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Vector meson production from a polarized nucleon
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ABSTRACT: We provide a framework to analyze the electroproduction process ep — epp
with a polarized target, writing the angular distribution of the p decay products in terms
of spin density matrix elements that parameterize the hadronic subprocess v*p — pp.
Using the helicity basis for both photon and meson, we find a representation in which the
expressions for a polarized and unpolarized target are related by simple substitution rules.
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1. Introduction

Exclusive vector meson production has long played an important role in studying the
strong interaction. The seminal work [1, 2] has renewed interest in this process, showing
that in Bjorken kinematics it provides access to generalized parton distributions and thus
to a wealth of information on the structure of the proton. While most theoretical and
experimental studies so far are for an unpolarized proton, the particular interest of target
polarization became clear when it was pointed out that meson production on a transversely
polarized target is sensitive to the nucleon helicity-flip distribution E [3, 4]. This distri-
bution offers unique views on the orbital angular momentum carried by partons in the
proton [5, 6] and on the correlation between polarization and the spatial distribution of
partons [7]. Whereas the corresponding polarization asymmetry in deeply virtual Compton
scattering is under better theoretical control, vector meson production has the advantage
of a greater sensitivity to the distribution of gluons (which in Compton scattering only
enters at next-to-leading order in «). This holds not only in the high-energy regime but
even in a wide range of fixed-target kinematics [8, 9, 10], where polarization measurements
are feasible at existing or planned experimental facilities.

A different motivation to study polarized exclusive p production is that this channel
plays a rather prominent role in semi-inclusive pion production [11, 12, 9], which has become
a privileged tool to study a variety of spin effects, see e.g. [13]. It is important to identify



kinematical regions where the exclusive channel ep — epp — epm 7~ dominates semi-
inclusive observables, because in these regions great care must be taken when interpreting
the data in terms of semi-inclusive factorization.

Even with an unpolarized target, the spin structure of the process ep — epp — epm 7~
is very rich, because the angular distribution of the final state contains information on the
helicities of the exchanged virtual photon and of the p meson, as was worked out in the
classical analysis of Schilling and Wolf [14]. Yet more detailed information is available with
target polarization [15]. Experiments on unpolarized targets have found that s-channel
helicity is approximately conserved in the transition from the v* to the p, with helicity
changing amplitudes occurring at most at the 10% level [16, 17, 18, 19, 20]. This greatly
simplifies the spin structure of the process. The aim of the present paper is to provide
an analysis framework for exclusive p production on a polarized nucleon target, making as
explicit as possible the relation between the angular dependence of the cross section and
the helicity amplitudes describing the hadronic subprocess y*p — pp. We will present our
results in a form that emphasizes the close similarity in structure between an unpolarized
and a polarized target. Using the helicity basis for both virtual photon and meson, we also
provide an alternative to the representation of the unpolarized cross section in [14].

The following section gives the definitions of the kinematics and polarization variables
for the reaction under study. In Section 3 we define the helicity amplitudes and the spin
density matrix elements describing the process and discuss some of their general properties.
In Section 4 we express the angular distribution of the polarized cross section in terms of
these spin density matrix elements and point out some salient features of this representa-
tion. The simplifications arising from distinguishing natural and unnatural parity exchange
in the reaction are discussed in Section 5. A number of positivity bounds relating different
spin density matrix elements are given in Section 6. In Section 7 we explain the complica-
tions arising from the distinction between target polarization relative to the momentum of
either the incident lepton or the virtual photon. The role of non-resonant contributions in
7T~ production is briefly discussed in Section 8. Our results are summarized in Section 9.

2. Kinematics and target polarization

Let us consider the electroproduction process

e(l) +p(p) — e(l') + (") + p(d) (2.1)

followed by the decay
p(d') = (k) + 7 (K'), (2.2)

where four-momenta are given in parentheses. Throughout this work we use the one-photon
exchange approximation. All or results are equally valid for the production of a ¢ followed
by the decay ¢ — K+ K. They also hold if the scattered proton is replaced by an inclusive
system X with four-momentum p’, as explained at the end of Section 3.

To describe the kinematics we use the conventional variables for deep inelastic pro-
cesses, Q> = —¢*, 15 = Q*/(2p-q) and y = (p-q)/(p-1). We neglect the lepton mass



Figure 1: Kinematics of ep — epp in the target rest frame. Sp is the transverse component of
the target spin vector w.r.t. the virtual photon direction.

throughout and denote the longitudinal lepton beam polarization by P, with P, = +1
corresponding to a purely right-handed and P, = —1 to a purely left-handed beam. Let us
now go to the target rest frame and introduce the right-handed coordinate system (z,y, 2)
of Fig. 1 such that q points in the positive z direction and [ has a positive z component. In
this system we have I = |I|(sin#.,,0,cos 6,) and g = |q| (0,0, 1), where the angle 6, between
l and q is defined to be between 0 and 7. In accordance with the Trento convention [21]
we define the angle ¢ between the lepton and the hadron plane as the azimuthal angle of
g’ in this coordinate system, and ¢g as the azimuthal angle of the target spin vector S.
Following [22] we write S = (St cos ¢g, Spsingg, —Sr) with 0 < S <l and —1 < Sz <1,
so that St and Sy, describe transverse and longitudinal polarization with respect to the
virtual photon momentum, with S; = 1 corresponding to a right-handed proton in the

Y*p c.m.

™ T c.m.

Figure 2: Kinematics of the hadronic subprocess v*p — pp followed by the decay p — 7+ 7 .
The coordinate systems (z,y,z) and (z',y’, 2') differ from those in Fig. 1.



To describe the target polarization of a given experimental setup, we introduce an-
other right-handed coordinate system (z',4,2') in the target rest frame such that | =
I1](0,0,1) and g = |g|(—sin#,,0,cosf,) as shown in Fig. 1. In this system we write
S = (Prcos, Prsinty, —Pr) with 0 < Pr <1 and —1 < P, <1, following again [22]. Pp
and P;, describe transverse and longitudinal polarization with respect to the lepton beam
direction, with P;, = 1 corresponding to a right-handed proton in the ep c.m. The two sets
of variables describing the target polarization are related by

St cos ¢ps = cos 0, Prcos1p —sinfy Pr,
ST sin QSS = PT Sin?,b s
S1, = sinf., Prcos 1 + cos 0, Pp,, (2.3)

which we will use in Sect. 7. In terms of invariants the mixing angle 6, is given by

. [1—y— Ty2y? 2z My
Slngfy =7 T y Y= T , (24)

where My is the nucleon mass. In Bjorken kinematics +y is small, and so is sin 6., = /1 — .

We finally specify the variables describing the vector meson decay (2.2). This is conve-
niently done in the 77~ c.m., which can be obtained from the v*p c.m. by a boost in the
direction of the scattered nucleon as shown in Fig. 2. In the 7t7~ c.m. we introduce the
right-handed coordinate system (z, y, z) shown in Fig. 2, where p’ = |p/| (0,0, —1) and where
the target momentum p has a positive x component. In this system we define ¢ and ¢ as the
polar and azimuthal angle of the 7 momentum, i.e. k = |k|(sin® cos ¢, sin 9 sin ¢, cos 9).
The relation between our notation here and the one of Schilling and Wolf is'

Phere = _(I)[14} ’ Phere = ¢[14} ) ﬁhere = 9[14] : (2'5)

3. Helicity amplitudes and spin density matrix

The strong-interaction dynamics of the electroproduction process (2.1) is fully contained
in the helicity amplitudes for the subprocess v*p — pp. From these we will construct spin
density matrix elements which describe the angular distribution of the overall reaction
ep — epn T~ and its dependence on the target polarization.

Since we will deal with interference terms we must specify our phase conventions. We
do this in the v*p c.m. and use the right-handed coordinate system (z',%,2') shown in
Fig. 2. In this system we have ¢ = |q|(0,0,—1) and ¢’ = |¢'|(sin©®, 0, — cos ©), with the
scattering angle © of the vector meson defined to be between 0 and 7. Note that the positive
Z' axis points along p rather than q, as is often preferred for theoretical calculations. We
specify polarization states of the target proton by two-component spinors x /2 = (1,0)

!We remark that the expression for sin ® given in eq. (13) of [14] is incorrect since it is always positive.
A correct definition is given in [23].



for positive and x_;/, = (0,1) for negative helicity. For the polarization vectors of the
virtual photon we choose

€+1 :_L (0,1,-7:,0), €—-1 :L(O,l,’i,O),
V2 V2
7
e = N, (qo‘——pC"), 3.1
R (3.1)
and for the polarization vectors of the p
er1 = —% (O,COS 0, —i,sin@) , e_1 = % (O,COS 0,1,sin @) ,

q/2
eg = Ne (q’“ - ,p’“> : (3.2)

p-q

where the subscripts indicate helicities. N and N, are positive constants ensuring the
proper normalization e2 = 1 and e2 = —1 of the longitudinal polarization vectors. In the
p rest frame and the coordinate system (z,y,z) of Fig. 2, our meson polarization vectors
have the standard form e;; = —(0,1,7,0)/v/2, e_; = (0,1, —i,0)/v/2 and ¢y = (0,0,0,1).
Our phase conventions for the proton and the virtual photon are as in [22].

We now introduce amplitudes 7)Y for the subprocess v* (1) +p(A) — p(v) + p(0) with
definite helicities u, v, A\,o. Since the above phase conventions are defined with reference
only to momentum vectors of this subprocess, the helicity amplitudes only depend on the
photon virtuality, the v*p scattering energy and the scattering angle O, or equivalently on
Q?, zp and t = (p — p')2. With our phase conventions they obey the usual parity relations

T =)ty (3.3)

for equal Q2,  and ¢ on both sides. With these helicity amplitudes we define
Praox = (Nr+eN) ™ D T (T05)" (3.4)
ag

Regarding the upper indices this is the spin density matrix of the vector meson, whereas the
lower indices specify the polarizations in the y*p state from which the meson is produced.?
The normalization factors

Nr =13, N =1 S| (3.5)

A\,v,0 AV, 0

are proportional to the differential cross sections dor/dt and doyr, /dt for transverse and
longitudinal photon polarization, respectively, and
1—y— 397
€= 1,2 1,29 (36)
L—y+3y*+ 397y

®Taking the trace in the meson polarization indices we obtain the relation Y, prv, \y\/ o dai‘,’f;/dt
between the spin density matrix p introduced here and the cross sections and interference terms used in
[22]. Compared with [22] we take the opposite order of indices in p, so that v and v’ appear in the standard
order for a spin density matrix.



is the usual ratio of longitudinal and transverse photon flux. In addition to @Q?, zp and
t, the spin density matrix elements pZZ: wv depend on e through the normalization factor
(N7 4+ eNp). If one can perform a Rosenbluth separation by measuring at different e but
equal Q? and zp, it is advantageous to normalize them instead to Ny, Ni or  NprNp as
was done in [14]. It is straightforward to implement such a change in the formulae we give
in the following.
We find it useful to introduce the combinations
/ _ 1 / ! / _ 1 / !
uttt = 0+ 0l ). A (A R X
for an unpolarized and a longitudinally polarized target, where for the sake legibility we
have labeled the target polarization by + instead of :l:%. The combinations
! . 1 ! ! ! . 1 ! !
st = Hotn e+ 020 1) ni = Yo~ o) (39
respectively describe transverse target polarization in the hadron plane (“sideways”) and
perpendicular to it (“normal”). One readily finds that the matrices u, [ and s are hermi-
tian, whereas n is antihermitian,

Vv v\ * Vv _ (o * Vv v\ *
Uy = (“uu’) J b = (luu’) ’ S = (Suu’) J
viv v\ *
’n/“/“ = — (’n/““/) . (39)
The diagonal elements w,;, [, and s, are therefore purely real, whereas n,; is purely
imaginary. Furthermore, the parity relations (3.3) translate into
—v—v _ v—pu—v'+u v —v—v _ v—pu—v'+u v
u*ﬂfﬂ, = (_].) 'LL##/ y l*ﬂ*ﬂ, = —(—]_) llilil 5
—v—v _ v—p—v'+u v —v—v' _ v—pu—v+u v
n—u—u’ - (_1) nuu’ ) S_H_ul = _(_1) S““I . (310)
As a consequence the matrix elements
-+ o +— ,—+ .00
U_q,U_y ,Ugg ,U_ (3.11)

are purely real, whereas the corresponding elements of [, s and n are purely imaginary.

Both experiment and theory indicate that s-channel helicity is approximately conserved
in the v* — p transition for small invariant momentum transfer ¢. Correspondingly, one
expects that spin density matrix elements involving the product of two helicity conserving
amplitudes are greater than interference terms between a helicity conserving and a helicity
changing amplitude, and that those are greater than matrix elements involving the product
of two helicity changing amplitudes (where we refer to the helicities of the photon and the
p but not of the nucleon). Exceptions to this rule are however possible, since two large
amplitudes can have a small interference term because of their relative phase, and since
there can be cancellation of individually large terms in the linear combinations (3.7) and
(3.8) associated with different target polarizations. With this caveat in mind one can
readily assess the expected size of the spin density matrix elements (3.7) and (3.8) by
comparing the upper with the lower indices.



Let us now investigate the behavior of our matrix elements for © — 0, i.e. in the limit
of forward scattering v*p — pp. To this end we perform a partial wave decomposition

i2(0) =Y t3(J) d{_y10—0(©) (3.12)
J

where we have suppressed the dependence of T and the partial wave amplitudes ¢(.J) on
Q? and zp. Using the behavior d,‘%,n(@) ~ ©Im=7l of the rotation functions for ® — 0 we
readily find

w' g gp N7 7Y’
u/‘l‘, ’ll‘ﬂ, © ’ ’I’L##/ 7‘3##’ C) (313)
with
P 2 Pmin ZU’)\ILITI/Z{‘V—M—U—F)\‘—F‘U'—u'—a-i-k‘},
= i / ’
q 2 qmin —U’AIBIEI/Z{‘V_M_U‘F)\“F‘V — —U—)\‘}. (314)

With © o (tg — )/ for small ©, we can rewrite (3.13) as

77N 1778 _ n\p/2 772N 7 7 _ ng/2
U““/,luu/ St (t() t) ; 'I’Luu/,suul St (t() t) s (315)

where ty is the value of ¢ for ® = 0 at given Q% and zp. In Tables 1 and 2 we give
the corresponding powers for the linear combinations of spin density matrix elements that
will appear in our results for the cross section in Section 4. We have ordered the entries
according to the hierarchy discussed after (3.11), listing first terms containing the product
of two helicity conserving amplitudes, then terms containing the interference between a
helicity conserving and a helicity changing amplitude, and finally terms which only involve
helicity changing amplitudes (with helicities always referring to the photon and the p but
not to the nucleon).

We emphasize that certain partial wave amplitudes ¢/3(J) in (3.12) may be zero or
negligibly small for dynamical reasons. The actual powers of (to — ¢)}/? in (3.15) can
thus be larger than the minimum values pmin and gmin required by angular momentum
conservation. If there is for instance no s-channel helicity transferred between the proton-
proton and the photon-meson transitions, then the relevant powers for n and s are given
by ¢ = pmin + 1, which is equal to gy + 2 for all but the first four entries in Tables 1 and 2.
A concrete realization of this scenario is the calculation in [24], where the proton-proton
transition is described by the generalized parton distributions H, F and H. E, which do
not allow for helicity transfer to the photon-meson transition.

In the limit of large Q? at fixed zp and ¢, the proof of the factorization theorem
in [2] implies that the transition from a longitudinal photon to a longitudinal p becomes
dominant, with all other transitions suppressed by powers of 1/@Q. In this limit only the
spin density matrix elements u( 0 and n{ survive and can be expressed as convolutions of
hard-scattering kernels with generalized parton distributions and the light-cone distribution
amplitude of the p. To leading order in 1/Q one has in particular

mnd V-t 1 — & Im(E°H) (3.16)
ul0 My (1—€2)|H|? — (€2 +1/(4M2)) |E|? — 262 Re(E¥H)



matrix elements Pmin

ul) +eugg 0
ugl g lof —loy 0
wif +uiy +2euly I +irT 0
u_f 1= 0
ug 0oy 1
uﬂi—u;£+2Reeu8§ lfi—l;ﬂ—i—QiImelga“ 1
UEI l_Oi 1
ugy —ugy lov — 13y &
uit +eugy I +elyd 2
utf 1t 2
gl +upl Lot + 1o L
ugf lot 1

199 2
ul? 199 2
uir_E lir_E 3
ugy lo+ 3
uly 1X5 4

Table 1: Minimum values of the powers which control the ¢ — ty behavior of combinations of spin
density matrix elements v and [ as in (3.15). Some of the combinations are purely real or purely
imaginary because of the symmetry relations (3.9) and (3.10), whereas others are complex valued.

where £ = x5/(2—zp) and the convolution integrals H and & are for instance given in [22].
Experimental results and phenomenological analysis show however that 1/Q? suppressed
effects can be numerically significant for Q? of several GeV?, see e.g. [25, 24, 9, 10]. This

concerns both power corrections within uJJ or n§ 9 and formally power suppressed spin

density matrix elements such as ul} or ugj:. The detailed analysis in [2] reveals that
beyond leading-power accuracy in 1/@Q), factorization of meson production into a hard-
scattering subprocess and nonperturbative quantities pertaining either to the target or
to the meson may be broken. On the other hand, factorization based approaches which
go beyond leading power in 1/@Q and in particular also evaluate transition amplitudes for
transverse polarization of the v* or p have been phenomenologically rather successful, see
e.g. [26, 24]
Let us finally generalize our considerations to the process

e(l) + p(p) = e(l') + X(p') + p(d), (3.17)

where the target proton dissociates into a hadronic system X. In analogy to the elastic case

one can introduce helicity amplitudes T:;”X and combine them into spin density matrix



matrix elements Qmin

nﬂ: +engd 1
gt —ngl 07 =0t
nif+niT+2ends  sf4siT 1
n_} s 1
ny 99 0
nfi—n@?—i—%lmengf{ sf:j:—s;?-i—%'lmesgar 0
nof s 0
ng_;—na“_g 38_7_—33“_8 1
nI_I +6n0_3' s;j_' —i—eso_g' 1
ntt s+t |
gy +noy S04+ S0y 0
nol So 0
522 1
n9Y 500 1
nfﬂ sfﬂ 2
nyy S0 2
n’y sty 3

Table 2: As Table 1 but for combinations of spin density matrix elements n and s.

elements
ph s = (Np + eNp) ™ S T (T 5%)" (3.18)
X,o

The normalization factors Ny and Ny, are defined as in (3.5) but with an additional sum
over all hadronic states X of given invariant mass My, on which pZZ:,/\N now depends
in addition to Q?, zp, t and e. The combinations (3.7) and (3.8) for different target
polarization have the same symmetry properties (3.9) and (3.10) as in the elastic case.
Their behavior for ¢ — t; can be different, since in (3.14) one must now take the minimum
over all possible helicities o = :l:%, :l:%, ... of the hadronic system X. One finds however
that the powers pmin and gmin for the combinations of spin density matrix elements in
Tables 1 and 2 are the same as in the elastic case. The results in the remainder of this
work only depend on the properties (3.9) and (3.10) and thus immediately generalize to
the case of target dissociation.

4. The angular distribution

The calculation of the cross section for ep — ep 77~ proceeds by using standard methods
and we shall only sketch the essential steps. More details are for instance given in [14, 27,



22]. With our phase conventions the polarization state of the proton target is described by
the spin density matrix

(4.1)

1( 1+S; STe—i<¢—¢s>>
TN = )

2\ Speilo—0s)  1_-g;

which is to be contracted with the matrix in (3.4). The result is conveniently expressed in
terms of the combinations (3.7) and (3.8) as
D Tan Plran = ub + S 4+ Spcos(¢ — bs) sy — Spsin(p — ¢s)inh  (4.2)
AN
and describes the subprocess v*p — pp. The decay p — 7 7~ is taken into account by
multiplication with the spherical harmonics,

Pup = Z Z TN pzl;//,)\/\’ YIV(‘P? 79) Yl*u’ ((:01 19) ’ (43)
v, AN

where

Yl_Hz—\/i sind €%, szwi cos ¥, Yiy :\/i sing e . (4.4)
8w 4 8w

To obtain the cross section for the overall process ep — epm ™7~ one must finally contract
the matrix p,,s in (4.3) with the spin density matrix of the virtual photon.®> The cross
section can be written as
do 1 do
dip dp dp d(cos 9) deg dQ?dt — (2m)2 dxp dQ? dt

X (WUU + Wiy + StWur + PeStWir + StWyr + Py STWLT> (4.5)

with

(4.6)

drpdQdt ~ 2r 1—¢ 25 2\t @

where dor/dt and doy,/dt are the usual y*p cross sections for a transverse and longitudinal

do Olem y2 1_$Bi<dUT dUL>

photon and an unpolarized proton, with Hand’s convention for virtual photon flux. The
angular distribution is described by the quantities Wy, where X specifies the beam and
Y the target polarization. The normalization of the unpolarized term Wy is

/% /dgo d(cos¥) Wy (b, p,9) = 1. (4.7)

To limit the length of subsequent expressions, we further decompose the coefficients ac-
cording to the p polarization and write

WXY(QSa P 19)

5 [cosZﬂ WEL () + V2 cos 9 sind WEL (¢, ) + sin?9 WEL (¢, @) (4.8)

™

for X, Y = U, L. The production of a longitudinal p is described by W)];{;, the production

3Up to a global factor, the result of this contraction can e.g. be obtained from eq. (3.20) of [27], with
Puu in the present work corresponding to UF(L),(#) in [27] and ¢pee = —P[27]-

- 10 —



of a transverse p (including the interference between positive and negative p helicity) by
W)%T/, and the interference between longitudinal and transverse p polarization by W)];{/
For a transversely polarized target we have in addition a dependence on ¢g,

WXT(QSSH ¢7 2 "9)

- % COS219 W)I(i%i,(qss, ¢) + \/ECOS’ﬂ sin19 W)%'?"’(¢Sa ¢a (:0) + Sin2,l9 W)Y(g:(qssa ¢1 (P) (49)

with X = U, L. In addition to the angles, all coefficients Wy depend on Q?, zp and t,
which we have not displayed for the sake of legibility.
For unpolarized target and beam we have

Wi (9) = (ul? +eudd) —2cos gv/e(1+€) Reug — cos(2¢) eu’]
W ($,0) = cos(¢ + @) Ve(l +€) Re(uf ] —ug?)
— Cos Re(uf:jrIr - u;? + 2eu83') + cos(2¢ + ¢) eRe u,oi
— cos(¢p — @) VVe(l +€) Re(ug_if - ua“_g) +cos(2¢ — p) eReu?
Wi ($:9) =5 (ulf +uiy + 2eui)) + 5 cos(2¢ + 2p) eu |
—cospr/e(1+¢) Re(udl +uyl) + cos(d + 2¢) Vel +e) Reuy
— cos(2¢) Re(uf +euyd) — cos(2¢) eReul

+ cos(¢p — 2p) Ve(1 +€) Reuf ] + 2 cos(2¢ — 2¢) eul T . (4.10)

Here and in the following we order terms according to the hierarchy discussed after (3.11),
as already done in Table 1. The terms independent of ¢ and ¢ in W{;{j and Wg,’g are
related by

ult +uly +2euly=1- (v +eull), (4.11)
which ensures the normalization condition (4.7). The terms for beam polarization with an
unpolarized target read

Wi (¢) = —2sind \/e(1 — ) Imugy
Wit (6, ) = sin(¢ + @) Ve(l — €) Tm(ug T —uy?)
—sinp V1 —e Im(ulf —uil)
—sin(¢p — @) Ve(l —€) Tm(ugy —ug?),
WIE (6, ) = —sing /e(1 — ¢) Im(ugt +ugy) +sin(g + 2¢) /e(1 — €) Imugy;

—sin(2p) V1 — €2 Imu, |
+ sin(¢ — 2¢) Ve(l — €) Imug . (4.12)

- 11 -



The results for longitudinal target polarization are very similar, with
WL (¢) = —2sing\/e(1+¢) Tm15) —sin(2¢) e Im 1],
W (¢, 0) = sin(¢+ @) Vel +e) Im(1§f —157)
—sing Tm (10 — 150 +2e10%) +5in(26 + ¢) eIm 1 °F
—sin(¢ — ) Ve(l +¢) Im(Ig5 —I77) +sin(2¢ — ) elm 1],
WEL (6, 9) = §5in(2¢ + 2¢) eIm I
—sing \/e(1+¢) Im(I§ +157) +sin(b+2¢) Vel +e) Imiy T
—sin(2p) Im(I7] +€ly) —sin(2¢) eIm It}
+sin(¢ — 2p) Ve(1 +€) ImIJT + 3 sin(2¢ — 2¢) eIm 7 (4.13)
for an unpolarized beam, and
WEE(#) = ~2cos§/e(1 — ) Relf) + V1 - 107,
WL ($,9) = cos(¢+9) Ve(l =€) Re(lgf —157)
—Ccosp m Re(lj:jrr — l;?)
—costp— ) VAT = Rel18; — 147,
W ($op) = V1—e L (15 +155)
—cos ¢ \/HRe(lgi +157) + cos(d + 2¢) \/mmelai
— cos(2¢p) V1- e Re LT
+ cos(¢p — 2¢) Ve(1 — €) Rel{ ] (4.14)

for beam polarization. In (4.10) to (4.14) we have used the symmetry relations (3.9) and

(3.10) to write our results with a minimal set of matrix elements UZZ: or ] ZZ: Although

they are a little lengthy, their structure is quite simple:

ot ++ 4 = 0+ _ . —0 0— _,+0 -

1. The combinations Uy Uy Uyt — Uy and-uw, Uy and thelf‘ analogs f01.‘ l
always appear together because the corresponding products of spherical harmonics
are identical, Y, Y{*, =Y, | Y{" | and YY" = =Y; Y. In some cases the

corresponding sum can be simplified using symmetry relations like ug'a' +uyy =
2u§3’, but in others one remains with a linear combination of matrix elements that
cannot be separated. With the caveats discussed after (3.11) one finds however that
these combinations are dominated by a single term. Exceptions are Re (ufi - u;_? +
2eugar) and Im (lfi — l;? + 26183“), each of which contains two interference terms
between a helicity conserving and a helicity changing amplitude.

- 12 —



2. An angular dependence through (k¢ + my) is associated with the interference be-
tween transverse and longitudinal p polarization for |m| = 1, the interference between
positive and negative p helicity for |m| = 2, and equal p polarization in the amplitude
and its conjugate for . = 0. In the same way |k| = 1, |k| = 2 and k = 0 are related to
the virtual photon polarization. Notice that for m = 0 one can distinguish transverse
and longitudinal p production by the ¢ dependence in (4.8), whereas for k& = 0 the
separation of terms for transverse and longitudinal photons requires variation of e.
The beam spin asymmetries Wiy and Wiz contain no terms with |k| = 2, because
there is no term with Py cos2¢ or Ppsin2¢ in the spin density matrix of the virtual
photon.

3. The unpolarized or doubly polarized terms Wy and Wrp depend on Rewu or Rel
and are even under the reflection (¢, p) — (—¢, —¢) of the azimuthal angles, whereas
the single spin asymmetries Wiy and Wy, depend on Im» or Im/ and are odd under
(¢, 0) = (—p, —¢p). This is a consequence of parity and time reversal invariance.

4. As we have written our results, the angular distribution for longitudinal target po-
larization can be obtained from the one for an unpolarized target by replacing
cos(kp + myp) Reu — sin(k¢p + mep) Im1 ,
sin(k¢ + myp) Imu — cos(kp + my) Rel . (4.15)
Terms with £k = m = 0 in Wy and Wy are independent of ¢ and ¢, and have of
course no counterparts in Wyrr, or Wy This corresponds to 16 terms with a different

angular dependence in Wy and 14 terms in Wy, and to 10 terms in W and 8
terms in Wiy

The symmetry properties (3.9) and (3. 10) which we used to obtain (4.10) to (4.14), are

ll/l/

identical for uZZ: and mZZ:, as well as for [/, and s, According to (4.2) the cross section

for a transversely polarized target can therefore be obtamed from the one for longitudinal
and no target polarization by the replacements

Reu — Spsin(¢ — ¢g) Imn , SpIml — Spcos(¢p — ¢g) Im s,
Imu — —Srsin(¢ — ¢s) Ren, Sr,Rel — Stcos(¢p — ¢s) Res . (4.16)

We thus simply have
Wi (gs,9) = sin(p — ds) [Tm(n 29 +endf)
—2¢05 ¢ /e(1+ ) Imnf — cos(2) eTmn 2 |
+ cos(¢ — ¢s) [ —2sin¢p\/e(1+¢) Ims )9 — sin(2¢) e Im s° +]
WHE (65,6,0) = sin( — ¢s) | cos(@ + 9) Vel + ) Im(nf L —ng )
0t

—cosp Im(n) — n_?ﬂ + 2en8[§) + cos(2¢ + @)eImnEi’

—cos(¢p — o) Ve(l +€) Im(ng_; - ngﬂ) + cos(2¢ — @) eImnf_H
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+ cos(¢ — bs) [ sin(p+ ) /el + ) Im(s0F — s57)
—sing Im(s)T — 579 +2es ) +sin(2¢ + ¢) eIm s°F
—sin(¢p — ) /e(l +¢) Im(s0; — s3°) +sin(2¢ — ) eIm s }
WHT (65,6, 0) =sin(p — ds) | §Tm(nT + 0T +2en{ ) + §cos(2¢ + 2¢) elmn =]
—cospv/e(L+e) Im(nT +ngy) +cos(p+2¢) Vel +¢) Imng
— cos(2¢) Im(ny +engg) — cos(2¢) eTmn{
+ cos(¢ — 20) Vel + ) Imny + b cos(2p — 2p) elmn* |
+ 0s(¢ — ¢s) | § sin(2p + 2) elm s
—sing /(1 +€) Im(s§l + 595 ) +sin(¢ + 2p) Vel +¢) Imsy T
~sin(2p) Tm(s37 +esg) — sin(26) eIm s}
+sin(p — 20) V/e(1+ ) Tm s + L sin(2 — 20) eImsi‘_l__} (4.17)
for an unpolarized beam, and
Wh (b, 9) = sin(p — ds) [ 2sind V/e(1 — ) Rend? |
+ cos(¢ — ps) | ~2c0s g /el =€) Resf? +V/T— 500 ],
WEE (b5, 6, 0) = sin(6 — ¢s) | = sin(é + ) /el — ) Re(nf —ng?)
+sinp V1 - € Re(n{f —n.?)
+sin(¢ — ) v/e(l — ) Re(nf; —ni ) |
+ 0s(¢ — ) [ cos(p+ ) Vel — ) Re(s 0 — 557)
—cosp/1—e Re(s)t —s70)
— cos(p — ) Vel — ) Re(s 07 —5¢2) |,
Wit (¢s, b, 0) = sin(¢ — ¢s)
x |sing /el =€) Re(nit +ng7) = sin(6 +2¢) Ve(l — ) Reng
+sin(2p) V1 - € Ren 7t
— sin(¢ - 2¢) V/e(1 — ) Reng7 |
+cos(¢ — bs) [ V1= € (51T +577)
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unpolarized beam polarized beam

Wuoor  Wur Wur Wio  Wir Wrr
Rew Im! Imn Ims Imu Rel Ren Res
15 14 16 14 8 10 8 10

Table 3: Number of linear combinations of spin density matrix elements describing the angular
distribution of the cross section (4.5). The number of independent combinations for Rew is one
less than for Imn because of the relation (4.11).

—cosp/e(1 —e€) Re(sgf + sy ) + cos(¢p+2p) e(l —€¢) Resy
— cos(2p) V1 — €2 Res, |
+cos(p — 2¢) Vel — €) Resf):} (4.18)

for beam polarization. With obvious adjustments, the general structure discussed in points
1 to 3 above is found again for a transverse target. Note that the terms uﬂf + eu and
uj'r'i +uly + 2eu6'rg' in the unpolarized coefficients W§§ and ng add up to 1 according
to (4.11), whereas their counterparts Im(n?Y +en{{)) and Im(nfl +niy + 2endy) in
WL%% and Wg% are independent quantities. To keep the close similarity between the two
cases we have not used (4.11) to simplify (4.10).

Since there are two independent transverse polarizations relative to the hadron plane
(normal and sideways) we have a rather large number of terms with different angular
dependence in (4.17) and (4.18). The single spin asymmetry Wyr contains 16 terms
with Imn and 14 terms with Im s, whereas the double spin asymmetry Wy contains 8
terms with Ren and 10 terms with Res. Table 3 lists the number of independent linear
combinations of spin density matrix elements describing the angular distribution for the
different combinations of beam and target spin. For reasons discussed in Section 5 it is
useful to consider the spin density matrices n and s separately. It is then natural to work
in the basis of angular functions given by the product of sin(¢ — ¢g) or cos(¢ — ¢g) with
sin(k¢ + mey) or cos(kp + myp). With the replacement rules (4.15) and (4.16) we obtain
the combinations

sin(¢ — ¢g) cos(kp + mp) Imn + cos(p — ¢g) sin(kep + me) Im s ,
—sin(¢ — ¢s) sin(kp + mep) Ren + cos(¢d — ¢s) cos(kp + myp) Re s (4.19)

in Wyr and Wi, respectively.

We conclude this section by giving the relation between our spin density matrix ele-
ments for an unpolarized target and those in the classical work [14] of Schilling and Wolf.
We have

00 00 _ 04
Uypy +e€eugg =Top,

0+ -0y _ 6 5
Re(u0+ —u0+) = \/§(Imr10 —Rerlo),
4 = ++ _ 04

-+ _ .1 2
u_ =1y — Imry_q,
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Rewdd = —rfo/VE,
Re(uf:jrIr — u;? + 2eu83') = ZRer%,
Re ugi = Rerjp — Imr?,,
Re(ug_; - ugﬂ) =2 (Imr?o + Reri’o) ,
Re(up? +eugd) =it
Re u:'_' =i,
Re(ugy +ugy) = —v2riy,
Re uo_jr' = (Imrffl — 7’?71)/\/1
ul?d =y,
Re ufﬂ = Rerjy + Imr?,,
Re ub': = —(Imr?_l + 7"{’_1)/\/5,
wil=ri_;+Imri_, (4.20)
and
I (up} —ug{) = V2 (Imry + Rerfy) ,
Imug{ =/ V2,
T (u?f —uy ) = —2Imr,,
Im(ugl — uarf:) =2 (Imrzo — Rerfo) ,
Imu;j’r’ = —Imr:{’_l,
Tm(ug{ +ugy) = V2ri,
Imuo__"i_' = (Imr{,l + 7"?,1)/\/5,
Imua: = —(ImrI_l - r?_l)/\/i (4.21)

The lower indices in the matrix elements of Schilling and Wolf refer to the p helicity and
correspond to the upper indices of u in our notation. Their upper indices correspond to a
representation of the virtual photon spin density matrix which refers partly to circular and
partly to linear polarization, whereas we use the helicity basis for the photon throughout.
The consequences of approximate s-channel helicity conservation are more explicit in our
notation: the relation Imr%; ~ — Rery, for instance corresponds to ‘Re (ug T- “EE)‘ >
‘Re (ug_if — uar_E) ‘ Notice also that the simple relation between single-spin asymmetries
and imaginary parts of spin density matrix elements discussed in point 3 above holds in
the helicity basis but not for linear polarization.

We note that our phase convention (3.1) for the helicity states of the virtual photon
differs from the one in [14] by a relative minus sign between transverse and longitudinal
polarization, and that our normalization factors Ny and Np, in (3.5) differ from those in
[14] by a factor of two. The combinations of helicity amplitudes corresponding to the spin
density matrix elements in (4.20) and (4.21) should be compared according to

= Nup!

1
Ny T Togen |+ (422)
oA

1 1 vo Vo) *
P E : A ( DN )
2 | Nt +eNp, = w H ”

here
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where 7y, = n,, = —1 for the interference of transverse and longitudinal photon polar-

ization, and 7,,, = +1 in all other cases.*

5. Natural and unnatural parity

The exclusive process v*p — pp is described by eighteen independent helicity amplitudes,
and we have already used approximate s-channel helicity conservation to establish a hierar-
chy among these amplitudes and the spin density matrix elements constructed from them.
A further dynamical criterion to order these quantities is given by natural and unnatural
parity exchange, which we shall now discuss.

Following [14] we define amplitudes N for natural and U unnatural parity exchange as
linear combinations

—1 - - _ 1 A— -
5= T + ()T = IR+ ()T
— — A— —
X =g [T = ()R] = [T = ()7 17T ] (5.1)

With respect to the photon and meson helicity, the amplitudes N have the same symmetry
behavior as the amplitudes for v*t — pt on a spin-zero target ¢, whereas the corresponding
relation for the amplitudes U has an additional minus sign,

N = (1) RN, U = —(—1) U (5.2)
For the proton helicity we have relations N l’j"' = N, and N, L’f = —N,; for natural parity
exchange, compared to U;ﬁf = —U,,_ and Ul’;f = U, for unnatural parity exchange. This

symmetry behavior immediately implies that in a dynamical description using generalized
parton distributions, amplitudes N go with distributions H and E, whereas amplitudes U
go with distributions H and E. This is explicitly borne out in the calculation of [24]. Since
Ugf = 0 according to (5.2), unnatural parity exchange amplitudes are power suppressed
at large Q? and the leading-twist factorization theorem [2] only applies to the natural
parity exchange amplitudes N 8 Y. We remark that in the context of low-energy dynamics
t-channel exchange of a pion plays a prominent role for unnatural parity exchange ampli-
tudes, see e.g. [15]. This has a natural counterpart in the framework of generalized parton
distributions, where pion exchange gives an essential contribution to the distribution F in
the isovector channel [28, 3, 29].

“The correspondence in (4.20) to (4.22) is obtained from comparing our results (4.10) and (4.12) for the
angular distribution with the ones in eqgs. (92) and (92a) of [14], together with the relation between spin
density matrix elements and helicity amplitudes specified in eq. (91) and Appendix A of [14]. We have not
found an explicit specification of the phase convention for the virtual photon polarizations used in [14].
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For the spin density matrix elements one readily finds

wity = (Np+eNp) LS [ Neg (NG9) + 02 (U9)" ]
a
) = (Nr+eNL) ™ 3 [ VI (U9)" + Ug (N2D) "]
g
s = (Np +eNp) ™ Y [N (U27)" + 025 ()]
a

ni) = (Np+eNp) ™ S [ NGE (NG2)" + 032 (U2) ] (5.3)

a

The matrix elements u and n hence involve a product of two natural parity exchange
amplitudes plus a product of two amplitudes for unnatural parity exchange, whereas [
and s involve the interference between natural and unnatural parity exchange [15]. To
the extent that amplitudes U are smaller than their counterparts N, one can thus expect
that matrix elements | and s are small compared with v and n for equal helicity indices.
Exceptions to this guideline are possible since products N, { (N Z’Ii)* or N7 (N :,’j:)* may
have a small real or imaginary part due to the relative phase between the two amplitudes.
If amplitudes U are smaller than N, one can furthermore neglect the terms

~vu! -1 ’ *

in = (Np+eNg) ™ Y Uss (Un9)",

a
~ ! -1 ’ *
ity = (Np+eNp) ™ > UL (UL7) (5.4)

o

involving unnatural parity exchange in the matrix elements v and n. Using the relations

(—1)" FuZlh = ul — 2a, (5.5)

following from (5.2) and (5.3), we have in particular

0+ _, 0+ _9~0+ — _ ot _oatt
—u_p =upy - 2ugy, u_y =uyy o 2uyy,

R Y ++ _ o —+ _9r—+
—uyl =ugl — 25, ul =ull —2a;]. (5.6)

This allows us to rewrite
Wg;?; = —Ccos Re(uf:j'; — u;? + 2eu83') —cos(2¢ + @) eRe(uEi — 2&23’;)
+...co8(p+ @)+ ...cos(p — @) +...cos(2¢ — @),
WET = Ll f +ups + 2edd) + doos(2+ 20) e(ul ] - 201)
—cosp/e(1+¢) Re(udl +uyl) — cos(¢ + 2¢) Vel +e) Re(udt —2a{l)
— cos(2¢) Re(u{ +eugd) — cos(2¢) eRe(ul{ —2a; )

+...c08(¢d — 2¢) +...cos(2¢ — 2¢p),
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WiE = —sing\/e(1 —¢) Im(ugt +ugy) —sin(¢+ 2¢) Ve(l —€) Im(uf] —2a77)
+...sin(2¢) + ...sin(¢ — 2¢), (5.7)

where terms indicated by ... are the same as in the original expressions (4.10) and (4.12)
and have not been repeated for brevity. We see that the coefficients of adjacent terms in
(5.7) will be approximately equal to the extent that unnatural parity exchange is suppressed
and s-channel helicity approximately conserved. This can be tested experimentally by
measuring the angular distribution of the final-state particles.

The relations (5.6) and their counterparts for other index combinations can also be
used to approximately isolate spin density matrix elements of particular interest. Consider
as an example the leading-twist matrlx element 19, which in the angular distribution
appears only in the combination u? hd + + euoo, i.e. together with a matrix element that
should be suppressed since it does not conserve s-channel helicity. If unnatural parity
exchange is strongly suppressed, an even better approximation for u§{ can be obtained
from the linear combination

eugy +2al) = (u) +eudd) +uly, (5.8)

whose r.h.s. can be extracted from the angular distribution. Similarly, one can approxi-

0+

mately isolate the matrix element Rew in the combination

eReugd +Re(adf —a, ) = [Re(quJr u, ) +2euy ) +Reu’t + Reuiﬁ?] . (5.9)
Conversely, one can extract from the angular distribution the linear combinations
++ +att ¢ 26~++ - 2Reﬂ+jrr =3 (uJ“jrr +u,  + 2EU++) - %u:jr“ — %ui:
—|—Re(u+Jr +€“00) Reu"'i,

adf+agy =3(udf +ugy) +3upl +iuds, (5.10)

which only involve unnatural parity exchange. In a dynamical approach based on gen-
eralized parton distributions, these combinations are interesting because they isolate the
polarized distributions H and E and in particular involve these distributions for gluons,
which are very hard to access in any other process.” The price to pay for this is that
the corresponding amplitudes are power suppressed and cannot be calculated with the
theoretical rigor provided by the leading-twist factorization theorem. On the other hand,
phenomenological analysis indicates that a quantitative description of meson production
at Q2 of a few GeV? requires the inclusion of power-suppressed effects also for the leading
matrix element u (.

The discussion of the matrix elements for transverse target polarization normal to the
hadron plane proceeds in full analogy to the unpolarized case. With

(=1)*+ n:ZZ —nW ZnZZ (5.11)

®In contrast to their quark counterparts, HY and EY do not appear in pseudoscalar meson production
at leading twist and leading order in s, see e.g. Section 5.1.1 of [30].
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we have

0+ _ 0+ _ 9~ 0+ —+ _ o+t o+t
oy =gl -2y, n_y=nil -2y,

—+ _ o4+ _ g+t ++ _ o=+ _ogx—+
—ngl =ngl —2n57, n’y =n, —2n7 (5.12)

and can write
W = cos(¢ = ¢s) | .. | +sin(6 — ¢s)
X [_ cosp Im(n2F —n 9 +2en0%) — cos(26 + ) eIm(n T — 232 07)
—i—...cos(gzﬁ—Hp)+...cos(¢—<p)+...cos(2¢—<p)] ,
WiE = cos(¢ = ¢s) | .. | +sin(é — ¢s)
x | $m(ndd + 03y + 2en ) + §oos(26 + 2¢) elm(nff - 20 1)
—cos ¢ /e(1+€) Im(ngf +ny) —cos(¢+ 2¢) Ve(l +e) Im(ngf —20{7)
— cos(2¢) Im(n3} +engy) — cos(2¢) elm(nif - 2a77)
+ . cos(d — 2¢) +...cos(2¢—2<p)} :
WIE = cos(p = gs) | ... | +sin(@ - bs)
X [sinqs Vel =& Re(ngt +ny7) +sin(¢+20) Ve(l — ) Re(nit —2a 1)
.. sin(20) + .. .sin(¢ — 2@] : (5.13)

where terms denoted by ... are as in the original expressions (4.17) and (4.18). Again, the
coefficients of adjacent terms should be approximately equal to the extent that unnatural

parity exchange is suppressed and s-channel helicity approximately conserved. The matrix

elements Tmn ) and Imng 3’ can be approximately isolated in

eImnd) +2Imal) =Im(nf? +end) +Imn’) (5.14)

and
eImn{y +Im(alt — 7)) = %[Im(nfi —n;) +2n{f) +Imn’t —I—Imnfo]. (5.15)

In turn, the linear combinations
i S+ gx4+) 1 o —— ++) 1 -+ _ 1 +-
Im(n_H_—i—n__ +2eny —2n_+) —§Im(n+++n+++2en00) —5Imn”7 —5Imn’7
+Im(nli+enag) —Imn'_':'_',
N T e — 1, —+ , 1, +—
Noy + 1oy —5(”0++”0+)+§”0++§”0+ (5.16)

involve only unnatural parity exchange.
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6. Positivity constraints

From the definition (3.4) of the spin-density matrix elements one readily finds

S cnntiton (i) = (Vr+ )T Y0 S

v vip' N o VR

> 0 (6.1)

for arbitrary complex numbers CZX Hence pZZ: yv 1S a positive semidefinite matrix, with
row indices specified by {vpuA} and column indices by {+/p'\'}. This implies inequalities
among the spin density matrix elements, which extend those given e.g. in [22, 27]. We
do not attempt here to study the bounds following from positivity of the full 18 x 18
matrix pZZZ yw» Which is quite unwieldy. Instead, we consider the subset of matrix elements
conserving s-channel helicity for the photon-meson transition and derive a number of simple
inequalities, which may be useful in practice. Ordering the row and column indices as
{+4++},{00+}, {——+}{++-},{00—},{———}, we have a positive semidefinite matrix
C, which can be written in block form as

C= (A"" By ) (6.2)
B_ A_

with
uff ot (ugf +0igf)" wZf —ni=f
A, = I+77l0+ uld? u0+—77l0+ (6.3)
izt (uef —nlgd)" wif —niff
and
sif+nntl (sof—nngl)” —s i+nn
By = | st +nngt nngg —Soi+nn°+ : (6.4)

0 *
sTi+nnZl —(sof +nngl)” —sif+nnil
where n = £1. Concentrating first on the matrix elements for an unpolarized or longitu-
dinally polarized target, we find that the matrix A, has eigenvalues whose expressions are

very lengthy and therefore restrict our attention to 2 x 2 submatrices. The matrix obtained
from the first and third rows and columns of A, has eigenvalues

wit + \/ + (1FH)? + (m1—1)?, (6.5)
whose positivity implies a bound
(LE)” + (mi=)* < (uf)” = (uf)”. (6.6)

Similarly, the matrix obtained from the first and second and the matrix obtained from the
second and third rows and columns of A have respective eigenvalues

1 1

S (b + 1+ uf8) = o (wf + 1 — )+ ulf + 1)
1

2

(1 - L +uf) + gy if - L )+ audf —181PL 67
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whose positivity gives bounds
(Reug_‘llrr + Relgjf)2 + (Imug_‘llrr + Imlgi)2 <uld (uif+15)),
0

(uid - 1) (6.8)

oo oo

(ReugjrIr - Relgjr'r)2 + (Imugjr' - Imlgj'r')2 <u
A weaker condition is obtained by taking the sum of these two bounds,
(Rei81)>+ (10}’ <udl ult - (Reudd)’ - (mud?)’. (69
The bounds (6.6) and (6.9) have right-hand sides involving only matrix elements accessi-
ble with an unpolarized target and constrain the matrix elements for longitudinal target
polarization on their left-hand sides.

As a second example let us derive conditions which involve only matrix elements u
and n. To this end we consider the matrix

C¢'=3(C+D'CD) (6.10)
with
001000
010000
p_ |l 00000} (6.11)
000001
000010
000100

which is half the sum of the positive semidefinite matrices C and DT CD and hence positive
semidefinite itself. One readily finds that matrix elements [ and s drop out in C’, which

reads
++ 0+\* , —+ ++ 0+\* o —+
uil (uoy)” wIi nif —(ng{)" nl{
0+ 00 0+ 0+ 00 0+
Upy  Uoo Yoy Moy Too o+
—+ 0+\* 4+ — () 0F\E At
o — u"{ (uwpl)” wfi a7 noy) ni (6.12)
- ++ 0+)* —+ 0+\* , —+ '
=il (nof)" —nTi wil (ugy) w7
0+ 00 0+ ,, 0+ 00 0+
Mo+ ~Moo Moy Uoy Yoo o+
—+ () 0+)* ++ -+ 0+)* o ++
—n{ (ngf)” —nil wZl (ugf) wuif
This matrix has three eigenvalues
++ _ o, —+ —+

++
vy —u"7 +Imn 7 —Imn~7,

1
5(“11 +u -l +Imni{ +Imn_] +udd —i—Imngg)

1
+ 5\/(@@1 +u f+Imnif+Imn" T —udd — Imn88)2 +8 ‘ugi - ingif (6.13)

and three further eigenvalues obtained by reversing the sign of all matrix elements n.. Their
positivity results in the bounds

(Imnif - Imn:jr“)2 < (uff - u:jrr)2 (6.14)



and

2 (Reugjf —i—Imngi)2 +2 (Imugi — Rengjf)2

< (u88 —i—Imngg) (ujfjf —l—u:jf —i—IanJf —i—Imn:_,Jf),
2(Reu8jrr —Imn81)2+2(1mu81+Ren81)2

< (ug§ —Imnd) (uif+u=f —Imnff —Imn=7). (6.15)
+

+
elements that are accessible with an unpolarized lepton beam.

Omitting the terms with Imug i and Reng one obtains bounds involving only matrix

As we have seen in Section 4, s-channel helicity conserving matrix elements can be
extracted from the angular distribution under the approximation that s-channel helicity
changing transitions are suppressed. The bounds derived in this section may be used to
check the consistency of this approximation.

7. Mixing between transverse and longitudinal polarization

So far we have discussed target polarization longitudinal or transverse to the virtual photon
direction in the target rest frame, which is natural from the point of view of the strong-
interaction dynamics. In an experimental setup one has however definite target polarization
with respect to the lepton beam direction. The transformation from one polarization basis
to the other is readily performed using the relations (2.3). For a target having longitudinal
polarization P;, with respect to the lepton beam one finds

do 1 do

dpdpd(cos9) drp dQ?dt 27 dzp dQ? dt

X (WUU + Py, |:COS 97 Wur — sin6‘7 WUT(¢S = 0)]

+ PWry + P Py, |:COS 97 Wi — sin9,y WLT(¢S = 0)]) . (71)

Note that in this case the azimuthal angle ¢ in (4.5) needs to be defined with respect
to some fixed spatial direction in the target rest frame, rather than with respect to the
(vanishing) transverse component of the target polarization relative to the lepton beam.
We have integrated over this angle in (7.1) because the cross section does not depend on it.

For a target having transverse polarization Pr with respect to the lepton beam one
has

do 1 do cos 0.,
dos dp dp d(cos¥) dxp dQ? dt - (2m)? dzp dQ?dt 1 — sin? 0, sin® ¢g

cos 0, Wy + sin 6, cos g5 Wy,
(1 —sin®6,, sin? pg)!/?

X (WUU + Pr

+ PWry + Py Pr (7.2)

cos 0, Wrr +sin6, cos s Wrr,
(1 — sin?0, sin?¢g)1/2

The factor cos 6, /(1 — sin*6.,, sin?pg) comes from the change of variables from d to d¢sg
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in the cross section. The relation between these two angles is readily obtained by setting
Pr, =0 in (2.3) and given in [22].

It is a straightforward (if somewhat lengthy) exercise to insert our results (4.13), (4.14)
and (4.17), (4.18) into (7.1) and (7.2) and to rewrite the expressions in terms of a suitable
basis of functions depending on the azimuthal angles. Here we only give the combinations
needed in (7.2) for a transversely polarized target and an unpolarized beam,

cos 0, Whk(hs, §) + sin ., cos ps WEE(¢)
= sin(¢ — ¢g) [cos&, Im(nl? +endd) - sin97\/m1ml8£
—cos(2¢) {cos 6, eImnEE — sin07\/m Imlgf}
—2cos ¢ {cos 0,/ e(1+€) Imn{ + Lsin6, eImi°? }]
+ cos(¢ — ¢s) [ — sin(2¢) {cos 0, eIms®) +sin6,\/e(1 +¢) Imlgﬂ}
]

— Lsin®, sin(¢s +2¢) eIm ") (7.3)

—QSinng{cosGm/e(l +6)Imsd? + 1sinf, eIm(°)

cos O, W (¢, b, ) + sin b, cos gs WHE (¢, ¢)
— sin($ — ¢s) [cos(¢ +¢) {cos b, /el ) Im(ndt —n;?)
+ Lsing, [im(i0F - 150 +26187) + emm12F] }
~cos(¢ — ) {cos 0,v/e(1+ € Im(nd7 —ng?)
+ Lsing, [m(12F — 150 +26187) — etm+2]}
+cos(26 + o) {CosﬁveImngi — Lsin0,\/e(1+e) Im(10F — z[;f)}
+c0s(2 = ) {cos by elmnd + sindy Vel (155~ 1§9) }
—cosp {cos 0, Tm(nF — n70 +2en{{)
g, VAF ) [1(id] ~152) - 18 - 15)]
+ cos(¢ — ¢s) [sin(¢ + ) {cos b v/e(T ) Tm(s§ 7 — 55)

= Lsing, [m(0F 170 +26107) - etmi2f] }
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—sin(g — ¢) {cos 0, v/e(T + ) Im(s; — s37)
— Lsing, [In(10F — 159 +2e1{7) + etmi 0] }
+sin(2¢ + ¢) {cose elms®f + Jsin6,\/e(1+¢€) Im(19 —553)}
+sin(20 — ¢) {cos 0, eTms*0 — Lsind, /(1 + ) Im(10; —137) }
—sin<p{cos971m(s£+ s70 +2es00)
- bsing, VAT [In1g - 152) + m(1g - 152)]}

+ Lsino, {sin(¢g + 26+ ) eIm 1% + sin(ps + 26 — o) eImljf} : (7.4)

cos 0, Wit (¢, 6, ¢) + sin 0 cos b5 WL, (6, )

= sin(¢ — ¢g) [% cos 0, Im(njrrjrr +n,, + 2ena“5r) — %sin@v\/m Im(lari + la;)
— cos(2¢) {COSH elmntt — Lsing, mlm( 0t l**)}
—cos ¢ {cos 0yve(l +€) Im(n{f +ny;) + 3sinb, eIml:'_'}
+ 5 cos(2¢ + 2¢p) {cos 0yeIlmn_f — sinHW\/MImlai}
+%C08(2¢—2(p){€089 elmnt, —sinf \/17+61m10+}
— cos(2¢) {cos@ Im(n { +enyy) — isind, Vel +e) [Iml T+ Imi] }}
+ cos(¢ + 2¢) {cos 97\/m1mnai + isinH7 [eIml:rIr + ZIm(l;i + elag')} }
+ cos(¢p — 2¢) {cos GVMImnB: + Isino, [eImlf; —2Im(I ] + elaf{)} }]

+ cos(¢ — ¢ps) [— sin(2¢) {cos 0yeImst! + %sinO.y\/m Im(lg'jrr + lo_;)}
—sing {cos 0, e(1+€) Im(s{f +5s57) + 5sinb, eImlfi}
+ %sin(ngS + 2p) {cos 0yelms T + sinﬁy\/MImlai}
+ 3 sin(2¢ — 2¢) {cos 0yelmst, + sinﬁy\/MImlaj}
— sin(2yp) { cosf, Im(s7f +esyy) — 2sinb, Vel +e) {Imlo+ Imlf’fd}
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+ sin(¢ + 2¢) {cos HVMImsai + Isino, [eIml:jrr —2Im(I;f + elaf{)} }
+ sin(¢ — 2¢p) {cos 0, /e(1 +¢) Im sgy + 1sind, [eImli: +2Im(l, T + elaf{)} }]
+ 1sind, {sin(¢s +2¢ +2¢) eIm 1~ +sin(¢ps + 26 — 2¢) eImli:}
— 1sin0, sin(¢ps +2¢) eImF . (7.5)

Compared with (4.17) and (4.18) we have changed the order of terms such that one readily
sees which coefficients cos 6, Imn or cosf, Im s receive an admixture from the same coef-
ficients sinf, Im/. The terms in the last lines of (7.3) and (7.4) and in the last two lines
of (7.5) involve only coefficients sinf, Im{. They come with an angular dependence which
is absent for sinf, = 0, as is readily seen by rewriting

sin(¢s + 2¢ + my) = —sin(¢ — ¢s) cos(3¢ + me) + cos(¢p — ds) sin(3¢ + myp).  (7.6)

We see in (7.3) to (7.5) that from the angular dependence of the cross section for
transverse target polarization one can extract linear combinations of terms cos ¢y Imn and
sin@, Im/[ or of cosf, Im s and sinf,Im/. To separate these terms requires an additional
measurement with longitudinal target polarization.® The expressions (7.3) to (7.5) allow
us to see for which terms the admixture of sinf., Im[ terms can be expected to be small, so
that Imn and Im s may be determined with reasonable accuracy without such an additional
measurement. Let us discuss a few examples.

1. The leading-twist matrix element nJ ) appears in the linear combination

co = cos 0, Im(nl? +end) —sinf, /e(1 +€) Imlg? (7.7)

in (7.3) and thus has an admixture from lgf, which involves one s-channel helicity
changing amplitude. According to Section 5 this admixture is additionally suppressed
if unnatural parity exchange is small compared with natural parity exchange. One
may also add to ¢y the angular coefficient

¢ = —cosfyeImn’) +sinf,\/e(1+¢€) Imig? (7.8)

from (7.3), thus trading the admixture of sinf, [ for an admixture of cos,n°},
which involves two s-channel helicity changing amplitudes (but lacks the relative
factor tan 6, and is not suppressed by unnatural parity exchange). We remark that
the linear combination of matrix elements in (5.14) corresponds to ¢y — ¢ /€, where
lgf: does not drop out. Whether ¢, cg 4 ¢1 or ¢ — ¢1 /€ gives the best approximation
to cos eImn Y will thus depend on the detailed magnitude of the relevant terms.
In practice one might for instance use the difference between these terms as a measure
for the uncertainty of this approximation.

A corresponding separation for semi-inclusive pion production ep — ewX has recently been performed
in [31].
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2. The s-channel helicity conserving matrix elements n Tin (74) and nff, n_f in

(7.5) come together with terms involving at least one s-channel helicity changing
amplitude. These admixtures should hence be negligible unless the corresponding
s-channel helicity conserving matrix element is small itself. For Imng i this may for
instance happen because of the relative phase between the interfering amplitudes.

3. The matrix element n _E in (7.3) comes with an admixture from [°?, which involves
two s-channel helicity changing amplitudes and should hence again be suppressed. In
addition, one can extract Imlgf from the angular dependence itself, given the last
term in (7.3). We remark that the unpolarized analog u{? of nJ? has a real part
which is experimentally seen to be nonzero [17, 19], providing evidence that s-channel
helicity is not strictly conserved in electroproduction. (In the notation of Schilling
and Wolf one has rj; = —v2Reu{?.)

4. The only s-channel helicity conserving matrix elements for sideways transverse target
polarization in (7.3) to (7.5) are sg_t and s_[. They come together with terms
involving at least one s-channel helicity changing amplitude, so that the situation
is similar to the one in point 2. Note however that in the present case there is no
additional suppression of the admixture terms due to unnatural parity exchange,

since both s and [ contain one unnatural parity exchange amplitude.

In these examples one thus has the favorable situation that the admixture from longitudinal
polarization terms is probably small and in some cases may even be removed or traded for
yet smaller terms. This does not always happen: the matrix elements ngi and 391 in
(7.4) receive for instance an admixture from the s-channel helicity conserving term [ gi,
which may not be small itself, so that from the coefficients of sin(¢ — ¢g) cos(2¢ + ¢) or
cos(¢ — ¢pg) sin(2¢+ ¢) one cannot directly infer on the matrix elements Im ngi or Im 391.
To make a more precise statement about their size one needs independent information on

Imlg_i"_', for instance from the positivity bound (6.9).

8. A note on non-resonant contributions

So far we have treated the production of two pions in a two-step picture, where a p is first
produced in ep — epp and then decays as p — 777 ~. For deriving the angular distribution
and polarization dependence we have used that the pion pair is in the I = 1 partial wave,
as can be seen in (4.3). We did however not use the narrow-width approximation for
the p or make any assumption about its line shape. In fact, our results for the angular
distribution can readily be used at any given invariant mass m,, of the pion pair, with the
ep cross sections on the left- and right-hand sides of (4.5) made differential in m,,. The
spin-density matrix pZZ: ywv and its linear combinations u, [, s, n then depend on m,, and

Tr~p with 777~ in the L = 1 partial wave. No

refer not to v*p — pp but to yv*'p — 7
explicit reference to the p resonance needs to be made in this case.
The situation is more complicated if one considers other partial waves of the pion pair,

which can arise from non-resonant production mechanisms. To describe a general 7w~
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state, one should replace pZZ: yv with the spin-density matrix pZZiif,’ for a pion pair with

angular momentum L in the amplitude and L' in the conjugate amplitude. One then has to
take Y, ,(p,9) Y}, (@, 0) instead of Y, (o, ) Y%, (p,9) in (4.3) and will obviously obtain
a different angular dependence of the ep cross section. The distribution in ¢ and ¢ for a
pion pair with L = 0,1,2 has been discussed in [32].

It is quite simple to test for the presence of L = 0 or L = 2 partial waves in data
by using discrete symmetry properties, and for m,, around the p mass one can expect
that partial waves with L = 3 or higher are strongly phase space suppressed. Since even
partial waves of the 7T 7~ system have charge conjugation parity C = +1 and odd partial
waves have C = —1, the interference of L = 1 with L = 0 or L = 2 gives rise to terms in
the angular distribution which are odd under interchange of the 7+ and 7~ momenta, i.e.
under the replacement

9= -1, o>+, (8.1)

Simple examples are an angular dependence like cos ¥ or like an odd polynomial in cos 9.
Corresponding observables provide a way to study the L = 0 and L = 2 partial waves as a
“signal” interfering with the p resonance “background” [33, 34]. This has been used in the
experimental analysis [35], which did see such interference away from the p resonance peak,
whereas close to the peak the predominance of the p was too strong to observe a significant
contribution from any partial wave with L # 1. If on the other hand one is interested in a
precise study of the L = 1 component, one can eliminate its interference with even partial
waves by symmetrizing the angular distribution according to (8.1). One is then left with
contributions from L = 0 and L = 2 in both the amplitude and its conjugate, which should
be very small around the p peak.

9. Summary

We have expressed the fully differential cross section for exclusive p production on a po-
larized nucleon in terms of spin density matrix element for the subprocess v*p — pp. We
work in the helicity basis for both v* and p and obtain very similar forms for the unpolar-
ized and polarized parts of the cross sections, with the substitution rules (4.15) and (4.16).
The terms for transverse target polarization normal to the hadron plane closely resemble
those for an unpolarized target, and in both cases the number of independent spin density
matrix elements is reduced if one neglects unnatural parity exchange compared with nat-
ural parity exchange. The spin density matrix elements for transverse target polarization
in the hadron plane closely resemble those for a longitudinally polarized target, with both
types of matrix elements involving the interference between natural and unnatural parity
exchange. We have given simple positivity bounds which involve only matrix elements for
an unpolarized target and either those for longitudinal target polarization or for transverse
target polarization normal to the hadron plane. Furthermore, we have investigated the
admixture of longitudinal target polarization relative to the virtual photon momentum for
a target polarized transversely to the lepton beam. This admixture should be small for
the spin density matrix elements which conserve s-channel helicity in the transition from
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v* to p, but it may be important for s-channel helicity changing matrix elements. Finally,

we have briefly discussed how the results obtained in this paper can be used and extended

for analyzing the production of pion pairs not associated with the p resonance.
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