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Two-Loop Fermioni Corretionsto Massive Bhabha SatteringStefano Atisa, Miha l Czakonb;, Janusz Gluzad, Tord RiemannaaDeutshes Elektronen-Synhrotron, DESY,Platanenallee 6, D-15738 Zeuthen, GermanybInstitut f�ur Theoretishe Physik und Astrophysik, Universit�at W�urzburg,Am Hubland, D-97074 W�urzburg, GermanyInstitute of Nulear Physis, NCSR \DEMOKRITOS",15310 Athens, GreeedInstitute of Physis, University of Silesia,Uniwersyteka 4, PL-40007 Katowie, PolandAbstratWe evaluate the two-loop orretions to Bhabha sattering from fermion loops in the ontextof pure Quantum Eletrodynamis. The di�erential ross setion is expressed by a small numberof Master Integrals with exat dependene on the fermion masses me;mf and the Mandelstaminvariants s; t; u. We determine the limit of �xed sattering angle and high energy, assumingthe hierarhy of sales m2e � m2f � s; t; u. The numerial result is ombined with the availablenon-fermioni ontributions. As a by-produt, we provide an independent hek of the knowneletron-loop ontributions.
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1 IntrodutionBhabha sattering is one of the proesses at e+e� olliders with the highest experimental preisionand represents an important monitoring proess. A notable example is its expeted role for theluminosity determination at the future International Linear Collider ILC by measuring small-angleBhabha-sattering events at enter-of-mass energies ranging from about 100 GeV (Giga-Z ollideroption) to several TeV. Moreover, the large-angle region is relevant at olliders operating at 1{10GeV. For some appliations a full two-loop alulation of the QED ontributions is mandatory1.A large lass of QED two-loop orretions was determined in the seminal work of [2℄. Later,the omplete two-loop orretions in the limit of zero eletron mass were obtained in [3℄ thanksto the fundamental results of [4, 5℄. However, this result annot be immediately applied, sine theavailable Monte-Carlo programs (see e.g. [6{13℄) employ a small, but non-vanishing eletron mass.The �2 ln(s=m2e) terms due to double boxes were derived from [3℄ by the authors of [14℄, and thelose-to-omplete two-loop result in the ultra-relativisti limit was �nally obtained in [15, 16℄. Notethat the diagrams with fermion loops have not been overed by this approah. The virtual andreal omponents involving eletron loops ould be added exatly in [17, 18℄. The non-approximatedanalytial expressions for all two-loop orretions, exept for double-box diagrams and for those withloops from heavier-fermion generations, an be found in [19℄. For a omprehensive investigation of thefull set of the massive two-loop QED orretions, inluding double-box diagrams, we refer to [20{22℄.The evaluation of the ontributions from massive non-planar double box diagrams remains open sofar.In order to add another piee to the omplete two-loop predition for the Bhabha-sattering rosssetion in QED, we evaluate here the so-far laking diagrams ontaining heavy-fermion loops. Theross setion orretion is expressed by a small number of salar Master Integrals, where the exatdependene on the masses of the fermions and the Mandelstam variables s, t and u is retained. Ina next step, we assume a hierarhy of sales, m2e � m2f � s; t; u, where me is the eletron massand mf is the mass of a heavier fermion. We derive expliit results negleting terms suppressedby positive powers of m2e=m2f , m2e=x and m2f=x, where x = s; t; u. This high-energy approximationdesribes the inuene of muons and � leptons and proves well-suited for pratial appliations. Inaddition, we provide an independent ross-hek of the exat analytial results of [17℄ (we used the�les provided at [23℄ for omparison) for mf = me.The artile is organized as follows. In Setion 2 we introdue our notations and outline thealulation and in Setion 3 we disuss the solution for eah lass of diagrams. In Setion 4 wereprodue the omplete result for the orretions from heavier fermions in analyti form and performthe numerial analysis. Setion 5 ontains the summary, and additional material on the MasterIntegrals is olleted in the Appendix.2 Expansion of the Cross SetionWe onsider the Bhabha-sattering proess,e� (p1) + e+ (p2) ! e� (p3) + e+ (p4); (2.1)and introdue the Mandelstam invariants s, t and u,s = ( p1 + p2 )2 = 4E2; (2.2)t = ( p1 � p3 )2 = �4 �E2 � m2e � sin2 �2 ; (2.3)u = ( p1 � p4 )2 = �4 �E2 � m2e � os2 �2 ; (2.4)1 Note that leading two-loop e�ets in the eletroweak Standard Model were already inorporated in [1℄.1



1a 1b 1cFigure 1: Classes of Bhabha-sattering one-loop diagrams. A thin fermion line represents aneletron, a thik one an be any fermion. The full set of graphs an be obtained through properpermutations. We refer to [24℄ for the reprodution of the full set of graphs.where me is the eletron mass, E is the inoming-partile energy in the enter-of-mass frame and �is the sattering angle. In addition, s + t + u = 4m2e:In the kinematial region m2e � s; t; u the leading-order (LO) di�erential ross setion withrespet to the solid angle 
 reads asd�LOd
 = �2s h 1s2 � s22 + t2 + s t� + 1t2 � t22 + s2 + s t� + 1s t ( s + t )2 i; (2.5)where � is the �ne-struture onstant. At higher orders in perturbation theory we write an expansionin �, d�d
 = d�LOd
 + ���� d�NLOd
 + ����2 d�NNLOd
 +O(�5): (2.6)Here d�NLO and d�NNLO summarize the next-to-leading order (NLO) and next-to-next-to-leadingorder (NNLO) orretions to the di�erential ross setion. In the following it will be understoodthat we onsider only omponents generated by diagrams ontaining one or two fermion loops.2.1 NLO Di�erential Cross SetionThe NLO term follows from the interferene of the one-loop vauum-polarization diagrams of lass1a (see Figure 1) with the tree-level amplitude,d�NLOd
 = d�1a�treed
 = �2s n 1s2 � s22 + t2 + s t� 2 Xf Q2f Re h�(1)f (s) i+ 1t2 � t22 + s2 + s t� 2 Xf Q2f Re h�(1)f (t) i+ 1s t ( s + t )2 Xf Q2f Re h�(1)f (s) + �(1)f (t) i o: (2.7)Here �(1)f (x) is the renormalized one-loop vauum-polarization funtion and the sum over f runsover the massive fermions, e.g. the eletron (f = e), the muon (f = �), the � lepton (f = �). Qf isthe eletri-harge quantum number, Qf = �1 for leptons.In this paper we will fous on asymptoti expansions in the high-energy limit. In order to �x ournormalizations expliitly, we reprodue here the exat result for �(1)f (x) in dimensional regulariza-tion. Adding �(1)tf (x), the ounterterm ontribution in the on-mass-shell sheme (see the followingdisussion in Subsetion 2.3), to �(1)unf (x), the unrenormalized one-loop vauum polarization fun-
2



tion, we get �(1)f (x) = �(1)unf (x) + �(1)tf (x); (2.8)�(1)unf (x) = 12(D � 1) "2(D � 2) 1xA0(mf )� D � 2 + 4m2fx !B0(x;mf )# ; (2.9)�(1)tf (x) = 13F� m2em2f !��1� + �22 �� ; (2.10)where � = (4�D)=2 and D is the number of spae-time dimensions. The normalization fator isF� = � m2e � eE�2 ��� ; (2.11)� is the 't Hooft mass unit and E is the Euler-Masheroni onstant. Standard one-loop integralsappearing in Eq. (2.8) are de�ned byA0(m) = �4�Di�2 Z dDk 1k2 �m2 ; (2.12)B0(p2;m) = �4�Di�2 Z dDk 1(k2 �m2)[(k + p)2 �m2℄ : (2.13)Note that Master Integrals with l lines and an internal salem were derived in [20,24℄ setting m = 1.For the present omputation we introdue a saling by a fator mD�2lf and we getA0(mf ) = F�  m2em2f !� m2f T1l1m; (2.14)B0(x;mf ) = F�  m2em2f !� SE2l2m[x℄: (2.15)In the small-mass limit, A0 vanishes (the result for T1l1m an be read in Eq.(4) of [20℄), and theone-loop self-energy2 reads asSE2l2m[x℄= 1� + 2 + Lf (x) + � �4� �22 + 2Lf (x) + 12 L2f (x)� ; (2.16)where we introdued the short-hand notation for logarithmi funtions (in our onventions thelogarithm has a ut along the negative real axis),Lf (x) = ln � m2fx+ i Æ ! ; Æ ! 0+: (2.17)Finally, negleting O(m2f=x) terms, �(1)f (x) reads as�(1)f (x) = � F�3  m2em2f !� � 53 + Lf (x) + � � 289 � �2 + 53 Lf (x) + 12 L2f (x) �� : (2.18)Note that the O(�) term in Eq. (2.18) is not required for the NLO omputation, but it will beomerelevant at NNLO. Here �(1)f (x) will be ombined with infrared-divergent graphs showing singlepoles in the � plane for � = 0. The exat result for �(1)f (x) is available at [24℄.2Here, the argument x of SE2l2m[x℄ is one of the relativisti invariants s; t; u. This deviates from earlier onventions,where we denoted by x the dimensionless onformal transform of s; t; u. This remark applies also to Master Integralsin the Appendix. 3
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Figure 2: Classes of Bhabha-sattering two-loop diagrams ontaining at least one fermion loop. Weuse the onventions of Figure 1. Note that lass 2a ontains three topologially di�erent sublasses.We refer to [24℄ for the reprodution of the full set of graphs.2.2 Outline of the NNLO ComputationAt NNLO we have to onsider:� The interferene of the two-loop diagrams of lasses 2a-2e (see Figure 2) with the tree-levelamplitude;� The interferene of the one-loop vauum-polarization diagrams of lass 1a with the full set ofgraphs of lasses 1a-1 (see Figure 1).The omplete result an be organized asd�NNLOd
 = Xi=a;:::;e d�2i�treed
| {z }2�loop�tree + Xi=a;:::; d�1a�1id
| {z }1�loop�1�loop : (2.19)In order to ompute the NNLO di�erential ross setion we use the following redution strategy:� The generation of all the diagrams is simple and has been made with the omputer-algebrasystems GraphShot [25℄ and qgraf/DIANA [26{28℄. We spin-sum the squared matrix elementsand take the traes over Dira indies in D dimensions using the omputer-algebra systemFORM [29℄. The resulting expressions are ombinations of algebrai oeÆients depending ons; t; u;me;mf and � and two-loop integrals with salar produts ontaining the loop momentain the numerators. An example showing the omplexity of the result (two-loop box diagramof lass 2e, see Figure 2) an be found at [24℄.� We redue the loop integrals to a set of Master Integrals by means of the IdSolver implemen-tation [30℄ of the Laporta algorithm [31, 32℄. The omplete list of massive Bhabha-satteringMaster Integrals an be found in [20℄.Next, we evaluate the Master Integrals: 4
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Figure 3: Counterterm-dependent Feynman rules relevant for Bhabha sattering for i = 1 (one loop)and i = 2 (two loops). Note that in the on-mass-shell sheme e2 = 4�� at all orders in perturbationtheory.� Integrals arising from graphs of lasses 1a-1 (Figure 1), 2a-2 (Figure 2) and 2d-2e (Figure 2,with eletron loops) have been omputed exatly through the method of di�erential equationsin the external kinemati variables and expressed through Harmoni Polylogarithms [33℄ orGeneralized Harmoni Polylogarithms [34, 35℄. Here we agree perfetly with the work of [17,23℄. Non-approximated results for the various omponents of the di�erential ross setion areolleted in a Mathematia [36℄ �le at [24℄.� Integrals generated by the diagrams of lasses 2d-2e (Figure 2, with heavy-fermion loops) areomputed through a method based on asymptoti expansions of Mellin-Barnes representations.We derived appropriate Mellin-Barnes representations [37, 38℄ for eah Master Integral andperformed an analyti ontinuation in � from a range where the integral is regular to the originof the � plane [4, 5℄. This is done by an automati proedure implemented in the pakageMB.m [39℄. To proeed further, we assume a hierarhy of sales, m2e � m2f � s; t; u, wheref 6= e. After identifying the leading ontributions in the fermion masses (in the same spirit asin [40℄), we express the integrals by series over residua, and the latter are sumed up analytiallyin terms of polylogs by means of the pakage XSUMMER [41℄. Asymptoti expansions for themaster integrals with two di�erent masses were given in [42℄. They, and also few lakingexpansions of simpler masters needed here have been olleted in Appendix A. We refer for adetailed disussion to [22℄, where the tehnique was employed to derive approximated resultsfor the massive Bhabha-sattering planar box master integrals. All the mass-expanded mastersmay also be found in a Mathematia �le at [24℄.2.3 RenormalizationIn the following we will always deal with ultraviolet-renormalized quantities. After regularizing thetheory using dimensional regularization [43, 44℄, we perform renormalization in the on-mass-shellsheme. Here we relate all free parameters to physial observables:{ The eletri harge oinides with the value of the eletromagneti oupling, as measured inThomson sattering, at all orders in perturbation theory;{ The squared fermion masses are identi�ed with the real parts of the poles of the Dyson-resummed propagators; 5



{ Finally, �eld-renormalization onstants are hosen in order to anel external wave-funtionorretions.Counterterm-dependent Feynman rules are shown in Figure 3. Note that the presene of infrareddivergenies at NNLO requires to ompute one-loop ounterterms inluding O(�) terms.One-Loop CountertermsThe one-loop ounterterms read asÆZ1 = � F�12�2 Xf Q2f �m2em2f ��� 1� + �2 �2 �; (2.20)ÆZ1ff = ÆZ1m = � F�16�2 Q2f �m2em2f �� � 3� + 4 + � � 8 + 32 �2�� ; (2.21)ÆZ1ff = ÆZ1ff ; (2.22)where the last equation follows from the U(1) QED Ward identity. In the ultrarelativisti limit, theone-loop fermion-mass ounterterm is not needed, sine it is always multiplied by the fermion mass.Note however that the same ounterterm is relevant for the exat omputation.Two-Loop CountertermsAt the two-loop level we getÆZ2 = � F 2�128�4 Xf Q4f �m2em2f �2�� 1� + 152 �; (2.23)ÆZ2ee = F 2�128�4 h 12 � + 94736 � 16 �2 + Xf 6=eQ2f�m2em2f �2�� 12 � � 512 �i: (2.24)The result for ÆZ2ee is obtained inluding just fermion-loop diagrams and negleting O(m2e=m2f )terms for f 6= e. The expression for ÆZ2 (as well as the one-loop ounterterms of Eqs. (2.20)-(2.22)), instead, is exat, sine it follows from the single-sale diagrams of lasses 2a-2b of Figure 2.Finally, we observe that the two-loop ounterterm with two fermion lines is not required, sine theuse of an on-mass-shell renormalization removes external wave-funtion fators.3 Two-Loop CorretionsIn this Setion we show our approximated results for all the omponents of the NNLO di�eren-tial ross setion of Eq. (2.6). Our short-hand notation for logarithmi funtions an be found inEq. (2.17). In addition, we de�ne two ombinations of the Mandelstam invariants:v1(x; y; �) = x2 + 2 y2 + 2x y � � x2; (3.1)v2(x; y; �) = (x + y )2 � � (x2 + y2 + x y ); (3.2)where x(y) = s; t; u. Note that for � = 0 these funtions are proportional to the kinematial fatorsappearing in the Born ross setion of Eq. (2.5) and the NLO orretions of Eq. (2.7). Moreover, weintrodue a ompat notation whih will prove useful in disussing box orretions in Subsetion 3.3and the omplete NNLO di�erential ross setion in Setion 4,L(Rf ) = ln  m2em2f ! : (3.3)6



3.1 Vauum-Polarization CorretionsThe interferene of the vauum-polarization diagrams of lasses 2a and 2b with the tree-level am-plitude an be written asd�2i�treed
 = �2s n 1s2 v1(s; t; 0) A2i(s) + 1t2 v1(t; s; 0) A2i(t)+ 1s t v2(s; t; 0) hA2i(s) + A2i(t) i o; i = a; b: (3.4)Here we introdued the auxiliary funtions A2a(x) and A2b(x), whih are expressed through therenormalized one- and two-loop vauum-polarization funtions �(1)f (x) (see Eq. (2.18) ) and �(2)f (x),A2a(x) = Xf Q4f Re h�(2)f (x) i; (3.5)A2b(x) = Xf1;f2 Q2f1 Q2f2 Re h�(1)f1 (x) �(1)f2 (x) i; (3.6)where the result for �(2)f (x) in the small fermion-mass limit reads as�(2)f (x) = � 524 + �3 � 14 Lf (x) : (3.7)Note that O(�) terms in Eq. (3.4) oming from the kinematial oeÆients of Eq. (3.1) an be safelynegleted, sine both �(1)f (x) and �(2)f (x) are infrared-�nite quantities.3.2 Vertex CorretionsThe ontribution of reduible (irreduible) vertex orretions to the NNLO di�erential ross setionan be readily derived from diagrams of lasses 2 (2d) in Figure 2,d�2i�treed
 = 2 �2s n 1s2 h v1(s; t; �)A2iV(s) + s2A2iM(s)i+ 1t2 h v1(t; s; �)A2iV(t) + t2A2iM(t) i+ 1s t h v2(s; t; �)�A2iV(s) + A2iV(t)� + 32 � s2A2iM(s) + t2A2iM(t)�+ 2 s t�A2iM(s) + A2iM(t)� io; i = ; d: (3.8)Reduible diagramsThe auxiliary funtions A2V (x) and A2M(x) are given by the produt of the renormalized one-loopvauum-polarization funtion �(1)f (x) (expanded in Eq. (2.18) inluding O(�) terms) and the renor-malized one-loop vetor and magneti vertex form fators F (1)V (x) and F (1)M (x),A2I (x) = Xf Q2f Re hF (1)I (x)�(1)f (x) i; I = V;M: (3.9)The asymptoti expansion of F (1)V (x) is given byF 1V(x) = � F�2� h1 + Le(x)i� 1 + 12 �2 � 34 Le(x) � 14 L2e(x) ; (3.10)whereas F (1)M (x) vanishes when we neglet the eletron mass, F (1)M (x) = 0. The renormalized one-loop vertex develops an infrared divergeny, whih shows up as a single pole in the � plane for � = 0.Therefore, when omputing the ross setion, we sum over the spins the squared matrix elementand we evaluate the traes over Dira indies in D = 4 � 2 � dimensions. The needed kinematialstrutures inlude O(�) terms (see Eq. (3.1)). 7



Irreduible DiagramsThe renormalized two-loop vertex diagrams of lass 2d are free of infrared divergenies. Therefore,we an neglet O(�) terms in the kinematial oeÆients of Eq. (3.1) appearing in Eq. (3.8), settingva(x; y; ; �) = va(x; y; 0), for a = 1; 2. The auxiliary funtions A2dV (x) and A2dM (x) ontain therenormalized two-loop vetor and magneti vertex form fators (see [45{47℄ for a detailed disussion),A2dI (x) = Xf Q2f Re hF (2)I;f (x) i; I = V;M: (3.11)For the ase with an eletron loop, F (2)I;e (x), the exat results in terms of Harmoni Polylogarithms,an be readily expanded in the high-energy limit. For the vetor term we getF (2)V;e(x) = 14 � 38327 � �2 � + 16 � 26536 + �2 � Le(x) + 1972 L2e(x) + 136 L3e(x): (3.12)For F (2)V;f (x), f 6= e, we perform an asymptoti expansion of the Master Integrals arising in theomputation (see Table V in [20℄) and we fully agree with the result of [48℄,F (2)V;f (x) = 16 � 3355216 + 196 �2 � 2 �3 � + 16 � 26536 + �2� Lf (x) + 1972 L2f (x) + 136 L3f (x): (3.13)Sine ollinear logarithms are absent, the logarithmi struture of Eqs. (3.12) and (3.13) is obviouslythe same.3.3 Box CorretionsThe ontribution of the renormalized two-loop box diagrams of lass 2e is given byd�2e�treed
 = �22 s h 1s A2e�tree1 (s; t) + 1t A2e�tree2 (s; t) i: (3.14)Here the auxiliary funtions an be onveniently expressed through three independent form fatorsB(2)I;f (x; y), where i = A;B;C,A2e�tree1 (s; t) = F 2� Xf Q2f Re hB(2)A;f (s; t) + B(2)B;f (t; s) + B(2)C;f (u; t) � B(2)B;f (u; s) i; (3.15)A2e�tree2 (s; t) = F 2� Xf Q2f Re hB(2)B;f (s; t) + B(2)A;f (t; s) � B(2)B;f (u; t) + B(2)C;f (u; s) i: (3.16)Eletron LoopsFor the ase with an eletron loop, B(2)I;e (x; y), we get exat results in terms of Harmoni Polyloga-rithms and Generalized Harmoni Polylogarithms. An asymptoti expansion in the limitm2e � s; t; uleads toB(2)A;e(x; y) = 1� 23 � x2y + 2x + y �h 53 + Le(y) iLe(x) + 13 x2y n� 23 � 173 + 20 �2 �+ 2� 419 � �2 �Le(x) � 2� 13 + 8 �2 �Le(y)� 236 L2e(y) + 8Le(x)Le(y)� 53 L3e(y) + 4Le(x)L2e(y)� h 6 �2 + ln2 �yx� i ln�1 + yx�� 2 ln�yx� Li2 ��yx�+ 2Li3 ��yx�o+ x3 n� 23 � 343 + 7 �2 � + 2429 Le(x) � 4� 53 + 6 �2 �Le(y)8



+ 13 h 13L2e(x) � 16L2e(y) + 34Le(x)Le(y) i + 2 h 13 L3e(x) � L3e(y)+ 3Le(x)L2e(y) i� 2 h 6 �2 + ln2 �yx� i ln�1 + yx�� 4 ln�yx� Li2 ��yx�+ 4Li3 ��yx�o+ y3 n� 23 � 173 + 11 �2 � + 1309 Le(x) � 6� 1 + 2 �2 �Le(y)+ 53 hL2e(x) � 52 L2e(y) + 4Le(x)Le(y) i + 13 L3e(x) + 3Le(x)L2e(y) � L3e(y)� h 6 �2 + ln2 �yx�i ln�1 + yx�� 2 ln�yx� Li2 ��yx� + 2Li3 ��yx�o; (3.17)B(2)B;e(x; y) = 1� 23 � 2 x2y + 2x + y � h 53 + Le(y) iLe(x) + 13 x2y n 43 �� 173 � 20 �2 �+ 4� 569 � �2 �Le(x) � 4� 13 + 8 �2 �Le(y)� h 233 L2e(y) � 20Le(x)Le(y) i� 2 h 53 L3e(y) � 4Le(x)L2e(y) i� 2 h 6 �2 + ln2 �yx�i ln�1 + yx�� 4 ln�yx� Li2 ��yx� + 4Li3 ��yx�o+ x3 n� 23 � 343 + 7 �2 � + 2729 Le(x)� 4� 53 + 6 �2 �Le(y) + 13 h 13L2e(x) + 40Le(x)Le(y) � 16L2e(y) i+ 2 h 13 L3e(x) � L3e(y) + 3Le(x)L2e(y) i� 2 h 6 �2 + ln2 �yx�i ln�1 + yx�� 4 ln�yx�Li2 ��yx� + 4Li3 ��yx�o+ y3 n� 23 � 173 + 11 �2 � + 1309 Le(x)� 6�1 + 2 �2 �Le(y) + 53 hL2e(x) � 52 L2e(y) + 4Le(x)Le(y) i + 13 L3e(x)� L3e(y) + 3Le(x)L2e(y)� h 6 �2 + ln2 �yx�i ln�1 + yx�� 2 ln�yx� Li2 ��yx� + 2Li3 ��yx�o; (3.18)B(2)C;e(x; y) = � 1� 23 x2y h 53 + Le(y) iLe(x) + 23 �x + y � h 53 + Le(y) iLe(x)+ 13 x2y n 23 � 173 + 20 �2 � � 2� 419 � �2 �Le(x) + 2� 13 + 8 �2 �Le(y)+ 236 L2e(y) � 8Le(x)Le(y) + 53 L3e(y) � 4Le(x)L2e(y)+ h 6 �2 + ln2 �yx�i ln�1 + yx�+ 2 ln�yx� Li2 ��yx� � 2Li3 ��yx�o: (3.19)Heavy-Fermion LoopsThe list of Master Integrals here is given in Table V of [20℄). At variane with the eletron-loop ase,it is not possible to ompute them exatly by means of a basis ontaining Harmoni Polylogarithmsand Generalized Harmoni Polylogarithms. Therefore, we use the high-energy asymptoti expansiondisussed in Subsetion 2.2. The results, expressed by the logarithms of the fermion masses L(Rf )(see Eq. (3.3)), are:B(2)A;f (x; y) = 1� 23 � x2y + 2x + y � h 53 � L(Rf ) + Le(y) iLe(x)9



+ 13 x2y n 2� 13127 � 10 �2 � 2 �3 � � 2� 259 � 6 �2 �L(Rf ) + 76 L2(Rf )� 13 L3(Rf ) + h 829 � 2 �2 � 43 L(Rf ) iLe(x) � 2 h 13 + 8 �2 � 12 L(Rf ) iLe(y)� h 236 � 2L(Rf ) iL2e(y) + 4 h 2 � L(Rf ) iLe(x)Le(y) � 4 h 512 L3e(y)� Le(x)L2e(y) i� h 6 �2 + ln2 �yx�i ln�1 + yx�� 2 ln�yx�Li2 ��yx�+ 2Li3 ��yx�o+ x3 n 2� 26227 � 9 �2 � 4 �3 � � 4� 259 � 3 �2 �L(Rf ) + 73 L2(Rf )� 23 L3(Rf ) + 2 h 1219 � 103 L(Rf ) iLe(x) � 2 h 103 + 12 �2 � 2L(Rf ) iLe(y)+ h 133 � 2L(Rf ) iL2e(x) � h 163 � 2L(Rf ) iL2e(y) + 2 h 173 � 2L(Rf ) iLe(x)Le(y)+ 23 L3e(x) + 6Le(x)L2e(y) � 2L3e(y)� 2h 6 �2 + ln2 �yx� i ln�1 + yx�� 4 ln�yx� Li2 ��yx� + 4Li3 ��yx�o+ y3 n 2�13127 � 7�2 � 2�3�� 2�259 � 3�2�L(Rf ) + 76L2(Rf )� 13L3(Rf ) + h1309 � 103 L(Rf )iLe(x)� h6 + 12�2 � 3L(Rf )iLe(y) + h53 � L(Rf )iL2e(x) � h256 � L(Rf )iL2e(y)+ 2h103 � L(Rf )iLe(x)Le(y) + 13L3e(x)� L3e(y) + 3Le(x)L2e(y)� h6 �2 + ln2 �yx� i ln�1 + yx�� 2 ln�yx� Li2 ��yx� + 2Li3 ��yx�o; (3.20)B(2)B;f (x; y) = 1� 23 � 2 x2y + 2x + y � h 53 � L(Rf ) + Le(y) iLe(x)+ 23 x2y n 26227 � 20 �2 � 4 �3 � � 509 � 12 �2 �L(Rf ) + 76 L2(Rf ) � 13 L3(Rf )+ h 1129 � 2 �2 � 103 L(Rf ) iLe(x) + h� 23 � 16 �2 + L(Rf ) iLe(y)� h 236 � 2L(Rf ) iL2e(y) + 2 h 5 � 2L(Rf ) iLe(x)Le(y) � 4 h 512 L3e(y)� Le(x)L2e(y) i� h 6 �2 + ln2 �yx�i ln�1 + yx�� 2 ln�yx� Li2 ��yx� + 2Li3 ��yx�o+ 2x3 n 26227 � 9 �2 � 4 �3 � 2� 259 � 3 �2 �L(Rf ) + 76 L2(Rf ) � 13 L3(Rf )+ h 1369 � 133 L(Rf ) iLe(x) � h 103 + 12 �2 � 2L(Rf ) iLe(y)+ h 136 � L(Rf ) iL2e(x) � h 83 � L(Rf ) iL2e(y) + h 203 � 2L(Rf ) iLe(x)Le(y)+ 13 L3e(x) + 3Le(x)L2e(y) � L3e(y)� h 6 �2 + ln2 �yx� i ln�1 + yx�� 2 ln�yx� Li2 ��yx� + 2Li3 ��yx�o+ 2 y3 n�13127 � 7�2� 2�3�� �259 � 3�2�L(Rf ) + 712L2(Rf )� 16L3(Rf ) + h659 � 53L(Rf )iLe(x)� 12 h6 + 12�2 � 3L(Rf )iLe(y) + 12 h53 � L(Rf )iL2e(x)� 12 h256 � L(Rf )iL2e(y)10



+ h103 � L(Rf )iLe(x)Le(y) + 16L3e(x) � 12L3e(y) + 32Le(x)L2e(y)� h3 �2 + 12 ln2 �yx�i ln�1 + yx�� ln�yx� Li2 ��yx� + Li3 ��yx�o; (3.21)B(2)C;f (x; y) = � 1� 23 x2y h 53 � L(Rf ) + Le(y) iLe(x) + 23 �x+ y�h 53 � L(Rf ) + Le(y) iLe(x)+ 23 x2y n�13127 + 10 �2 + 2 �3 + �259 � 6 �2�L(Rf )� 712L2(Rf ) + 16L3(Rf )� �419 � �2 � 23L(Rf )�Le(x) + �13 + 8 �2 � 12L(Rf )�Le(y)� 2 �2� L(Rf )�Le(x)Le(y) + �2312 � L(Rf )�L2e(y) + 56L3e(y)� 2Le(x)L2e(y)+ h3 �2 + 12 ln2 �yx�i ln�1 + yx�+ ln�yx� Li2 ��yx� � Li3 ��yx� o: (3.22)In order to study the numerial e�ets of massive leptons in two-loop box diagrams we onsider theinterferene of the box diagram of lass 2e (see Figure 2) with the s-hannel tree-level amplitude,B2e;f = �24 s2RehB(2)A;f (s; t)i; (3.23)where BA;f an be found in Eq. (3.17) for eletron loops, and in Eq. (3.20) for f 6= e loops. InTable 1 (Table 2) we show numerial values for the �nite part of B2e;f at values of ps typial formeson fatories, Giga-Z, ILC, and at two seleted small and wide sattering angles, � = 3Æ (� = 90Æ).B2e;f [nb℄ = ps [GeV℄ 10 91 500e [see Eq. (3.17)℄ 188758 5200.08 284.711� [see Eq. (3.20)℄ 1635.62 1686.88 130.579� \ 39.5554Table 1: Numerial values for the �nite part of B2e;f of Eq. (3.23) in nanobarns at a sattering angle� = 3Æ. The �rst two entries for the � lepton are not shown sine here the high-energy approximationin not justi�ed (the same onsideration applies to the top quark).B2e;f [nb℄ = ps [GeV℄ 10 91 500e [see Eq. (3.17)℄ 143.162 3.23102 0.160582� [see Eq. (3.20)℄ 61.3875 1.79381 0.0995184� \ 10.0105 0.935319 0.0639576t \ -0.00256757Table 2: Numerial values for the �nite part of B2e;f of Eq. (3.23) in nanobarns at a satteringangle � = 90Æ. The �rst two entries for the top quark are not shown sine here the high-energyapproximation in not justi�ed.For omparison we show in Figure 3 the real part of the vertex funtion, see Eq. (3.13).We see that the ontributions from the box diagrams with heavier fermions are not stronglysuppressed, but are instead of about the same size as the boxes with eletron loop. This is di�erent11



ps [GeV℄ 10 91 500e -124.237 -254.293 -400.574� -4.8036 -29.1057 -70.1032� -2.08719 -13.4901Table 3: The real part for the vertex form fator, see Eqs. (3.12) and (3.13).to the self-energy and vertex orretions and may be traed bak to the logarithmi struture of theontributions Eqs. (3.20){(3.22), where terms of the order L3e(x) appear. Further, in Eq. (A.7) wemay see that this Master Integral has a dependene on L3e(x), in ontrast to the vertex and self-energymasters with heavy fermion loops. That originates in an additional ollinear mass singularity fromthe external legs of this diagram diagram. One may ontrol this easily by evaluating the singularitystruture of the orresponding massless box diagram where only a sale M due to the internal loopexists, and see there some 1=�2 terms whih are absent in the orresponding SE and vertex diagrams.This leads �nally to the fat that the two-loop orretions from heavier fermions are not numeriallysuppressed ompared to the eletron loop ontributions.3.4 Produts of One-Loop CorretionsFinally, we onsider the simpler omponents generated by the interferene of one-loop diagramsamong themselves. We start with the interferene of diagrams of lass 1a,d�1a�1ad
 = �22 s n 1s2 v1(s; t; 0)A1a�1a(s; s) + 1t2 v1(t; s; 0)A1a�1a(t; t)+ 1s t v2(s; t; 0) hA1a�1a(s; t) + A1a�1a(t; s) io: (3.24)Here the auxiliary funtion A1a�1a(x; y) ontains the produt of the renormalized one-loop vauum-polarization funtion �(1)f (x) (see Eq. (2.18)) with its omplex onjugate,A1a�1a(x; y) � Xf1;f2 Q2f1 Q2f2 �(1)f1 (x) h�(1)f2 (y)i? : (3.25)The interferene of diagrams of lass 1a with those of lass 1b givesd�1a�1bd
 = 2 �2s n 1s2 h v1(s; t; �)A1a�1bV (s; s) + s2A1a�1bM (s; s)i+ 1t2 h v1(t; s; �)A1a�1bV (t; t) + t2A1a�1bM (t; t) i+ 1s t h v2(s; t; �)�A1a�1bV (s; t) + A1a�1bV (t; s)�+ 32 � s2A1a�1bM (s; t) + t2A1a�1bM (t; s)�+ 2 s t�A1a�1bM (s; t) + A1a�1bM (t; s)� io: (3.26)The auxiliary funtion A1a�1b(x; y) is given by the produt of F (1)V (x) and F (1)M (x), the renormalizedone-loop vetor (see Eq. (3.10)) and magneti (vanishing in the high-energy limit) form fators forthe QED vertex, and the omplex-onjugate renormalized one-loop vauum-polarization funtion�(1)f (x) (see Eq. (2.18)),A1a�1bI (x; y) � Xf Q2f RenF (1)I (x) h�(1)f (y)i? o; I = V;M: (3.27)12



Finally, the interferene of diagrams of lass 1a with those of lass 1 givesd�1a�1d
 = �24 sh1s A1a�11 (s; t) + 1t A1a�12 (s; t) i: (3.28)Here the auxiliary funtions A1a�11 (s; t) and A1a�12 (s; t) take the formA1a�11 (s; t) =F�Xf Q2f Re nhB(1)A (s; t) + B(1)B (t; s) + B(1)C (u; t) � B(1)B (u; s) i h�(1)f (s)i?o ;A1a�12 (s; t) =F�Xf Q2f Re nhB(1)B (s; t) + B(1)A (t; s) � B(1)B (u; t) + B(1)C (u; s) i h�(1)f (t)i?o :(3.29)A1a�11 (s; t) = F�Xf Q2f Re nhB(1)A (s; t) + B(1)B (t; s) + B(1)C (u; t) � B(1)B (u; s) i h�(1)f (s)i?o ;(3.30)A1a�12 (s; t) = F�Xf Q2f Re nhB(1)B (s; t) + B(1)A (t; s) � B(1)B (u; t) + B(1)C (u; s) i h�(1)f (t)i?o :(3.31)�(1)f (x) is given in Eq. (2.18), and the new funtions, in the small mass limit, read asB(1)A (x; y) = � 4� � x2y + 2x + y �Le(x) + x2y h 16 �2 + 4Le(x) + 2L2e(y)� 4Le(x)Le(y) i+ 2x h 10 �2 + Le(x) + Le(y) � L2e(x) + L2e(y)� 2Le(x)Le(y) i+ y h 10 �2 + 2Le(x) + 2Le(y) � L2e(x) + L2e(y)� 2Le(x)Le(y) i; (3.32)B(1)B (x; y) = � 4� � 2 x2y + 2x + y �Le(x) + 4 x2y h 8 �2 + L2e(y) � 2Le(x)Le(y) i+ 2x h 10 �2 � Le(x) + Le(y) � L2e(x) + L2e(y) � 2Le(x)Le(y) i+ y h 10 �2 + 2Le(x) + 2Le(y) � L2e(x) + L2e(y) � 2Le(x)Le(y) i; (3.33)B(1)C (x; y) = 4� x2y Le(x) + 2 x2y h� 8 �2 � 2Le(x) � L2e(y) + 2Le(x)Le(y) i� 4 (x + y)Le(x): (3.34)For the omputation of the non-fermioni orretions these funtions are needed up to �rst orderin �, sine they are ombined with the real emission. However, this higher-order expansion is notrelevant here.4 The Net Fermioni NNLO Di�erential Cross SetionIn this Setion we use the results of Setion 3 and derive an expliit expression for the NNLOdi�erential ross setion of Eq. (2.19). 13



Note that the full set of two-loop fermioni virtual orretions to Bhabha sattering representsan infrared-divergent quantity. In order to obtain a �nite quantity, we take into aount the realemission of soft photons3 from the external legs of one-loop fermioni diagrams (lass 1a, Figure 1).The exat result is available in the literature, see e.g. Eq. (25) and Appendix A in [18℄. Here weshow the high-energy approximation relevant for our omputation. We onsider events involving asingle soft photon arrying energy ! in the �nal state,e� (p1) + e+ (p2) ! e� (p3) + e+ (p4) + (k); (4.1)and ompute one-loop purely-fermioni orretions. Obviously, these real orretions fatorize andtheir struture is ompletely equivalent to the tree-level ones. In omplete analogy with Eq. (2.6)we write d�d
 = ���� d�LOd
 + ����2 d�NLOd
 +O(�5); (4.2)where d�LOd
 = �2s h 12 s2 v1(s; t; �) + 12 t2 v1(t; s; �) + 1s t v2(s; t; �)iF (!; s; t;m2e); (4.3)d�NLOd
 = �2s n 1s2 v1(s; t; �) Xf Q2f Re h�(1)f (s) i+ 1t2 v1(t; s; �) Xf Q2f Re h�(1)f (t) i+ 1s t v2(s; t; �) Xf Q2f Re h�(1)f (s) + �(1)f (t) i oF (!; s; t;m2e): (4.4)�(1)f (x) an be read in Eq. (2.18) and, at variane with Eqs. (2.5)-(2.7), the kinematial fatorsintrodued in Eq. (3.1) need to be expanded up to O(�), sine the real-emission fator shows aninfrared divergeny,F (!; s; t;m2e) = �2� hln� sm2e�+ ln�� ts�� ln�1 + ts�� 1i+ ln2 � sm2e�+ 2 ln� sm2e�h2 ln� 2!ps�+ ln�� ts�� ln�1 + ts�i+ 4 ln� 2!ps�hln�� ts�� ln�1 + ts�� 1i� 4 �2 + ln2�� ts�� ln2�1 + ts�� 2Li2�� ts�+ 2Li2�1 + ts� : (4.5)Summing the virtual ontributions of Eq. (2.19) to the real-photon emission of Eq. (4.4) we writethe NNLO fermioni orretions to Bhabha sattering through the sum of eletron-loop ontributions(d�NNLO;e) and omponents arising from heavier fermion loops,d�NNLOd
 + d�NLOd
 = d�NNLO;ed
 +Xf 6=eQ2f d�NNLO;f2d
 +Xf 6=eQ4f d�NNLO;f4d
 + Xf1;f2 6=eQ2f1Q2f2 d�NNLO;2fd
 :(4.6)3The energy ! arried by a soft photon in the �nal state is small with respet to the enter-of-mass energy Eintrodued in Eq. (2.2). 14



The double summation over the fermion speies arises from the loop-by-loop terms of Eqs. (3.6)and (3.24). Here we do not inlude the ase f1 = f2 = e, whih is inorporated in d�NNLO;e. Notealso the term proportional to Q4f , oming from Eq. (3.5). The result for eletron loops an be foundin Eq. (46) of [18℄. For heavier fermion loops we introdue x = �t=s and get:d�NNLO;f4d
 = �22sn�1� x+ x2�2x2 hln� sm2e�+ ln(Rf ) + 4�3 � 56i+ ln(x)� 1x2 � 32x + 32 � x2�o; (4.7)d�NNLO;2fd
 = �2s n�1� x+ x2�23x2 hln2� sm2e�+ ln(Rf1) ln(Rf2) + ln� sm2e��ln(Rf1) + ln(Rf2)� 103 �� 53�ln(Rf1) + ln(Rf2 )� 53�i+ 13 ln2(x)� 1x2 � 43x + 76 � x3�+ �23 �2x � 5 + 4x� 2x2�+ ln(x)hln(Rf1) + ln(Rf2)� 103 + 2 ln� sm2e�i� 13x2 � 12x + 12 � x6�o; (4.8)d�NNLO;f2d
 = �2s n�NNLO;f21 + �NNLO;f22 ln� 2!ps�o; (4.9)�NNLO;f21 = �1� x+ x2�23x2 n�13hln3� sm2e�+ ln3 (Rf )i+ ln2� sm2e�h556 � ln (Rf ) + ln (1� x) � ln (x)i+ ln� sm2e�h�58918 + 373 ln (Rf )� ln2 (Rf )� 2 ln (Rf )�ln (x)� ln (1� x)�� 8Li2 (x)i+ 4795108 � 40918 ln (Rf ) + 196 ln2 (Rf )� ln2 (Rf )�ln (x)� ln (1� x)�� 8 ln (Rf ) Li2 (x)+ 403 Li2 (x)o+ ln� sm2e�h�2�� 23x2 + 43x + 112 � 233 x+ 163 x2�+ ln2 (x) �� 13x2 + 1712x� 54 � x12 + 23x2�+ ln2 (1� x) �� 23x2 + 116x � 52 + 116 x� 23x2�+ ln (x) ln (1� x)� 23x2� 43x � 12 + 53x� 43x2�+ ln (x)� 559x2 � 839x + 656 � 8518x+ 109 x2�+ 13 ln (1� x)�� 103x2+ 316x � 10 + 316 x� 103 x2�i+ 13 ln3 (x) �� 13x2 + 3112x � 116 � x6 + x23 �+ 13 ln3 (1� x)�� 13x2 + 1x � 43 + x� x23 �+ ln2 (x) ln (1� x)�� 13x2 + 13x � 43 + x� x23 �+ 13 ln (x) ln2 (1� x) �� 1x2 + 2x � 74 + x2�+ ln2 (x) h 5518x2 � 469x + 143 � 49x� 109 x2+ ln (Rf )�� 13x2 + 1712x � 54 � x12 + 23x2�i+ ln2 (1� x) h 109x2 � 299x + 92 � 299 x+ 109 x2+ ln (Rf )�� 23x2 + 116x � 52 + 116 x� 23x2�i+ ln (x) ln (1� x) h� 109x2 + 3718x + 12 � 259 x+ 209 x2 + ln (Rf )� 23x2 � 43x � 12 + 53x� 43x2�i+ ln (x) h� 58954x2 + 1753108x � 70136 + 925108x� 5627x2 + Li2 (x) �� 4x2 + 193x � 7 + 3x� 23x2�+ ln (Rf )� 379x2 � 569x + 476 � 6718x+ 109 x2�+ �2�� 23x2 + 4x � 16 � 103 x+ 2x2�i+ ln (1� x) h 5627x2 � 16154x + 569 � 16154 x+ 5627x2+ ln (Rf )�� 109x2 + 3118x � 103 + 3118x� 109 x2�+ �2�� 2x2 + 203x � 323 + 203 x� 2x2�i+ Li3 (x) � 43x2 � 73x + 3� 53x+ 23x2�+ 23S1;2 (x) �� 1x2 + 1x � x+ x2�15



+ �2h 199x2 � 1318x � 433 + 31118 x� 989 x2 + ln (Rf )�� 23x2 + 43x + 112 � 233 x+ 163 x2�i+ �3�� 43x2 + 3x � 5 + 113 x� 2x2�; (4.10)�NNLO;f22 = 83 �1� x+ x2�2x2 nln2� sm2e�+ ln� sm2e�h�83 + ln (Rf )� ln (1� x)i+ ln (x) ln (Rf )+ h53 � ln (Rf )ih1 + ln (1� x)io+ 4hln� sm2e� ln(x)� 43x2 � 73x + 3� 53x+ 23x2�+ ln2(x)� 23x2 � 1x + 1� 13x�� ln(x) ln(1� x)� 23x2 � 1x + 1� 13x�� 13 ln(x)� 163x2 � 293x + 13� 233 x+ 103 x2�i: (4.11)In order to have ompat results we usedSn;p (y) = (�1)n+p�1(n� 1)!p! Z 10 dx lnn�1(x) lnp(1� xy)x : (4.12)In Table 4 (Table 5) we show numerial values for the NNLO orretions to the di�erential rosssetion for a sattering angle � = 3Æ (� = 90Æ). In both tables we set ! = E=10. Finally, in Figure 4we plot the ratio of the two-loop fermioni orretions to the tree-level ross setion,R(ps) = ����2 d�NNLO + d�NLOd�LO (4.13)for ps = 10 GeV and ps = 500 GeV.d� = d
 [nb℄ j ps [GeV℄ 10 91 500LO QED [Eq. (2.5)℄ 440873 5323.91 176.349LO Zfitter [49, 50℄ 440875 5331.5 176.283NNLO (e) [Eq. (4.6)℄ -1397.35 -35.8374 -1.88151NNLO (e + �) \ -1394.74 -43.1888 -2.41643NNLO (e + � + �) \ -2.55179NNLO photoni [14, 16℄ 9564.09 251.661 12.7943Table 4: Numerial values for the NNLO orretions to the di�erential ross setion respet to thesolid angle. Results are expressed in nanobarns for a sattering angle � = 3Æ. Empty entries arerelated to ases where the high-energy approximation annot be applied.It is lear from the Tables, that although there is no deoupling of the heavier fermions (asindeed there shouldn't, sine the typial sale of the proess is large ompared to all the masses),the eletron loop ontributions dominate in the fermioni part and the latter is still substantiallysmaller than the pure photoni orretions.5 SummaryIn this artile, we ompleted the omputation of the virtual two-loop QED fermioni orretionsto Bhabha sattering. Based on the kinematis of the targeted phenomenologial appliations, weonsidered the limit m2e � m2f � s; t; u. 16



d� = d
 [nb℄ j ps [GeV℄ 10 91 500LO QED [Eq. (2.5)℄ 0.466409 0.00563228 0.000186564LO Zfitter [49, 50℄ 0.468499 0.127292 0.0000854731NNLO (e) [Eq. (4.6)℄ -0.00453987 -0.0000919387 -4.28105 � 10�6NNLO (e + �) \ -0.00570942 -0.000122796 -5.90469 � 10�6NNLO (e + � + �) \ -0.00586082 -0.000135449 -6.7059 � 10�6NNLO (e + � + � + t) \ -6.6927 � 10�6NNLO photoni [14, 16℄ 0.0358755 0.000655126 0.0000284063Table 5: Numerial values for the NNLO orretions to the di�erential ross setion respet to thesolid angle. Results are expressed in nanobarns for a sattering angle � = 90Æ. Empty entries arerelated to ases where the high-energy approximation annot be applied.
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θ[◦]θ[◦]Figure 4: Ratio of the fermioni NNLO orretions to the di�erential ross setion respet to thetree-level result for ps = 10 GeV and ps = 500 GeV. A solid line represents the eletron-loopontributions, a dotted one the sum of eletron- and muon-loop ones, and a dashed one inludes also� leptons.The fermioni double box ontributions with two di�erent mass sales have been derived for the�rst time here. Their numerial importane is omparable to the two-loop self-energies and verties.We note, however, a qualitative di�erene. Due to the struture of the ollinear singularities of thegraphs, the ontributions of the heavier fermions are not suppressed.A numerial estimation of di�erential ross setions shows that the net fermioni two-loop e�etsmay be negleted for appliations at LEP 1 and LEP 2, but have to be taken into aount forpreision alulations when a level of 10�4 has to be reahed, as is antiipated for the Giga-Z optionof the ILC projet.Completing the NNLO program for Bhabha sattering requires still several ingredients. First, letus mention the ontributions from the �ve light quark avors. Here, an approah based on dispersionrelations �a la [51℄ should be suitable. On the other hand, the heavy top quark might be onsidereddeoupling in a large part of the interesting kinematial regions. Furthermore, an implementationof the loop-by-loop orretions with pentagon diagrams has to be done.Finally, light fermioni pair emission diagrams need to be onsidered. As known from the form-fator ase, they are responsible for the anellation of the leading part of the logarithmi sensitivityon the masses.Exat and approximated results are made publily available at [24℄. The ombination of our re-sult with the photoni two-loop orretions of [16℄ and with eletron loop orretions of [17, 23℄proves well-suited for phenomenogial purposes, e.g. a preise luminosity determination at a future17
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inverse powers of � in the oeÆient funtions. Sine in the following no ambiguities arise, in wedrop the subsript f and we set L(x) = ln(�m2=x),T1l1m = (m2)1�� h1� + 1 + ��1 + �22 �+ �2�1 + �22 � �33 �i; (A.9)SE2l2m[x℄ = m�2� n1� + 2 + L(x) + 2 m2x h 1 � L(x) i + � h 4 � �22 + 2L(x)+ 12 L2(x) + m2x � 2 + 2 �2 � L2(x)� i + �2 h 8 � �2 � 73 �3+ 4L(x)� 12 �2 L(x) + L2(x) + 16 L3(x) + m2x � 2 + �2+ 4 �3 + �2 L(x) � 13 L3(x)�io; (A.10)SE2l0m[x℄ = m�2�n1� + 2 + L(x) + � h 4 � �22 + 2L(x) + 12 L2(x) i+ �2h8� �2 � 73 �3 + 4L(x) � 12 �2 L(x) + L2(x) + 16 L3(x) io; (A.11)V3l1m[x℄= m�2�x n4 �2 + 12 L2(x) � �h�5 �3 + �2 L(x)� 16 L3(x)io; (A.12)SE3l1m[on shell℄ = (m2)1�2�h 12 �2 + 54 � + 118 + 52 �2 + ��� 5516 + 254 �2 + 113 �3 �+ �2 �� 94932 + 558 �2 + 556 �3 + 3038 �4 �i; (A.13)SE3l2m[x℄ = (m2)1�2�n 1�2 + 1��3� x4m2�+ 5 + �2 � L2(x)� xm2 h138 + 12L(x)i+ � h 3 + 3 �2 + 163 �3 � 4L(x) + 2 �2L(x) � 3L2(x) � L3(x)� xm2 � 11516 � �24 + 134 L(x) + 12 L2(x)� io; (A.14)SE3l2md[x℄ = m�4�n 12�2 + 12� � 12 + �22 � L(x)� 12L2(x)� m2x h�2 + L2(x)i+ � h�112 + 32�2 + 83�3 � 5L(x) + �2L(x)� 2L2(x) � 12L3(x)� m2x ��6 �3 � 4L(x) � 2 �2L(x) + L2(x) + L3(x)�io: (A.15)Finally, the mass expanded one-loop box Master Integral B4l2m[x,y℄ an be olleted from Eqs.(4.70)-(4.75) of [52℄:B4l2m[x,y℄ = m�2�xy n2� hL(y)� ln�xy�i+ 2L2(y)� 2L(y) ln�xy�+ �h4�3 � 9�2L(y)20
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