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We present analytical expressions for the 31 five-particle phase-space

master integrals in massless QCD as an ǫ-series with coefficients being

multiple zeta values of weight up to 12. In addition, we provide computer

code for the Monte-Carlo integration in higher dimensions, based on the

RAMBO algorithm, that has been used to numerically cross-check the

obtained results in 4, 6, and 8 dimensions.

1. INTRODUCTION

Nowadays, perturbative calculations play the key role in describing data from high-

energy particle colliders, such as the LHC, as well as in improving the precision of

numerical parameters in Standard Model and other models. It is clear now that

higher-order calculations will play an even more crucial role in processing data from

future high-luminosity colliders, like the FCC or the ILC, where theoretical errors

will dominate over experimental statistical errors. These arguments motivate us to

make one step forward beyond available fully- inclusive phase-space integrals for a

four-particle decay [GGH04] and calculate a set of yet unknown integrals that corre-

sponds to a five-particle decay of a color-neutral off-shell particle in Quantum Chro-

modynamics. These results, among others, are necessary ingredients in calculating

various exclusive quantities with the method of differential equations where they are
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needed to determine integration constants, as for example discussed in [Git16, GM15]

for the three-loop time-like splitting functions [AMV12].

In this paper, we focus on the calculation of master integrals that can be used to ex-

press any other integral of the corresponding topology provided a set of integration-

by-parts rules (IBP) [CT81] is known. Our approach is based on techniques for solv-

ing dimensional recurrence relations (DRR) [Tar96] described in [LM17a, LM17b].

In particular, we use DREAM package [LM17a] to obtain numerical results for desired

integrals with 2000-digit precision and restore analytical form in terms of multiple

zeta values (MZV) [Fur03, BBV10, LM16] up to weight 12 using the PSLQ method

[FBA99] as implemented in Mathematica. We also present a Monte-Carlo code, based

on the RAMBO algorithm [KSE86], for numerical integration of the phase-space in-

tegrals in arbitrary (integer) number of dimensions that has been used to check con-

sistency of the obtained results.

This paper is organized as following. In Section 2 we introduce our notation and

describe our calculational method in more details. In Section 3 we provide complete

results for four-particle integrals and discuss numerical cross-checks using Monte-

Carlo integration. In Section 4 we make final remarks. In Appendix A we provide

the complete list of master integrals.

Additionally we provide auxiliary files on arXiv2 containing the complete master in-

tegrals with MZV weight up to 12 as well as the Monte-Carlo integration routines

with the corresponding results.

2. THE METHOD

We start by identifying a set of five-particle phase-space master integrals by con-

structing auxiliary topologies containing the four-loop massless propagators from

[BC10], taking all physical five-particle cuts of those, and performing the Laporta-

style IBP reduction [Lap00, Lap17] implemented in FIRE5 [Smi15]. This gives us 31

master integrals listed in Table 1 with up to 6 unique propagators each. Our notation

is

Fi = SΓ

∫

dPS5

1

D
(i)
1

. . . D
(i)
n

, (1)

where D
(i)
j

are propagators that take the form of invariant scalar products

skl...q =
(

pk + pl +·· ·+ pq

)2
, (2)

dPS5 is a five-particle phase-space element in D dimensions

dPSN =

(

N
∏

i=1

dD piδ
+
(

p2
i

)

)

δ(D)
(

q− p1 − . . .− pN

)

, (3)

2https://arxiv.org
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F1 F2: 12 14 23 34 F3: 01 05 F4: 12 13 02 03

F5: 12 34 02 03 F6: 12 13 02 04 45 35 F7: 123 124 F8: 13 14 123 124

F9: 12 23 023 012 F10: 01 123 F11: 01 123 014 05 F12: 12 023 05

F13: 12 13 124 05 02 F14: 02 12 023 05 F15: 12 13 124 134 02 03 F16: 12 34 02 03 124 134

F17: 12 34 013 F18: 12 13 25 124 05 04 F19: 12 13 25 124 013 05 F20: 12 13 124 134 35 25

F21: 12 13 24 012 05 F22: 12 13 24 012 45 05 F23: 12 13 25 45 134 012 F24: 12 13 45 134 05 03

F25: 12 13 45 134 012 05 F26: 012 123 F27: 12 01 123 013 F28: 123 012 05 01

F29: 12 123 25 013 05 01 F30: 12 13 034 134 05 03 F31: 12 13 034 134 05 04

Table 1: Cut diagrams for five-particle phase-space master integrals in QCD. Dashed

lines represent cut propagators and carry final-state momenta p1, . . . , p5.

Labels represent propagators, so that "123" corresponds to p1 + p2 + p3

and "012" to q − p1 − p2 (where q is the initial-state momentum, i.e., q =

p1 +·· ·+ p5).
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and SΓ is a common normalization factor chosen for convenience to be

SΓ =
(

q2
)5−2D

(

2π
)4

π2D
Γ

(

D

2
−1

)

Γ

(

3
D

2
−3

)

. (4)

With this normalization and knowing the volume of the complete N-particle phase

space3

∫

dPSN =
(

q2
)

D
2

(N−1)−N π
D
2

(N−1)

(

2π
)N−1

Γ
(

D
2
−1

)N

Γ

(

(

D
2
−1

)(

N −1
)

)

Γ

(

(

D
2
−1

)

N
) (5)

we can already fix the value of F1 as

F1 = SΓ

∫

dPS5 =
Γ
(

D
2
−1

)6
Γ
(

3 D
2
−3

)

Γ
(

4 D
2
−4

)

Γ
(

5 D
2
−5

)
. (6)

Next, with the help of LiteRed [Lee14] and FIRE5 [Smi15] we derive a set of lowering

dimensional recurrence relations which express master integrals in D+2 dimensions

in terms of master integrals in D dimensions:

Fi(D+2)= Mi j(D)F j(D). (7)

In our case M can be shuffled into triangular form, with each Fi only depending on

itself and master integrals from lower sectors S i:

Fi(D+2)= Mii(D)Fi(D) +
∑

k∈Si

Mik(D)Fk(D) (8)

and the general solution being

Fi(D)=ωi(D) Hi(D)+R i(D), (9)

where Hi is a homogeneous solution of eq. (8), R i is a partial solution that can be

constructed numerically with DREAM [LM17a] provided F1 is known, and ωi(D) is

an arbitrary periodic function that needs to be determined from separate considera-

tions.

We argue that all ωi>1 are zero. To see this, first let us look at the asymptotic behavior

of Fi at large D. Rewriting eq. (1) as an integral over invariants si j gives

Fi = SΓ

(

N−1
∏

k=1

ΩD−k

)

∫

(

∏

l<m

dslm

)

(

∆N

)
D−N−1

2 Θ
(

∆N

)

δ (1− s1...N )
1

D
(i)
1

. . . D
(i)
n

, (10)

3The dependence on q2 here is trivial, and can be restored by power counting. We will omit it from

now on, setting q2 to 1.
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where ∆N is the Gram determinant defined as

∆N =
(−1)N+1

2N

∣

∣

∣

∣

∣

∣

∣

∣

∣

s11 s12 · · · s1N

s12 s22 · · · s2N
...

...
. . .

...

s1N s2N · · · sNN

∣

∣

∣

∣

∣

∣

∣

∣

∣

, (11)

and Ωk is the surface of a unit hypersphere in k-dimensional space

Ωk = 2π
k
2 Γ

(

k

2

)−1

. (12)

If ∆N (si j) has a unique global maximum inside the integration region, we can apply

Laplace’s method to eq. (10) and find its asymptotic as

Fi(D →∞)= SΓ

(

N−1
∏

k=1

ΩD−k

)

(

∆
max
N

)
D
2

(

2π

D

)
1
2

(

N(N−1)
2

−1
)

(

C i +O
(

D−1
))

, (13)

where C i is a constant that depends on the location of the maximum and the denom-

inators D(i)
j

, but not on D.

The global maximum of ∆N is reached when all si j (i 6= j) are identical and equal to
2

N(N−1)
. Geometrically this configuration corresponds to the vectors ~pi pointing to the

vertices of a regular N-hedron embedded into Euclidean space of (N−1) dimensions.

The maximum value is then

∆
max
N =

1

NN (N −1)N−1
(14)

and explicitly we get

Fi(D →∞)=π
7
2 2

25
2

(

4455
)−

D
2 Γ

(

3D
2
−3

)

D
9
2Γ

(

D−4
2

)

Γ
(

D−3
2

)

Γ
(

D−1
2

)

(

C i +O
(

D−1
))

. (15)

It follows that all Fi have identical asymptotic behavior up to a constant C i. As a

confirmation, it can be shown that eq. (15) is asymptotically the same expression as

we had for F1 in eq. (6).

Next, we can find the asymptotics of the homogeneous parts of eq. (9), Hi(D), using

e.g. the routine FindAsymptotics from DREAM. Comparing these to eq. (15), we deter-

mine that all Hi(D) for i > 1 are growing exponentially faster than Fi(D), which can

only happen if the corresponding periodic functions ωi(D) are zero.

Thus, to find Fi we only need to find R i, the inhomogeneous solutions to eq. (8). We

compute them as a series in ǫ = (4−D)/2 using DREAM with 2000-digit accuracy and

then restore the analytical form of the series coefficients in terms of MZVs using

PSLQ method [FBA99]. In this way we obtain the analytical result for all master

integrals up to MZVs of weight 12 using the corresponding bases from [Fur03] and

the SummerTime package [LM16] for their numerical evaluation. Corresponding ex-

pressions are presented in Appendix A as well as in the auxiliary files on arXiv.
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3. CROSSCHECKS

3.1. FOUR-PARTICLE INTEGRALS

As the first consistency check of our method we reproduce results for four- particle

phase-space integrals reported in [GGH04]. We perform all the steps described in

Section 2. Generating the IBP rules with the help of LiteRed and then proceeding

with DREAM we obtain the final result with 2000-digit accuracy and MZVs up to weight

12. The series reconstructed with PSLQ (using the original notation, and omitting

SΓ and q2 factors) are:

R6 =−1+ζ2 +ǫ

(

−12+5ζ2 +9ζ3

)

+ǫ2

(

−91+27ζ2+45ζ3 +
61

5
ζ2

2

)

(16)

+ǫ3

(

−558+161ζ2+197ζ3+61ζ2
2−80ζ3ζ2 +207ζ5

)

+ǫ4

(

−3025+939ζ2+897ζ3+
1157

5
ζ2

2 −400ζ3ζ2 +1035ζ5+
288

5
ζ3

2 −153ζ2
3

)

,

R8,a =
5

ǫ4
−

40ζ2

ǫ2
−

126ζ3

ǫ
+14ζ2

2+ǫ

(

1008ζ2ζ3 −1086ζ5

)

+ǫ2

(

−
272

7
ζ3

2 +1602ζ2
3

)

, (17)

R8,b =
3

4ǫ4
−

17ζ2

2ǫ2
−

44ζ3

ǫ
−

183

5
ζ2

2 +ǫ

(

376ζ2ζ3 −790ζ5

)

+ǫ2

(

−
19088

105
ζ3

2 +698ζ2
3

)

. (18)

3.2. NUMERICAL VERIFICATION

As another cross-check we have calculated the leading terms of the ǫ-expansion of Fi

numerically using the direct way: through Monte-Carlo integration of eq. (1) over the

phase-space. While such a technique can not be easily applied to divergent integrals,

we can sidestep such an issue by noting that our master integrals only suffer from IR

divergences that disappear already at D = 6. In this way we can check several leading

terms of the expansion at D = 4− 2ǫ by calculating the corresponding integrals in

D ≥ 6 since both are connected by dimensional recurrence relations.

To calculate a finite integral of the form eq. (1) we choose a uniform mapping from a

hypercube into momentum coordinates using an algorithm similar to RAMBO [KSE86]

but extended into arbitrary D. Then we calculate the integrand from scalar products

of the momenta, and finally we integrate over the hypercube using the Vegas [Lep78]

implementation from CUBA [Hah05].

Note that although the integrals we are calculating are finite, the integrands are

not. Exposing an integration algorithm like Vegas to such infinities may lead to

unpredictable behaviour, so as a precaution we choose to regulate these infinities

by adding a small parameter α to the denominator of the integrand, and then to

6



i Numerical results Analytic results

D = 4 D = 6 D = 8 D = 4 D = 6 D = 8

2 – 1708(2)00 4699(1)0 – 171085.62 47000.531

3 3.7823(4) 3.1704(2) 3.0221(1) 3.7823736 3.1704486 3.0221118

4 – 1504.7(8) 725.3(1) – 1504.4507 725.26806

5 – 1007.4(5) 580.80(9) – 1007.5235 580.76347

6 – 6191(5)00 14496(6)0 – 619633.25 144975.32

7 46.46(4) 18.533(2) 15.205(1) 46.435253 18.532303 15.205538

8 – 2031(2)0 5357(2) – 20297.189 5355.3611

9 – 4313(3) 2406.7(4) – 4312.8823 2406.7943

10 10.436(2) 7.1508(5) 6.5093(3) 10.435253 7.1507477 6.5092878

11 228.8(1) 62.67(1) 47.663(4) 229.11836 62.667046 47.663194

12 – 157.34(4) 102.26(1) – 157.33521 102.26408

13 – 13729(8) 4000(1) – 13732.166 4000.2779

14 – 268.46(8) 172.80(2) – 268.45969 172.79805

15 – 6322(6)0 16048(5) – 63316.356 16049.857

16 – 4414(3)0 12952(4) – 44117.898 12951.443

17 – 1243.4(7) 709.6(1) – 1243.1369 709.52840

18 – 3002(2)00 5899(3)0 – 300402.99 58965.517

19 – 4982(4)00 10637(4)0 – 498329.79 106357.81

20 – 2360(2)000 5777(2)00 – 2362594.9 577686.64

21 – 6312(5)0 20642(5) – 63147.876 20642.071

22 – 8402(7)00 24407(8)0 – 840453.94 244075.75

23 – 1443(1)000 4556(1)00 – 1443198.3 455543.43

24 – 1391(1)00 3997(1)0 – 139263.92 39966.878

25 – 3347(3)00 8526(3)0 – 335128.10 85254.217

26 25.563(6) 15.376(1) 13.6042(7) 25.564747 15.376404 13.604247

27 – 697.3(3) 397.84(6) – 697.18948 397.83514

28 143.9(1) 52.855(7) 42.917(3) 143.97886 52.853837 42.917424

29 – 4409(3)0 13702(3) – 44117.898 13700.597

30 – 6327(6)0 16181(5) – 63316.356 16178.566

31 – 8955(8)0 19055(8) – 89611.062 19051.115

Table 2: Numerical results for the ratio Fi/F1 with the corresponding uncertainties

(standard deviations) indicated in the parenthesis. Missing entries corre-

spond to divergent integrals.

calculate the integral with progressively smaller values of α (from 2−30 to 2−100),

checking if convergence was reached afterwards.

The results of this method are summarized in Table 2, and show good agreement

between numerical and analytic results. Our integration program is written in C

using the GNU Scientific Library [Gou09] and CUBA. Its source code can be found

7



at https://hg.tx97.net/rambo, and also in the auxiliary files on arXiv. With a

requested accuracy of 0.1% the complete integration takes less than two days on a

12-core machine, with each integration taking between a minute and two hours.

4. CONCLUSIONS

In this paper we present analytical expressions for five-particle phase-space inte-

grals expressed in terms of multiple zeta values up to weight 12. The results are

calculated using dimensional recurrence relation method with a 2000-digit accuracy

using the DREAM package. We also present computer code for the numerical integra-

tion of phase-space integrals in a higher-number of dimensions that has been used to

cross-check the obtained results with an accuracy of 0.1%. The approach presented

here shows excellent performance for calculating single-scale integrals without ultra-

violet divergences and can be easily applied to other problems of this kind.
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A. RESULTS

The main results of our work are listed below. For brevity, we truncate them up to

MZVs of weight 6. Complete results with weight up to 12 are available in auxiliary

files on arXiv.

F1 =
1

72
+ǫ

53

288
+ǫ2

(

15961

10368
−

13

72
ζ2

)

+ǫ3

(

436013

41472
−

689

288
ζ2 −

13

18
ζ3

)

(19)

+ǫ4

(

96102601

1492992
−

207493

10368
ζ2 −

689

72
ζ3 +

17

240
ζ2

2

)

+ǫ5

(

2206279853

5971968
−

5668169

41472
ζ2

−
207493

2592
ζ3 +

901

960
ζ2

2 +
169

18
ζ3ζ2 −

65

6
ζ5

)

+ǫ6

(

437728233961

214990848
−

1249333813

1492992
ζ2
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−
5668169

10368
ζ3 +

271337

34560
ζ2

2 +
8957

72
ζ3ζ2 −

3445

24
ζ5 −

4007

5040
ζ3

2 +
169

9
ζ2

3

)

F2 =
10

3ǫ5
−

55

3ǫ4
+

1

ǫ3

(

160

3
−

130

3
ζ2

)

+
1

ǫ2

(

−
490

3
+

715

3
ζ2 −

512

3
ζ3

)

(20)

+
1

ǫ

(

1450

3
−

2080

3
ζ2 +

2816

3
ζ3 +25ζ2

2

)

−
4390

3
+

6370

3
ζ2 −

8192

3
ζ3 −

275

2
ζ2

2

+
6656

3
ζ3ζ2 −2504ζ5+ǫ

(

13090

3
−

18850

3
ζ2 +

25088

3
ζ3 +400ζ2

2−
36608

3
ζ3ζ2

+13772ζ5−211ζ3
2+

13136

3
ζ2

3

)

F3 =
7

8
−
ζ2

2
+ǫ

(

219

16
−

7

2
ζ2 −6ζ3

)

+ǫ2

(

4231

32
−

227

8
ζ2 −42ζ3−

111

10
ζ2

2

)

(21)

+ǫ3

(

65347

64
−

3999

16
ζ2 −

499

2
ζ3 −

777

10
ζ2

2 +86ζ3ζ2 −237ζ5

)

+ǫ4

(

887695

128

−
64219

32
ζ2 −

6303

4
ζ3 −

5967

16
ζ2

2 +602ζ3ζ2 −1659ζ5−
1827

20
ζ3

2 +204ζ2
3

)

F4 =−
ζ2

ǫ3
+

1

ǫ2

(

ζ2

2
−13ζ3

)

+
1

ǫ

(

3

2
ζ2 +

13

2
ζ3 −

267

10
ζ2

2

)

+4ζ2 +
39

2
ζ3 +

267

20
ζ2

2 (22)

+191ζ3ζ2 −
1129

2
ζ5 +ǫ

(

10ζ2+52ζ3 +
801

20
ζ2

2 −
191

2
ζ3ζ2 +

1129

4
ζ5 −

16547

70
ζ3

2

+487ζ2
3

)

F5 =
7ζ2

2

5ǫ2
+

1

ǫ

(

−
7

2
ζ2

2 −18ζ3ζ2 +87ζ5

)

−
7

10
ζ2

2 +45ζ3ζ2 −
435

2
ζ5 +

647

5
ζ3

2 −108ζ2
3 (23)

F6 =−
35

9ǫ5
−

19

6ǫ4
+

1

ǫ3

(

−
278

3
−

191

3
ζ2

)

+
1

ǫ2

(

1697

3
+

1687

18
ζ2 −

3236

9
ζ3

)

(24)

+
1

ǫ

(

−
7793

3
+

10450

9
ζ2 +

2386

3
ζ3 −

4927

18
ζ2

2

)

+
31259

3
−

67705

9
ζ2 +4296ζ3

+
209681

180
ζ2

2 +
14708

3
ζ3ζ2 −

28148

3
ζ5 +ǫ

(

−
117869

3
+

317353

9
ζ2 −31444ζ3

−
66809

45
ζ2

2 −
101858

9
ζ3ζ2 +

84602

3
ζ5 −

357871

126
ζ3

2 +
96472

9
ζ2

3

)

F7 =−1+ζ2 +ǫ

(

−17+10ζ2+9ζ3

)

+ǫ2

(

−
351

2
+

163

2
ζ2 +90ζ3+

36

5
ζ2

2

)

(25)

+ǫ3

(

−
5709

4
+

2495

4
ζ2 +

1337

2
ζ3 +72ζ2

2−151ζ3ζ2 +207ζ5

)

+ǫ4

(

−
80649

8

+
35823

8
ζ2 +

18035

4
ζ3 +

4881

10
ζ2

2 −1510ζ3ζ2 +2070ζ5−
387

10
ζ3

2 −387ζ2
3

)
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F8 =
1

2ǫ5
−

11

4ǫ4
+

1

ǫ3

(

8−
49

6
ζ2

)

+
1

ǫ2

(

−
49

2
+

539

12
ζ2 −

127

3
ζ3

)

+
1

ǫ

(

145

2
−

392

3
ζ2 (26)

+
1397

6
ζ3 −

823

60
ζ2

2

)

−
439

2
+

2401

6
ζ2 −

2032

3
ζ3 +

9053

120
ζ2

2 +
1829

3
ζ3ζ2

−
2381

3
ζ5 +ǫ

(

1309

2
−

7105

6
ζ2 +

6223

3
ζ3 −

3292

15
ζ2

2 −
20119

6
ζ3ζ2 +

26191

6
ζ5

+
48983

1260
ζ3

2 +1397ζ2
3

)

F9 =−
ζ2

ǫ3
+

1

ǫ2

(

ζ2

2
−7ζ3

)

+
1

ǫ

(

3

2
ζ2 +

7

2
ζ3 +

17

10
ζ2

2

)

+4ζ2+
21

2
ζ3 −

17

20
ζ2

2 +131ζ3ζ2 (27)

−
127

2
ζ5 +ǫ

(

10ζ2+28ζ3−
51

20
ζ2

2 −
131

2
ζ3ζ2 +

127

4
ζ5 +

7677

70
ζ3

2 +328ζ2
3

)

F10 = ζ2 −
3

2
+ǫ

(

−
47

2
+

15

2
ζ2 +11ζ3

)

+ǫ2

(

−
903

4
+58ζ2+

165

2
ζ3 +

171

10
ζ2

2

)

(28)

+ǫ3

(

−
13795

8
+

951

2
ζ2 +

1003

2
ζ3 +

513

4
ζ2

2 −159ζ3ζ2 +
739

2
ζ5

)

+ǫ4

(

−
184655

16

+
14539

4
ζ2 +3092ζ3+

6507

10
ζ2

2 −
2385

2
ζ3ζ2 +

11085

4
ζ5 +

1293

14
ζ3

2 −374ζ2
3

)

F11 = 10ζ2ζ3 −16ζ5+ǫ

(

−5ζ3ζ2 +8ζ5 −
48

35
ζ3

2 +43ζ2
3

)

(29)

F12 =−
2ζ3

ǫ
−13ζ3−

37

5
ζ2

2 +ǫ

(

−76ζ3 −
481

10
ζ2

2 +30ζ3ζ2 −115ζ5

)

+ǫ2

(

−422ζ3 (30)

−
1406

5
ζ2

2 +195ζ3ζ2 −
1495

2
ζ5 −

158

7
ζ3

2 +112ζ2
3

)

F13 =
1

6ǫ5
−

11

12ǫ4
+

1

ǫ3

(

8

3
+
ζ2

2

)

+
1

ǫ2

(

−
49

6
−

11

4
ζ2 +

86

3
ζ3

)

+
1

ǫ

(

145

6
+8ζ2 −

473

3
ζ3 (31)

+
5251

60
ζ2

2

)

−
439

6
−

49

2
ζ2 +

1376

3
ζ3 −

57761

120
ζ2

2 −466ζ3ζ2 +1794ζ5+ǫ

(

1309

6

+
145

2
ζ2 −

4214

3
ζ3 +

21004

15
ζ2

2 +2563ζ3ζ2 +−9867ζ5+
1349771

1260
ζ3

2 −1372ζ2
3

)

F14 =−
8ζ2

2

5ǫ
−

28

5
ζ2

2 −48ζ5 +ǫ

(

−
164

5
ζ2

2 −168ζ5−
6248

105
ζ3

2 +6ζ2
3

)

(32)

F15 =
1

6ǫ6
+

41

36ǫ5
+

1

ǫ4

(

−
311

36
−

73

18
ζ2

)

+

(

445

18
−

563

36
ζ2 −

281

9
ζ3

)

1

ǫ3
+

1

ǫ2

(

−
689

9
(33)

+
5273

36
ζ2 −

907

18
ζ3 −

7103

180
ζ2

2

)

+
1

ǫ

(

2024

9
−

7759

18
ζ2 +

13933

18
ζ3 +

10553

120
ζ2

2

+
1489

3
ζ3ζ2 −

3257

3
ζ5

)

−
6158

9
+

12437

9
ζ2 −

22193

9
ζ3 +

28621

120
ζ2

2 +
14065

18
ζ3ζ2
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+
3631

6
ζ5 −

134489

420
ζ3

2 +1189ζ2
3

F16 =
1

6ǫ6
+

7

12ǫ5
+

1

ǫ4

(

−
185

36
−

65

18
ζ2

)

+
1

ǫ3

(

209

18
−

157

12
ζ2 −

289

9
ζ3

)

+
1

ǫ2

(

−
76

3
(34)

+
3563

36
ζ2 −

215

2
ζ3 −

10927

180
ζ

2
2

)

+
1

ǫ

(

239

9
−

2123

18
ζ2 +

14431

18
ζ3 −

7041

40
ζ

2
2

+463ζ3ζ2 −1411ζ5

)

+
857

9
−

688

3
ζ2 −

5623

9
ζ3 +

170591

120
ζ

2
2 +

8963

6
ζ3ζ2

−
8349

2
ζ5 −

134141

180
ζ3

2 +
4169

3
ζ2

3

F17 =
4ζ3

ǫ2
+

1

ǫ

(

10ζ3+
84

5
ζ2

2

)

+48ζ3+42ζ2
2 −52ζ3ζ2 +280ζ5+ǫ

(

236ζ3+
1008

5
ζ2

2 (35)

−130ζ3ζ2 +700ζ5+
588

5
ζ3

2 −160ζ2
3

)

F18 =−
5

12ǫ6
+

1

8ǫ5
+

1

ǫ4

(

205

12
+

323

36
ζ2

)

+
1

ǫ3

(

−
1937

18
−

71

24
ζ2 +

223

3
ζ3

)

+
1

ǫ2

(

4019

9
(36)

−
3137

12
ζ2 −

443

18
ζ3 +

46931

360
ζ2

2

)

+
1

ǫ

(

−
3047

2
+

26681

18
ζ2 −1465ζ3−

5473

144
ζ2

2

−
9113

9
ζ3ζ2 +

27953

9
ζ5

)

+
39460

9
−

54149

9
ζ2 +

60682

9
ζ3 −

33061

24
ζ2

2

+
6415

18
ζ3ζ2 −

15967

18
ζ5 +

12313867

7560
ζ3

2 −2302ζ2
3

F19 =−
1

4ǫ6
+

19

8ǫ5
+

1

ǫ4

(

64

9
+

173

36
ζ2

)

+
1

ǫ3

(

−
1895

18
−

2767

72
ζ2 +

371

9
ζ3

)

+
1

ǫ2

(

9157

18
(37)

−
1451

18
ζ2 −

3439

18
ζ3 +

32357

360
ζ2

2

)

+
1

ǫ

(

−
5798

3
+

24635

18
ζ2 −

7103

18
ζ3 −

17023

720
ζ2

2

−
4127

9
ζ3ζ2 +

18073

9
ζ5

)

+
111845

18
−

120679

18
ζ2 +

49330

9
ζ3 −

3664

5
ζ2

2 +
50743

18
ζ3ζ2

−
53357

18
ζ5 +

10750309

7560
ζ3

2 −
7078

9
ζ2

3

F20 =
20

9ǫ6
+

85

6ǫ5
+

1

ǫ4

(

−
775

12
−

325

9
ζ2

)

+
1

ǫ3

(

−
985

18
−

1705

9
ζ2 −

1595

9
ζ3

)

(38)

+
1

ǫ2

(

6445

9
−

88

9
ζ

2
2 +

3815

4
ζ2 −

4775

6
ζ3

)

+
1

ǫ

(

−3635+
8935

18
ζ2 +

26455

6
ζ3

−
743

36
ζ

2
2 +

23485

9
ζ3ζ2 −

7535

3
ζ5

)

+
121310

9
−

80005

9
ζ2 +

7415

9
ζ3 +

9299

24
ζ

2
2

+
189155

18
ζ3ζ2 −

26065

2
ζ5 +

134581

126
ζ3

2 +
54985

9
ζ2

3

F21 =
1

2ǫ5
−

11

4ǫ4
+

1

ǫ3

(

8+
3

2
ζ2

)

+
1

ǫ2

(

−
49

2
−

33

4
ζ2 +

158

3
ζ3

)

+
1

ǫ

(

145

2
+24ζ2 (39)
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−
869

3
ζ3 +

1205

12
ζ2

2

)

−
439

2
−

147

2
ζ2 +

2528

3
ζ3 −

13255

24
ζ2

2 −
2326

3
ζ3ζ2 +

5614

3
ζ5

+ǫ

(

1309

2
+

435

2
ζ2 −

7742

3
ζ3 +

4820

3
ζ2

2 +
12793

3
ζ3ζ2 −

30877

3
ζ5 +

565729

1260
ζ3

2

−
5108

3
ζ2

3

)

F22 =
23

9ǫ6
+

55

9ǫ5
+

1

ǫ4

(

−
2521

36
−

127

3
ζ2

)

+
1

ǫ3

(

1777

9
−

190

3
ζ2 −

692

3
ζ3

)

(40)

+
1

ǫ2

(

−
11117

18
+

11419

12
ζ2 −

400

3
ζ3 −

11507

90
ζ2

2

)

+
1

ǫ

(

32441

18
−

7993

3
ζ2

+
12061

3
ζ3 +

6109

18
ζ2

2 +
28472

9
ζ3ζ2 −

15326

3
ζ5

)

−
99143

18
+

50243

6
ζ2 −

33388

3
ζ3

−
16091

360
ζ2

2 +
13690

9
ζ3ζ2 +

5165

3
ζ5 −

539759

630
ζ3

2 +
61504

9
ζ2

3

F23 =
115

18ǫ6
−

115

36ǫ5
+

1

ǫ4

(

−
2645

36
−

1345

18
ζ2

)

+
1

ǫ3

(

3565

18
+

1345

36
ζ2 −

2255

9
ζ3

)

(41)

+
1

ǫ2

(

−
5750

9
+

30935

36
ζ2 +

2255

18
ζ3 +

1235

12
ζ2

2

)

+
1

ǫ

(

16445

9
−

41695

18
ζ2

+
51865

18
ζ3 −

1235

24
ζ2

2 +
26705

9
ζ3ζ2 −

9910

3
ζ5

)

−
50945

9
+

67250

9
ζ2 −

69905

9
ζ3

−
28405

24
ζ

2
2 −

26705

18
ζ3ζ2 +

4955

3
ζ5 −

280151

252
ζ

3
2 +

45385

9
ζ

2
3

F24 =
1

3ǫ6
+

17

9ǫ5
+

1

ǫ4

(

−
179

12
−

67

9
ζ2

)

+
1

ǫ3

(

370

9
−

89

3
ζ2 −

568

9
ζ3

)

+
1

ǫ2

(

−
2197

18
(42)

+
9253

36
ζ2 −

466

3
ζ3 −

9659

90
ζ2

2

)

+
1

ǫ

(

669

2
−

5840

9
ζ2 +

14671

9
ζ3 −

6923

90
ζ2

2

+
2836

3
ζ3ζ2 −2610ζ5

)

−
16739

18
+

3441

2
ζ2 −

33956

9
ζ3 +

628781

360
ζ2

2 +
18284

9
ζ3ζ2

−3109ζ5−
746701

630
ζ3

2 +
7664

3
ζ2

3

F25 =
14

9ǫ5
−

1

ǫ4
+

1

ǫ3

(

−
358

9
−

203

9
ζ2

)

+
1

ǫ2

(

2182

9
+

187

6
ζ2 −

1159

9
ζ3

)

(43)

+
1

ǫ

(

−
10072

9
+

3946

9
ζ2 +

5333

18
ζ3 −

6451

45
ζ2

2

)

+
40714

9
−

25759

9
ζ2 +1442ζ3

+
48637

90
ζ2

2 +
13613

9
ζ3ζ2 −3923ζ5+ǫ

(

−
154768

9
+

122299

9
ζ2 −10793ζ3

−
19313

45
ζ2

2 −
21757

6
ζ3ζ2 +

22801

2
ζ5 −

3443939

1890
ζ3

2 +
25937

9
ζ2

3

)
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F26 = 2−ζ2 +ǫ

(

32−9ζ2−10ζ3

)

+ǫ2

(

313−
165

2
ζ2 −90ζ3−

111

10
ζ2

2

)

+ǫ3

(

4855

2
(44)

−
2905

4
ζ2 −669ζ3−

999

10
ζ2

2 +164ζ3ζ2 −268ζ5

)

+ǫ4

(

65815

4
−

45421

8
ζ2

−
9533

2
ζ3 −

12339

20
ζ2

2 +1476ζ3ζ2 −2412ζ5+
1383

70
ζ3

2 +430ζ2
3

)

F27 =
2ζ3

ǫ2
+

1

ǫ

(

−ζ3 +
52

5
ζ2

2

)

−3ζ3 −
26

5
ζ2

2 −8ζ3ζ2 +178ζ5+ǫ

(

−8ζ3 −
78

5
ζ2

2 (45)

+4ζ3ζ2 −89ζ5 +
5342

35
ζ3

2 +10ζ2
3

)

F28 =−
ζ3

2

5
+2ζ2

3 (46)

F29 =
5

9ǫ6
−

25

18ǫ5
+

1

ǫ4

(

−
5

18
−

55

9
ζ2

)

+
1

ǫ3

(

−
5

9
+

371

18
ζ2 −

10

9
ζ3

)

+
1

ǫ2

(

−
10

9
(47)

−
425

18
ζ2 +

949

9
ζ3 +

9167

90
ζ2

2

)

+
1

ǫ

(

−
20

9
+

595

9
ζ2 −

4597

9
ζ3 +

11021

180
ζ2

2 +
578

9
ζ3ζ2

+
4357

3
ζ5

)

−
40

9
−

946

9
ζ2 +

10234

9
ζ3 −

292403

180
ζ

2
2 −

10673

9
ζ3ζ2 +

4225

2
ζ5

+
797803

630
ζ3

2 +
430

9
ζ2

3

F30 =
1

6ǫ6
+

13

12ǫ5
+

1

ǫ4

(

−
25

3
−

25

6
ζ2

)

+
1

ǫ3

(

143

6
−

181

12
ζ2 −

98

3
ζ3

)

+
1

ǫ2

(

−
443

6
(48)

+
431

3
ζ2 −

169

3
ζ3 −

163

4
ζ2

2

)

+
1

ǫ

(

1301

6
−

833

2
ζ2 +802ζ3+

5887

120
ζ2

2 +
1606

3
ζ3ζ2

−
3344

3
ζ5

)

−
3959

6
+

7979

6
ζ2 −

7286

3
ζ3 +

5891

15
ζ2

2 +797ζ3ζ2 +
8

3
ζ5 −

348377

1260
ζ3

2

+
4240

3
ζ2

3

F31 =
7

9ǫ5
−

17

18ǫ4
+

1

ǫ3

(

−
143

9
−

125

9
ζ2

)

+
1

ǫ2

(

902

9
+

133

6
ζ2 −

236

3
ζ3

)

+
1

ǫ

(

−
4190

9
(49)

+
716

3
ζ2 +

1418

9
ζ3 −

265

6
ζ2

2

)

+
16892

9
−

4709

3
ζ2 +

9718

9
ζ3 +

3373

20
ζ2

2 +1228ζ3ζ2

−
17612

9
ζ5 +ǫ

(

−
63902

9
+

22181

3
ζ2 −

68062

9
ζ3 −

377

5
ζ2

2 −
23666

9
ζ3ζ2 +

48610

9
ζ5

−
688249

1890
ζ3

2 +
27128

9
ζ2

3

)
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