalar product [30]

〈f, g〉s =

∫
Im z<0

Dsz (f(z))∗g(z) , (2.18)

where

Dsz =
2s− 1

π
(−2Im z)2s−2dxdy , z = x+ iy . (2.19)

This scalar product is invariant with respect to the symmetry transformations

f(z) 7→ [T (g)f ](z) =
1

(cz + d)2s
f

(
az + b

cz + d

)
, (2.20)

where g−1 =

(
a b

c d

)
∈ SL(2,R). The operators (2.17) are the generators of infinitesimal transfor-

mations corresponding to (2.20). They are anti-hermitian with respect to the scalar product (2.18).

The Hilbert space of the N -site spin chain is given by the space of functions of N complex

variables analytic in the lower complex half-plane in each variable and equipped with the scalar

product

〈f, g〉s1...sN =
N∏
k=1

∫
Imzk<0

Dskzk (f(z1, . . . , zN ))∗g(z1, . . . , zN ) . (2.21)

In the following we will often drop the subscripts s1, . . . , sN if the spins are clear from the context.
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3 Heavy-light spin chain models

3.1 Closed spin chain

3.1.1 Monodromy matrix

The QISM approach allows one to construct a set of mutually commuting operators (charges) for

spin chain models as follows. One defines the so-called Lax operator

Lk(u) = u+ i

(
S
(k)
0 S

(k)
−

S
(k)
+ −S(k)

0

)
, (3.1)

where the spectral parameter u is a complex number. The monodromy matrix is defined as a

product of the Lax operators

TN (u) = L1(u1)L2(u2) . . . LN (uN ) =

(
AN (u) BN (u)

CN (u) DN (u)

)
, (3.2)

with uk = u+ ξk, where the ξk are the so-called impurities and we assume sk = s unless stated

otherwise. By construction, the entries of the monodromy matrix are polynomials in the spectral

parameter u. It can be shown that these operators form commuting families [7], i.e.

[AN (u), AN (v)] = 0, [BN (u), BN (v)] = 0, [CN (u), CN (v)] = 0, [DN (u), DN (v)] = 0 . (3.3)

Since [Sα + σα/2, TN (u)] = 0 where σα are the Pauli matrices and Sα =
∑N

k=1 S
(k)
α is the operator

of total spin, it is easy to show that

[S0, AN ] = [S0, DN ] = 0, [S−, BN ] = [S+, CN ] = 0 ,

[S+, DN ] = −[S+, AN ] = CN , [S−, AN ] = −[S−, DN ] = BN . (3.4)

In the familiar field-theory applications such as the RG equations for light-ray operators built of

light quarks/gluons in QCD, one deals with the SL(2,R) invariant systems. For such systems the

proper object to consider is the transfer matrix,

tN (u) = AN (u) +DN (u), [tN (u), tN (v)] = 0, (3.5)

which is an invariant operator, [Sα, tN (u)] = 0. It turns out that the transfer matrix of a

homogeneous chain without impurities commutes also with the (Hamiltonian) operator

HN =
N∑
k=1

Hkk+1 , Hkk+1 = 2
(
ψ(Jkk+1) + γE

)
− 2σq , (3.6)

where ψ(x) is the polygamma function and Jkk+1 is the two-particle operator of conformal spin,

Jkk+1(Jkk+1 − 1) = (~S(k) + ~S(k+1))2. (3.7)

The operator HN can be identified with the leading-order evolution kernel for certain RGEs in

gauge theories [4]. Since HN commutes with tN (u) they share the same set of eigenfunctions which

can be constructed with the help of QISM [7, 10].

– 6 –



3.1.2 Heavy-light Hamiltonian

The main new element in the present case is that the evolution kernels in HQET are not SL(2,R)

invariant. It was shown, however, that at leading order all heavy-light kernels commute with the

generator S+ of special conformal transformations [27]. Since [S+, CN ] = 0 (3.4) it is natural to

expect that the conserved charges (if there is any hidden symmetry) in the heavy-light sector have

to be generated by the CN (u)-entry of the monodromy matrix. An example of such a system is

given by the heavy-light baryon [31–33] corresponding to a two-site chain and first studied in [17].

Motivated by this application, we consider from now on a homogeneous (sk = s) closed spin chain

without impurities (ξk = 0), but with an arbitrary number of sites N .

As the first step, we show that the Hamiltonian

HN = H1 +
N−1∑
k=1

Hkk+1 +HN , (3.8)

where Hkk+1 are defined in (3.6) and the boundary Hamiltonians are given by1

H1 = ln
(
iµS

(1)
+

)
+γE , HN = ln

(
iµS

(N)
+

)
+γE , (3.9)

commutes with the CN (u)-entry of the monodromy matrix. This statement follows almost

immediately from the relation [34]

[Hkk+1, Lk(u)Lk+1(u)] = i
(
Lk(u)− Lk+1(u)

)
, (3.10)

which is a consequence of the defining RLL relation for the R-operator [7],

R12(u− v)L1(u)L2(v) = L2(v)L1(u)R12(u− v), (3.11)

and its small-u expansion: R12(u) = P12

(
1 − iuH12 + O(u2)

)
. Here P12 is the permutation

operator, P12f(z1, z2) = f(z2, z1). In addition, [S0, lnS+] = 1 implies that

K1 ≡ [lnS
(1)
+ , L1(u)] = −i

(
1 ∗
0 −1

)
, KN ≡ [lnS

(N)
+ , LN (u)] = −i

(
1 ∗
0 −1

)
. (3.12)

Using (3.10) and (3.12) one easily finds

[N−1∑
k=1

Hkk+1, TN (u)
]

= −iL2(u) . . . LN (u) + iL1(u) . . . LN−1(u) (3.13)

and

[H1, TN (u)] = K1 L2(u) . . . LN (u) , [HN , TN (u)] = L1(u) . . . LN−1(u)KN . (3.14)

Adding up all terms one verifies that indeed

[HN , TN (u)]21 = [HN , CN (u)] = 0 . (3.15)

1In this discussion we omit trivial constants corresponding to the quark wave-function renormalization, cf. (2.11).
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It is convenient to consider the operator BN (u) instead of CN (u) at the intermediate steps,

using the fact that they are unitarily equivalent: The inversion operator J (which is an unitary

operator) intertwines CN (u) and BN (u). The inversion operator is defined as

[Jf ](z) = z−2sf(−1/z) , ||Jf ||2 = ||f ||2 , (3.16)

where ||f ||2 = 〈f, f〉s. It intertwines the generators, JS0 = −S0J , JS± = −S∓J , and as a

consequence the following relation for the monodromy matrix holds:

JTN (u)J−1 = σ2TN (u)σ2, (3.17)

where σ2 is the Pauli matrix. Comparing the off-diagonal entries in this relation one gets

JCN (u) = −BN (u)J . (3.18)

Thus CN (u) and BN (u) are indeed unitarily equivalent and their eigenfunctions are related to

each other by inversion. The Hamiltonian (3.8) transforms under inversion into

H̃N≡JHNJ
−1 = H̃1 +

N−1∑
k=1

Hkk+1 + H̃N , (3.19)

where H̃1(N) = ln
(
− iµS(1(N))

−
)

+ γE .

Eigenfunctions of the operator BN (u) provide the basis for Sklyanin’s representation of

separated variables. They have been constructed explicitly in [35] and are given by the product of

layer operators acting on the exponential function. For the homogeneous chain considered here

Ψ{p,~x}(z1, . . . , zN ) = ΛN (x1)ΛN−1(x2) . . .Λ2(xN−1)e
−ipz , (3.20)

where

~x = {x1, . . . , xN−1} , xk ∈ R . (3.21)

The “momentum” p ∈ R+ is an eigenvalue of the generator of translations(
S
(1)
− + . . .+ S

(N)
−

)
Ψ{p,~x}(z1, . . . , zN ) = ipΨ{p,~x}(z1, . . . , zN ) . (3.22)

The layer operator ΛM (x) maps a function of M − 1 variables into a function of M variables and

is defined as follows:

[ΛM (x)f ](z1, . . . , zM ) =

(
M−1∏
k=1

∫
Dswk

)
ΛM (z1, . . . , zM |w1, . . . wM−1) f(w1, . . . , wM−1) . (3.23)

Here

ΛM (z1, . . . , zM |w1, . . . wM−1) =
M−1∏
k=1

Ds−ix(zk, wk)Ds+ix(zk+1, wk) , (3.24)
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z2z1 z3 z4

w1 w2 w3

βα βα

Figure 1. Diagrammatic representation of the layer operator ΛN=4(x) for a closed spin chain.

where the function Dα(z, w) (”propagator”) is given by the following expression

Dα(z, w) =

( −i
z − w̄

)α
. (3.25)

Here and below w̄ ≡ w∗. The layer operator ΛM can be visualized as the diagram shown in Fig. 1

where a directed line from w to z with an index α stands for the “propagator” Dα(z, w) and the

α and β indices take the values s− ix and s+ ix, respectively. A summary of the properties of

the layer operators can be found in [36] (see also Sec. 4). We mention here that Ψ{p,x1,...,xN−1} are

symmetric functions of separated variables x1, . . . , xN−1 and they are orthogonal to each other

with respect to the scalar product (2.18) for different sets, ~x /= ~x′.

The eigenfunctions of the operator BN (u) (3.20) diagonalize the Hamiltonian H̃N (3.19). The

corresponding eigenvalues can be found either with the help of QISM machinery that involves

construction of the relevant Baxter-Q operators, see e.g. [37, 38], or by a a more brute-force

approach described below. To this end we notice that in the region z1 � z2 � . . . � zN , i.e.

|zk+1/zk| = O(ε), ε→ 0, the eigenfunction (3.20) is simplified to a linear combination of “plane

waves”

Ψ{p,~x}(z1, . . . , zN ) ∼ c(p, ~x) z−s+ix11 . . . z
−s+ixN−1

N−1 e−ipzN + · · · , (3.26)

where c(p, ~x) is a certain coefficient and ellipses stand for the similar terms with permutations of

the separated variables x1, . . . , xN−1. Action of the Hamiltonian (3.19) on the eigenfunction (3.26)

can be brought to a more convenient form using the following identities [22, 28, 38]:

ln(i∂z) = ψ(−z∂z)− ln(iz) , ln(iz2∂z) = ψ(z∂z) + ln(iz) . (3.27)

The “bulk” Hamiltonians can be written as Hkk+1 = hk,k+1 + hk+1,k where [39, 40]

hkk′ = ψ
(
zkk′∂k + 2s

)
− ψ(1) . (3.28)

These expressions can be simplified in the chosen kinematics as

hk,k+1 = ψ(zk∂k + 2s)− ψ(1) +O(ε) ,

hk+1,k = ln(izk) + ψ(−zk+1∂k+1)− ψ(1)− ln(izk+1) +O(ε) . (3.29)
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The last identity can be obtained as follows

ψ
(
zk+1,k∂k+1 + 2s

)
= e−zk∂k+1z−2sk+1ψ(zk+1∂k+1)z

2s
k+1e

zk∂k+1

= e−zk∂k+1(− ln izk+1 + z−2sk+1 ln i(z2k+1∂k+1)z
2s
k+1)e

zk∂k+1

= − ln izk+1,k + ln z2k + ln(i∂k+1) +O(ε)

= ln(izk) + ψ(−zk+1∂k+1)− ln(izk+1) +O(ε) . (3.30)

Thus, in the chosen region |zk+1/zk| = O(ε), the Hamiltonian H̃N takes the form

H̃N =
N−1∑
k=1

(
ψ(−zk∂k) + ψ(zk∂k + 2s)− 2ψ(1)

)
+ 2 ln(iµ∂N )− 2ψ(1) +O(ε) , (3.31)

from which one immediately reads the eigenvalue from Eq. (3.26)

Ep,~x = 2 ln(µp)− 2ψ(1) +
N−1∑
k=1

(
ψ(s+ ixk) + ψ(s− ixk)− 2ψ(1)

)
. (3.32)

The special case considered in [17] (heavy baryons) corresponds to s = 1, N = 2. In this case one

obtains (in a certain convenient normalization)

Ψp,x(z1, z2) = p

∫ 1

0
dα
(α
ᾱ

)ix
exp[−ip(ᾱz1 + αz2)] , ᾱ = 1− α , (3.33)

and

Ep,x = 2 ln(µp) + ψ(1 + ix) + ψ(1− ix) + 4γE − 2σh − 4σq , (3.34)

where we have added the constant term corresponding to the (light and heavy) field anomalous

dimensions.

Finally, one has to perform an inversion transformation z → −1/z (3.16) in order to go back to

the original problem with the Hamiltonian commuting with C2(u), and obtain the wave function,

Ψp,x(z1, z2)
J7→ Φp,x(z1, z2) [17]

Φp,x(z1, z2) =
p

z21z
2
2

∫ 1

0
dα
(α
ᾱ

)ix
exp[ip(ᾱ/z1 + α/z2)]

=
pπx

sinh(πx)

eip/z1

z21z
2
2

1F1

(
1+ix, 2, ip

(
z−12 −z−11

))
, (3.35)

which coincides with the expression found in [17]. Note that in this representation p (p 7→ s in the

notation of [17]) becomes an eigenvalue of the generator of special conformal transformations(
S
(1)
+ + S

(2)
+

)
Φp,x(z1, z2) = −ipΦp,x(z1, z2) . (3.36)

The functions (3.35) define the basis of states for the heavy-light baryon DAs with autonomous

scale dependence (for the case of aligned light-quark helicities), where z1 and z2 are the light-

quark light-cone coordinates. The energies (3.34) are nothing but the corresponding anomalous

dimensions.
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3.2 Open spin chains

A systematic approach to construct integrable models with nontrivial boundary conditions (open

spin chains) was developed by Sklyanin [41]. The monodromy matrix for such systems is given by

the following expression 2

TN (u) = (−1)N TN (u)σ2T
t
N (−u)σ2 =

(
AN (u) BN (u)

CN (u) DN (u)

)
, (3.37)

where TN (u) is the monodromy matrix of the closed spin chain (3.2), T tN (u) is the transposed

matrix. It can be written in terms of the Lax operators as follows:

TN (u) = L1(u)L2(u) . . . LN (u)LN (u) . . . L2(u)L1(u) . (3.38)

This representation can easily be obtained using the identity

(Lk(u))t = −σ2Lk(−u)σ2. (3.39)

Off-diagonal elements of the monodromy matrix satisfy the following relations (see e.g. [42])

(−2u+ i)BN (−u) = (2u+ i)BN (u) , (−2u+ i)CN (−u) = (2u+ i)CN (u) . (3.40)

As a consequence, the operators BN (u) and CN (u) vanish at u = i/2 and can be represented as

BN (u) = (−2u+ i)B̂N (u) and similarly for CN (u). The operators with a “hat” are even functions

of u, B̂N (u) = B̂N (−u), ĈN (u) = ĈN (−u). These operators and the transfer matrix,

tN (u) = AN (u) + DN (u), tN (u) = tN (−u), (3.41)

form commuting operator families 3

[B̂N (u), B̂N (v)] = [ĈN (u), ĈN (v)] = [tN (u), tN (v)] = 0 . (3.42)

Our aim is to construct a Hamiltonian which commutes with ĈN (u) (or with B̂N (u)). Let us

consider at first the homogeneous spin chain. In this case using the representation in (3.38) for the

monodromy matrix and the relation in (3.10), it is easy to find that the commutator of the bulk

Hamiltonian

HN =

N−1∑
k=1

Hkk+1, Hkk+1 = 2(ψ(Jkk+1)− ψ(1)) , (3.43)

and the monodromy matrix reads

[HN ,TN (u)] = −iL2(u) . . . LN (u)LN (u) . . . L1(u) + iL1(u) . . . LN (u)LN (u) . . . L2(u)

= i[L1(u),TN−1(u)] , (3.44)

2Our definition differs from the standard one, TN (u) = TN (u)T−1
N (−u+ i), by a numerical factor.

3Note that in distinction with the closed spin chains diagonal elements of the monodromy matrix for open spin

chains do not commute.
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where TN−1(u) = L2(u) . . . LN (u)LN (u) . . . L2(u). Taking the trace over the auxiliary space in

(3.44) results in

[HN , tN (u)] = 0 . (3.45)

Furthermore, considering the off-diagonal matrix elements of (3.44) and taking into account Eq. (3.12)

one can show that

[ln
(
iµS

(1)
+

)
+ HN , ĈN (u)] = 0 and [ln

(
− iµS(1)

−
)

+ HN , B̂N (u)] = 0 . (3.46)

Thus in the homogeneous case the Hamiltonian belonging to the CN (u) family is obtained from

the bulk Hamiltonian (3.43) by adding the boundary operator ln
(
iµS

(1)
+

)
. In full analogy to the

closed spin chain it can be shown that the operators ĈN (u) and B̂N (u) are related to each other

by the inversion transformation, JĈN (u) = −B̂N (u)J . Therefore, it is sufficient to consider only

one of them.

3.2.1 Inhomogeneous chains

Spin systems that are interesting in QCD context are somewhat more complicated and correspond

to inhomogeneous open spin chains with impurities [43]. In a typical setup one can assume that

the spins on all sites except for the last one are equal to each other, sk = s, 1 ≤ k < N . The

monodromy matrix in this case takes the form

T(w)
N (u) = L1(u)L2(u) . . . LN (u+ iw)LN (u− iw) . . . L2(u)L1(u), (3.47)

where w is an impurity parameter. The dependence on w comes only through the Lax operators

LN so that it is easy to check that T(w)
N (u) is an even function of w, i.e. B̂(w)

N (u) = B̂(−w)
N (u)

etc. Since (B̂(w)
N (u))† = B̂(−w∗)

N (u∗) = B̂(w∗)
N (u∗), this symmetry implies that the corresponding

conserved charges are hermitian operators if the impurity parameter w is either real or imaginary.

We will show that the operators B̂(w)
N (u), Ĉ(w)

N (u) commute with the Hamiltonian H
(w)
N with

added boundary operators, cf. (3.46),

[ln
(
iµS

(1)
+

)
+ H

(w)
N , ĈN (u)] = 0 , [ln

(
− iµS(1)

−
)

+ H
(w)
N , B̂N (u)] = 0 , (3.48)

which is modified compared to HN (3.43) by one term

H
(w)
N =

N−2∑
k=1

Hkk+1 +H(w)
N−1N , (3.49)

where

Hkk+1 = R−1kk+1(0)
d

du
Rkk+1(iu)

∣∣∣
u=0

= 2
(
ψ(Jkk+1)− ψ(1)

)
, (3.50)

H(w)
N−1N = R−1N−1N (iw)

d

dw
RN−1N (iw)

= ψ(JN−1N + w) + ψ(JN−1N − w)− ψ(1 + w)− ψ(1− w) . (3.51)
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Here Rkk+1 is the sl(2)-invariant R-matrix [9]

Rkk+1(u) = (−1)Jkk+1−sk−sk+1
Γ(Jkk+1 − iu)

Γ(Jkk+1 + iu)

Γ(1 + iu)

Γ(1− iu)
. (3.52)

Note that R−1kk+1(u) = Rkk+1(−u), and hence H(w)
N−1N is a hermitian operator for both real and

imaginary w.

The main task is to calculate the commutator of the Hamiltonian H
(w)
N with the monodromy

matrix T(w)
N (u). Using the relation in (3.10) repeatedly one obtains[

N−2∑
k=1

Hkk+1,T
(w)
N (u)

]
= i[L1(u),T(w)

2→N (u)] + iL1···N−2

{
LN (u+ iw)LN (u− iw)LN−1(u)

− LN−1(u)LN (u+ iw)LN (u− iw)
}
LN−2···1, (3.53)

where L1···M = L1(u) · · ·LM (u) and T(w)
2→N (u) = L2(u) . . . LN (u + iw)LN (u − iw) . . . L2(u). The

expression in the curly brackets on the r.h.s. of Eq. (3.53) can be simplified to

{. . .} = (2u− i)
{
LN (u)LN−1(u)− LN−1(u)LN (u)

}
(3.54)

with the help of the following identity for the Lax operators:

L2
k(u) = ρs(u) + (2u− i)Lk(u) , ρs(u) = −(s+ iu)(s− 1− iu) . (3.55)

Next, differentiating the RLL relations (below R(iw) ≡ RN−1,N (iw)):

R(iw)LN−1(u)LN (u− iw) = LN (u− iw)LN−1(u)R(iw) ,

R(iw)LN (u+ iw)LN−1(u) = LN−1(u)LN (u+ iw)R(iw) (3.56)

with respect to w results in

[H(w)
N−1N , LN (u− iw)LN−1(u)] = i (R(iw)LN−1(u)R(−iw)− LN−1(u)) ,

[H(w)
N−1N , LN−1(u)LN (u+ iw)] = i (LN−1(u)−R(iw)LN−1(u)R(−iw)) . (3.57)

Thus we get

[H(w)
N−1N ,T

(w)
N (u)] = iL1···N−2XLN−2···1 , (3.58)

where

X = −i[H(w)
N−1N , LN−1(u)LN (u+ iw)LN (u− iw)LN−1(u)]

= −2iwL2
N−1(u)−R(iw)

(
L2
N−1(u)LN (u− iw)− LN (u+ iw)L2

N−1(u)
)
R(−iw). (3.59)

Using Eqs. (3.55) and (3.56) this expression can be simplified to

X = −(2u− i)
(
LN (u)LN−1(u)− LN−1(u)LN (u)

)
, (3.60)
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which exactly cancels (3.54). Thus we obtain

[H
(w)
N ,T(w)

N (u)] = i[L1(u),T(w)
2→N (u)]. (3.61)

Finally, adding the contribution from the boundary operator ln(−iµS(1)
− ) one ends up with the

desired result

[ln
(
− iµS(1)

−
)

+ H
(w)
N , B̂(w)

N (u)] = 0 . (3.62)

The similar equation with ln
(
− iµS(1)

−
)
7→ ln

(
iµS

(1)
+

)
holds for Ĉ(w)

N (u).

It is instructive to compare this result with the more conventional spin chains that appear in the

analysis of the RGE for light quark-gluon operators, of the type χ(z1n)f(z2n) . . . f(zN−1n)ψ(zNn),

cf. (2.14). In such applications the spins on the first and the last sites can differ from the spins in

the bulk, which are all equal, and also the impurity parameters ω1 and ωN , on the first and the

last site can be nonzero. The monodromy matrix for such a system takes the form

T(w1,wN )
N (u) = L1(u+ iw1)L2(u) . . . LN (u+ iwN )LN (u− iwN ) . . . L2(u)L1(u− iw1) . (3.63)

The conserved charges are generated by the transfer matrix, t
(w1,wN )
N (u) = TrT(w1,wN )

N (u), which

commutes with the Hamiltonian [43]

H
(w1,wN )
N = H(w1)

12 +
N−2∑
k=2

Hkk+1 +H(wN )
N−1N . (3.64)

The proof given in [43] is not explicit. A more direct way to show that [H
(w1,wN )
N , t

(w1,wN )
N (u)] = 0

is the following. Making use of Eq. (3.61) we get

[N−2∑
k=2

Hkk+1 +H(wN )
N−1N , t

(w1,wN )
N (u)

]
= iTr

(
L1(u+ iw1)

[
L2(u),T(wN )

3→N (u)
]
L1(u− iw1)

)
= iTr

(
L1(u)

[
L2(u),T(wN )

3→N (u)
]
L1(u)

)
. (3.65)

In order to calculate the commutator with the remaining term, H(w1)
12 , it is convenient to write

the transfer matrix in a different form. Namely, using Eq. (3.39) one can write t
(w1,wN )
N (u) =

Tr T̃(w1,wN )
N (−u), where

T̃(w1,wN )
N (u) = LN (u− iwN ) . . . L2(u)L1(u− iw1)L1(u+ iw1)L2(u) . . . LN (u+ iwN ) . (3.66)

Using this representation it is easy to bring the commutator in question to a form similar to (3.58)

[H(w1)
12 , T̃(w1,wN )

N (u)] = iLN ···3X′ L3···N , (3.67)

with

X′ = −(2u− i)
(
L1(u)L2(u)− L2(u)L1(u)

)
= −

(
L2
1(u)L2(u)− L2(u)L2

1(u)
)
. (3.68)

Finally, using (3.39) one can bring the trace of (3.67) to the same form as in Eq. (3.65) with an

opposite sign, which completes the proof.
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Figure 2. Diagrammatic representation of the layer operator ΛN=4(x) for open spin chains. The notations

are the same as in Fig. 1, the vertices imply integration with the measure (2.19) .

4 Heavy-light eigenfunctions

The basis formed by the eigenfunctions of the operator B̂N plays a distinguished role in the QISM

and defines the so-called Sklyanin representation of separated variables (SoV) [10]. Since B̂N
commutes with the Hamiltonian (3.48), the latter is diagonalized in this basis and therefore the

calculation of its spectrum becomes straightforward. These eigenfunctions for homogeneous spin

chains, for closed as well as open ones, were constructed in [35, 42]. For our applications it is

necessary to generalize this construction to inhomogeneous open spin chains with impurities.

The eigenfunctions of BN operator for homogeneous closed spin chains were already introduced

in Sec. 3.1, Eq. (3.20). The eigenfunctions for the open spin chain [35, 42] take a similar form.

In both cases the eigenfunctions are labeled by N real parameters, X = {p, x1, . . . , xN−1}, where

p ≥ 0, and have the form

ΨX(~z) ≡ Ψ{p,x1,...,xN−1}(~z) = bN (p)ΛN (x1)ΛN−1(x2) . . .Λ2(xN−1)e
−ipz . (4.1)

Here ~z = {z1, . . . , zN} and bN (p) is a normalization coefficient which we choose as

bN (p) = pNs−1/2(Γ(2s))−N
2/2 closed chain ,

bN (p) = pNs−1/2(Γ(2s))−N(N−1/2) open chain . (4.2)

All differences between the closed and open spin chain in the construction (4.1) come from the

form of the layer operators ΛM (x),

[ΛMf ](z1, . . . , zM ) =

(
M−1∏
k=1

∫
Dswk

)
ΛM (z1, . . . , zM |w1, . . . wM−1)f(w1, . . . , wM−1). (4.3)

The function ΛM (z1, . . . , zM |w1, . . . wM−1) for a closed chain is given in Eq. (3.24) and can be

visualized as the diagram in Fig. 1. The corresponding expression for an open chain is more

complicated and is presented in diagrammatic form (for M = 4) in Fig. 2 where the vertices imply

integration with the measure (2.19). Diagrammatic representation for the eigenfunctions ΨX(~z)

of open and closed spin chains is shown in Fig. 3.
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α1
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Figure 3. Diagrammatic representation for the eigenfunctions of the open (left) and closed (right)

homogeneous spin chains for N = 4. The indices are αk = s− ixk and βk = s+ ixk.

The proof that ΨX(~z) (4.1) diagonalizes the corresponding B-operator relies on the following

properties of the layer operators [35, 42]:

BN (x)ΛN (x) = 0 and ΛM (x)ΛM−1(y) = ΛM (y)ΛM−1(x) . (4.4)

The layer operator for open chain has an additional symmetry Λk(x) = Λk(−x). From the second

equation in (4.4) it is obvious that ΨX is a symmetric function of separated variables x1, . . . , xN−1
(x21, . . . , x

2
N−1 for the open chain). The first equation ensures that the operator BN (xk) (for open

chain BN (±xk)) annihilates the function ΨX . Taking into account that the operator BN (u) (closed

chain) is a polynomial of degree N − 1 in u and the coefficient of the senior power uN−1 is simply

S
(1)
− + . . .+ S

(N)
− , one can write it in the form

BN (u) = i

(
N∑
k=1

S
(k)
−

)
N−1∏
k=1

(u− xk) +
N−1∑
j=1

∏
k 6=j

u− xk
xj − xk

BN (xj) . (4.5)

From this representation using Eq. (3.21) it follows immediately that ΨX for closed chain is an

eigenfunction of the operator BN (u) with an eigenvalue bN (u) = −p∏N−1
k=1 (u − xk). Similarly,

the operator B̂N (u) for open chain is a polynomial of degree N − 1 in u2 and the representation

analogous to (4.5) holds, with obvious substitutions u→ u2, xj → x2j . It follows that ΨX for open

chain is an eigenfunction of B̂N (u) with an eigenvalue bN (u) = −p∏N−1
k=1 (u2 − x2k).

Since BN (u) (closed chain) and B̂N (u) (open chain) are self-adjoint operators for real u, their

eigenfunctions are orthogonal for different sets X,X ′ of separated variables. One obtains [35, 42]

〈ΨX′ ,ΨX〉 = (2π)N−1 δ(p− p′)
(∑

S

δ(N−1)(~x− S~x′)
) ∏

j 6=k Γ(i(xk − xj))∏N−1
k=1

[
Γ(αxk)Γ(βxk)

]N , (4.6)
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Figure 4. Diagrammatic representation for an eigenfunction of the operator B̂N for an inhomogeneous

open spin chain for N = 5. The modified propagators are shown by fat lines with arrows. The corresponding

modified indices are α±
k = sN ± w − ixk and β±

k = sN ± w + ixk. The conformal spin in the integration

measure in the vertices is always given by the half sum of the indices of the outgoing lines. The dashed lines

separate different layers.

and

〈ΨX′ ,ΨX〉 = (2π)N−1 δ(p− p′)
(∑

S

δ(N−1)(~x− S~x′)
)

×
N−1∏
n=1

Γ(2ixn)Γ(−2ixn)

∏
j<k Γ(i(xk ± xj))Γ(−i(xk ± xj))∏N−1

k=1 [Γ(αxk)Γ(βxk)]2N
, (4.7)

for closed and open chain, respectively. In these expressions αx = s− ix, βx = s+ ix, the sum
∑

S

goes over all possible permutations of separated variables ~x′ = {x′1, . . . , x′N−1}, and for the open

spin chain it is assumed that all xk ∈ R+.

In the applications to operator renormalization in HQET [18, 19] one encounters an inhomo-

geneous open spin chain with impurities and the above construction of the eigenfunctions of B̂N
operator for homogeneous spin chain has to be modified. In practice one needs a special case

where all spins except for the last one are equal, sk = s for k < N while sN 6= s, and the impurity

parameter ξN ≡ iω 6= 0.

Note that the operator B̂(w)
N (u) depends only on w2, as can easily be seen from Eq. (3.47), and

as a consequence B̂(w)
N (u) is a self-adjoint operator for both real and imaginary w. One can show

that the corresponding eigenfunction has the form (4.1) with modified layer operators that still

obey the relations in (4.4). The necessary changes are summarized in Fig. 4 where the modified

propagators are shown by fat lines. Note that also the integration measure for the vertices involving

these lines is affected. Using the technique developed in [35, 42] it is easy to check that the modified

layer operators have the required properties.

As mentioned above, the operator B̂(w)
N depends on w2 only so that one expects Ψ

(w)
X (~z) '

Ψ
(−w)
X (~z). This symmetry is, however, not manifest as the diagram for the eigenfunction in Fig. 4
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does not go into itself for w → −w. For N = 2 going over to the momentum representation one

can find explicit expression for the eigenfunction that is an even function of w. For a general

case, taking into account that the dependence on w comes only from the LN (u± iw) operator, cf.

Eq. (3.47), one can argue that Ψ
(w)
X (~z) and Ψ

(−w)
X (~z) have to be proportional to one another and,

comparing the asymptotics in the region z1 � z2 � . . .� zN , find that indeed Ψ
(w)
X (~z) = Ψ

(−w)
X (~z).

A manifestly symmetric representation for N > 2 is not known.

Assuming that w is either small and positive, 0 < w < sN , or imaginary, one gets for the

scalar product

〈
Ψ

(w)
X′ ,Ψ

(w)
X

〉
= (2π)N−1 δ(p− p′)

(∑
S

δ(N−1)(~x− S~x′)
)

N−1∏
n=1

Γ(2ixn)Γ(−2ixn)

×
∏
j<k Γ(i(xk ± xj))Γ(−i(xk ± xj))∏N−1

k=1 |Γ(sN + w + ixk)Γ(sN − w + ixk)|2 [Γ(αxk)Γ(βxk)]2(N−1)
. (4.8)

In this case the set of functions Ψ
(w)
X for real separated coordinates xk form a complete system

and the operator B̂(w)
N has only continuous spectrum.

If w is real and w → sN , the Γ-functions in the denominator, Γ(sN − w + ixk), develop

singularities that signal the formation of discrete states for w > sN corresponding to imaginary

values of separated variables 4

sN − ω − ix(n)k = −n , where n ∈ N , 0 ≤ n < ω − sN . (4.9)

The complete description of the discrete eigenstates goes beyond the scope of this paper. As an

illustration we consider the N = 2 case [18, 19], s 7→ s1, sN=2 7→ s2. To this end it is convenient

to go over to the momentum space. We define the momentum-space eigenfunction Ψ̃
(w)
X (p1, p2) by

Ψ
(w)
X (z1, z2) =

∫ ∞
0

dp1 p
2s1−1
1

∫ ∞
0

dp2 p
2s2−1
2 e−ip1z1−ip2z2 Ψ̃

(w)
X (p1, p2) ,

Ψ̃
(w)
X (p1, p2) =

1

Γ(2s1)Γ(2s2)

〈
e−ip1z1−ip2z2 |Ψ(w)

X (z1, z2)
〉
s1,s2

, (4.10)

where we have used

〈e−ipz
∣∣e−ip′z〉s = Γ(2s) p1−2s δ(p− p′) . (4.11)

Using (4.1) and evaluating the scalar product one obtains after a short calculation (here we put

the normalization constant b2(p)→ 1)

Ψ̃
(w)
X (p1, p2) = p δ(p− p1 − p2)

Γ(s1 + s2 + ω)Γ(s1 + s2 − ω)

Γ(2s2)Γ(s2 + ix)Γ(s2 − ix)

×
(

p1
p1 + p2

)w−s1−s2
2F1

(
s2 − ω − ix, s2 − ω + ix

2s2

∣∣∣− p2
p1

)
. (4.12)

4Note that Ψ
(w)
X is symmetric to xk ↔ −xk and therefore it suffices to consider =(xk) > 0.
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The scalar product (4.8) in the momentum space takes the form

〈Ψ(w)
X , Ψ̃

(w)
X′ 〉 = Γ(2s1)Γ(2s2)

∫ ∞
0

dp1dp2 p
2s1−1
1 p2s2−12 Ψ̃

(w)
X (p1, p2)

(
Ψ̃

(w)
X′
)∗

(p1, p2) , (4.13)

and using the explicit expression in (4.12) one obtains

〈Ψ̃(w)
X , Ψ̃

(w)
X′ 〉 ∼ δ(p− p′)

∫ 1

0
duu2(w−s2)−1ū2s2−1 2F1

(
s2 − ω − ix, s2 − ω + ix

2s2

∣∣∣− ū

u

)
×2F1

(
s2 − ω − ix′, s2 − ω + ix′

2s2

∣∣∣− ū

u

)
. (4.14)

If x = x′ the u-integral is finite only if s2 − w − ix = −n and w − s2 > n ≥ 0. In this case

the hypergeometric function reduces to a polynomial of degree n in (ū/u) and the condition

w − s2 > n ≥ 0 guarantees that the integrand has no pole at u = 0.

The spin chains which are relevant for the heavy hadron phenomenology correspond to the

s = 1, N = 2 closed spin chain [17] and s1 =
3

2
, s2 = 1, w =

3

2
open spin chain [18].

5 Light-to-heavy reduction

Physics behind the construction of the HQET is that one restricts oneself to the situations where

the heavy quark interacts with light particles (quarks and gluons) with momenta that are much

smaller than the quark mass mQ . In this case the heavy quark becomes almost stationary in its

rest frame, with its wave function oscillating rapidly with time Ψ(t) ∼ e−imQt so that the generator

of translations reduces to S
(h)
− ∼ −imQ. Physical intuition suggests that this limit can be studied

starting from usual sl(2) algebra and rescaling the symmetry generators acting on the heavy quark

S
(h)
− → λS

(h)
− , S

(h)
+ → λ−1S

(h)
+ , λ→∞ . (5.1)

In this Section we investigate this possibility.

Consider a system consisting of one heavy quark (h) and one light quark (q). The two-particle

generators are

S
(qh)
+ ≡ S(q)

+ + S
(h)
+ 7→ S

(q)
+ + λ−1S

(h)
+ = S

(q)
+ +O(λ−1) ,

S
(qh)
− ≡ S(q)

− + S
(h)
− 7→ S

(q)
− + λS

(h)
− = λS

(h)
− +O(1) ,

S
(qh)
0 ≡ S(q)

0 + S
(h)
0 = O(1) . (5.2)

The two-particle quadratic Casimir operator becomes

S2
qh = S

(qh)
+ S

(qh)
− + S

(qh)
0 (S

(qh)
0 − 1) 7→ λS

(q)
+ S

(h)
− +O(1) (5.3)

and the two-particle Hamiltonian (3.6) simplifies to

Hqh = 2
[
ψ(Jqh)− ψ(1)

]
7→ ln

(
λS

(q)
+ S

(h)
−

)
+O(λ−1) . (5.4)
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Since the “heavy” and “light” generators act on different spaces we can write, omitting the

inessential constant

Hqh 7→ ln
(
iµS

(q)
+

)
+ ln

(
− iµ−1λS(h)

−

)
(5.5)

where µ is an arbitrary parameter with dimension of mass. Thus the heavy and light degrees

of freedom decouple from one another which is the statement of factorization, with µ being the

factorization scale. In HQET only light degrees of freedom remain so that the second part of the

Hamiltonian in (5.5) is dropped and the remaining part

HHQET
qh = ln

(
iµS

(q)
+

)
(5.6)

coincides with the heavy-light Hamiltonian (2.11) (up to the scheme-dependent constant) found in

[25–27] by explicit calculation of one-loop diagrams.

Next consider the eigenfunctions. Let zq and zh be the positions of light and heavy quarks,

respectively. For light quark systems, eigenfunctions of the Hamiltonian are usually sought on

the space of polynomials that can be mapped to local composite operators, see. e.g. [44]. For the

two-particle Hamiltonian in (5.4) the eigenfunctions on this space are well known

Ψn,k(zq, zh) = (S
(qh)
+ )k(zq − zh)n , S2

qhΨn,k = (n+ 2)(n+ 1)Ψn,k, (5.7)

where k is a non-negative integer. For our purposes we need eigenfunctions analytic in the lower

half of the complex plane that can be constructed as follows:

Ψ(η)
n (zq, zh) = e

− i
η
S+(zq − zh)n =

∑
k

1

k!

(
− i
η
S+

)k
(zq − zh)n ∼ (zq − zh)n

(zq − iη)n+2(zh − iη)n+2
, (5.8)

where η is a parameter. For Re(η) > 0 they have a finite norm with respect to the scalar

product (2.21).

The scaling in (5.1) corresponds to zh → λ−1zh so that zh � zq and also n = O(λ1/2).

Extracting the leading behavior at λ→∞ one breaks the conformal symmetry so that the states

(5.8) with different η are no longer degenerate and the system “chooses” a particular solution that

satisfies the residual symmetry to the special conformal transformations,

Ψ(η)
n (zq, zh) 7→ Ψ(s)(zq) , S

(q)
+ Ψ(s)(zq) = isΨ(s)(zq) . (5.9)

Using

S
(qh)
+ Ψ(η)

n (zq, zh) =

{
z2q

zq − iη

[
n
zh − iη
zq − zh

− 2
iη

zq

]
+ (zh ↔ zq)

}
Ψ(η)
n (zq, zh) (5.10)

it is easy to convince oneself that the expression in the braces reduces in the λ → ∞ limit and

n = O(λ1/2) to a finite constant, {. . .} 7→ inη ≡ is, if and only if η = O(λ−1/2) so that zh � η � zq.

The eigenfunction then becomes

Ψ(s)(zq) = Ψ(η)
n (zq, zh)

∣∣
λ→∞ '

1

(iη)n+2z2q

(
1 +

iη

zq

)n
(1+O(η)) =

1

(iη)n+2

1

z2q
eis/zq

(
1+O(λ−1/2)

)
,

(5.11)
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reproducing the result in (2.13) [28] up to a different normalization.

It is easy to convince oneself that the same reduction procedure applies to the conserved

charges for both closed and open spin chains. For this discussion it is convenient to enumerate sites

of the chain by i = 0, 1, . . . , N and associate the “heavy quark” with the site i = 0, z0 7→ λ−1zh.

For a closed spin chain one can start from the monodromy matrix (3.2) for the system of N

light and one heavy quark,

TN+1(u) =

{
u+ i

(
S
(h)
0 S

(h)
−

S
(h)
+ −S(h)

0

)} (
AN (u) BN (u)

CN (u) DN (u)

)
, (5.12)

so that rescaling the heavy quark generators (5.1) one obtains the transfer matrix (3.5)

tN+1(u) 7→ λiS
(h)
− CN (u) +O(λ0) (5.13)

assuming u� λ. Dismissing the prefactor λiS
(h)
− that acts on the heavy degrees of freedom we are

thus left with a family of conserved charges CN acting on the light quarks. For the simplest case

of leading-twist distribution amplitudes of heavy baryons considered in [17] one obtains

C2(u) = uQ1 + Q2 , Q1 = i(S
(1)
+ + S

(2)
+ ) , Q2 = S

(1)
0 S

(2)
+ − S

(2)
0 S

(1)
+ . (5.14)

Exactly in the same way one finds that the transfer matrix for the open spin chain t
(w0,wN )
N+1 (u),

see Eq. (3.63), takes the form

t
(w0,wN )
N+1 (u)

∣∣∣
z0→

zh
λ

7−→
λ→∞

λ2i
(
u− i

2

)
S
(h)
− C(wN )

N (u) +O(λ0). (5.15)

For the simplest case N = 2 we get

C2(u) = 2i

(
u+

i

2

)(
u2Q1 +Q2

)
, (5.16)

where

Q1 = S
(1)
+ + S

(2)
+ ,

Q2 = [ω2
2 − j2(j2 − 1)]S

(1)
+ − S

(1)
+

(
S
(1)
+ S

(2)
− + S

(1)
0 S

(2)
0

)
− S(1)

0

(
S
(2)
0 S

(1)
+ − S

(1)
0 S

(2)
+

)
. (5.17)

For the twist-four heavy-light operators considered in [19] there is additional complication. In

this situation several operators exist which mix together by the RG equations. i.e. the relevant

Hamiltonians have matrix structure. This case is considered in the Appendix.

Thus we see that conserved charges and Hamiltonians of the spin chain models which describe

the scale dependence of the light quark-gluon operators in the “heavy-quark” limit zh → zh/λ,

zh∂h ∼ O(λ0), λ → ∞ go over to the conserved charges and Hamiltonians of the spin chains

that arise in studies of the scale dependence of heavy-light operators. This observation alone is,

however, not sufficient to guarantee equivalence of the spectra of these models; it is only true if

the correspondence can be extended to their eigenfunctions. As shown above, this correspondence

indeed holds for the eigenfunctions of the two-particle Hamiltonian, Eq. (5.11), i.e. for N = 1.

The general case N > 1 (we remind that N refers to the number of the remaining light degrees of
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freedom) is more complicated. From the general concept behind effective field theories it is natural

to expect that such correspondence exists for the lowest part of the spectrum and, indeed, we

are able to verify its existence for all cases of physical relevance that have been considered so far.

Whether this conclusion can be extended beyond these examples, is not obvious.

Consider closed spin chains first. To this end we start from the “light” chain with N + 1 sites,

i = 0, 1, . . . , N . The corresponding eigenstates diagonalize the transfer matrix tN+1(u) which is a

polynomial of degree N + 1 in u, tN+1(u) = 2uN+1 +
∑N+1

k=2 qku
N+1−k. The eigenstates can be

labeled by eigenvalues of the conserved charges qk, or, alternatively, by roots of the transfer matrix

uk, k = 1, . . . , N + 1, tN+1(uk) = 0. Note that
∑

k uk = 0, since the subleading in u term ∼ uN in

the transfer matrix is absent.

We found that in the limit (5.1) the transfer matrix for u � λ takes the form tN+1(u) ∼
λCN (u) (5.13), where CN (u) is a polynomial of degree N − 1. This means that some of the roots

of the transfer matrix must become large in this limit, and the simplest way how Eq. (5.13) may

hold is when a pair of roots move to infinity with opposite sign, say, uN+1 ∼ −uN ∼
√
λ. This

asymptotic behavior corresponds to the situation when all conserved charges are large and of the

same order, qk ∼ λ. Eigenstates for which the conserved charges satisfy this relation are close to

the lower boundary of the energy spectrum, see e.g. [45, 46].

Our conjecture is that for such eigenstates the correspondence between the large-spin limit

n ∼
√
λ→∞ of the “light” spin chain and the “heavy-light” chain holds, of the form

Ψ(η∼s/
√
λ)

u1,...,uN+1
(z1, . . . , zN , z0 = zh/λ) 7−→

λ→∞
Ψheavy
s,u1,...,uN−1

(z1, . . . , zN ). (5.18)

where Ψheavy
s,u1,...,uN−1(z1, . . . , zN ) is the eigenstate of the “heavy-light” spin chain.

This correspondence can be illustrated by the following example. The lowest-energy eigenfunc-

tions for the closed spin chain with three sites (spin s = 1) correspond to the solutions with q3 = 0

and are known explicitly for even n [5]

Ψn,q3=0(z0, z1, z2) =
zn+3
01 + zn+3

12 + zn+3
20

z01z12z20
, zik = zi − zk . (5.19)

Mapping these polynomial solutions to analytic functions of the coordinates in the lower half-plane,

cf. (5.8), one obtains

Ψ
(η)
n,q3=0(z0, z1, z2) ∼

(
1

z0−iη −
1

z1−iη

)n+3
+
(

1
z1−iη −

1
z2−iη

)n+3
+
(

1
z2−iη −

1
z0−iη

)n+3

z01z12z20
. (5.20)

In the limit z0 ∼ 1/λ, η ∼ 1/
√
λ, n ∼

√
λ, s = ηn, this expression goes over to

Ψn,q3=0(z0, z1, z2) 7−→
λ→∞

1

z1z2z12

(
eis/z1 − eis/z2

)
, (5.21)

which coincides with the solution φs,x=0 obtained in [17]. For higher-lying states, expressions

for the eigenfunctions of three light quarks are not known in explicit form so that verifying this

correspondence is less straightforward. However, it is possible to check that the energies expressed

in terms of the roots uk indeed coincide in this limit.
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The corresponding construction for open spin chains is analogous. In this case we also can

label the eigenfunctions of the original “light” model with N + 1 sites by the roots of the transfer

matrix, which come in pairs ±uk, k = 1, . . . , N + 1. We consider the limit when one root is large,

uN+1 ∼
√
λ, and all others are finite, O(λ0). Similar to closed chains such a hierarchy corresponds

to the situation when all charges are large and of the same order. We notice also that one of the

roots in this limit is purely kinematical, uN = i/2. Thus the limiting eigenfunction is labeled by

the remaining N − 1 roots of the transfer matrix and depends also on the parameter η related to

the residual symmetry transformation. We, therefore, expect that the conjecture (5.18) may hold

for the lowest eigenstates of open spin chains as well.

As an example, consider the open spin chain with three sites that arises in the description of

the evolution of quark-antiquark-gluon operators of twist three in the large Nc limit [4, 43, 47]. This

is a model with spins (s0, s1, s2) = (1, 32 , 1) and impurities (w0, w1, w2) = (12 , 0,
3
2). Its eigenstates

satisfy the equation Q4Ψn = qS(n)Ψn where

Q4 = {S2
01, S

2
12} − 2w2S

2
01 − 2w0S

2
12 . (5.22)

Here {., .} stands for the anticommutator and S2
ik are the two-particle quadratic Casimir operators.

The lowest-energy eigenstate corresponds to the eigenvalue qS(n) = n(n+ 6) + 75
8 [43] and can

be found in explicit form,5

Ψn(z0, z1, z2) =
1

z01z212

[
n+ 3

n+ 4
zn+3
10 + zn+3

20 +
1

n+ 4

(
zn+4
20 − zn+4

21

z01

)
+

2

z12

(
zn+4
20

n+ 4
− zn+4

10

n+ 5

)
+

2

(n+ 4)(n+ 5)

zn+5
20 − zn+5

21

z01z12

]
. (5.23)

Mapping this polynomial solution to an analytic function in the lower half-plane

Ψn → Ψ(η)
n = e

− i
η
S+Ψn(z0, z1, z2) ∼

2∏
k=0

1

(zk − iη)2sk
Ψn

(
z0

z0 − iη
,

z1
z1 − iη

,
z2

z2 − iη

)
(5.24)

and taking the limit λ→∞ with z0 ∼ 1/λ, η ∼ 1/
√
λ, n ∼

√
λ, s = ηn, one easily finds

Ψ(η)
n (z0, z1, z2) 7−→

λ→∞

1

z1z212

[
eis/z1 + eis/z2 +

2z1z2
isz12

(
eis/z1 − eis/z2

)]
. (5.25)

This expression coincides with the discrete state solution Y
(0)
s (z1, z2) for the heavy quark – light

antiquark – gluon RG equation found in [18].

A word of caution has to be added. Although the given examples support the conjecture in

Eq. (5.18), we do not claim that there exists a one-to-one correspondence between the eigenfunctions

of generic light models in the large spin limit and heavy-light models. A counterexample can easily

be found. Indeed, in the same open chain model considered above one can try to make the particle

with i = 2 heavy instead of i = 0, i.e. consider the limit z2 = zh/λ→ 0 instead of z0 → 0. It turns

out that the eigenfunction in this limit becomes non-normalizable. Thus the lowest energy discrete

state of the “light” chain disappears from the spectrum and is not present in the corresponding

“heavy-light” chain. A detailed study of this phenomenon goes beyond the tasks of this work.

5This is a new result.
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Another issue is that beyond leading order the identification of the effective theory acting

on light degrees of freedom as HQET is expected to break down because of contributions of

hard-collinear gluon emission and a more general, e.g. soft-collinear effective theory, may arise.

This is one more topic for future study.

6 Summary

Evolution equations for many physically relevant heavy-light operators in QCD turn out to be

integrable in the multi-color limit. The novelty of these systems is that the corresponding conserved

charges are generated by the off-diagonal element of the monodromy matrix C(u) instead of the

trace of monodromy matrix as it happens for the light quark-gluon operators. These evolution

equations can be solved with the help of QISM, resulting in a better understanding of the structure

of the B-meson distribution amplitudes of leading and subleading twists [18, 19]. The aim of this

paper is to present a more detailed mathematical treatment of such spin chain models in QISM

formalism and explain details of the derivation omitted in [18, 19]. This is done in Sects. 3-4.

Another aim is to explore the observation made in [17, 18] that a certain similarity exists

between the spectrum of the heavy-light spin chains and ordinary SL(2,R)-invariant spin chains in

the large spin limit [45, 46]. One finds on several examples that the expressions for the ground state

wave functions, mass gaps, etc. in both models coincide. In Sec. 5 we suggest an explicit mapping

behind this correspondence. It turns out that that sending zh → 0, where zh is a coordinate

associated with the “heavy quark”, the Hamiltonian and conserved charges of the “light” spin

chain models factorize and go over to the Hamiltonian and conserved charges of the “heavy-light”

models.

We further argue that such correspondence extends to the low-lying states at the eigenfunction

level in a certain scaling limit, which means that such states can be studied using effective theory

methods. In particular, eigenfunctions of the lowest energy states with large spin in the “light”

sector can be approximated by the eigenfunctions of the conserved charge C(u), which can be

constructed with the help of Sklyanin’s method of Separation of Variables (SoV). We have checked

that this conjecture indeed works in several cases where analytic expressions for the eigenstates are

known. Alternative method for the analysis of low-lying states for the “light” spin chain models

in the large spin limit is based on the the semiclassical expansion of the solution of the Baxter

equation, see e.g. [45, 46]. In this approach the wave functions of “light” models can be obtained

as a convolution of the corresponding Baxter functions with the transition kernel to the SoV

representation which is nothing but an eigenstate of the “heavy-light” spin chain, inviting for an

effective theory interpretation of this method. One can hope that using QISM technique it will be

possible to give this interpretation a more precise meaning.
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Appendix

1 Twist-four operators

In this section we explain the method which was used in [19] to construct the conserved charges

for the Hamiltonians describing the scale-dependence of higher-twist heavy-light operators. To

this end we consider a particular example of an operator doublet

−→Qh =

(
ψ−(z1)f++(z2)hv(0)

ψ+(z1)f+−(z2)hv(0)

)
. (A.1)

The evolution kernel (Hamiltonian) for the operators
−→Qh is given by a 2× 2 matrix

Hh =

(
H11 H12

H21 H22

)
. (A.2)

Explicit expressions for the kernels Hik can be found, e.g., in [14, 48, 49]. Our aim is to find the

conserved charges Qk that commute with the Hamiltonian Hh. This can be done using standard

techniques starting from the spin chain with complete conformal SO(4, 2) symmetry. The method

described below allows one to stay with the SL(2) subgroup and achieve the same result in a more

straightforward way.

To start with, consider the twist-three light quark-antiquark-gluon operator,

Qqgq = ψ+(z1)f++(z2)ψ+(z0) . (A.3)

The corresponding evolution equation is well-studied. The evolution kernel in the large Nc limit

commutes with the (three-particle) quadratic Casimir operator S2 and with an additional conserved

charge, Q4 (5.22) with impurity parameters, w1 = w2 = 1
2 . Note that Q4 is written in terms of the

two-particle quadratic Casimir operators of the SL(2,R) group.

The trick is to use this result to construct the conserved charges for the twist-four operator,

−→Q =

ψ−(z1)f++(z2)ψ+(z0)

ψ+(z1)f+−(z2)ψ+(z0)

ψ+(z1)f++(z2)ψ−(z0)

 . (A.4)

The operators (A.3) and (A.4) do not mix under the collinear conformal SL(2,R) transformation,

but they are related by a transformation involving the full conformal group. As a consequence, the

conserved charge Q̂4 for the twist-four operators (A.4) can be found by promoting the SL(2,R)

two-particle Casimir operators in Eq. (5.22) to the two-particle Casimir operators of the full

conformal group SO(4, 2), S2
ik 7→ Ŝ2ik

Q̂4 = {Ŝ212, Ŝ220} − 2w3Ŝ212 − 2w1Ŝ220 (A.5)

and projecting the SO(4, 2) operators onto the twist-four subspace (A.4). Explicit expressions for

the generators of the full conformal group in the so-called light-ray operator representation are
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given in [50]. The corresponding two-particle Casimir operators can be written as [14]6

Ŝ212 =

(
Ĵ12
(
Ĵ12 − 1

)
0

0 S2
12

)
, Ĵ12 = −

(
−1/2 z21∂2 + 2

z12∂1 + 1 1/2

)
,

Ŝ220 =

(
S2
20 0

0 Ĵ20
(
Ĵ20 − 1

)) , Ĵ20 = −
(
−1/2 z02∂0 + 1

z20∂2 + 2 1/2

)
, (A.6)

where S2
12, S

2
20 are the corresponding SL(2,R) Casimir operators:

S2
12 = −∂1∂2z212 + ∂1z12 +

3

4
, S2

20 = −∂0∂2z202 + ∂0z02 +
3

4
. (A.7)

Using these expressions in (A.5) one obtains the conserved charge Q̂4 as a 3 × 3 matrix with

operator entries.

Finally, we perform the ”light-to-heavy” reduction for this charge, z0 → zh/λ, λ→∞. The

Casimir operator Ŝ220 factorizes in this limit:

Ŝ220 = λS
(h)
− Ŝ(q)2 +O(λ0) , (A.8)

where

Ŝ(q)2 =

z−12 ∂2z
3
2 0 0

0 ∂2z
2
2 0

0 0 z−12 ∂2z
3
2

 , (A.9)

and as the result the charge Q̂4 takes the form

Q̂4 = λS
(h)
− Q̂(q)

4 +O(λ0) , (A.10)

where Q̂(q)
4 is a two-particle operator acting on the remaining light degrees of freedom,

Q̂(q)
4 = {Ĉ12, Ĉ

(q)
2 } − 2w2

1Ĉ
(q)
2 =

(
Q(q)

4 0

0 Q2

)
. (A.11)

Here Q(q)
4 is a 2 × 2 matrix, which commutes with the evolution kernel (A.2) for the operator

doublet (A.1) and the remaining entry Q2 is the conserved charge (5.17). The conserved charges

for all other twist-four heavy-light operators considered in Ref. [19] can be obtained in this manner.
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