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tor meson produ
tion from a polarized nu
leon
M. DiehlDeuts
hes Elektronen-Syn
hroton DESY, 22603 Hamburg, GermanyAbstra
t: We provide a framework to analyze the ele
troprodu
tion pro
ess ep ! ep�with a polarized target, writing the angular distribution of the � de
ay produ
ts in termsof spin density matrix elements that parameterize the hadroni
 subpro
ess 
�p ! �p.Using the heli
ity basis for both photon and meson, we �nd a representation in whi
h theexpressions for a polarized and unpolarized target are related by simple substitution rules.Keywords: Lepton-Nu
leon S
attering, Spin and Polarization E�e
ts.
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1. Introdu
tionEx
lusive ve
tor meson produ
tion has long played an important role in studying thestrong intera
tion. The seminal work [1, 2℄ has renewed interest in this pro
ess, showingthat in Bjorken kinemati
s it provides a

ess to generalized parton distributions and thusto a wealth of information on the stru
ture of the proton. While most theoreti
al andexperimental studies so far are for an unpolarized proton, the parti
ular interest of targetpolarization be
ame 
lear when it was pointed out that meson produ
tion on a transverselypolarized target is sensitive to the nu
leon heli
ity-
ip distribution E [3, 4℄. This distri-bution o�ers unique views on the orbital angular momentum 
arried by partons in theproton [5, 6℄ and on the 
orrelation between polarization and the spatial distribution ofpartons [7℄. Whereas the 
orresponding polarization asymmetry in deeply virtual Comptons
attering is under better theoreti
al 
ontrol, ve
tor meson produ
tion has the advantageof a greater sensitivity to the distribution of gluons (whi
h in Compton s
attering onlyenters at next-to-leading order in �s). This holds not only in the high-energy regime buteven in a wide range of �xed-target kinemati
s [8, 9, 10℄, where polarization measurementsare feasible at existing or planned experimental fa
ilities.A di�erent motivation to study polarized ex
lusive � produ
tion is that this 
hannelplays a rather prominent role in semi-in
lusive pion produ
tion [11, 12, 9℄, whi
h has be
omea privileged tool to study a variety of spin e�e
ts, see e.g. [13℄. It is important to identify{ 1 {



kinemati
al regions where the ex
lusive 
hannel ep ! ep� ! ep�+�� dominates semi-in
lusive observables, be
ause in these regions great 
are must be taken when interpretingthe data in terms of semi-in
lusive fa
torization.Even with an unpolarized target, the spin stru
ture of the pro
ess ep! ep�! ep�+��is very ri
h, be
ause the angular distribution of the �nal state 
ontains information on theheli
ities of the ex
hanged virtual photon and of the � meson, as was worked out in the
lassi
al analysis of S
hilling and Wolf [14℄. Yet more detailed information is available withtarget polarization [15℄. Experiments on unpolarized targets have found that s-
hannelheli
ity is approximately 
onserved in the transition from the 
� to the �, with heli
ity
hanging amplitudes o

urring at most at the 10% level [16, 17, 18, 19, 20℄. This greatlysimpli�es the spin stru
ture of the pro
ess. The aim of the present paper is to providean analysis framework for ex
lusive � produ
tion on a polarized nu
leon target, making asexpli
it as possible the relation between the angular dependen
e of the 
ross se
tion andthe heli
ity amplitudes des
ribing the hadroni
 subpro
ess 
�p! �p. We will present ourresults in a form that emphasizes the 
lose similarity in stru
ture between an unpolarizedand a polarized target. Using the heli
ity basis for both virtual photon and meson, we alsoprovide an alternative to the representation of the unpolarized 
ross se
tion in [14℄.The following se
tion gives the de�nitions of the kinemati
s and polarization variablesfor the rea
tion under study. In Se
tion 3 we de�ne the heli
ity amplitudes and the spindensity matrix elements des
ribing the pro
ess and dis
uss some of their general properties.In Se
tion 4 we express the angular distribution of the polarized 
ross se
tion in terms ofthese spin density matrix elements and point out some salient features of this representa-tion. The simpli�
ations arising from distinguishing natural and unnatural parity ex
hangein the rea
tion are dis
ussed in Se
tion 5. A number of positivity bounds relating di�erentspin density matrix elements are given in Se
tion 6. In Se
tion 7 we explain the 
ompli
a-tions arising from the distin
tion between target polarization relative to the momentum ofeither the in
ident lepton or the virtual photon. The role of non-resonant 
ontributions in�+�� produ
tion is brie
y dis
ussed in Se
tion 8. Our results are summarized in Se
tion 9.2. Kinemati
s and target polarizationLet us 
onsider the ele
troprodu
tion pro
esse(l) + p(p)! e(l0) + p(p0) + �(q0) (2.1)followed by the de
ay �(q0)! �+(k) + ��(k0); (2.2)where four-momenta are given in parentheses. Throughout this work we use the one-photonex
hange approximation. All or results are equally valid for the produ
tion of a � followedby the de
ay �! K+K�. They also hold if the s
attered proton is repla
ed by an in
lusivesystem X with four-momentum p0, as explained at the end of Se
tion 3.To des
ribe the kinemati
s we use the 
onventional variables for deep inelasti
 pro-
esses, Q2 = �q2, xB = Q2=(2p � q) and y = (p � q)=(p � l). We negle
t the lepton mass{ 2 {
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Figure 1: Kinemati
s of ep ! ep� in the target rest frame. ST is the transverse 
omponent ofthe target spin ve
tor w.r.t. the virtual photon dire
tion.throughout and denote the longitudinal lepton beam polarization by P`, with P` = +1
orresponding to a purely right-handed and P` = �1 to a purely left-handed beam. Let usnow go to the target rest frame and introdu
e the right-handed 
oordinate system (x; y; z)of Fig. 1 su
h that q points in the positive z dire
tion and l has a positive x 
omponent. Inthis system we have l = jlj(sin �
 ; 0; 
os �
) and q = jqj(0; 0; 1), where the angle �
 betweenl and q is de�ned to be between 0 and �. In a

ordan
e with the Trento 
onvention [21℄we de�ne the angle � between the lepton and the hadron plane as the azimuthal angle ofq0 in this 
oordinate system, and �S as the azimuthal angle of the target spin ve
tor S.Following [22℄ we write S = (ST 
os�S ; ST sin�S ;�SL) with 0 � ST � 1 and �1 � SL � 1,so that ST and SL des
ribe transverse and longitudinal polarization with respe
t to thevirtual photon momentum, with SL = 1 
orresponding to a right-handed proton in the
�p 
.m.
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Figure 2: Kinemati
s of the hadroni
 subpro
ess 
�p ! �p followed by the de
ay � ! �+��.The 
oordinate systems (x; y; z) and (x0; y0; z0) di�er from those in Fig. 1.
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To des
ribe the target polarization of a given experimental setup, we introdu
e an-other right-handed 
oordinate system (x0; y0; z0) in the target rest frame su
h that l =jlj(0; 0; 1) and q = jqj(� sin �
 ; 0; 
os �
) as shown in Fig. 1. In this system we writeS = (PT 
os ;PT sin ;�PL) with 0 � PT � 1 and �1 � PL � 1, following again [22℄. PTand PL des
ribe transverse and longitudinal polarization with respe
t to the lepton beamdire
tion, with PL = 1 
orresponding to a right-handed proton in the ep 
.m. The two setsof variables des
ribing the target polarization are related byST 
os�S = 
os �
PT 
os � sin �
PL ;ST sin�S = PT sin ;SL = sin �
PT 
os + 
os �
PL ; (2.3)whi
h we will use in Se
t. 7. In terms of invariants the mixing angle �
 is given bysin �
 = 
s1� y � 14y2
21 + 
2 ; 
 = 2xBMNQ ; (2.4)whereMN is the nu
leon mass. In Bjorken kinemati
s 
 is small, and so is sin �
 � 
p1� y.We �nally spe
ify the variables des
ribing the ve
tor meson de
ay (2.2). This is 
onve-niently done in the �+�� 
.m., whi
h 
an be obtained from the 
�p 
.m. by a boost in thedire
tion of the s
attered nu
leon as shown in Fig. 2. In the �+�� 
.m. we introdu
e theright-handed 
oordinate system (x; y; z) shown in Fig. 2, where p0 = jp0j(0; 0;�1) and wherethe target momentum p has a positive x 
omponent. In this system we de�ne # and ' as thepolar and azimuthal angle of the �+ momentum, i.e. k = jkj(sin# 
os'; sin# sin'; 
os #).The relation between our notation here and the one of S
hilling and Wolf is1�here = ��[14℄ ; 'here = �[14℄ ; #here = � [14℄ : (2.5)3. Heli
ity amplitudes and spin density matrixThe strong-intera
tion dynami
s of the ele
troprodu
tion pro
ess (2.1) is fully 
ontainedin the heli
ity amplitudes for the subpro
ess 
�p! �p. From these we will 
onstru
t spindensity matrix elements whi
h des
ribe the angular distribution of the overall rea
tionep! ep �+�� and its dependen
e on the target polarization.Sin
e we will deal with interferen
e terms we must spe
ify our phase 
onventions. Wedo this in the 
�p 
.m. and use the right-handed 
oordinate system (x0; y0; z0) shown inFig. 2. In this system we have q = jqj(0; 0;�1) and q0 = jq0j(sin�; 0;� 
os �), with thes
attering angle � of the ve
tor meson de�ned to be between 0 and �. Note that the positivez0 axis points along p rather than q, as is often preferred for theoreti
al 
al
ulations. Wespe
ify polarization states of the target proton by two-
omponent spinors �+1=2 = (1; 0)1We remark that the expression for sin� given in eq. (13) of [14℄ is in
orre
t sin
e it is always positive.A 
orre
t de�nition is given in [23℄. { 4 {



for positive and ��1=2 = (0; 1) for negative heli
ity. For the polarization ve
tors of thevirtual photon we 
hoose"+1 = � 1p2 �0; 1;�i; 0� ; "�1 = 1p2 �0; 1; i; 0� ;"�0 = N"�q� � q2p � q p�� ; (3.1)and for the polarization ve
tors of the �e+1 = � 1p2 �0; 
os �;�i; sin�� ; e�1 = 1p2 �0; 
os �; i; sin�� ;e�0 = Ne�q0� � q02p0 � q0 p0�� ; (3.2)where the subs
ripts indi
ate heli
ities. N" and Ne are positive 
onstants ensuring theproper normalization "20 = 1 and e20 = �1 of the longitudinal polarization ve
tors. In the� rest frame and the 
oordinate system (x; y; z) of Fig. 2, our meson polarization ve
torshave the standard form e+1 = �(0; 1; i; 0)=p2, e�1 = (0; 1;�i; 0)=p2 and e0 = (0; 0; 0; 1).Our phase 
onventions for the proton and the virtual photon are as in [22℄.We now introdu
e amplitudes T ���� for the subpro
ess 
�(�)+ p(�)! �(�)+ p(�) withde�nite heli
ities �; �; �; �. Sin
e the above phase 
onventions are de�ned with referen
eonly to momentum ve
tors of this subpro
ess, the heli
ity amplitudes only depend on thephoton virtuality, the 
�p s
attering energy and the s
attering angle �, or equivalently onQ2, xB and t = (p� p0)2. With our phase 
onventions they obey the usual parity relationsT�������� = (�1)�����+� T ���� (3.3)for equal Q2, xB and t on both sides. With these heli
ity amplitudes we de�ne���0��0;��0 = (NT + �NL)�1 X� T ���� �T �0��0�0�� : (3.4)Regarding the upper indi
es this is the spin density matrix of the ve
tor meson, whereas thelower indi
es spe
ify the polarizations in the 
�p state from whi
h the meson is produ
ed.2The normalization fa
torsNT = 12 X�;�;���T ��+���2 ; NL = 12 X�;�;���T ��0���2 (3.5)are proportional to the di�erential 
ross se
tions d�T =dt and d�L=dt for transverse andlongitudinal photon polarization, respe
tively, and� = 1� y � 14 y2
21� y + 12 y2 + 14 y2
2 (3.6)2Taking the tra
e in the meson polarization indi
es we obtain the relation P� �����0;��0 / d��0��0�=dtbetween the spin density matrix � introdu
ed here and the 
ross se
tions and interferen
e terms used in[22℄. Compared with [22℄ we take the opposite order of indi
es in �, so that � and �0 appear in the standardorder for a spin density matrix. { 5 {



is the usual ratio of longitudinal and transverse photon 
ux. In addition to Q2, xB andt, the spin density matrix elements ���0��0;��0 depend on � through the normalization fa
tor(NT + �NL). If one 
an perform a Rosenbluth separation by measuring at di�erent � butequal Q2 and xB, it is advantageous to normalize them instead to NT , NL or pNTNL aswas done in [14℄. It is straightforward to implement su
h a 
hange in the formulae we givein the following.We �nd it useful to introdu
e the 
ombinationsu��0��0 = 12����0��0;++ + ���0��0;��� ; l��0��0 = 12����0��0;++ � ���0��0;��� (3.7)for an unpolarized and a longitudinally polarized target, where for the sake legibility wehave labeled the target polarization by � instead of �12 . The 
ombinationss��0��0 = 12����0��0;+� + ���0��0;�+� ; n��0��0 = 12����0��0 ;+� � ���0��0;�+� (3.8)respe
tively des
ribe transverse target polarization in the hadron plane (\sideways") andperpendi
ular to it (\normal"). One readily �nds that the matri
es u , l and s are hermi-tian, whereas n is antihermitian,u�0��0� = �u��0��0�� ; l�0��0� = �l��0��0�� ; s�0��0� = �s��0��0�� ;n�0��0� = � �n��0��0�� : (3.9)The diagonal elements u����, l���� and s���� are therefore purely real, whereas n���� is purelyimaginary. Furthermore, the parity relations (3.3) translate intou����0����0 = (�1)�����0+�0 u��0��0 ; l����0����0 = �(�1)�����0+�0 l��0��0 ;n����0����0 = (�1)�����0+�0 n��0��0 ; s����0����0 = �(�1)�����0+�0 s��0��0 : (3.10)As a 
onsequen
e the matrix elementsu�+�+ ; u+��+ ; u�+0 0 ; u 0 0�+ (3.11)are purely real, whereas the 
orresponding elements of l , s and n are purely imaginary.Both experiment and theory indi
ate that s-
hannel heli
ity is approximately 
onservedin the 
� ! � transition for small invariant momentum transfer t. Correspondingly, oneexpe
ts that spin density matrix elements involving the produ
t of two heli
ity 
onservingamplitudes are greater than interferen
e terms between a heli
ity 
onserving and a heli
ity
hanging amplitude, and that those are greater than matrix elements involving the produ
tof two heli
ity 
hanging amplitudes (where we refer to the heli
ities of the photon and the� but not of the nu
leon). Ex
eptions to this rule are however possible, sin
e two largeamplitudes 
an have a small interferen
e term be
ause of their relative phase, and sin
ethere 
an be 
an
ellation of individually large terms in the linear 
ombinations (3.7) and(3.8) asso
iated with di�erent target polarizations. With this 
aveat in mind one 
anreadily assess the expe
ted size of the spin density matrix elements (3.7) and (3.8) by
omparing the upper with the lower indi
es.{ 6 {



Let us now investigate the behavior of our matrix elements for �! 0, i.e. in the limitof forward s
attering 
�p! �p. To this end we perform a partial wave de
ompositionT ���� (�) =XJ t����(J) dJ���;���(�) (3.12)where we have suppressed the dependen
e of T and the partial wave amplitudes t(J) onQ2 and xB . Using the behavior dJm;n(�) � �jm�nj of the rotation fun
tions for �! 0 wereadily �nd u��0��0 ; l��0��0 � �p ; n��0��0 ; s��0��0 � �q (3.13)with p � pmin = min�;�=�1=2n��� � �� � + ���+ ��� 0 � �0 � � + ���o ;q � qmin = min�;�=�1=2n��� � �� � + ���+ ��� 0 � �0 � � � ���o : (3.14)With � / (t0 � t)1=2 for small �, we 
an rewrite (3.13) asu��0��0 ; l��0��0 �t!t0 (t0 � t)p=2 ; n��0��0 ; s��0��0 �t!t0 (t0 � t)q=2 ; (3.15)where t0 is the value of t for � = 0 at given Q2 and xB. In Tables 1 and 2 we givethe 
orresponding powers for the linear 
ombinations of spin density matrix elements thatwill appear in our results for the 
ross se
tion in Se
tion 4. We have ordered the entriesa

ording to the hierar
hy dis
ussed after (3.11), listing �rst terms 
ontaining the produ
tof two heli
ity 
onserving amplitudes, then terms 
ontaining the interferen
e between aheli
ity 
onserving and a heli
ity 
hanging amplitude, and �nally terms whi
h only involveheli
ity 
hanging amplitudes (with heli
ities always referring to the photon and the � butnot to the nu
leon).We emphasize that 
ertain partial wave amplitudes t����(J) in (3.12) may be zero ornegligibly small for dynami
al reasons. The a
tual powers of (t0 � t)1=2 in (3.15) 
anthus be larger than the minimum values pmin and qmin required by angular momentum
onservation. If there is for instan
e no s-
hannel heli
ity transferred between the proton-proton and the photon-meson transitions, then the relevant powers for n and s are givenby q = pmin+1, whi
h is equal to qmin+2 for all but the �rst four entries in Tables 1 and 2.A 
on
rete realization of this s
enario is the 
al
ulation in [24℄, where the proton-protontransition is des
ribed by the generalized parton distributions H, E and ~H, ~E, whi
h donot allow for heli
ity transfer to the photon-meson transition.In the limit of large Q2 at �xed xB and t, the proof of the fa
torization theoremin [2℄ implies that the transition from a longitudinal photon to a longitudinal � be
omesdominant, with all other transitions suppressed by powers of 1=Q. In this limit only thespin density matrix elements u 0 00 0 and n 0 00 0 survive and 
an be expressed as 
onvolutions ofhard-s
attering kernels with generalized parton distributions and the light-
one distributionamplitude of the �. To leading order in 1=Q one has in parti
ularImn 0 00 0u 0 00 0 = pt0 � tMN p1� �2 Im�E�H�(1� �2) jHj2 � ��2 + t=(4M2N )� jEj2 � 2�2Re�E�H� ; (3.16)
{ 7 {



matrix elements pminu 0 0++ + �u 0 00 0 0u 0+0+ � u�00+ l 0+0+ � l�00+ 0u++++ + u��++ + 2�u++0 0 l++++ + l��++ 0u�+�+ l�+�+ 0u 0 00+ l 0 00+ 1u 0+++ � u�0++ + 2Re �u 0+0 0 l 0+++ � l�0++ + 2i Im �l 0+0 0 1u 0+�+ l 0+�+ 1u 0�0+ � u+00+ l 0�0+ � l+00+ 2u�+++ + �u�+0 0 l�+++ + �l�+0 0 2u++�+ l++�+ 2u++0+ + u��0+ l++0+ + l��0+ 1u�+0+ l�+0+ 1l 0 0++ 2u 0 0�+ l 0 0�+ 2u+0�+ l+0�+ 3u+�0+ l+�0+ 3u+��+ l+��+ 4Table 1: Minimum values of the powers whi
h 
ontrol the t! t0 behavior of 
ombinations of spindensity matrix elements u and l as in (3.15). Some of the 
ombinations are purely real or purelyimaginary be
ause of the symmetry relations (3.9) and (3.10), whereas others are 
omplex valued.where � = xB=(2�xB) and the 
onvolution integrals H and E are for instan
e given in [22℄.Experimental results and phenomenologi
al analysis show however that 1=Q2 suppressede�e
ts 
an be numeri
ally signi�
ant for Q2 of several GeV2, see e.g. [25, 24, 9, 10℄. This
on
erns both power 
orre
tions within u 0 00 0 or n 0 00 0 and formally power suppressed spindensity matrix elements su
h as u++++ or u 0+0+ . The detailed analysis in [2℄ reveals thatbeyond leading-power a

ura
y in 1=Q, fa
torization of meson produ
tion into a hard-s
attering subpro
ess and nonperturbative quantities pertaining either to the target orto the meson may be broken. On the other hand, fa
torization based approa
hes whi
hgo beyond leading power in 1=Q and in parti
ular also evaluate transition amplitudes fortransverse polarization of the 
� or � have been phenomenologi
ally rather su

essful, seee.g. [26, 24℄Let us �nally generalize our 
onsiderations to the pro
esse(l) + p(p)! e(l0) +X(p0) + �(q0) ; (3.17)where the target proton disso
iates into a hadroni
 system X. In analogy to the elasti
 
aseone 
an introdu
e heli
ity amplitudes T ��;X�� and 
ombine them into spin density matrix
{ 8 {



matrix elements qminn 0 0++ + �n 0 00 0 1n 0+0+ � n�00+ s 0+0+ � s�00+ 1n++++ + n��++ + 2�n++0 0 s++++ + s��++ 1n�+�+ s�+�+ 1n 0 00+ s 0 00+ 0n 0+++ � n�0++ + 2i Im �n 0+0 0 s 0+++ � s�0++ + 2i Im �s 0+0 0 0n 0+�+ s 0+�+ 0n 0�0+ � n+00+ s 0�0+ � s+00+ 1n�+++ + �n�+0 0 s�+++ + �s�+0 0 1n++�+ s++�+ 1n++0+ + n��0+ s++0+ + s��0+ 0n�+0+ s�+0+ 0s 0 0++ 1n 0 0�+ s 0 0�+ 1n+0�+ s+0�+ 2n+�0+ s+�0+ 2n+��+ s+��+ 3Table 2: As Table 1 but for 
ombinations of spin density matrix elements n and s .elements ���0��0;��0 = (NT + �NL)�1 XX;� T ��;X�� �T �0�;X�0�0 �� : (3.18)The normalization fa
tors NT and NL are de�ned as in (3.5) but with an additional sumover all hadroni
 states X of given invariant mass MX , on whi
h ���0��0;��0 now dependsin addition to Q2, xB , t and �. The 
ombinations (3.7) and (3.8) for di�erent targetpolarization have the same symmetry properties (3.9) and (3.10) as in the elasti
 
ase.Their behavior for t! t0 
an be di�erent, sin
e in (3.14) one must now take the minimumover all possible heli
ities � = �12 ;�32 ; : : : of the hadroni
 system X. One �nds howeverthat the powers pmin and qmin for the 
ombinations of spin density matrix elements inTables 1 and 2 are the same as in the elasti
 
ase. The results in the remainder of thiswork only depend on the properties (3.9) and (3.10) and thus immediately generalize tothe 
ase of target disso
iation.4. The angular distributionThe 
al
ulation of the 
ross se
tion for ep! ep �+�� pro
eeds by using standard methodsand we shall only sket
h the essential steps. More details are for instan
e given in [14, 27,{ 9 {



22℄. With our phase 
onventions the polarization state of the proton target is des
ribed bythe spin density matrix ���0 = 12  1 + SL ST e�i(���S)ST ei(���S) 1� SL ! ; (4.1)whi
h is to be 
ontra
ted with the matrix in (3.4). The result is 
onveniently expressed interms of the 
ombinations (3.7) and (3.8) asX�;�0 ���0 ���0��0;��0 = u��0��0 + SL l��0��0 + ST 
os(�� �S) s��0��0 � ST sin(�� �S) in��0��0 (4.2)and des
ribes the subpro
ess 
�p ! �p. The de
ay � ! �+�� is taken into a

ount bymultipli
ation with the spheri
al harmoni
s,���0 =X�;�0 X�;�0 ���0 ���0��0;��0 Y1�('; #)Y �1�0('; #) ; (4.3)whereY1+1 = �r 38� sin# ei' ; Y10 =r 34� 
os# ; Y1�1 =r 38� sin# e�i' : (4.4)To obtain the 
ross se
tion for the overall pro
ess ep! ep�+�� one must �nally 
ontra
tthe matrix ���0 in (4.3) with the spin density matrix of the virtual photon.3 The 
rossse
tion 
an be written asd�d d� d'd(
os #) dxB dQ2 dt = 1(2�)2 d�dxB dQ2 dt� �WUU + P`WLU + SLWUL + P`SLWLL + STWUT + P`STWLT� (4.5)with d�dxB dQ2 dt = �em2� y21� � 1� xBxB 1Q2 �d�Tdt + � d�Ldt � ; (4.6)where d�T =dt and d�L=dt are the usual 
�p 
ross se
tions for a transverse and longitudinalphoton and an unpolarized proton, with Hand's 
onvention for virtual photon 
ux. Theangular distribution is des
ribed by the quantities WXY , where X spe
i�es the beam andY the target polarization. The normalization of the unpolarized term WUU isZ d�2� Z d' d(
os#) WUU(�; '; #) = 1 : (4.7)To limit the length of subsequent expressions, we further de
ompose the 
oeÆ
ients a
-
ording to the � polarization and writeWXY (�; '; #)= 34�� 
os2# WLLXY (�) +p2 
os# sin# WLTXY (�; ') + sin2# W TTXY (�; ') � (4.8)for X;Y = U;L. The produ
tion of a longitudinal � is des
ribed by WLLXY , the produ
tion3Up to a global fa
tor, the result of this 
ontra
tion 
an e.g. be obtained from eq. (3.20) of [27℄, with���0 in the present work 
orresponding to �(X)�0� in [27℄ and �here = �'[27℄.{ 10 {



of a transverse � (in
luding the interferen
e between positive and negative � heli
ity) byW TTXY , and the interferen
e between longitudinal and transverse � polarization by WLTXY .For a transversely polarized target we have in addition a dependen
e on �S ,WXT (�S ; �; '; #)= 34�� 
os2# WLLXT (�S ; �) +p2 
os# sin# WLTXT (�S ; �; ') + sin2# W TTXT (�S ; �; ') � (4.9)with X = U;L. In addition to the angles, all 
oeÆ
ients WXY depend on Q2, xB and t,whi
h we have not displayed for the sake of legibility.For unpolarized target and beam we haveWLLUU(�) = �u 0 0++ + �u 0 00 0 �� 2 
os �p�(1 + �) Reu 0 00+ � 
os(2�) �u 0 0�+ ;WLTUU (�; ') = 
os(�+ ')p�(1 + �) Re�u 0+0+ � u�00+�� 
os' Re�u 0+++ � u�0++ + 2�u 0+0 0 �+ 
os(2�+ ') �Re u 0+�+� 
os(�� ')p�(1 + �) Re�u 0�0+ � u+00+�+ 
os(2� � ') �Re u+0�+ ;W TTUU (�; ') = 12 �u++++ + u��++ + 2�u++0 0 �+ 12 
os(2�+ 2') �u�+�+� 
os�p�(1 + �) Re�u++0+ + u��0+�+ 
os(�+ 2')p�(1 + �) Re u�+0+� 
os(2') Re�u�+++ + �u�+0 0 �� 
os(2�) �Re u++�++ 
os(�� 2')p�(1 + �) Reu+�0+ + 12 
os(2�� 2') �u+��+ : (4.10)Here and in the following we order terms a

ording to the hierar
hy dis
ussed after (3.11),as already done in Table 1. The terms independent of � and ' in WLLUU and W TTUU arerelated by u++++ + u��++ + 2�u++0 0 = 1� �u 0 0++ + �u 0 00 0 � ; (4.11)whi
h ensures the normalization 
ondition (4.7). The terms for beam polarization with anunpolarized target readWLLLU (�) = �2 sin�p�(1� �) Imu 0 00+ ;WLTLU (�; ') = sin(�+ ')p�(1� �) Im�u 0+0+ � u�00+�� sin'p1� �2 Im�u 0+++ � u�0++�� sin(�� ')p�(1� �) Im�u 0�0+ � u+00+� ;W TTLU (�; ') = � sin�p�(1� �) Im�u++0+ + u��0+�+ sin(�+ 2')p�(1� �) Imu�+0+� sin(2')p1� �2 Imu�++++ sin(�� 2')p�(1� �) Imu+�0+ : (4.12)
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The results for longitudinal target polarization are very similar, withWLLUL(�) = �2 sin�p�(1 + �) Im l 0 00+ � sin(2�) � Im l 0 0�+ ;WLTUL (�; ') = sin(�+ ')p�(1 + �) Im�l 0+0+ � l�00+�� sin' Im�l 0+++ � l�0++ + 2�l 0+0 0 �+ sin(2�+ ') � Im l 0+�+� sin(�� ')p�(1 + �) Im�l 0�0+ � l+00+�+ sin(2�� ') � Im l+0�+ ;W TTUL (�; ') = 12 sin(2�+ 2') � Im l�+�+� sin�p�(1 + �) Im�l++0+ + l��0+�+ sin(�+ 2')p�(1 + �) Im l�+0+� sin(2') Im�l�+++ + �l�+0 0 �� sin(2�) � Im l++�++ sin(�� 2')p�(1 + �) Im l+�0+ + 12 sin(2�� 2') � Im l+��+ (4.13)for an unpolarized beam, andWLLLL (�) = �2 
os�p�(1� �) Re l 0 00+ +p1� �2 l 0 0++ ;WLTLL (�; ') = 
os(�+ ')p�(1� �) Re�l 0+0+ � l�00+�� 
os'p1� �2 Re�l 0+++ � l�0++�� 
os(�� ')p�(1� �) Re�l 0�0+ � l+00+� ;W TTLL (�; ') =p1� �2 12 �l++++ + l��++�� 
os�p�(1� �) Re�l++0+ + l��0+�+ 
os(�+ 2')p�(1� �) Re l�+0+� 
os(2')p1� �2 Re l�++++ 
os(�� 2')p�(1� �) Re l+�0+ (4.14)for beam polarization. In (4.10) to (4.14) we have used the symmetry relations (3.9) and(3.10) to write our results with a minimal set of matrix elements u��0��0 or l��0��0 . Althoughthey are a little lengthy, their stru
ture is quite simple:1. The 
ombinations u++��0 + u����0 , u 0+��0 � u�0��0 and u 0���0 � u+0��0 and their analogs for lalways appear together be
ause the 
orresponding produ
ts of spheri
al harmoni
sare identi
al, Y1+1Y �1+1 = Y1�1Y �1�1 and Y10Y �1+1 = �Y1�1Y �10. In some 
ases the
orresponding sum 
an be simpli�ed using symmetry relations like u++0 0 + u��0 0 =2u++0 0 , but in others one remains with a linear 
ombination of matrix elements that
annot be separated. With the 
aveats dis
ussed after (3.11) one �nds however thatthese 
ombinations are dominated by a single term. Ex
eptions are Re�u 0+++ �u�0+++2�u 0+0 0 � and Im�l 0+++ � l�0++ + 2�l 0+0 0 �, ea
h of whi
h 
ontains two interferen
e termsbetween a heli
ity 
onserving and a heli
ity 
hanging amplitude.{ 12 {



2. An angular dependen
e through (k� + m') is asso
iated with the interferen
e be-tween transverse and longitudinal � polarization for jmj = 1, the interferen
e betweenpositive and negative � heli
ity for jmj = 2, and equal � polarization in the amplitudeand its 
onjugate for m = 0. In the same way jkj = 1, jkj = 2 and k = 0 are related tothe virtual photon polarization. Noti
e that for m = 0 one 
an distinguish transverseand longitudinal � produ
tion by the # dependen
e in (4.8), whereas for k = 0 theseparation of terms for transverse and longitudinal photons requires variation of �.The beam spin asymmetries WLU and WLL 
ontain no terms with jkj = 2, be
ausethere is no term with P` 
os 2� or P` sin 2� in the spin density matrix of the virtualphoton.3. The unpolarized or doubly polarized terms WUU and WLL depend on Reu or Re land are even under the re
e
tion (�; ')! (��;�') of the azimuthal angles, whereasthe single spin asymmetriesWLU andWUL depend on Imu or Im l and are odd under(�; ')! (��;�'). This is a 
onsequen
e of parity and time reversal invarian
e.4. As we have written our results, the angular distribution for longitudinal target po-larization 
an be obtained from the one for an unpolarized target by repla
ing
os(k�+m') Re u ! sin(k�+m') Im l ;sin(k�+m') Imu ! 
os(k�+m') Re l : (4.15)Terms with k = m = 0 in WUU and WLL are independent of � and ', and have of
ourse no 
ounterparts inWUL orWLU . This 
orresponds to 16 terms with a di�erentangular dependen
e in WUU and 14 terms in WUL, and to 10 terms in WLL and 8terms in WLU .The symmetry properties (3.9) and (3.10), whi
h we used to obtain (4.10) to (4.14), areidenti
al for u��0��0 and in��0��0 , as well as for l��0��0 and s��0��0 . A

ording to (4.2) the 
ross se
tionfor a transversely polarized target 
an therefore be obtained from the one for longitudinaland no target polarization by the repla
ementsReu ! ST sin(�� �S) Imn ; SL Im l ! ST 
os(�� �S) Im s ;Imu ! �ST sin(�� �S) Ren ; SLRe l ! ST 
os(�� �S) Re s : (4.16)We thus simply haveWLLUT (�S ; �) = sin(�� �S) h Im�n 0 0++ + �n 0 00 0 �� 2 
os �p�(1 + �) Imn 0 00+ � 
os(2�) � Imn 0 0�+ i+ 
os(�� �S) h�2 sin�p�(1 + �) Im s 0 00+ � sin(2�) � Im s 0 0�+ i ;WLTUT (�S ; �; ') = sin(�� �S) h 
os(�+ ')p�(1 + �) Im�n 0+0+ � n�00+�� 
os' Im�n 0+++ � n�0++ + 2�n 0+0 0 �+ 
os(2�+ ') � Imn 0+�+� 
os(�� ')p�(1 + �) Im�n 0�0+ � n+00+�+ 
os(2�� ') � Imn+0�+ i{ 13 {



+ 
os(�� �S) h sin(�+ ')p�(1 + �) Im�s 0+0+ � s�00+�� sin' Im�s 0+++ � s�0++ + 2�s 0+0 0 �+ sin(2� + ') � Im s 0+�+� sin(�� ')p�(1 + �) Im�s 0�0+ � s+00+�+ sin(2�� ') � Im s+0�+ i ;W TTUT (�S ; �; ') = sin(�� �S) h 12 Im�n++++ + n��++ + 2�n++0 0 �+ 12 
os(2�+ 2') � Imn�+�+� 
os�p�(1 + �) Im�n++0+ + n��0+�+ 
os(�+ 2')p�(1 + �) Imn�+0+� 
os(2') Im�n�+++ + �n�+0 0 �� 
os(2�) � Imn++�++ 
os(�� 2')p�(1 + �) Imn+�0+ + 12 
os(2�� 2') � Im n+��+ i+ 
os(�� �S) h 12 sin(2�+ 2') � Im s�+�+� sin�p�(1 + �) Im�s++0+ + s��0+�+ sin(�+ 2')p�(1 + �) Im s�+0+� sin(2') Im�s�+++ + �s�+0 0 �� sin(2�) � Im s++�++ sin(�� 2')p�(1 + �) Im s+�0+ + 12 sin(2�� 2') � Im s+��+ i (4.17)for an unpolarized beam, andWLLLT (�S ; �) = sin(�� �S) h 2 sin�p�(1� �) Ren 0 00+ i+ 
os(�� �S) h�2 
os �p�(1� �) Re s 0 00+ +p1� �2 s 0 0++ i ;WLTLT (�S ; �; ') = sin(�� �S) h� sin(�+ ')p�(1� �) Re�n 0+0+ � n�00+�+ sin'p1� �2 Re�n 0+++ � n�0++�+ sin(�� ')p�(1� �) Re�n 0�0+ � n+00+� i+ 
os(�� �S) h 
os(�+ ')p�(1� �) Re�s 0+0+ � s�00+�� 
os'p1� �2 Re�s 0+++ � s�0++�� 
os(�� ')p�(1� �) Re�s 0�0+ � s+00+� i ;W TTLT (�S ; �; ') = sin(�� �S)� h sin�p�(1� �) Re�n++0+ + n��0+�� sin(�+ 2')p�(1� �) Ren�+0++ sin(2')p1� �2 Ren�+++� sin(�� 2')p�(1� �) Ren+�0+ i+ 
os(�� �S) hp1� �2 12 �s++++ + s��++�{ 14 {



unpolarized beam polarized beamWUU WUL WUT WLU WLL WLTRe u Im l Imn Im s Imu Re l Ren Re s15 14 16 14 8 10 8 10Table 3: Number of linear 
ombinations of spin density matrix elements des
ribing the angulardistribution of the 
ross se
tion (4.5). The number of independent 
ombinations for Reu is oneless than for Imn be
ause of the relation (4.11).� 
os�p�(1� �) Re�s++0+ + s��0+�+ 
os(�+ 2')p�(1� �) Re s�+0+� 
os(2')p1� �2 Re s�++++ 
os(�� 2')p�(1� �) Re s+�0+ i (4.18)for beam polarization. With obvious adjustments, the general stru
ture dis
ussed in points1 to 3 above is found again for a transverse target. Note that the terms u 0 0++ + �u 0 00 0 andu++++ + u��++ + 2�u++0 0 in the unpolarized 
oeÆ
ients WLLUU and W TTUU add up to 1 a

ordingto (4.11), whereas their 
ounterparts Im�n 0 0++ + �n 0 00 0 � and Im�n++++ + n��++ + 2�n++0 0 � inWLLUT and W TTUT are independent quantities. To keep the 
lose similarity between the two
ases we have not used (4.11) to simplify (4.10).Sin
e there are two independent transverse polarizations relative to the hadron plane(normal and sideways) we have a rather large number of terms with di�erent angulardependen
e in (4.17) and (4.18). The single spin asymmetry WUT 
ontains 16 termswith Imn and 14 terms with Im s , whereas the double spin asymmetry WLT 
ontains 8terms with Ren and 10 terms with Re s . Table 3 lists the number of independent linear
ombinations of spin density matrix elements des
ribing the angular distribution for thedi�erent 
ombinations of beam and target spin. For reasons dis
ussed in Se
tion 5 it isuseful to 
onsider the spin density matri
es n and s separately. It is then natural to workin the basis of angular fun
tions given by the produ
t of sin(� � �S) or 
os(� � �S) withsin(k� +m') or 
os(k� +m'). With the repla
ement rules (4.15) and (4.16) we obtainthe 
ombinationssin(�� �S) 
os(k�+m') Imn + 
os(�� �S) sin(k�+m') Im s ;� sin(�� �S) sin(k�+m') Ren + 
os(�� �S) 
os(k�+m') Re s (4.19)in WUT and WLT , respe
tively.We 
on
lude this se
tion by giving the relation between our spin density matrix ele-ments for an unpolarized target and those in the 
lassi
al work [14℄ of S
hilling and Wolf.We have u 0 0++ + �u 0 00 0 = r0400 ;Re�u 0+0+ � u�00+� = p2 �Im r610 �Re r510� ;u++++ + u��++ + 2�u++0 0 = 1� r0400 ;u�+�+ = r11�1 � Im r21�1 ;{ 15 {



Re u 0 00+ = �r500=p2 ;Re�u 0+++ � u�0++ + 2�u 0+0 0 � = 2Re r0410 ;Re u 0+�+ = Re r110 � Im r210 ;Re�u 0�0+ � u+00+� = p2 �Im r610 +Re r510� ;Re�u�+++ + �u�+0 0 � = r041�1 ;Re u++�+ = r111 ;Re�u++0+ + u��0+� = �p2 r511 ;Re u�+0+ = �Im r61�1 � r51�1�=p2 ;u 0 0�+ = r100 ;Re u+0�+ = Re r110 + Im r210 ;Re u+�0+ = ��Im r61�1 + r51�1�=p2 ;u+��+ = r11�1 + Im r21�1 (4.20)and Im�u 0+0+ � u�00+� = p2 �Im r710 +Re r810� ;Imu 0 00+ = r800=p2 ;Im�u 0+++ � u�0++� = �2 Im r310 ;Im�u 0�0+ � u+00+� = p2 �Im r710 �Re r810� ;Imu�+++ = � Im r31�1 ;Im�u++0+ + u��0+� = p2 r811 ;Imu�+0+ = �Im r71�1 + r81�1�=p2 ;Imu+�0+ = ��Im r71�1 � r81�1�=p2 : (4.21)The lower indi
es in the matrix elements of S
hilling and Wolf refer to the � heli
ity and
orrespond to the upper indi
es of u in our notation. Their upper indi
es 
orrespond to arepresentation of the virtual photon spin density matrix whi
h refers partly to 
ir
ular andpartly to linear polarization, whereas we use the heli
ity basis for the photon throughout.The 
onsequen
es of approximate s-
hannel heli
ity 
onservation are more expli
it in ournotation: the relation Im r610 � �Re r510 for instan
e 
orresponds to ��Re�u 0+0+ � u�00+��� ���Re�u 0�0+ � u+00+���. Noti
e also that the simple relation between single-spin asymmetriesand imaginary parts of spin density matrix elements dis
ussed in point 3 above holds inthe heli
ity basis but not for linear polarization.We note that our phase 
onvention (3.1) for the heli
ity states of the virtual photondi�ers from the one in [14℄ by a relative minus sign between transverse and longitudinalpolarization, and that our normalization fa
tors NT and NL in (3.5) di�er from those in[14℄ by a fa
tor of two. The 
ombinations of heli
ity amplitudes 
orresponding to the spindensity matrix elements in (4.20) and (4.21) should be 
ompared a

ording to12 " 1NT + �NL X�� T ���� �T �0��0� ��#here = ���0 " 1NT + �NL X�� T��;�� T ��0�;�0�# [14℄ ; (4.22)
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where �0� = ��0 = �1 for the interferen
e of transverse and longitudinal photon polar-ization, and ���0 = +1 in all other 
ases.45. Natural and unnatural parityThe ex
lusive pro
ess 
�p! �p is des
ribed by eighteen independent heli
ity amplitudes,and we have already used approximate s-
hannel heli
ity 
onservation to establish a hierar-
hy among these amplitudes and the spin density matrix elements 
onstru
ted from them.A further dynami
al 
riterion to order these quantities is given by natural and unnaturalparity ex
hange, whi
h we shall now dis
uss.Following [14℄ we de�ne amplitudes N for natural and U unnatural parity ex
hange aslinear 
ombinationsN���� = 12 �T ���� + (�1)��� T������ � = 12 �T ���� + (�1)��� T ������ � ;U���� = 12 �T ���� � (�1)��� T������ � = 12 �T ���� � (�1)��� T ������ � : (5.1)With respe
t to the photon and meson heli
ity, the amplitudes N have the same symmetrybehavior as the amplitudes for 
�t! �t on a spin-zero target t, whereas the 
orrespondingrelation for the amplitudes U has an additional minus sign,N������ = (�1)���N���� ; U������ = �(�1)��� U���� : (5.2)For the proton heli
ity we have relations N�+�+ = N���� and N�+�� = �N���+ for natural parityex
hange, 
ompared to U�+�+ = �U���� and U�+�� = U���+ for unnatural parity ex
hange. Thissymmetry behavior immediately implies that in a dynami
al des
ription using generalizedparton distributions, amplitudes N go with distributions H and E, whereas amplitudes Ugo with distributions ~H and ~E. This is expli
itly borne out in the 
al
ulation of [24℄. Sin
eU 0�0� = 0 a

ording to (5.2), unnatural parity ex
hange amplitudes are power suppressedat large Q2 and the leading-twist fa
torization theorem [2℄ only applies to the naturalparity ex
hange amplitudes N 0�0� . We remark that in the 
ontext of low-energy dynami
st-
hannel ex
hange of a pion plays a prominent role for unnatural parity ex
hange ampli-tudes, see e.g. [15℄. This has a natural 
ounterpart in the framework of generalized partondistributions, where pion ex
hange gives an essential 
ontribution to the distribution ~E inthe isove
tor 
hannel [28, 3, 29℄.4The 
orresponden
e in (4.20) to (4.22) is obtained from 
omparing our results (4.10) and (4.12) for theangular distribution with the ones in eqs. (92) and (92a) of [14℄, together with the relation between spindensity matrix elements and heli
ity amplitudes spe
i�ed in eq. (91) and Appendix A of [14℄. We have notfound an expli
it spe
i�
ation of the phase 
onvention for the virtual photon polarizations used in [14℄.{ 17 {



For the spin density matrix elements one readily �ndsu��0��0 = (NT + �NL)�1 X� hN���+ �N�0��0+�� + U���+ �U�0��0+�� i ;l��0��0 = (NT + �NL)�1 X� hN���+ �U �0��0+�� + U���+ �N �0��0+�� i ;s��0��0 = (NT + �NL)�1 X� hN���+ �U �0��0��� + U���+ �N �0��0��� i ;n��0��0 = (NT + �NL)�1 X� hN���+ �N �0��0��� + U���+ �U �0��0��� i : (5.3)The matrix elements u and n hen
e involve a produ
t of two natural parity ex
hangeamplitudes plus a produ
t of two amplitudes for unnatural parity ex
hange, whereas land s involve the interferen
e between natural and unnatural parity ex
hange [15℄. Tothe extent that amplitudes U are smaller than their 
ounterparts N , one 
an thus expe
tthat matrix elements l and s are small 
ompared with u and n for equal heli
ity indi
es.Ex
eptions to this guideline are possible sin
e produ
ts N���+ �N�0��0+�� or N���� �N �0��0+�� mayhave a small real or imaginary part due to the relative phase between the two amplitudes.If amplitudes U are smaller than N , one 
an furthermore negle
t the terms~u��0��0 = (NT + �NL)�1 X� U���+ �U�0��0+�� ;~n��0��0 = (NT + �NL)�1 X� U���+ �U�0��0��� (5.4)involving unnatural parity ex
hange in the matrix elements u and n . Using the relations(�1)��� u���0���0 = u��0��0 � 2~u��0��0 (5.5)following from (5.2) and (5.3), we have in parti
ular�u 0+�+ = u 0+++ � 2~u 0+++ ; u�+�+ = u++++ � 2~u++++ ;�u�+0+ = u++0+ � 2~u++0+ ; u++�+ = u�+++ � 2~u�+++ : (5.6)This allows us to rewriteWLTUU = � 
os' Re�u 0+++ � u�0++ + 2�u 0+0 0 �� 
os(2�+ ') �Re�u 0+++ � 2~u 0+++�+ : : : 
os(�+ ') + : : : 
os(�� ') + : : : 
os(2�� ') ;W TTUU = 12 �u++++ + u��++ + 2�u++0 0 �+ 12 
os(2�+ 2') ��u++++ � 2~u++++�� 
os�p�(1 + �) Re�u++0+ + u��0+�� 
os(�+ 2')p�(1 + �) Re�u++0+ � 2~u++0+�� 
os(2') Re�u�+++ + �u�+0 0 �� 
os(2�) �Re�u�+++ � 2~u�+++�+ : : : 
os(�� 2') + : : : 
os(2�� 2') ;
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W TTLU = � sin�p�(1� �) Im�u++0+ + u��0+�� sin(�+ 2')p�(1� �) Im�u++0+ � 2~u++0+�+ : : : sin(2') + : : : sin(�� 2') ; (5.7)where terms indi
ated by : : : are the same as in the original expressions (4.10) and (4.12)and have not been repeated for brevity. We see that the 
oeÆ
ients of adja
ent terms in(5.7) will be approximately equal to the extent that unnatural parity ex
hange is suppressedand s-
hannel heli
ity approximately 
onserved. This 
an be tested experimentally bymeasuring the angular distribution of the �nal-state parti
les.The relations (5.6) and their 
ounterparts for other index 
ombinations 
an also beused to approximately isolate spin density matrix elements of parti
ular interest. Consideras an example the leading-twist matrix element u 0 00 0 , whi
h in the angular distributionappears only in the 
ombination u 0 0++ + �u 0 00 0 , i.e. together with a matrix element thatshould be suppressed sin
e it does not 
onserve s-
hannel heli
ity. If unnatural parityex
hange is strongly suppressed, an even better approximation for u 0 00 0 
an be obtainedfrom the linear 
ombination�u 0 00 0 + 2~u 0 0++ = �u 0 0++ + �u 0 00 0 �+ u 0 0�+ ; (5.8)whose r.h.s. 
an be extra
ted from the angular distribution. Similarly, one 
an approxi-mately isolate the matrix element Re u 0+0 0 in the 
ombination�Re u 0+0 0 +Re�~u 0+++ � ~u�0++� = 12hRe�u 0+++ � u�0++ + 2�u 0+0 0 �+Re u 0+�+ +Reu+0�+i : (5.9)Conversely, one 
an extra
t from the angular distribution the linear 
ombinations~u++++ + ~u++�� + 2�~u++0 0 � 2Re ~u++�+ = 12 �u++++ + u��++ + 2�u++0 0 �� 12 u�+�+ � 12 u+��++Re�u�+++ + �u�+0 0 ��Re u++�+ ;~u++0+ + ~u��0+ = 12�u++0+ + u��0+�+ 12 u�+0+ + 12 u+�0+ ; (5.10)whi
h only involve unnatural parity ex
hange. In a dynami
al approa
h based on gen-eralized parton distributions, these 
ombinations are interesting be
ause they isolate thepolarized distributions ~H and ~E and in parti
ular involve these distributions for gluons,whi
h are very hard to a

ess in any other pro
ess.5 The pri
e to pay for this is thatthe 
orresponding amplitudes are power suppressed and 
annot be 
al
ulated with thetheoreti
al rigor provided by the leading-twist fa
torization theorem. On the other hand,phenomenologi
al analysis indi
ates that a quantitative des
ription of meson produ
tionat Q2 of a few GeV2 requires the in
lusion of power-suppressed e�e
ts also for the leadingmatrix element u 0 00 0 .The dis
ussion of the matrix elements for transverse target polarization normal to thehadron plane pro
eeds in full analogy to the unpolarized 
ase. With(�1)��� n���0���0 = n��0��0 � 2~n��0��0 (5.11)5In 
ontrast to their quark 
ounterparts, ~Hg and ~Eg do not appear in pseudos
alar meson produ
tionat leading twist and leading order in �s, see e.g. Se
tion 5.1.1 of [30℄.{ 19 {



we have �n 0+�+ = n 0+++ � 2~n 0+++ ; n�+�+ = n++++ � 2~n++++ ;�n�+0+ = n++0+ � 2~n++0+ ; n++�+ = n�+++ � 2~n�+++ (5.12)and 
an writeWLTUT = 
os(�� �S) h : : : i+ sin(�� �S)� h� 
os' Im�n 0+++ � n�0++ + 2�n 0+0 0 �� 
os(2�+ ') � Im�n 0+++ � 2~n 0+++�+ : : : 
os(�+ ') + : : : 
os(�� ') + : : : 
os(2� � ') i ;W TTUT = 
os(�� �S) h : : : i+ sin(�� �S)� h 12 Im�n++++ + n��++ + 2�n++0 0 �+ 12 
os(2�+ 2') � Im�n++++ � 2~n++++�� 
os�p�(1 + �) Im�n++0+ + n��0+�� 
os(�+ 2')p�(1 + �) Im�n++0+ � 2~n++0+�� 
os(2') Im�n�+++ + �n�+0 0 �� 
os(2�) � Im�n�+++ � 2~n�+++�+ : : : 
os(�� 2') + : : : 
os(2� � 2') i ;W TTLT = 
os(�� �S) h : : : i+ sin(�� �S)� h sin�p�(1� �) Re�n++0+ + n��0+�+ sin(�+ 2')p�(1� �) Re�n++0+ � 2~n++0+�+ : : : sin(2') + : : : sin(�� 2') i ; (5.13)where terms denoted by : : : are as in the original expressions (4.17) and (4.18). Again, the
oeÆ
ients of adja
ent terms should be approximately equal to the extent that unnaturalparity ex
hange is suppressed and s-
hannel heli
ity approximately 
onserved. The matrixelements Imn 0 00 0 and Imn 0+0 0 
an be approximately isolated in� Imn 0 00 0 + 2 Im ~n 0 0++ = Im�n 0 0++ + �n 0 00 0 �+ Imn 0 0�+ (5.14)and� Imn 0+0 0 + Im�~n 0+++ � ~n�0++� = 12hIm�n 0+++ � n�0++ + 2�n 0+0 0 �+ Imn 0+�+ + Imn+0�+i: (5.15)In turn, the linear 
ombinationsIm�~n++++ + ~n++�� + 2�~n++0 0 � 2~n++�+� = 12 Im�n++++ + n��++ + 2�n++0 0 �� 12 Imn�+�+ � 12 Imn+��++ Im�n�+++ + �n�+0 0 �� Imn++�+ ;~n++0+ + ~n��0+ = 12�n++0+ + n��0+�+ 12 n�+0+ + 12 n+�0+ (5.16)involve only unnatural parity ex
hange. { 20 {



6. Positivity 
onstraintsFrom the de�nition (3.4) of the spin-density matrix elements one readily �ndsX��� X�0�0�0 
��� ���0��0;��0 �
�0�0�0�� = (NT + �NL)�1 X� ���X��� 
��� T ���� ���2 � 0 (6.1)for arbitrary 
omplex numbers 
���. Hen
e ���0��0;��0 is a positive semide�nite matrix, withrow indi
es spe
i�ed by f���g and 
olumn indi
es by f� 0�0�0g. This implies inequalitiesamong the spin density matrix elements, whi
h extend those given e.g. in [22, 27℄. Wedo not attempt here to study the bounds following from positivity of the full 18 � 18matrix ���0��0;��0 , whi
h is quite unwieldy. Instead, we 
onsider the subset of matrix elements
onserving s-
hannel heli
ity for the photon-meson transition and derive a number of simpleinequalities, whi
h may be useful in pra
ti
e. Ordering the row and 
olumn indi
es asf+++g; f0 0+g; f��+g; f++�g; f0 0�g; f���g, we have a positive semide�nite matrixC, whi
h 
an be written in blo
k form asC =  A+ B+B� A� ! (6.2)with A� =0BB� u++++ + � l++++ �u 0+0+ + � l 0+0+�� u�+�+ � � l�+�+u 0+0+ + � l 0+0+ u 0 00 0 u 0+0+ � � l 0+0+u�+�+ + � l�+�+ �u 0+0+ � � l 0+0+�� u++++ � � l++++ 1CCA (6.3)and B� = 0BB� s++++ + � n++++ �s 0+0+ � � n 0+0+�� �s�+�+ + � n�+�+s 0+0+ + � n 0+0+ � n 0 00 0 �s 0+0+ + � n 0+0+s�+�+ + � n�+�+ ��s 0+0+ + � n 0+0+�� �s++++ + � n++++ 1CCA ; (6.4)where � = �1. Con
entrating �rst on the matrix elements for an unpolarized or longitu-dinally polarized target, we �nd that the matrix A� has eigenvalues whose expressions arevery lengthy and therefore restri
t our attention to 2�2 submatri
es. The matrix obtainedfrom the �rst and third rows and 
olumns of A+ has eigenvaluesu++++ �q�u�+�+�2 + �l++++�2 + �Im l�+�+�2 ; (6.5)whose positivity implies a bound�l++++�2 + �Im l�+�+�2 � �u++++�2 � �u�+�+�2 : (6.6)Similarly, the matrix obtained from the �rst and se
ond and the matrix obtained from these
ond and third rows and 
olumns of A+ have respe
tive eigenvalues12 �u++++ + l++++ + u 0 00 0 �� 12q�u++++ + l++++ � u 0 00 0 �2 + 4 ��u 0+0+ + l 0+0+ ��2 ;12 �u++++ � l++++ + u 0 00 0 �� 12q�u++++ � l++++ � u 0 00 0 �2 + 4 ��u 0+0+ � l 0+0+ ��2 ; (6.7)
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whose positivity gives bounds�Reu 0+0+ +Re l 0+0+�2 + �Imu 0+0+ + Im l 0+0+�2 � u 0 00 0 �u++++ + l++++� ;�Reu 0+0+ �Re l 0+0+�2 + �Imu 0+0+ � Im l 0+0+�2 � u 0 00 0 �u++++ � l++++� : (6.8)A weaker 
ondition is obtained by taking the sum of these two bounds,�Re l 0+0+�2 + �Im l 0+0+�2 � u 0 00 0 u++++ � �Re u 0+0+�2 � �Imu 0+0+�2 : (6.9)The bounds (6.6) and (6.9) have right-hand sides involving only matrix elements a

essi-ble with an unpolarized target and 
onstrain the matrix elements for longitudinal targetpolarization on their left-hand sides.As a se
ond example let us derive 
onditions whi
h involve only matrix elements uand n . To this end we 
onsider the matrixC0 = 12�C+DyCD� (6.10)with D = 0BBBBBBB� 0 0 1 0 0 00 1 0 0 0 01 0 0 0 0 00 0 0 0 0 10 0 0 0 1 00 0 0 1 0 0
1CCCCCCCA ; (6.11)whi
h is half the sum of the positive semide�nite matri
es C and DyCD and hen
e positivesemide�nite itself. One readily �nds that matrix elements l and s drop out in C0, whi
hreads

C0 = 0BBBBBBBBBBB�
u++++ �u 0+0+�� u�+�+ n++++ ��n 0+0+�� n�+�+u 0+0+ u 0 00 0 u 0+0+ n 0+0+ n 0 00 0 n 0+0+u�+�+ �u 0+0+�� u++++ n�+�+ ��n 0+0+�� n++++�n++++ �n 0+0+�� �n�+�+ u++++ �u 0+0+�� u�+�+�n 0+0+ �n 0 00 0 �n 0+0+ u 0+0+ u 0 00 0 u 0+0+�n�+�+ �n 0+0+�� �n++++ u�+�+ �u 0+0+�� u++++

1CCCCCCCCCCCA : (6.12)
This matrix has three eigenvaluesu++++ � u�+�+ + Imn++++ � Imn�+�+ ;12�u++++ + u�+�+ + Imn++++ + Imn�+�+ + u 0 00 0 + Imn 0 00 0 �� 12q�u++++ + u�+�+ + Imn++++ + Imn�+�+ � u 0 00 0 � Imn 0 00 0 �2 + 8 ��u 0+0+ � in 0+0+ ��2 (6.13)and three further eigenvalues obtained by reversing the sign of all matrix elements n . Theirpositivity results in the bounds�Imn++++ � Imn�+�+�2 � �u++++ � u�+�+�2 (6.14){ 22 {



and 2 �Reu 0+0+ + Imn 0+0+�2 + 2 �Imu 0+0+ �Ren 0+0+�2� �u 0 00 0 + Imn 0 00 0 � �u++++ + u�+�+ + Imn++++ + Imn�+�+� ;2 �Reu 0+0+ � Imn 0+0+�2 + 2 �Imu 0+0+ +Ren 0+0+�2� �u 0 00 0 � Imn 0 00 0 � �u++++ + u�+�+ � Imn++++ � Imn�+�+� : (6.15)Omitting the terms with Imu 0+0+ and Ren 0+0+ , one obtains bounds involving only matrixelements that are a

essible with an unpolarized lepton beam.As we have seen in Se
tion 4, s-
hannel heli
ity 
onserving matrix elements 
an beextra
ted from the angular distribution under the approximation that s-
hannel heli
ity
hanging transitions are suppressed. The bounds derived in this se
tion may be used to
he
k the 
onsisten
y of this approximation.7. Mixing between transverse and longitudinal polarizationSo far we have dis
ussed target polarization longitudinal or transverse to the virtual photondire
tion in the target rest frame, whi
h is natural from the point of view of the strong-intera
tion dynami
s. In an experimental setup one has however de�nite target polarizationwith respe
t to the lepton beam dire
tion. The transformation from one polarization basisto the other is readily performed using the relations (2.3). For a target having longitudinalpolarization PL with respe
t to the lepton beam one �ndsd�d� d'd(
os #) dxB dQ2 dt = 12� d�dxB dQ2 dt� �WUU + PLh
os �
WUL � sin �
WUT (�S = 0)i+ P`WLU + P`PLh
os �
WLL � sin �
WLT (�S = 0)i� : (7.1)Note that in this 
ase the azimuthal angle  in (4.5) needs to be de�ned with respe
tto some �xed spatial dire
tion in the target rest frame, rather than with respe
t to the(vanishing) transverse 
omponent of the target polarization relative to the lepton beam.We have integrated over this angle in (7.1) be
ause the 
ross se
tion does not depend on it.For a target having transverse polarization PT with respe
t to the lepton beam onehas d�d�S d� d'd(
os #) dxB dQ2 dt = 1(2�)2 d�dxB dQ2 dt 
os �
1� sin2�
 sin2�S� WUU + PT 
os �
WUT + sin �
 
os�SWUL�1� sin2�
 sin2�S�1=2+ P`WLU + P`PT 
os �
WLT + sin �
 
os�SWLL�1� sin2�
 sin2�S�1=2 ! : (7.2)The fa
tor 
os �
 =(1 � sin2�
 sin2�S) 
omes from the 
hange of variables from d to d�S{ 23 {



in the 
ross se
tion. The relation between these two angles is readily obtained by settingPL = 0 in (2.3) and given in [22℄.It is a straightforward (if somewhat lengthy) exer
ise to insert our results (4.13), (4.14)and (4.17), (4.18) into (7.1) and (7.2) and to rewrite the expressions in terms of a suitablebasis of fun
tions depending on the azimuthal angles. Here we only give the 
ombinationsneeded in (7.2) for a transversely polarized target and an unpolarized beam,
os �
WLLUT (�S ; �) + sin �
 
os�SWLLUL(�)= sin(�� �S) � 
os �
 Im�n 0 0++ + �n 0 00 0 �� sin �
p�(1 + �) Im l 0 00+� 
os(2�)n
os �
 � Imn 0 0�+ � sin �
p�(1 + �) Im l 0 00+o� 2 
os�n
os �
p�(1 + �) Imn 0 00+ + 14 sin �
 � Im l 0 0�+o�+ 
os(�� �S) �� sin(2�)n
os �
 � Im s 0 0�+ + sin �
p�(1 + �) Im l 0 00+o� 2 sin�n
os �
p�(1 + �) Im s 0 00+ + 14 sin �
 � Im l 0 0�+o�� 12 sin �
 sin(�S + 2�) � Im l 0 0�+ ; (7.3)
os �
WLTUT (�S ; �; ') + sin �
 
os�SWLTUL (�; ')= sin(�� �S) � 
os(�+ ')n
os �
p�(1 + �) Im�n 0+0+ � n�00+�+ 12 sin �
 hIm�l 0+++ � l�0++ + 2�l 0+0 0 �+ � Im l 0+�+io� 
os(�� ')n
os �
p�(1 + �) Im�n 0�0+ � n+00+�+ 12 sin �
 hIm�l 0+++ � l�0++ + 2�l 0+0 0 �� � Im l+0�+io+
os(2�+ ')n
os �
 � Imn 0+�+ � 12 sin �
p�(1 + �) Im�l 0+0+ � l�00+�o+
os(2�� ')n
os �
 � Imn+0�+ + 12 sin �
p�(1 + �) Im�l 0�0+ � l+00+�o� 
os'n
os �
 Im�n 0+++ � n�0++ + 2�n 0+0 0 �� 12 sin �
p�(1 + �) hIm�l 0+0+ � l�00+�� Im�l 0�0+ � l+00+�io�+ 
os(�� �S) � sin(�+ ')n
os �
p�(1 + �) Im�s 0+0+ � s�00+�� 12 sin �
 hIm�l 0+++ � l�0++ + 2�l 0+0 0 �� � Im l 0+�+io
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� sin(�� ')n
os �
p�(1 + �) Im�s 0�0+ � s+00+�� 12 sin �
 hIm�l 0+++ � l�0++ + 2�l 0+0 0 �+ � Im l+0�+io+sin(2�+ ')n
os �
 � Im s 0+�+ + 12 sin �
p�(1 + �) Im�l 0+0+ � l�00+�o+sin(2�� ')n
os �
 � Im s+0�+ � 12 sin �
p�(1 + �) Im�l 0�0+ � l+00+�o� sin'n
os �
 Im�s 0+++ � s�0++ + 2�s 0+0 0 �� 12 sin �
p�(1 + �) hIm�l 0+0+ � l�00+�+ Im�l 0�0+ � l+00+�io�+ 12 sin �
 nsin(�S + 2�+ ') � Im l 0+�+ + sin(�S + 2�� ') � Im l+0�+o ; (7.4)
os �
W TTUT (�S ; �; ') + sin �
 
os�SW TTUL (�; ')= sin(�� �S) �12 
os �
 Im�n++++ + n��++ + 2�n++0 0 �� 12 sin �
p�(1 + �) Im�l++0+ + l��0+�� 
os(2�)n
os �
 � Imn++�+ � 12 sin �
p�(1 + �) Im�l++0+ + l��0+�o� 
os�n
os �
p�(1 + �) Im�n++0+ + n��0+�+ 12 sin �
 � Im l++�+o+ 12 
os(2�+ 2')n
os �
 � Imn�+�+ � sin �
p�(1 + �) Im l�+0+o+ 12 
os(2�� 2')n
os �
 � Imn+��+ � sin �
p�(1 + �) Im l+�0+o� 
os(2')n
os �
 Im�n�+++ + �n�+0 0 �� 12 sin �
p�(1 + �) hIm l�+0+ + Im l+�0+io+ 
os(�+ 2')n
os �
p�(1 + �) Imn�+0+ + 14 sin �
 h� Im l�+�+ + 2 Im�l�+++ + �l�+0 0 �io+ 
os(�� 2')n
os �
p�(1 + �) Imn+�0+ + 14 sin �
 h� Im l+��+ � 2 Im�l�+++ + �l�+0 0 �io�+ 
os(�� �S) �� sin(2�)n
os �
 � Im s++�+ + 12 sin �
p�(1 + �) Im�l++0+ + l��0+�o� sin�n
os �
p�(1 + �) Im�s++0+ + s��0+�+ 12 sin �
 � Im l++�+o+ 12 sin(2�+ 2')n
os �
 � Im s�+�+ + sin �
p�(1 + �) Im l�+0+o+ 12 sin(2�� 2')n
os �
 � Im s+��+ + sin �
p�(1 + �) Im l+�0+o� sin(2')n 
os �
 Im�s�+++ + �s�+0 0 �� 12 sin �
p�(1 + �) hIm l�+0+ � Im l+�0+io
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+ sin(�+ 2')n
os �
p�(1 + �) Im s�+0+ + 14 sin �
 h� Im l�+�+ � 2 Im�l�+++ + �l�+0 0 �io+ sin(�� 2')n
os �
p�(1 + �) Im s+�0+ + 14 sin �
 h� Im l+��+ + 2 Im�l�+++ + �l�+0 0 �io�+ 14 sin �
 nsin(�S + 2�+ 2') � Im l�+�+ + sin(�S + 2�� 2') � Im l+��+o� 12 sin �
 sin(�S + 2�) � Im l++�+ : (7.5)Compared with (4.17) and (4.18) we have 
hanged the order of terms su
h that one readilysees whi
h 
oeÆ
ients 
os �
 Imn or 
os �
 Im s re
eive an admixture from the same 
oef-�
ients sin �
 Im l . The terms in the last lines of (7.3) and (7.4) and in the last two linesof (7.5) involve only 
oeÆ
ients sin �
 Im l . They 
ome with an angular dependen
e whi
his absent for sin �
 = 0, as is readily seen by rewritingsin(�S + 2�+m') = � sin(�� �S) 
os(3�+m') + 
os(�� �S) sin(3� +m') : (7.6)We see in (7.3) to (7.5) that from the angular dependen
e of the 
ross se
tion fortransverse target polarization one 
an extra
t linear 
ombinations of terms 
os �
 Imn andsin �
 Im l or of 
os �
 Im s and sin �
 Im l . To separate these terms requires an additionalmeasurement with longitudinal target polarization.6 The expressions (7.3) to (7.5) allowus to see for whi
h terms the admixture of sin �
 Im l terms 
an be expe
ted to be small, sothat Imn and Im s may be determined with reasonable a

ura
y without su
h an additionalmeasurement. Let us dis
uss a few examples.1. The leading-twist matrix element n 0 00 0 appears in the linear 
ombination
0 = 
os �
 Im�n 0 0++ + �n 0 00 0 �� sin �
p�(1 + �) Im l 0 00+ (7.7)in (7.3) and thus has an admixture from l 0 00+ , whi
h involves one s-
hannel heli
ity
hanging amplitude. A

ording to Se
tion 5 this admixture is additionally suppressedif unnatural parity ex
hange is small 
ompared with natural parity ex
hange. Onemay also add to 
0 the angular 
oeÆ
ient
1 = � 
os �
 � Imn 0 0�+ + sin �
p�(1 + �) Im l 0 00+ (7.8)from (7.3), thus trading the admixture of sin �
 l 0 00+ for an admixture of 
os �
 n 0 0�+ ,whi
h involves two s-
hannel heli
ity 
hanging amplitudes (but la
ks the relativefa
tor tan �
 and is not suppressed by unnatural parity ex
hange). We remark thatthe linear 
ombination of matrix elements in (5.14) 
orresponds to 
0 � 
1=�, wherel 0 00+ does not drop out. Whether 
0, 
0+ 
1 or 
0� 
1=� gives the best approximationto 
os �
 � Imn 0 00 0 will thus depend on the detailed magnitude of the relevant terms.In pra
ti
e one might for instan
e use the di�eren
e between these terms as a measurefor the un
ertainty of this approximation.6A 
orresponding separation for semi-in
lusive pion produ
tion ep! e�X has re
ently been performedin [31℄. { 26 {



2. The s-
hannel heli
ity 
onserving matrix elements n 0+0+ in (7.4) and n++++ , n�+�+ in(7.5) 
ome together with terms involving at least one s-
hannel heli
ity 
hangingamplitude. These admixtures should hen
e be negligible unless the 
orrespondings-
hannel heli
ity 
onserving matrix element is small itself. For Imn 0+0+ this may forinstan
e happen be
ause of the relative phase between the interfering amplitudes.3. The matrix element n 0 00+ in (7.3) 
omes with an admixture from l 0 0�+ , whi
h involvestwo s-
hannel heli
ity 
hanging amplitudes and should hen
e again be suppressed. Inaddition, one 
an extra
t Im l 0 0�+ from the angular dependen
e itself, given the lastterm in (7.3). We remark that the unpolarized analog u 0 00+ of n 0 00+ has a real partwhi
h is experimentally seen to be nonzero [17, 19℄, providing eviden
e that s-
hannelheli
ity is not stri
tly 
onserved in ele
troprodu
tion. (In the notation of S
hillingand Wolf one has r500 = �p2Reu 0 00+ .)4. The only s-
hannel heli
ity 
onserving matrix elements for sideways transverse targetpolarization in (7.3) to (7.5) are s 0+0+ and s�+�+ . They 
ome together with termsinvolving at least one s-
hannel heli
ity 
hanging amplitude, so that the situationis similar to the one in point 2. Note however that in the present 
ase there is noadditional suppression of the admixture terms due to unnatural parity ex
hange,sin
e both s and l 
ontain one unnatural parity ex
hange amplitude.In these examples one thus has the favorable situation that the admixture from longitudinalpolarization terms is probably small and in some 
ases may even be removed or traded foryet smaller terms. This does not always happen: the matrix elements n 0+�+ and s 0+�+ in(7.4) re
eive for instan
e an admixture from the s-
hannel heli
ity 
onserving term l 0+0+ ,whi
h may not be small itself, so that from the 
oeÆ
ients of sin(� � �S) 
os(2� + ') or
os(���S) sin(2�+') one 
annot dire
tly infer on the matrix elements Imn 0+�+ or Im s 0+�+ .To make a more pre
ise statement about their size one needs independent information onIm l 0+0+ , for instan
e from the positivity bound (6.9).8. A note on non-resonant 
ontributionsSo far we have treated the produ
tion of two pions in a two-step pi
ture, where a � is �rstprodu
ed in ep! ep� and then de
ays as �! �+��. For deriving the angular distributionand polarization dependen
e we have used that the pion pair is in the L = 1 partial wave,as 
an be seen in (4.3). We did however not use the narrow-width approximation forthe � or make any assumption about its line shape. In fa
t, our results for the angulardistribution 
an readily be used at any given invariant mass m�� of the pion pair, with theep 
ross se
tions on the left- and right-hand sides of (4.5) made di�erential in m��. Thespin-density matrix ���0��0;��0 and its linear 
ombinations u , l , s , n then depend on m�� andrefer not to 
�p ! �p but to 
�p ! �+�� p with �+�� in the L = 1 partial wave. Noexpli
it referen
e to the � resonan
e needs to be made in this 
ase.The situation is more 
ompli
ated if one 
onsiders other partial waves of the pion pair,whi
h 
an arise from non-resonant produ
tion me
hanisms. To des
ribe a general �+��{ 27 {



state, one should repla
e ���0��0;��0 with the spin-density matrix ���0;LL0��0;��0 for a pion pair withangular momentum L in the amplitude and L0 in the 
onjugate amplitude. One then has totake YL�('; #)Y �L0�0('; #) instead of Y1�('; #)Y �1�0('; #) in (4.3) and will obviously obtaina di�erent angular dependen
e of the ep 
ross se
tion. The distribution in ' and # for apion pair with L = 0; 1; 2 has been dis
ussed in [32℄.It is quite simple to test for the presen
e of L = 0 or L = 2 partial waves in databy using dis
rete symmetry properties, and for m�� around the � mass one 
an expe
tthat partial waves with L = 3 or higher are strongly phase spa
e suppressed. Sin
e evenpartial waves of the �+�� system have 
harge 
onjugation parity C = +1 and odd partialwaves have C = �1, the interferen
e of L = 1 with L = 0 or L = 2 gives rise to terms inthe angular distribution whi
h are odd under inter
hange of the �+ and �� momenta, i.e.under the repla
ement#! � � # ; '! '+ � : (8.1)Simple examples are an angular dependen
e like 
os# or like an odd polynomial in 
os#.Corresponding observables provide a way to study the L = 0 and L = 2 partial waves as a\signal" interfering with the � resonan
e \ba
kground" [33, 34℄. This has been used in theexperimental analysis [35℄, whi
h did see su
h interferen
e away from the � resonan
e peak,whereas 
lose to the peak the predominan
e of the � was too strong to observe a signi�
ant
ontribution from any partial wave with L 6= 1. If on the other hand one is interested in apre
ise study of the L = 1 
omponent, one 
an eliminate its interferen
e with even partialwaves by symmetrizing the angular distribution a

ording to (8.1). One is then left with
ontributions from L = 0 and L = 2 in both the amplitude and its 
onjugate, whi
h shouldbe very small around the � peak.9. SummaryWe have expressed the fully di�erential 
ross se
tion for ex
lusive � produ
tion on a po-larized nu
leon in terms of spin density matrix element for the subpro
ess 
�p! �p. Wework in the heli
ity basis for both 
� and � and obtain very similar forms for the unpolar-ized and polarized parts of the 
ross se
tions, with the substitution rules (4.15) and (4.16).The terms for transverse target polarization normal to the hadron plane 
losely resemblethose for an unpolarized target, and in both 
ases the number of independent spin densitymatrix elements is redu
ed if one negle
ts unnatural parity ex
hange 
ompared with nat-ural parity ex
hange. The spin density matrix elements for transverse target polarizationin the hadron plane 
losely resemble those for a longitudinally polarized target, with bothtypes of matrix elements involving the interferen
e between natural and unnatural parityex
hange. We have given simple positivity bounds whi
h involve only matrix elements foran unpolarized target and either those for longitudinal target polarization or for transversetarget polarization normal to the hadron plane. Furthermore, we have investigated theadmixture of longitudinal target polarization relative to the virtual photon momentum fora target polarized transversely to the lepton beam. This admixture should be small forthe spin density matrix elements whi
h 
onserve s-
hannel heli
ity in the transition from{ 28 {




� to �, but it may be important for s-
hannel heli
ity 
hanging matrix elements. Finally,we have brie
y dis
ussed how the results obtained in this paper 
an be used and extendedfor analyzing the produ
tion of pion pairs not asso
iated with the � resonan
e.A
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