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Ele
troweak 
orre
tions to large transversemomentum produ
tion of W bosons at the LHCJohann H. K�uhna, A. Kuleszab, S. Pozzorini
, M. S
hulzeaaInstitut f�ur Theoretis
he Teil
henphysik, Universit�at Karlsruhe,D-76128 Karlsruhe, Germanyb Deuts
hes Elektronen-Syn
hrotron DESY, Notkestrasse 85,D{22607 Hamburg, Germany
Max-Plan
k-Institut f�ur Physik, F�ohringer Ring 6,D{80805 Muni
h, GermanyAbstra
t:To mat
h the pre
ision of present and future measurements of W -boson produ
-tion at hadron 
olliders, ele
troweak radiative 
orre
tions must be in
luded in thetheory predi
tions. In this paper we 
onsider their e�e
t on the transverse momen-tum (pT) distribution of W bosons, with emphasis on large pT. We evaluate thefull ele
troweak O(�) 
orre
tions to the pro
ess pp!Wj in
luding virtual and realphotoni
 
ontributions. We also provide 
ompa
t approximate expressions whi
hare valid in the high-energy region, where the ele
troweak 
orre
tions are stronglyenhan
ed by logarithms of ŝ=M2W . These expressions in
lude quadrati
 and singlelogarithms at one loop as well as quarti
 and triple logarithms at two loops. Numer-i
al results are presented for proton-proton 
ollisions at 14 TeV. The 
orre
tions arenegative and their size in
reases with pT. At the LHC, where transverse momentaof 2 TeV or more 
an be rea
hed, the one- and two-loop 
orre
tions amount up to�40% and +10%, respe
tively.Mar
h 2007
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1 Introdu
tionThe study of gauge-boson produ
tion has been among the primary goals of hadron
olliders, starting with the dis
overy of the W and Z bosons more than two de
adesago [1℄. The investigation of the produ
tion dynami
s, stri
tly predi
ted by theele
troweak theory, 
onstitutes one of the important tests of the Standard Model.Di�erential distributions of gauge bosons, in rapidity as well as in transverse mo-mentum (pT), have always been the subje
t of theoreti
al and experimental studies.At large pT the �nal state of the leading-order (LO) pro
ess 
onsists of an ele
-troweak gauge boson plus one re
oiling jet. The high 
enter-of-mass energy at theLarge Hadron Collider (LHC) in 
ombination with the enormous luminosity willallow to explore parton-parton s
attering up to energies of several TeV and 
orre-spondingly produ
tion of gauge bosons with transverse momenta up to 2 TeV oreven beyond. In this energy range the ele
troweak 
orre
tions from virtual weak-boson ex
hange are strongly enhan
ed, with the dominant terms in L-loop approxi-mation being leading logarithms (LL) of the form �L log2L(ŝ=M2W ), next-to-leadinglogarithms (NLL) of the form �L log2L�1(ŝ=M2W ), and so on. These 
orre
tions,also known as ele
troweak Sudakov logarithms, may well amount to several tensof per
ent [2, 3, 4, 5, 6, 7℄. A re
ent survey of the literature on ele
troweak Su-dakov logarithms 
an be found in Ref. [8℄. Spe
i�
ally, the ele
troweak 
orre
tionsto the pT distribution of photons and Z bosons at hadron 
olliders were studied inRefs. [5, 6℄. In Ref. [6℄, it was found that at transverse momenta of O(1TeV) thedominant two-loop 
ontributions to these rea
tions amount to several per
ent andmust be in
luded to mat
h the pre
ision of the LHC experiments.In this paper we study the ele
troweak 
orre
tions to the hadroni
 produ
tionof W bosons at large pT. In 
ontrast to the 
ase of Z and 
 produ
tion, the
ontributions from virtual and real photons 
annot be separated from the purelyweak 
orre
tions and will thus be in
luded in our analysis.The partoni
 rea
tions �qq0 !W�g (
), q0g !W�q (
) and �qg ! W��q0 (
) withq = u; d; s; 
; b are 
onsidered. All of them are, however, trivially related by CP- and
rossing-symmetry relations. Quark-mass e�e
ts are negle
ted throughout, whi
hallows to in
orporate the e�e
t of quark mixing through a simple rede�nition of par-ton distribution fun
tions (see Se
t. 2). The 
al
ulation of the virtual 
orre
tions isdes
ribed in Se
t. 3. In this Se
tion we also present 
ompa
t analyti
 expressionsfor the high-energy behaviour of the 
orre
tions whi
h in
lude quadrati
 and linearlogarithms at one loop as well as quarti
 and triple logarithms at two loops. The 
al-
ulation of the real 
orre
tions is performed using the dipole subtra
tion formalism[9, 10, 11℄, as des
ribed in Se
t. 4. After 
onvolution with parton distribution fun
-tions, we obtain radiatively 
orre
ted predi
tions for pT distributions of W bosonsat the LHC, presented in Se
t. 5. Con
erning perturbative QCD, our predi
tions arebased on the lowest order. To obtain realisti
 absolute 
ross se
tions, higher-orderQCD 
orre
tions [12℄ must be in
luded. However, the relative rates for W+, W�and Z produ
tion are expe
ted to be more stable against QCD e�e
ts. Therefore,1



in Se
t. 5 we also study the impa
t of the ele
troweak 
orre
tions on these ratios.2 Lowest order and kinemati
sThe pT distribution of W bosons in the rea
tions h1h2 ! W�j is given byd�h1h2dpT = Xi;j;k Z 10 dx1 Z 10 dx2 �(x1x2 � �̂min)fh1;i(x1; �2)fh2;j(x2; �2)d�̂ij!W�kdpT ; (1)where �̂min = (pT +mT)2=s, mT = qp2T +M2W and ps is the 
ollider energy. Theindi
es i; j denote initial-state partons and fh1;i(x; �2), fh2;j(x; �2) are the 
orre-sponding parton distribution fun
tions. �̂ij!W�k is the partoni
 
ross se
tion for thesubpro
ess ij ! W�k and the sum runs over all i; j; k 
ombinations 
orrespondingto the subpro
esses�umdn !W�g; dn�um ! W�g; gdn !W�um; dng !W�um;�umg !W� �dn; g�um !W� �dn; (2)for W� produ
tion, and similarly for W+ produ
tion. The dependen
e of the par-toni
 
ross se
tions on the 
avour indi
es m;n amounts to an overall fa
tor jVumdn j2.This fa
tor 
an be easily absorbed in the parton distribution fun
tions of down-typequarks by rede�ningfh;dm ! 3Xn=1 jVumdn j2fh;dn; fh; �dm ! 3Xn=1 jVumdn j2fh; �dn : (3)The partoni
 
ross se
tions 
an then be 
omputed using a trivial CKM matrix Æmn.The Mandelstam variables for the subpro
ess ij !W�k are de�ned in the standardway ŝ = (pi + pj)2; t̂ = (pi � pW )2; û = (pj � pW )2: (4)Momentum 
onservation implies ŝ + t̂ + û = M2W , and the invariants are related tothe 
ollider energy s and the transverse momentum pT by p2T = t̂û=ŝ with ŝ = x1x2s.The pT distribution for the unpolarized partoni
 subpro
ess ij !W�k readsd�̂ij!W�kdpT = pT8�Nij ŝjt̂� ûj �XjMij!W�kj2 + (t̂$ û)� ; (5)where P = 14PpolP
ol involves the sum over polarization and 
olor as well as thefa
tor 1=4 for averaging over initial-state polarization. The fa
tor 1=Nij a

ountsfor the initial-state 
olour average.The unpolarized squared matrix elements for all partoni
 pro
esses relevant forW+ and W� produ
tion are related by 
rossing- and CP-symmetry relations. Thusthe expli
it 
omputation of the unpolarized squared matrix element needs to be2



performed only on
e, e.g. for �ud ! W�g. For this rea
tion, to lowest order in �and �S, we have XjM�ud!W�gBorn j2 = 32�2 �s2W�S t̂2 + û2 + 2M2W ŝt̂û ; (6)where sW = q1� 
2W denotes the sine of the weak mixing angle.3 Virtual 
orre
tionsThe one-loop diagrams were redu
ed to a minimal set of 
oupling stru
tures, stan-dard matrix elements and s
alar integrals as in Ref. [6℄. The ele
troweak 
oupling
onstants were renormalized in the G�-s
heme, where � = p2G�M2W s2W=� is ex-pressed in terms of the Fermi 
onstant G� and s2W = 1�M2W=M2Z. Soft and 
ollinearsingularities resulting from virtual photons were regularized and 
ombined with 
or-responding singularities from real photons as des
ribed in Se
t. 4. Complete analyti
results for the one-loop 
orre
tions and their asymptoti
 behaviour will be providedin Ref. [13℄. The numeri
al evaluation and detailed 
ross 
he
ks were performedwith two independent programs. For the s
alar loop integrals we used the Fortranlibrary [14℄ and the FF library [15℄.In the following, we present 
ompa
t analyti
 expressions for the one- and two-loop NLL 
ontributions at high energy. As in the 
ase of Z and 
 produ
tion [6℄,the NLL terms are obtained from the Born result by multipli
ation with a globalfa
tor. For the pro
ess �ud!W�g we haveXjM�ud!W�gj2 =XjM�ud!W�gBorn j2 "1 + � �2��A(1) + � �2��2A(2)# : (7)At one loop, the NLL part 
onsists of double- and single-logarithmi
 terms and readsA(1) NLL= �CewqL �L2̂s � 3Lŝ�� CA2s2W �L2̂t + L2̂u � L2̂s� : (8)Here CewqL = Y 2qL=(4
2W) + CF=s2W, CF = 3=4, CA = 2, and Lr̂ = log(jr̂j=M2W ). At twoloops we obtainA(2) NLL= 12  CewqL + CA2s2W!"CewqL �L4̂s � 6L3̂s�+ CA2s2W �L4̂t + L4̂u � L4̂s�#+ 16" b1
2W �YqL2 �2 + b2s2W �CF + CA2 �#L3̂s; (9)where b1 = �41=(6
2W) and b2 = 19=(6s2W). The NLL results (8){(9) in
lude thefull ele
troweak 
orre
tions in the MZ = MW approximation. The photoni
 sin-gularities are separated using the �
titious photon mass1 � = MW . Eq. (9) has1 For a dis
ussion of this pres
ription, as well as for details 
on
erning the implementation ofthe angular-dependent part of the NLL terms, we refer to Ref. [6℄.3



been derived from the general results for leading- and next-to-leading ele
troweaktwo-loop logarithms in Ref. [3℄.4 Real radiationSoft and 
ollinear singularities from real radiation are treated using the dipole sub-tra
tion formalism [9, 10, 11℄. Within this framework infrared singularities of asquared amplitude for real radiation are subtra
ted by an auxiliary fun
tion thathas the same singular behaviour. This ensures that the phase spa
e integral of thedi�eren
e is a �nite quantity and the integration 
an be performed numeri
ally. Theanalyti
al result for the integral of the auxiliary fun
tion over the subspa
e of a ra-diated parti
le is then added to the result for virtual 
orre
tions. The singularitiesof the virtual 
orre
tions 
an
el against those of the integrated subtra
tion part.The algorithms for 
onstru
ting the auxiliary subtra
tion fun
tion and its in-tegrated 
ounterpart have been developed both for the 
ase of photon radiationo� massless or massive fermions [9℄ and QCD radiation o� massless [10℄ or mas-sive partons [11℄. The latter [10, 11℄ approa
h 
an be easily adopted to the 
aseof photon radiation. It employs dimensional regularization to regularize soft and
ollinear singularities while the former approa
h [9℄ introdu
es small photon andfermion masses. We have performed independent 
al
ulations of the virtual andreal 
orre
tions within the two regularization s
hemes and veri�ed that the soft and
ollinear (apart from initial-state and �nal-state 
ollinear) singularities 
an
el. Wealso 
he
ked that the numeri
al results obtained within the massive and masslessregularization s
heme are in agreement. In both approa
hes we use expressions forthe emission o� a massive fermion to des
ribe the emission o� a W boson, sin
eonly soft singularities are present in this 
ase and they depend only on the 
hargeof the external parti
le and not on its spin.We restri
t our analysis toW -boson produ
tion at high pT by 
utting away eventswith low pT(W ). Additionally, in order to avoid soft-gluon singularities whi
h 
anarise as a side-e�e
t of hard-photon radiation, we introdu
e a 
ut on pT(jet).The remaining initial-state 
ollinear singularities are absorbed into the de�nitionof parton distribution fun
tions (PDFs). We 
hoose to perform 
al
ulations in theMS fa
torization s
heme with the s
ale M2W . The photon-indu
ed pro
esses are notin
luded in our 
al
ulations sin
e they are expe
ted to be suppressed due to the sizeof the ele
tromagneti
 
oupling2.2 In order to 
onsistently in
lude O(�) 
orre
tions in a 
al
ulation of a hadroni
 
ross se
tion,PDFs that are used in the 
al
ulation need to take into a

ount QED e�e
ts. Su
h PDF analysis hasbeen performed in [16℄ and the O(�) e�e
ts are known to be small, both 
on
erning the 
hange inthe quark distribution fun
tions (belowO(1%) [17℄) and the size of the photon distribution fun
tion.These e�e
ts are below typi
al un
ertainty of hadroni
 pro
esses. Moreover, the 
urrently availablePDFs in
orporating O(�) 
orre
tions, MRST2004QED [16℄, in
lude QCD e�e
ts at the NLO in�S. Sin
e our 
al
ulations are of the lowest order in QCD, and QED e�e
ts on PDFs are estimatedto be small, we 
hoose to use a LO QCD PDF set without QED 
orre
tions in
orporated, ratherthan MRST2004QED. 4



For the gluon-indu
ed subpro
esses, �nal-state 
ollinear singularities are alsopresent. These singularities from 
ollinear photon-quark 
on�gurations are avoidedby re
ombining photons and quarks in the 
ollinear region. In pra
ti
e, we de�nethe separation variable R(q; 
) = q(�q � �
)2 + (�q � �
)2; (10)where �i is the pseudo-rapidity and �i is the azimuthal angle of a parti
le i. IfR(q; 
) < Rsep, then the photon and quark momenta are re
ombined into an e�e
tivemomentum pT(jet) = pT(q + 
) whi
h is subje
ted to the aforementioned 
ut.5 Predi
tions for the hadroni
 W produ
tion athigh transverse momentumFor the numeri
al evaluation of the 
orre
tions we use the following input pa-rameters: G� = 1:16637 � 10�5GeV�2, MW = 80:39GeV, MZ = 91:19GeV,Mt = 171:4GeV, MH = 120GeV. Light-fermion and b-quark masses are negle
ted.The hadroni
 
ross se
tions are obtained using LOMRST2001 PDFs [18℄. We 
hoose�2 = p2T(W ) as the fa
torization s
ale and, similarly, as the s
ale at whi
h the run-ning strong 
oupling 
onstant is evaluated. We also adopt, in agreement with thevalue used in the PDF analysis, the value �S(M2Z) = 0:13 and use the one-loop run-ning expression for �S(�2). For the numeri
al values of elements in the CKM quarkmixing matrix we refer to [19℄. The statisti
al a

ura
y of the Wj 
ross se
tion atLHC is estimated using the integrated luminosity L = 300fb�1, and the bran
hingratio BR(W ! e�e + ���)=2=9.We apply the 
uts pT(W ) > 100GeV and pT(jet) > 100GeV. The value of theseparation parameter below whi
h the re
ombination pro
edure is applied is takento be Rsep = 0:1.The transverse momentum distributions in LO approximation for pp!W+j andpp ! W�j at ps = 14TeV are shown in Fig. 1a. In Fig. 1b we plot the full O(�)ele
troweak (NLO), one-loop next-to-leading logarithmi
 (NLL) and next-to-next-to-leading order (NNLO) 
orre
tions forW+ produ
tion. The NNLO 
orre
tions arede�ned as the NLO plus the two-loop NLL 
ontributions (9). As expe
ted, the NLO
orre
tions in
rease signi�
antly with pT. They result in a negative 
ontributionranging from �15% at pT = 500GeV to �42% at pT = 2TeV. The one-loop NLLapproximation (8) is in good agreement (at the 1-2% level) with the full NLO result.The di�eren
e between NLO and NNLO 
urves is signi�
ant. As 
an be seen fromthe plot the two-loop terms are positive and amount to +3% at pT = 1TeV and+9% at pT = 2TeV. The behaviour of the relative 
orre
tions for W� produ
tion(Fig. 1
) is qualitatively and quantitatively very similar.To underline the relevan
e of the large ele
troweak 
orre
tions at the LHC, inFig. 2a and Fig. 2b we present the relative NLO and NNLO 
orre
tions to the W+5
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Figure 1: Transverse momentum distributions for W -boson produ
tion at the LHC:LO predi
tions (a) and relative ele
troweak 
orre
tions for W+ (b) and W� (
)produ
tion in NLO (dotted), one-loop NLL (thin solid) and NNLO (thi
k solid)approximation.
6



NLO/LO − 1

NNLO/LO − 1

(b) W−

statistical error | | |

pcut

T
[GeV]

200018001600140012001000800600400200

0.00

-0.10

-0.20

-0.30

-0.40

-0.50

NLO/LO − 1

NNLO/LO − 1

(a) W+

statistical error | | |

0.00

-0.10

-0.20

-0.30

-0.40

Figure 2: Unpolarized integrated 
ross se
tion as a fun
tion of p
utT (W ) for W+(a) and W� (b) produ
tion: estimated statisti
al error (shaded area) and relativeele
troweak 
orre
tions in NLO (dotted) and NNLO (solid) approximation.and W� 
ross se
tions integrated over pT starting from pT = p
utT , as a fun
tion ofp
utT . This is 
ompared with the statisti
al error, estimated as ��stat=� = 1=pNwith N = L � BR � �LO where the BR a

ounts for the e ��e and � ��� de
ay modes(for this estimate we ignore experimental eÆ
ien
ies and 
uts). It is 
lear thatthe size of the NLO 
orre
tions is mu
h bigger then the statisti
al error. Also thedi�eren
e between NNLO and NLO 
orre
tions, due to two-loop logarithmi
 e�e
ts,is signi�
ant. In terms of the estimated statisti
al error, these two-loop 
ontributionsamount to 1{3 standard deviations for pT = O(1TeV).Finally let us dis
uss the ratios of the pT distributions for W+ , W� and Zbosons [6℄. In 
ontrast to the distributions themselves, these ratios are expe
ted tobe relatively insensitive to QCD 
orre
tions and theoreti
al un
ertainties asso
iatedwith �S and PDFs. Therefore they are good 
andidates for pre
ision measurements.The W+=W� ratio is presented in Fig. 3a. In the 
onsidered pT range the LO valuein
reases from 1.5 to 3.5. As already observed, the (relative) ele
troweak 
orre
tionsto the W+ and W� produ
tion pro
esses are almost identi
al. As a 
onsequen
e7



LO

NLO

NNLO

(b) W+/ Z

pT [GeV]

dσ
W

+

dp
T

/

dσ
Z

dp
T

200018001600140012001000800600400200

2.00

1.90

1.80

1.70

1.60

1.50

1.40

LO

NLO

NNLO

(a) W+/ W−

dσ
W

+

dp
T

/

dσ
W
−

dp
T

3.50

3.00

2.50

2.00

1.50

Figure 3: Ratio of the transverse momentum distributions for the pro
esses (a)pp!W+j and pp!W�j and (b) pp!W+j and pp!Zj at ps = 14TeV: LO (thinsolid), NLO (dotted) and NNLO (thi
k solid) predi
tions.the LO, NLO and NNLO 
urves in Fig. 3a overlap. In 
ontrast, the impa
t of theele
troweak 
orre
tions on the W+=Z ratio (Fig. 3b) is 
learly visible. Here the LOpredi
tion, ranging from 1.5 to 2, re
eives 
orre
tions that grow with pT and amountto 5-10% for pT � 1TeV.6 SummaryIn this work we evaluated the ele
troweak 
orre
tions to large transverse momentumprodu
tion ofW bosons at the LHC. The 
ontributions from real and virtual photons
annot be separated in a gauge invariant manner from purely weak 
orre
tions andwere thus in
luded in our analysis. Soft and 
ollinear singularities were regulatedby introdu
ing a small quark mass and a small photon mass and, alternatively, byusing dimensional regularization. The real photon radiation was evaluated using thedipole formalism. The O(�) 
orre
tions lead to a redu
tion of the 
ross se
tion byabout 15% at transverse momenta of 500 GeV and rea
h more than �40% at 2 TeV.8



We also derived a 
ompa
t (NLL) approximation whi
h in
ludes the quadrati
 andlinear logarithms and whi
h gives a good des
ription of the full O(�) result withan a

ura
y of about 1{2%. Considering the large event rate at the LHC, leadingto a fairly good statisti
al pre
ision even at transverse momenta up to 2 TeV, weevaluated also the dominant (NLL) two-loop terms. In the high-pT region, these two-loop e�e
ts in
rease the 
ross se
tion by 5-10% and thus be
ome of importan
e inpre
ision studies. We also studied the relative rates for W+, W� and Z produ
tion,whi
h are expe
ted to be stable with respe
t to QCD e�e
ts. The ele
troweak
orre
tions 
an
el almost 
ompletely in the W+=W� ratio. Instead, their impa
t onthe W+=Z ratio is signi�
ant and amounts to several per
ent for pT � 1TeV.A
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