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Abstra
tWe 
al
ulate the O(�2s) massive operator matrix elements for the twist{2 operators, whi
h
ontribute to the heavy 
avor Wilson 
oeÆ
ients in unpolarized deeply inelasti
 s
atteringin the region Q2 � m2. The 
al
ulation has been performed using light{
one expansionte
hniques. We 
on�rm an earlier result obtained in [1℄. The 
al
ulation is 
arried outwithout using the integration-by-parts method and in Mellin spa
e using harmoni
 sums,whi
h lead to a signi�
ant 
ompa
ti�
ation of the analyti
 results derived previously. Theresults allow to determine the heavy 
avor Wilson 
oeÆ
ients for F2(x;Q2) to O(�2s) andfor FL(x;Q2) to O(�3s) for all but the power suppressed terms / (m2=Q2)k; k � 1.
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1 Introdu
tionDeeply inelasti
 ele
tron{nu
leon s
attering at large momentum transfer allows to measure theparton distribution fun
tions of the nu
leons together with the QCD s
ale �QCD. In the regionof large hadroni
 masses W 2 ' Q2(1 � x)=x the sea{quark distribution re
eives substantial
ontributions due to heavy 
avor (
harm and beauty) pair produ
tion. At the level of leadingtwist � = 2 their 
ontribution to the deeply inelasti
 stru
ture fun
tions is des
ribed by heavyquark Wilson 
oeÆ
ients, whi
h are 
onvoluted with the light quark and gluon parton densities.Depending on the range of the Bjorken variable x and the gauge boson virtuality Q2, these
ontributions 
an amount to 20{40% of the stru
ture fun
tions [2℄. The unpolarized heavy 
avorWilson 
oeÆ
ients were 
al
ulated at leading order (LO) in Refs. [3℄. The next-to-leading order(NLO) 
orre
tions were derived in semi-analyti
 form in Refs. [4℄ in x{spa
e for the stru
turefun
tions F2(x;Q2) and FL(x;Q2). A fast numeri
al implementation in Mellin spa
e was givenin [5℄. For the asymptoti
 region Q2 � m2, an analyti
 result for the heavy 
avor 
oeÆ
ientfun
tions was 
al
ulated to O(�2s) in [1℄. In the 
ase of the stru
ture fun
tion FL(x;Q2), theasymptoti
 result to O(�3s) was derived in [6℄. The leading order small-x resummation forFQQ2;L (x;Q2) was 
al
ulated in [7℄. The heavy quark Wilson 
oeÆ
ients di�er signi�
antly fromthose of the light quarks even in the asymptoti
 region. Therefore, the s
aling violations of theheavy 
avor part in F2;L(x;Q2) are di�erent from those of the light 
avor 
ontributions. Bothfor the measurement of the QCD s
ale �QCD and for the extra
tion of the light parton densities a
orre
t des
ription of the heavy 
avor 
ontributions is therefore required. As shown in Ref. [1℄, in
ase of the stru
ture fun
tion F2(x;Q2) the asymptoti
 heavy 
avor terms des
ribe the 
omplete
ontributions very well already for s
ales Q2 >� 30GeV2, whereas for FL(x;Q2) this applies onlyat mu
h higher s
ales, Q2 >� 800GeV2.In the present paper, we re
al
ulate for the �rst time the asymptoti
 2{loop 
orre
tions to theheavy 
avor stru
ture fun
tions using a di�erent method than in Ref. [1℄. All logarithmi
 termsand the 
onstant term of the heavy 
avor Wilson 
oeÆ
ients are obtained due to a fa
torization ofthis quantity into the massive operator matrix elements and the light parton Wilson 
oeÆ
ients,whi
h are known from the literature [8{10℄. In [1℄ the massive operator matrix elements werederived in momentum-fra
tion (x)-spa
e. The 
orresponding 2{loop integrals were simpli�edusing the integration-by-parts method [11℄. We will work in Mellin-spa
e, a

ounting for theappropriate symmetry of the problem, and do thoroughly avoid the integration-by-parts method.This requires to solve more 
ompli
ated Feynman-parameter integrals. However, in this way weare able to derive by far more 
ompa
t results, even for the individual Feynman diagrams. In thedire
t 
al
ulation, we use Mellin{Barnes integrals [12,13℄ and representations through generalizedhypergeometri
 fun
tions [14℄. A brief a

ount on s
alar 2{loop integrals to be derived in thepresent 
al
ulation was given in [15{17℄. The �nal expressions obtained allow to represent theasymptoti
 heavy 
avor 
ontributions to the deep{inelasti
 stru
ture fun
tions in Mellin spa
e ina 
ompletely analyti
 form. Pre
ise representations of the analyti
 
ontinuations of the harmoni
sums w.r.t. the Mellin index N to 
omplex variables are given in [18,19℄. A fast single numeri
alinverse Mellin transformation yields the stru
ture fun
tions in x-spa
e. This representation iswell suited for fast numeri
al data analysis [20℄.The paper is organized as follows. In Se
tion 2, we des
ribe the prin
ipal method appliedto derive the 2{loop 
orre
tions in the asymptoti
 region Q2 � m2, 
overing all 
ontributionsbut the power 
orre
tions / (m2=Q2)k; k � 1. In Se
tion 3, the renormalization of the massiveoperator matrix elements is des
ribed. Se
tion 4 gives a brief a

ount of the 1{loop 
orre
tions.The 2{loop 
orre
tions to the operator matrix elements are derived in Se
tion 5. Working in2



D = 4+" spa
e{time dimensions, the splitting fun
tions, related to the problem, 
an be unfoldedin leading and next-to-leading order, whi
h provides a 
he
k for the 
al
ulation. Here we alsodis
uss the mathemati
al stru
ture of the results and 
ompare to the result obtained in Ref. [1℄.Se
tion 6 
ontains the 
on
lusions. The appendi
es summarize details of the 
al
ulation anddi�erent types of summation formulae used in the present 
al
ulation, whi
h are of generalinterest for other higher order 
al
ulations.2 The MethodIn the twist{2 approximation, the deep{inelasti
 nu
leon stru
ture fun
tions Fi(x;Q2); i = 2; L;are des
ribed as Mellin 
onvolutions between the parton densities fj(x; �2) and the Wilson
oeÆ
ients Cji (x;Q2=�2) Fi(x;Q2) =Xj Cji �x; Q2�2 �
 fj(x; �2) (1)to all orders in perturbation theory due to the fa
torization theorem. Here �2 denotes thefa
torization s
ale and the Mellin 
onvolution is given by the integral[A
 B℄(x) = Z 10 dx1 Z 10 dx2 Æ(x� x1x2) A(x1)B(x2) : (2)Sin
e the distributions fj refer to massless partons, the heavy 
avor e�e
ts are 
ontained inthe Wilson 
oeÆ
ients only. We will derive the massive 
ontributions in the region Q2 �m2. These are the non{power 
orre
tions in m2=Q2, i.e. all logarithmi
 
ontributions and the
onstant term. We apply the 
ollinear parton model, i.e. the parton 4{momentum is p = xP ,with P the nu
leon momentum. The massive Wilson 
oeÆ
ients itself 
an be viewed as aquasi 
ross se
tion in pV � s
attering, where V � denotes the ex
hanged virtual ve
tor boson.In the limit Q2 � m2, the massive Wilson 
oeÆ
ients HS;NS2;L;i (Q2=m2; m2=�2; x) fa
torize [1℄into Wilson 
oeÆ
ients CS;NS2;L;k (Q2=�2; x) a

ounting for light 
avors only and massive operatormatrix elements AS;NSk;i (m2=�2; x).HS;NS2;L;i �Q2m2 ; m2�2 ; x� = CS;NS2;L;k �Q2�2 ; x�
 AS;NSk;i �m2�2 ; x� (3)The latter take a similar role as the parton densities in (1). They are pro
ess independent butperturbatively 
al
ulable. The fa
torization (3) is a 
onsequen
e of the renormalization groupequation. The operator matrix elements AS;NSk;i obey the expansionAS;NSk;i �m2�2 � = hijOkjii = Æk;i + 1Xl=1 alsAS;NS;(l)k;i ; i = q; g (4)of the twist{2 quark singlet and non{singlet operators OS;NSk between partoni
 states jii, whi
hare related by 
ollinear fa
torization to the initial{state nu
leon states jNi. as = �s(�2)=(4�)denotes the strong 
oupling 
onstant. The Feynman rules for the operator insertions are givenin Figure 1. Sin
e the operator matrix elements are pro
ess{independent quantities, the pro
essdependen
e of HS;NS2;L;i is des
ribed by the asso
iated light parton 
oeÆ
ient fun
tionsC2;L;k�Q2�2 � = 1Xl=l0 alsC(l)L;k �Q2�2 � ; k = NS; S; g : (5)3



The MS 
oeÆ
ient (and splitting) fun
tions, in the massless limit, 
orresponding to the heavyquarks only, are denoted bybC2;L;k �Q2�2 � = C2;L;k �Q2�2 ; NL +NH�� C2;L;k�Q2�2 ; NL� ; (6)where NH ; NL are the number of heavy and light 
avors, respe
tively. In the following we will
onsider the 
ase of a single heavy quark, i.e. NH = 1. The formalism is easily generalized tomore than one heavy quark spe
ies.The massive operator matrix elements to O(a2s) allow to 
al
ulate the heavy quark Wilson
oeÆ
ients in the asymptoti
 region for F2(x;Q2) to O(a2s) [1℄ and for FL(x;Q2) to O(a3s) [6℄.The general stru
ture of the Wilson 
oeÆ
ients isHS2;g �Q2m2 ; m2�2 � = as � bC(1)2;g �Q2�2 � + A(1)Qg � �2m2��+ a2s � bC(2)2;g �Q2�2 �+ A(1)Qg � �2m2�
 C(1)2;q �Q2�2 �+ A(2)Qg � �2m2�� (7)HPS2;q �Q2m2 ; m2�2 � = a2s � bCPS;(2)2;q �Q2�2 �+ APS;(2)Qq � �2m2�� (8)HNS2;q �Q2m2 ; m2�2 � = a2s � bCNS;(2)2;q;Q �Q2�2 �+ ANS;(2)qq;Q � �2m2�� (9)HSL;g �Q2m2 ; m2�2 � = as bC(1)L;g �Q2�2 � + a2s �A(1)Qg � �2m2�
 C(1)L;q �Q2�2 � + bC(2)L;g �Q2�2 ��+ a3s �A(2)Qg � �2m2�
 C(1)L;q �Q2�2 �+ A(1)Qg � �2m2�
 C(2)L;q �Q2�2 �+ bC(3)L;g �Q2�2 ��(10)HPSL;q �Q2m2 ; m2�2 � = a2s bCPS;(2)L;q �Q2�2 �+ a3s �APS;(2)Qq � �2m2�
 C(1)L;q �Q2�2 �+ bCPS;(3)L;q �Q2�2 �� (11)HNSL;q �Q2m2 ; m2�2 � = a2s bCNS;(2)L;q �Q2�2 � + a3s �ANS;(2)qq;Q � �2m2�
 C(1)L;q �Q2�2 �+ bCNS;(3)L;q �Q2�2 �� :(12)3 RenormalizationThe 
al
ulation is performed in D = 4+ " dimensions in the MS{s
heme. The massive operatormatrix elements Aij(m2=�2), with � being the renormalization s
ale, exhibit ultraviolet diver-gen
es whi
h have to be removed by operator{, mass{ and 
oupling 
onstant renormalization.Furthermore, it 
ontains 
ollinear singularities, in the present 
ase beginning with 2{loop order.We follow the notation of Ref. [1℄ and brie
y summarize the renormalization pro
edure.The external lines of the diagrams are treated on{shell after fa
torization. The s
ale for thepro
ess is set by the heavy quark mass m. The ZO;ik{matrix performs the renormalization ofthe 
omposite operator turning Âij(m2=�2; as; ") into ~Aij(m2=�2; as; "),Âij(m2=�2; as; ") = ZO;jk(as; ")
 ~Akj(m2=�2; as; ") ; (13)
4



with ZO;ij = 1Xk=0 aksZkO;ij; (14)
Nij = �(ZO(�))�1ik ���ZO;kj(�) : (15)Here, 
Nij denote the singlet anomalous dimensions, whi
h are related to the splitting fun
tionsby 
Nij = � Z 10 dzzN�1Pij(z) : (16)The 
ollinear singularities are removed by the matri
es �kj(as; "),~Aij(m2=�2; as; ") = ~~Aik(m2=�2; as; ")
 �kj(as; ") (17)with �ij = 1Xk=0 aks�kij : (18)To 2{loop order, one has�ij = Æij + asS"1"P (0)ij+a2sS2" � 1"2 �12P (0)ik 
 P (0)kj + �0P (0)ij �+ 12"P (1)ij �+O(a3s) : (19)The fa
torization and renormalization s
ales are 
hoosen to be equal, �R = �F � �. Thespheri
al fa
tor S" 
olle
ts all terms to be removed in the MS s
hemeS" = expn"2[
E � ln(4�)℄o : (20)
E is the Euler{Mas
heroni 
onstant.Finally, the mass and 
oupling 
onstant renormalization has to be 
arried out. The bare
oupling âs and bare mass m̂ are related to the renormalized quantities byâs = Z2gas = as(�2) �1 + as(�2) � Æas�+O(a3s) ; (21)m̂ = Zmm = asÆm+O(a2s) : (22)We 
hoose the on{mass{shell s
heme for mass renormalization. Here,Zg = Z l1 + ZH1(Z l3 + ZH3 )3=2 = 1 + asS"(�0" + �0;Q" �1 + �28 "2� 6XNH=4�m2NH�2 �"=2) ; (23)Zm = 1 + âsCFS"�m2�2 �"=2 �6" � 4� ; (24)5



in Feynman gauge [22{24℄. NH denotes the heavy quark spe
ies and the SU(3)
 
olor fa
torsare CF = (N2
 � 1)=(2N
); CA = N
; TR = 1=2; N
 = 3. The Z{fa
tors in (23, 24) read :Z l1 = 1 + as2"S" ��23CA + 43TRNf� (25)Z l3 = 1 + as2"S" ��53CA + 43TRNf� (26)ZH1 = ZH3 = asS"" 83TR �1 + �28 "2� 6XNH=4�m2NH�2 �"=2 : (27)The lowest expansion 
oeÆ
ients of the �-fun
tions are�0 = 13 [11CA � 4TRNf ℄ ; (28)�0;Q = �43TR : (29)The bare and renormalized 
oupling and quark mass are related byÆas = S" "2�0" + 6XNH=4 2�0;Q" �m2NH�2 �"=2�1 + 18"2�2�# ; (30)Æm = CFS"m�m2�2 �"=2�6" � 4� : (31)The renormalized operator matrix element Aij is now given byAij = Æij + as hÂ(1)ij + Z�1;(1)O;ij + ��1;(1)ij i+a2shÂ(2)ij + Æm ddmA(1)ij + ÆasÂ(1)ij + Z�1;(1)O;ik 
 Â(1)kj + Z�1;(2)O;ij+nÂ(1)ik + Z�1;(1)O;ik o
 ��1;(1)kj + ��1;(2)kj i+O(a3s) : (32)In the following se
tions we �rst 
al
ulate the un-renormalized operator matrix elements Âijfrom whi
h Aij is derived through (32). Due to (16, 19) the following leading and next-to-leadingorder splitting fun
tions are needed. We will mainly work in Mellin spa
e and therefore list thesefun
tions in this representation. The leading order splitting fun
tions read [25℄P (0)qq (N) = 4CF ��2S1(N � 1) + (N � 1)(3N + 2)2N(N + 1) � (33)P (0)qg (N) = 8TRNF N2 +N + 2N(N + 1)(N + 2) (34)P (0)gg (N) = 8CA ��S1(N � 1)� N3 � 3N � 4(N � 1)N(N + 1)(N + 2)�+ 2�0 (35)P (0)gq (N) = 4CF N2 +N + 2(N � 1)N(N + 1) (36)6



Furthermore, the following next-to-leading order splitting fun
tions 
ontribute [21, 26℄bPPS;(1)qq (N) = 16CFTR 5N5 + 32N4 + 49N3 + 38N2 + 28N + 8(N � 1)N3(N + 1)3(N + 2)2 (37)PNS;(1)qq;Q (N) = bPNS;(1)qq = CFTR�1609 S1(N � 1)� 323 S2(N � 1)�49 (N � 1)(3N + 2)(N2 � 11N � 6)N2(N + 1)2 � (38)bP (1)qg (N) = 8CFTR�2 N2 +N + 2N(N + 1)(N + 2) �S21(N)� S2(N)�� 4N2S1(N)+5N6 + 15N5 + 36N4 + 51N3 + 25N2 + 8N + 4N3(N + 1)3(N + 2) �+16CATR�� N2 +N + 2N(N + 1)(N + 2) �S21(N) + S2(N)� �2 � 2� 0(N + 1)�+4 2N + 3(N + 1)2(N + 2)2S1(N) + P1(N)(N � 1)N3(N + 1)3(N + 2)3� ; (39)where P1(N) = N9 + 6N8 + 15N7 + 25N6 + 36N5 + 85N4 + 128N3 + 104N2+64N + 16 : (40)Here, the harmoni
 sums [27, 28℄ are given byS1(N) = NXl=1 1l =  (N + 1) + 
E (41)Sk(N) = NXl=1 1lk = (�1)k�1(k � 1)! (k�1)(N + 1) + �k; k � 2 (42)�(N) = 12 � �N + 12 ��  �N2 �� (43)S�1(N) = (�1)N�(N + 1)� ln(2) (44)S�k(N) = (�1)N+k+1(k � 1)! �k�1(N + 1)� �1� 12k�1� �k; k � 2 : (45)�k denotes the Riemann �{fun
tion.4 The one-loop massive operator matrix elementsAt one{loop order, only gluoni
 terms 
ontribute to heavy 
avor produ
tion. The 
omplete
al
ulation of the di�erential s
attering 
ross se
tion d2�(
� +N ! QQ)=dxdQ2 was performed7



in Refs. [3℄. In the limit Q2 � m2, the heavy 
avor Wilson 
oeÆ
ients are in the MS{s
hemeH(1)L;g Q2m2 ; m2�2 ! = bC(1)L;g Q2�2! ; (46)H(1)2;g Q2m2 ; m2�2 ! = A(1)Qg m2�2 !+ bC(1)2;g Q2�2! : (47)Here bC(1)(2;L);g(Q2=�2) denote the massless one-loop Wilson 
oeÆ
ients and A(1)Qg(m2=�2) is themassive one{loop operator matrix element. Sin
e FL(x;Q2) is 
ollinear �nite at leading order,the Wilson 
oeÆ
ient bC(1)L;g(Q2=�2) is universal and independent of the s
heme or method of
al
ulation. H(1)L;g(Q2=m2; m2=�2) does therefore not 
ontain 
ontributions due to operator matrixelements at this order. The logarithmi
 
ontributions to FL(x;Q2) emerge as (m2=Q2)�ln(Q2=m2)and vanish in the limitQ2 � m2. The massive operator matrix element A(1)Qg(m2=Q2) is 
al
ulatedfrom the diagrams in Figure 2. The symbol 
 denotes the operator insertion, 
f. Figure 1. Themassive operator matrix elements are obtained by 
ontra
ting the diagrams with the proje
torÂQg �"; m2�2 ; as� = � 1N2
 � 1 1D � 2g��Æab(�:p)�NGabQ;�� (48)where a and b are the outer 
olor indi
es and � and � are the Lorentz-indi
es and Gij is therespe
tive Green's fun
tion. The diagrams yieldAQga = �1 + (�1)N2 8asTRS" m2�2 !"=2 1(2 + ")" exp( 1Xl=2 �ll  "2!l)�2(N2 + 3N + 2) + "(N2 +N + 2)N(N + 1)(N + 2) ; (49)AQgb = 321 + (�1)N2 asTRS" m2�2 !"=2 1(2 + ")" exp( 1Xl=2 �ll  "2!l) 1(N + 1)(N + 2) : (50)For the unpolarized operator matrix elements only the even moments 
ontribute due to the
urrent 
rossing relations, see e.g. [29℄. The analyti
 
ontinuation is performed starting from theeven moments. The matrix elements have to be expanded to O("), sin
e these terms are neededfor the 2{loop result:Â(1)Qg = 1as"AQga + AQgb #= �S"TR m2�2 !"1" exp( 1Xl=2 �ll  "2!l) 8(N2 +N + 2)N(N + 1)(N + 2)= S"TR m2�2 !" �1" � �28 "! 8(N2 +N + 2)N(N + 1)(N + 2) +O("2) : (51)Note that the term O("0) vanishes. In x{spa
e the result readsÂ(1)Qg = S" m2�2 !"=2"�1" bP (0)qg (x) + a(1)Qg + "a(1)Qg# ; (52)8



where a(1)Qg = 0 ; (53)a(1)Qg = ��28 bP (0)qg (x) ; (54)and bP (0)qg (x) denotes the leading order splitting fun
tion for the transition g ! q for one (heavy)
avor. At one{loop order, the renormalized operator matrix element A(1)Qg is obtained byA(1)Qg �m2�2 � = Â(1)Qg + Z�1;(1)O;Qg ; (55)where Z(1)O;Qg = S" ��1"P (0)qg � : (56)Here, Z(1)Qg removes the ultraviolet singularities. At this order no 
ollinear singularities arepresent. Choosing �2 = Q2 the massless Wilson 1{loop 
oeÆ
ients in the MS{s
heme [8℄ aregiven by : Ĉ(1)2;g (z) = �12 bP (0)qg (z) �ln�1� zz �� 4�+ 12TR� ; (57)Ĉ(1)L;g(z) = 16TRz(1� z) : (58)The asymptoti
 heavy quark Wilson 
oeÆ
ients (46,47) areH(1)L;g z; Q2m2! = 16TRz(1� z) ; (59)H(1)2;g z; Q2m2! = TR�4(z2 + (1� z)2) �ln�1� zz � + ln�Q2m2��� 32z2 + 32z � 4� :(60)These are pre
isely the expressions obtained in the limitm2=Q2 ! 0 from [3℄ up to the 
onstantterm (m2=Q2)0 :H
ompl;(1)L;g  z; Q2m2! = 16TR �vz(1� z) + 2m2Q2 z2 ln�1� v1 + v�� ; (61)H
ompl;(1)2;g  z; Q2m2! = 8TR�v ��12 + 4z � 4z2 � 2m2Q2 z(1� z)�+ ��12 + z � z2 + 2m2Q2 (3z2 � z) + 4m4Q4 z2� ln�1� v1 + v�� ; (62)where v denotes the 
ms-velo
ity of the heavy quarks,v =s1� 4m2Q2 z1� z : (63)9



5 The two-loop massive operator matrix elementsThere are three 
lasses of 2{loop 
ontributions to the massive operator matrix elements: thegluoni
 
ontributions (diagrams Figure 3), the pure-singlet 
ontributions (diagrams Figure 4) andthe non{singlet 
ontributions (diagrams Figure 5). The diagrams are either one-loop insertionsinto one-loop diagrams or, in 
ase of the gluoni
 
ontributions, also genuine two{loop diagrams.The 
al
ulation is performed using FORM [30℄ and Maple pro
edures. We 
al
ulate all diagramsdire
tly, i.e. without de
omposing them using the integration-by-parts method as done in [1℄.The integrals to be performed are more involved. However, we avoid a large proliferation ofterms in the results, in our 
ase of nested sums of di�erent kind, whi
h add up to zero. Evenin the 
ase of individual diagrams, whi
h are 
al
ulated in Feynman gauge, only a very smallnumber of harmoni
 sums 
ontributes �nally. One of these, S2;1(N), does not emerge in theoperator matrix elements. The results for the individual non-renormalized diagrams are given inAppendix A. It turns out, that some of the diagrams 
an be easily 
al
ulated to all orders in ".The diagrams 
an be represented in terms of linear 
ombinations of generalized hypergeometri
fun
tions [14℄. Due to the given topologies the most 
omplex fun
tion is 3F2(a1; a2; a3; b1; b2; 1).In these representations, the 
onformal mapping of Feynman parameters is essential. The s
alarintegrals asso
iated to the genuine two{loop diagrams have also been 
al
ulated using the Mellin{Barnes te
hnique [12, 13℄, 
f. Refs. [15, 16℄, and 
he
ked for �xed moments using the pa
kageMB [31℄. The "{expansion 
an be performed prior to the summation. It results into �nite andin�nite sums of various types, in
luding harmoni
 sums atta
hed with Euler Beta-fun
tions andbinomials. Here, we fa
e a more general situation than in massless 
al
ulations, despite the fa
tthat we work in the limit Q2 � m2. The sums are given in Appendix B. They were performedusing suitable integral representations or using di�eren
e equations. Finally, the results dependonly on harmoni
 sums, whi
h are redu
ed further applying their algebrai
 relations [32℄.After mass renormalization, the operator matrix element Â(2)Qg�m2=�2; "� is given byÂ(2)Qg = S2"�m2�2 �"h 1"2n12 P̂ (0)qg 
 (P (0)qq � P (0)gg ) + �0P̂ (0)qg o+ 1"n� 12 P̂ (1)qg o + a(2)Qgi�2"S"�0;Q 6XNH=4�m2NH�2 �"=2�1 + "28 �2�Â(1)Qg := S2" �m2�2 �" 1"2(8TRCF N2 +N + 2N(N + 1)(N + 2)"�4S1(N) + 3N2 + 3N + 2N(N + 1) #
+32TRCA N2 +N + 2N(N + 1)(N + 2)"S1(N)� 2 N2 +N + 1(N � 1)N(N + 1)(N + 2)#)+1"(4TRCF"2 N2 +N + 2N(N + 1)(N + 2)�S2(N)� S21(N)� + 4S1(N)N2�5N6 + 15N5 + 36N4 + 51N3 + 25N2 + 8N + 4N3(N + 1)3(N + 2) #
+TRCA"8 N2 +N + 2N(N + 1)(N + 2)��2� 0(N + 1) + S2(N) + S21(N)� �2�
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�32 2N + 3(N + 1)2(N + 2)2S1(N)� 8 P̂1(N)(N � 1)N3(N + 1)3(2 +N)3#)+a(2)Qg(N)!+ S" 83"TR�1 + �28 "2� 6XNH=4 m2NH�2 !"=2Â(1)Qg : (64)For the ghost 
ontributions in Figure 3, the proje
tor readsÂ(2);ghostQg �"; m2�2 ; as� = 1N2
 � 1 1D � 2Æab (�:p)�N Gab;(2);ghostQ : (65)From the terms / 1="2; 1=", one may determine the respe
tive QCD splitting fun
tions to two{loop order (33{39), whi
h are re
al
ulated in this way.The 
onstant term in Â(2)Qg�m2=�2; "� reads :a(2)Qg(N) = 4CFTR( N2 +N + 2N (N + 1) (N + 2)"�13S31(N � 1) + 43S3(N � 1)�S1(N � 1)S2(N � 1)� 2�2S1(N � 1)#+ 2N(N + 1)S21(N � 1)+N4 + 16N3 + 15N2 � 8N � 4N2 (N + 1)2 (N + 2) S2(N � 1)+3N4 + 2N3 + 3N2 � 4N � 42N2 (N + 1)2 (N + 2) �2+N4 �N3 � 16N2 + 2N + 4N2 (N + 1)2 (N + 2) S1(N � 1) + P̂2(N)2N4 (N + 1)4 (N + 2))+4CATR( N2 +N + 2N(N + 1)(N + 2)"4M �Li2(x)1 + x � (N + 1) + 13S31(N) + 3S2(N)S1(N)+83S3(N) + � 00(N + 1)� 4� 0(N + 1)S1(N)� 4�(N + 1)�2 + �3#� N3 + 8N2 + 11N + 2N (N + 1)2 (N + 2)2 S21(N)� 2 N4 � 2N3 + 5N2 + 2N + 2(N � 1)N2 (N + 1)2 (N + 2)�2� 7N5 + 21N4 + 13N3 + 21N2 + 18N + 16(N � 1)N2 (N + 1)2 (N + 2)2 S2(N)� N6 + 8N5 + 23N4 + 54N3 + 94N2 + 72N + 8N (N + 1)3 (N + 2)3 S1(N)�4 (N2 �N � 4)(N + 1)2 (N + 2)2� 0(N + 1) + P̂3(N)(N � 1)N4(N + 1)4(N + 2)4) : (66)
11



The polynomials in Eqs. (64, 66) readP̂1(N) = N9+ 6N8+ 15N7+ 25N6+ 36N5+ 85N4+ 128N3 + 104N2 + 64N + 16 ; (67)P̂2(N) = 12N8 + 54N7 + 136N6 + 218N5 + 221N4 + 110N3 � 3N2 � 24N � 4 ; (68)P̂3(N) = 2N12 + 20N11 + 86N10 + 192N9 + 199N8 �N7 � 297N6 � 495N5�514N4 � 488N3 � 416N2 � 176N � 32 : (69)The pure{singlet ÂPS;(2)Qq �m2=�2; "� operator matrix element is given byÂPS;(2)Qq �m2�2 ; "� = S2"�m2�2 �"h 1"2n� 12 P̂ (0)qg 
 P (0)gq o + 1"n� 12P̂PS;(1)qq o+ aPS;(2)Qq i := S2" m2�2 !"(� 1"2TRCF 16(N2 +N + 2)2(N � 1)N2(N + 1)2(N + 2)� 1"TRCF 8(5N5 + 32N4 + 49N3 + 38N2 + 28N + 8)(N � 1)N3(N + 1)3(N + 2)2 + aPS;(2)Qq (N)) : (70)In this 
ase and the non{singlet 
ase, the proje
torÂ(2)Qq;(qq;Q)�"; m2�2 ; as� = 1N
 Æij 14 (�:p)�N Tr hp=Gij;(2)Q;(q)i : (71)is applied. Here i and j denote the matrix-elements of the Gell-Mann matri
es. The 
onstantterm is obtained byaPS;(2)Qq (N) = TRCF(�4 (N2 +N + 2)2(N � 1)N2(N + 1)2(N + 2) (2S2(N) + �2)+ 4P̂4(N)(N � 1)N4(N + 1)4(N + 2)3); (72)P̂4(N) = N10 + 8N9 + 29N8 + 49N7 � 11N6 � 131N5 � 161N4 (73)�160N3 � 168N2 � 80N � 16 :Finally, the non-singlet operator matrix element ÂNS;(2)qq;Q �m2=�2; "� readsÂNS;(2)qq;Q �m2�2 ; "� = S2"�m2�2 �"h 1"2n��0;QP (0)qq o + 1"n�12PNS;(1)qq;Q o + aNS;(2)qq;Q i := S2" m2�2 !"( 1"2TRCF"�323 S1(N) + 83N2 + 3N + 23N(N + 1) #
+1"TRCF"163 S2(N)� 809 S1(N) + 23N4 + 6N3 + 47N2 + 20N � 129N2(N + 1)2 #
+aNS;(2)qq;Q (N)) : (74)
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The 
onstant term is given byaNS;(2)qq;Q (N) = CFTR(�83S3(N)� 83�2S1(N) + 409 S2(N) + 23N2 + 3N + 23N(N + 1) �2 � 22427 S1(N)+219N6 + 657N5 + 1193N4 + 763N3 � 40N2 � 48N + 7254N3(N + 1)3 ): (75)These results obtained in Mellin{spa
e agree with those given in Ref. [1℄ in x{spa
e, 
f. [6℄.The method applied here allowed to 
ompa
tify the representation for the heavy 
avor matrixelements and Wilson 
oeÆ
ients. As shown in Appendix A the individual Feynman diagramsdepend on the harmoni
 sums S1(N); S2(N); S3(N); S�2(N); S�3(N); S2;1(N); S�2;1(N) only. Inthe �nal result the sum S2;1(N) drops out. The x-spa
e representation in [1℄ 
ontains thefollowing 48 fun
tions :Æ(1� x) 1 ln(x) ln2(x) ln3(x)ln(1� x) ln2(1� x) ln3(1� x) ln(x) ln(1� x) ln(x) ln2(1� x)ln2(x) ln(1� x) ln(1 + x) ln(x) ln(1 + x) ln2(x) ln(1 + x) Li2(1� x)ln(x)Li2(1� x) ln(1� x)Li2(1� x) Li3(1� x) S1;2(1� x) S1;2(�x)11� x 11 + x ln(x)1� x ln2(x)1� x ln3(x)1� xln(x)1 + x ln2(x)1 + x ln3(x)1 + x ln(1 + x)1 + x ln(x) ln(1 + x)1 + xln(x) ln2(1 + x)1 + x ln2(x) ln(1 + x)1 + x ln(x) ln(1� x)1� x ln(x) ln2(1� x)1� x ln(1� x)Li2(x)1� xLi2(1� x)1� x ln(x)Li2(1� x)1� x ln(x)Li2(1� x)1 + x ln(1 + x)Li2(�x)1 + x ln(1 + x)Li2(�x)Li2(�x) Li2(�x)1 + x ln(x)Li2(�x)1 + x Li3(1� x)1� x Li3(�x)1 + xS1;2(1� x)1� x S1;2(1� x)1 + x S1;2(�x)1 + xAs shown in [27℄, various of these fun
tions have Mellin transforms whi
h 
ontain triple sums,whi
h do not o

ur in our approa
h even on the level of individual diagrams.In the Mellin{spa
e representation, the sums listed in Table 1 
ontribute to the result of theindividual diagrams. Note, that we express single harmoni
 sums with negative index in terms of�-fun
tions and their derivatives, 
f. [27℄. They 
an be tra
ed ba
k to the single non-alternatingharmoni
 sums, allowing for half-integer arguments. Therefore, all single harmoni
 sums forman equivalen
e 
lass represented by S1(N), from whi
h through di�erentiation and half-integer13



relations the other single harmoni
 sums are easily derived. Further the equality,M �Li2(x)1 + x � (N + 1)� �2�(N + 1) = (�1)N+1 �S�2;1(N) + 58�3� (76)holds. y Therefore, the operator matrix element Â(2)Qg depends on one non-trivial basi
 fun
tiononly [27℄. The absen
e of harmoni
 sums 
ontaining f�1g as index was noted before for allother 
lasses of (spa
e- and time-like) anomalous dimensions and Wilson 
oeÆ
ients, in
ludingthose for other hard pro
esses having been 
al
ulated so far, 
f. [19, 33℄. This 
an be seenif one represents the respe
tive expressions in form of weighted harmoni
 sums, following anearlier suggestion of one of the authors. Linear representations do not allow this sin
e they arenon-minimal and 
ontain algebrai
 redundan
ies.Diagram S1 S2 S3 S�2 S�3 S2;1 S�2;1 # x-spa
e f
t.A + 8B + + + + 10C + 4D + + 5E + + 9F + + + + 24G + + 6H + + 7I + + + + + + + 20J + 7K + 7L + + + + 13M + 7N + + + + + + + 38O + + + + 13P + + + + 14S + 7T + 7PSa +PSb + 7NSaNSb + + + 5� + + + + + + 48Table 1: Harmoni
 sums 
ontributing to the individual diagrams 
ompared to the number of fun
tionsin x{spa
e, Ref. [1℄.The expressions for the renormalized two{loop operator matrix elements (32) are given by,yWe 
orre
t a typo in [6℄. The argument of the Mellin-transform in (66) reads N + 1, not N .14




f. [1℄, A(2)Qg �m2�2 ; N� = �18P (0)qg (N) �P (0)qq (N)� P (0)gg (N)�+ 14�0P (0)qg (N)� ln2�m2�2 ��12P (1)qg (N) ln�m2�2 � + a(2)Qg(N)+a(1)Qg(N)�2�0 + �P (0)qq (N)� P (0)gg (N)�	 (77)APS;(2)Qq �m2�2 ; N� = ��18P (0)qg (N)P (0)gq (N)� ln2�m2�2 � +��12PPS;(1)qq (N)� ln�m2�2 �+aPS;(2)Qq (N)� a(1)Qg(N)P (0)gq (N) (78)ANS;(2)qq;Q �m2�2 ; N� = ��14�0;QP (0)qq (N)� ln2�m2�2 �+��12PNS;(1)qq;Q (N)� ln�m2�2 �+aNS;(2)qq;Q (N) + 14�0;Q�2P (0)qq (N) : (79)Besides the splitting fun
tions up to next-to-leading order, the 
onstant terms aAij(N) and a(1)Qg(N)determine the massive operator matrix elements (77{79).The asymptoti
 heavy 
avor Wilson 
oeÆ
ients H2;L(N;Q2) are then given by (7{12). The
orresponding expressions in x{spa
e are obtained applying the inverse Mellin transform. An-alyti
 
ontinuations of the 
orresponding basi
 fun
tions to 
omplex values of N are given athigh pre
ision in [18, 19℄. The inverse Mellin transform to obtain the respe
tive 
ontributionsfor the stru
ture fun
tions is performed by a single pre
ise numeri
 
ontour integral around thesingularities of the problem, after 
onvoluting with the evolved parton densities [20℄.6 Con
lusionsWe 
al
ulated the unpolarized massive 2{loop operator matrix elements, whi
h are used toexpress the heavy 
avor Wilson 
oeÆ
ients in the asymptoti
 region Q2 � m2 for F2(x;Q2) toO(a2s) and for FL(x;Q2) to O(a3s). We 
on�rm the results obtained in Ref. [1℄. The methodapplied in the present paper is widely di�erent from the one used in [1℄. We 
al
ulated theFeynman diagrams without applying the integration-by-parts method and worked in Mellin{spa
e, to obey the natural symmetry of the problem. The 
al
ulation refers to nested sums inthe �rst pla
e, while in [1℄ the Feynman{parameter integrals were mapped to a single Mellintransform su

essively integrating Nielsen-type integrals. Furthermore we applied the algebrai
relations between the harmoni
 sums to simplify the expressions further. The representationobtained for the individual Feynman diagrams was mu
h more 
ompa
t. Only a few harmoni
sums 
ontribute, whi
h furthermore 
an be grouped into only two equivalen
e 
lasses. This isto be 
ompared to 48 fun
tions in x{spa
e, whi
h were needed to express the result in [1℄. Thepresent problem exhibits a more involved nesting if 
ompared to massless two-loop 
al
ulations,sin
e the heavy quark mass 
onne
ts Feynman parameters, although we work in the limit Q2 �m2. The representation of the Feynman-parameter integrals of the loop-diagrams in terms ofhigher trans
endental fun
tions, here generalized hypergeometri
 fun
tions, before 
arrying outthe "{expansion, proved to be essential for the 
ompa
ti�
ation. In the present 
al
ulation newtypes of �nite and in�nite sums beyond the 
ase of multiple harmoni
 sums had to be performed.The �nal results 
ould again be expressed by harmoni
 sums.15



7 Appendix A: Results for the Individual 2{loop Dia-gramsIn the following, we list the results for the individual Feynman diagrams, in some 
ases to allorders in ", to demonstrate the simpli
ity of their stru
ture as obtained by the present methodof dire
t 
al
ulation. An overall fa
tor â2sS2" (m̂2=�20)" has been taken out. Here �0 denotes theinitial s
ale to de�ne the strong 
oupling 
onstant.The individual 
ontributions to the operator matrix elements for the diagrams of Figure 3 are :AQga = TRCF ��sin((1 + "=2)�) exp� 1Xi=2 �ii "i� �(N � "=2)�(N)�(N + 2 + "=2)�(N + 3� ") B(N; 3)"("+ 2)�16N(N + 1)2(N + 2)2+8(N + 1)(N + 2)(3N3 �N2 � 6N � 4)"+4N(9N4 + 12N3 � 9N2 � 28N � 20)"2+(10N5 + 8N4 + 6N3 + 24N2 + 72N + 64)"3+(2N5 � 10N4 � 36N3 � 24N2 + 24N + 16)"4+(�4N4 � 4N3 + 2N2 + 2N � 12)"5+(2N3 + 4N2 + 2N � 4)"6�= TRCF( 1"2 16N2(N + 1) + 8" 2N3 �N � 2N3(N + 1)2(N + 2) + 8N2(N + 1)S2(N)+ 4N2(N + 1)�2 + 4P1(N)N4(N + 1)3(N + 2)2)+O(") ; (7.1)P1(N) = 7N6 + 18N5 + 18N4 � 3N3 � 21N2 � 16N � 4 :AQgb = TRCF( 1"2"�32N S1(N) + 32N # + 1""24S2(N)� 8S21(N)N+16 N2 + 7N + 2N(N + 1)(N + 2)S1(N)� 32 N2 + 5N + 2N(N + 1)(N + 2)#� 16N S2;1(N) + 403N S3(N)� 4N S1(N)S2(N)� 43NS31(N)� 8N S1(N)�2 + 4 N2 + 7N + 2N(N + 1)(N + 2)S21(N)+4 N2 � 9N + 2N(N + 1)(N + 2)S2(N) + 8N �2 � 16N3 + 9N2 + 8N + 4N2(N + 2)2 S1(N)+32N5 + 10N4 + 30N3 + 37N2 + 18N + 4N(N + 1)3(N + 2)2 ) : (7.2)AQg
 = TRCF(� 1"2 8N + 1" 4(13N4 + 82N3 + 82N2 +N � 6)N2(N + 1)(N + 2)(N + 3) + 20N S2(N)� 2N �2� 2P2(N)N3(N + 1)2(N + 2)2(N + 3)) ; (7.3)16



P2(N) = 16N7 + 176N6 + 520N5 + 600N4 + 257N3 + 7N2 + 16N + 12 :AQgd = TRCF(� 1"2 16N + 1""� 8N S1(N) + 8 N3 + 10N2 + 59N + 42N(N + 1)(N + 2)(N + 3)#� 2N hS2(N) + S21(N)i� 4N �2 + 4N4 + 8N3 + 43N2 + 36N + 12N2(N + 1)2(N + 2) S1(N)� 8P3(N)N(N + 1)3(N + 2)2(N + 3)) ; (7.4)P3(N) = N6 + 10N5 + 99N4 + 350N3 + 486N2 + 274N + 60 :AQge = TR"CF � CA2 #( 1"2 16(N + 3)(N + 1)2 + 1""� 8(N + 2)N(N + 1)S1(N)�83N3 + 9N2 + 12N + 4N(N + 1)3(N + 2) #� 29N4 + 40N3 + 71N2 � 12N � 36N(N + 1)2(N + 2)(N + 3) S2(N)�2 N3 �N2 � 8N � 36N(N + 1)(N + 2)(N + 3)S21(N) + 4 (N + 3)(N + 1)2 �2+44N5 + 19N4 + 31N3 � 30N2 � 44N � 24N2(N + 1)2(N + 2)(N + 3) S1(N)+ 4P4(N)N2(N + 1)4(N + 2)2(N + 3)) ; (7.5)P4(N) = 16N7 + 111N6 + 342N5 + 561N4 + 536N3 + 354N2 + 152N + 24 :AQgf = TR"CF � CA2 #( 1"2" 64(N + 1)(N + 2)S1(N)� 64(N + 1)(N + 2)#+1""�16N S2(N) + 16 5N + 2N2(N + 1)(N + 2)S1(N)� 32(N + 1)2(N + 2)#+16N S2;1(N)� 8N S3(N) + 16(N + 1)(N + 2)S1(N)�2+4 (9N + 2)(2N � 3)N2(N + 1)(N + 2)S2(N) + 4 2N2 � 3N + 2N2(N + 1)(N + 2)S21(N)� 16(N + 1)(N + 2)�2 � 8 17N2 + 32N + 12N(N + 1)2(N + 2)2S1(N)+162N3 + 12N2 + 23N + 18(N + 1)3(N + 2)2 ) : (7.6)AQgg = TRCF( 1"2 32(N + 1)(N + 2) + 1"" 8(N + 1)(N + 2)S1(N)�817N2 + 47N + 28(N + 1)2(N + 2)2#� 38(N + 1)(N + 2)S2(N) + 2(N + 1)(N + 2)S21(N)17



+ 8(N + 1)(N + 2)�2 � 43N3 + 31N2 + 45N + 8N(N + 1)2(N + 2)2 S1(N)+364N4 + 26N3 + 55N2 + 43N + 8(N + 1)3(N + 2)3 ) : (7.7)AQgh = TR"CF � CA2 #(� 1"2 32(N + 1)(N + 2) + 1""16 N + 3N(N + 1)(N + 2)S1(N)�8 N2 + 7N + 8(N + 1)2(N + 2)2#� 4 N2 � 18N + 9N(N + 1)(N + 2)(N + 3)S2(N)�4 N2 � 2N + 9N(N + 1)(N + 2)(N + 3)S21(N)� 8(N + 1)(N + 2)�2+43N4 +N3 � 27N2 � 85N � 84N(N + 1)2(N + 2)2(N + 3) S1(N)�4(N � 1)(14N4 + 110N3 + 337N2 + 463N + 240)(N + 1)3(N + 2)3(N + 3) ) : (7.8)AQgi = TRCA( 1"2" 16(N + 1)(N + 2)S1(N)� 16(N + 4)(N + 1)(N + 2)2#+ 1"" 32(N + 2)S�2(N)+ 4(4N + 3)(N + 1)(N + 2)S2(N)� 4(N + 1)(N + 2)S21(N)+8N3 + 9N2 + 17N + 8N(N + 1)2(N + 2)2 S1(N)� 82N3 + 8N2 + 19N + 16(N + 1)2(N + 2)3 #� 32N + 2S�2;1(N)� 8(2N + 1)(N + 1)(N + 2)S2;1(N) + 16N + 2S�3(N) + 4(18N + 17)3(N + 1)(N + 2)S3(N)+ 32N + 2S�2(N)S1(N) + 2(8N + 7)(N + 1)(N + 2)S2(N)S1(N)� 23(N + 1)(N + 2)S31(N)+ 4(N + 1)(N + 2)�2S1(N)� 16(N2 �N � 4)(N + 1)(N + 2)2S�2(N)�24N4 +N3 � 7N2 + 7N + 8N(N + 1)2(N + 2)2 S2(N) + 23N3 + 7N2 � 3N � 8N(N + 1)2(N + 2)2 S21(N)� 4(N + 4)(N + 1)(N + 2)2 �2 � 44N5 + 36N4 + 114N3 + 174N2 + 137N + 48N(N + 1)3(N + 2)3 S1(N)+48N5 + 68N4 + 247N3 + 449N2 + 403N + 144(N + 1)3(N + 2)4 )
+TRCF(1""� 16(N + 1)(N + 2)S2(N) + 16(N + 1)(N + 2)S21(N)� 64N(N + 2)S1(N) + 128(N + 1)(N + 2)#� 323(N + 1)(N + 2)S3(N)+ 8(N + 1)(N + 2)S2(N)S1(N) + 83(N + 1)(N + 2)S31(N)18



+ 8(3N + 2)N(N + 1)(N + 2)S2(N)� 8(3N � 2)N(N + 1)(N + 2)S21(N)+ 16(5N2 + 9N + 6)N(N + 1)2(N + 2)S1(N)� 192(N + 1)(N + 2)): (7.9)AQgj = �2TRCA exp 1Xi=2 �ii "i! �(N � "=2)�(N)�(N + 2 + "=2)�(N + 3� ")B(1� "=2; "=2)"("+ 2)�4(N + 2)(4N2 + 4N � 5)� 4(11N2 + 9N + 9)"� (4N3 � 2N2 � 27N � 2)"2+(4N2 + 2N + 9)"3 � 2(2N � 1)"4�= TRCA(� 1"2 8(4N2 + 4N � 5)N2(N + 1)2 + 1" 4(4N5 + 22N4 + 11N3 + 13N2 + 35N + 10)N3(N + 1)3(N + 2)�44N2 + 4N � 5N2(N + 1)2 S2(N)� 24N2 + 4N � 5N2(N + 1)2 �2 � 2P5(N)N4(N + 1)4(N + 2)2)+O(") ; (7.10)P5(N) = 20N7 + 64N6 + 120N5 + 94N4 � 140N3 � 253N2 � 100N � 20 :AQgk = 4TRCA exp 1Xi=2 �ii "i! �(N + 1� "=2)�(N � 1)�(N + 2 + "=2)�(N + 3� ")B(1� "=2; "=2)"("+ 2) �2(3N2 � 23N � 20)�(7N2 + 9N + 36)"+ 2(N2 + 4N + 1)"2 + (4N + 9)"3 + 2"4�= TRCA( 1"2 8(3N2 � 23N � 20)(N � 1)N(N + 1)2(N + 2) � 1" 4(10N4 + 7N3 + 51N2 + 172N + 112)(N � 1)N(N + 1)3(N + 2)2+4 3N2 � 23N � 20(N � 1)N(N + 1)2(N + 2)S2(N) + 2 3N2 � 23N � 20(N � 1)N(N + 1)2(N + 2)�2+ 2P6(N)(N � 1)N(N + 1)4(N + 2)3) +O(") ; (7.11)P6(N) = 14N6 + 56N5 + 153N4 + 139N3 � 414N2 � 908N � 448 :AQgl = TRCA( 1"2"16N S1(N) + 82N3 + 5N2 + 4N + 2N2(N + 1)2 #+ 1"" 4NS2(N) + 4N S21(N)� 16N(N + 1)S1(N)� 44N6 + 30N5 + 55N4 + 38N3 + 4N2 � 10N � 4N3(N + 1)3(N + 2) #+ 8NS2;1(N) + 43NS3(N) + 2NS2(N)S1(N) + 23NS31(N) + 4N S1(N)�2�42N3 + 2N2 �N � 2N2(N + 1)2 S2(N)� 4N(N + 1)S21(N) + 22N3 + 5N2 + 4N + 2N2(N + 1)2 �2�4(N + 2)(2N + 1)N2(N + 1)2 S1(N) + 2 P7(N)N4(N + 1)4(N + 2)) ; (7.12)
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P7(N) = 8N8 + 68N7 + 164N6 + 171N5 + 78N4 + 12N3 + 14N2 + 14N + 4 :AQgm = TRCA( 1"2 8(N2 � 2N � 2)N2(N + 1)2 � 1" 4(2N5 + 11N4 + 12N3 + 2N2 + 6N + 4)N3(N + 1)3(N + 2)+4N2 � 2N � 2N2(N + 1)2 S2(N) + 2N2 � 2N � 2N2(N + 1)2 �2 + 2P8(N)N4(N + 1)4(N + 2)) ; (7.13)P8(N) = 2N6 + 7N5 + 12N4 + 6N3 � 8N2 � 10N � 4 :AQgn = TRCA( 1"2"8 2N2 + 3N + 2N(N + 1)(N + 2)S1(N)� 8 N(N + 3)(N + 1)2(N + 2)#+1""�16 N � 1N(N + 1)S�2(N)� 2 10N2 + 21N + 6N(N + 1)(N + 2)S2(N)+2 2N2 + 3N + 2N(N + 1)(N + 2)S21(N)� 4N5 + 6N4 + 4N3 � 30N2 � 40N � 8N2(N + 1)2(N + 2)2 S1(N)+42N4 + 11N3 + 15N2 + 12N + 8(N + 1)3(N + 2)2 #+ 16 N � 1N(N + 1)S�2;1(N)+4 4N2 + 5N � 2N(N + 1)(N + 2)S2;1(N)� 8 N � 1N(N + 1)S�3(N)�2 28N2 + 45N � 143N(N + 1)(N + 2)S3(N)� 16 N � 1N(N + 1)S�2(N)S1(N)� 6N2 + 5N � 18N(N + 1)(N + 2)S2(N)S1(N) + 2N2 + 3N + 23N(N + 1)(N + 2)S31(N)+2 2N2 + 3N + 2N(N + 1)(N + 2)�2S1(N) + 16 N2 �N � 4(N + 1)2(N + 2)S�2(N)+7N5 + 26N4 + 16N3 � 58N2 � 88N � 24N2(N + 1)2(N + 2)2 S2(N)�N5 + 6N4 + 4N3 � 30N2 � 40N � 8N2(N + 1)2(N + 2)2 S21(N)� 2 N(N + 3)(N + 1)2(N + 2)�2+2 P9(N)N(N + 1)3(N + 2)3S1(N)� 2 P10(N)(N + 1)4(N + 2)3) ; (7.14)P9(N) = 2N6 + 20N5 + 40N4 � 45N3 � 170N2 � 100N + 8 ;P10(N) = 4N6 + 32N5 + 91N4 + 123N3 + 62N2 � 32N � 40 :AQgo = TRCA( 1"2"� 16N(N + 2)S1(N)� 8 N2 + 7N + 8(N + 1)2(N + 2)2#+1""� 4N(N + 2)S2(N)� 4N(N + 2)S21(N) + 4 2N2 + 9N + 12N(N + 1)(N + 2)2S1(N)+4(11N3 + 56N2 + 92N + 49)N(N + 1)3(N + 2)3 #� 8N(N + 2)S2;1(N)20



� 43N(N + 2)S3(N)� 2N(N + 2)S2(N)S1(N)� 23N(N + 2)S31(N)� 4N(N + 2)S1(N)�2 + 10N3 + 31N2 + 41N + 28N(N + 1)2(N + 2)2 S2(N)+ 2N2 + 9N + 12N(N + 1)(N + 2)2S21(N)� 2 N2 + 7N + 8(N + 1)2(N + 2)2 �2+24N4 + 16N3 � 4N2 � 61N � 48N(N + 1)2(N + 2)3 S1(N)� 2 P11(N)(N + 1)4(N + 2)4) ; (7.15)P11(N) = 28N6 + 222N5 + 684N4 + 1038N3 + 811N2 + 321N + 64 :AQgp = TRCA( 1"2"�8 (N � 4)N(N + 1)(N + 2)S1(N)� 8 N + 4(N + 1)(N + 2)2#+1""2 3N + 4N(N + 1)(N + 2)S2(N)� 2 N � 4N(N + 1)(N + 2)S21(N)+4N3 � 17N2 � 41N � 16N(N + 1)2(N + 2)2 S1(N) + 44N3 + 26N2 + 51N + 32(N + 1)2(N + 2)3 #�4 N � 4N(N + 1)(N + 2)S2;1(N) + 23 5N + 4N(N + 1)(N + 2)S3(N)�13 N � 4N(N + 1)(N + 2)S31(N)� N � 4N(N + 1)(N + 2)S1(N)S2(N)�2 N � 4N(N + 1)(N + 2)S1(N)�2 � 7N3 + 17N2 + 13N + 16N(N + 1)2(N + 2)2 S2(N)+N3 � 17N2 � 41N � 16N(N + 1)2(N + 2)2 S21(N)� 2 N + 4(N + 1)(N + 2)2 �2+22N5 + 48N4 + 174N3 + 242N2 + 161N + 64N(N + 1)3(N + 2)3 S1(N)�210N5 + 92N4 + 329N3 + 581N2 + 507N + 176(N + 1)3(N + 2)4 ) : (7.16)AQgq = AQgr = AQgr0 = 0 (7.17)AQgs = TRCA(� 1"2 8N2(N + 1)2 + 1" 4(2N3 +N2 � 3N � 1)N3(N + 1)3 � 4N2(N + 1)2S2(N)� 2N2(N + 1)2 �2 � 2P12(N)N4(N + 1)4(N + 2)) ; (7.18)P12(N) = 4N6 + 4N5 � 8N4 � 2N3 + 16N2 + 9N + 2 :AQgt = TRCA( 1"2 8(N2 + 3N + 4)(N � 1)N(N + 1)2(N + 2) � 1" 4(2N4 + 5N3 � 3N2 � 20N � 16)(N � 1)N(N + 1)3(N + 2)2+4 N2 + 3N + 4(N � 1)N(N + 1)2(N + 2)S2(N) + 2 N2 + 3N + 4(N � 1)N(N + 1)2(N + 2)�221



+ 2P13(N)(N � 1)N(N + 1)4(N + 2)3) ; (7.19)P13(N) = 2N6 + 4N5 � 13N4 � 35N3 + 14N2 + 92N + 64 :The pure-singlet 
ontributions read :AQqa = TRCF(� 1"2 16(N2 +N � 2)N2(N + 1)2 � 1" 8(5N3 � 5N2 � 16N � 4)N3(N + 1)3(N + 2)�8N2 +N � 2N2(N + 1)2S2(N)� 4N2 +N � 2N2(N + 1)2 �(2) + 4P14(N)N4(N + 1)4(N + 2)2) ; (7.20)P14(N) = N8 + 7N7 + 16N6 � 9N5 � 26N4 + 61N3 + 110N2 + 44N + 8 :AQqb = TRCF(� 1"2 128(N � 1)N(N + 1)(N + 2) � 1" 128(3 + 2N)(N � 1)N(N + 1)2(N + 2)2� 64(N � 1)N(N + 1)(N + 2)S2(N)� 32(N � 1)N(N + 1)(N + 2)�2+32(N4 + 6N3 +N2 � 24N � 24)(N � 1)N(N + 1)3(N + 2)3 ) : (7.21)Finally the non-singlet 
ontributions are :Aqq;Qa = TRCF(� 1"2 8(N2 � 2 +N)3N(N + 1) � 1" 8(N4 + 2N3 � 10N2 � 5N + 3)9N2(N + 1)2�411N6 + 33N5 � 34N4 � 57N3 + 5N2 + 6N � 927N3(N + 1)3 � 2N2 � 2 +N3N(N + 1) �2) : (7.22)Aqq;Qb = TRCF( 1"2"�323 S1(N) + 323 #+ 1""163 S2(N)� 809 S1(N) + 329 #�83S3(N)� 83�2S1(N) + 409 S2(N) + 83�2 � 22427 S1(N) + 17627 ) : (7.23)Aqq;Q
 = TRCF(�2" � 56) : (7.24)
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8 Appendix B: Finite and In�nite SumsIn the following, we list several 
lasses of sums, whi
h were used to derive the results in thepresent paper beyond well-known results for harmoni
 sums. Other relations 
an be foundin [27,28,34{36℄ and were used in the present 
al
ulation. Here N;L;A denote arbitrary integers,a is a 
omplex number, and B(a; b) is Euler's Beta-fun
tion.8.1 Sums involving Beta-Fun
tions1Xi=1 B(N; i)i = �2 � S2(N � 1) ; (8.1)1Xi=1 B(N; i)i + 1 = 1 + hS2(N � 1)� �2i(N � 1) ; (8.2)1Xi=1 B(N; i)i + 2 = 5� 2N4 + h�2 � S2(N � 1)i(N � 1)(N � 2)2 ; (8.3)1Xi=1 B(N; i)i + 3 = 6N2 � 33N + 4936+hS2(N � 1)� �2i(N � 1)(N � 2)(N � 3)6 ; (8.4)1Xi=1 B(N; i)i2 = �3 � �2S1(N � 1) + S1;2(N � 1) ; (8.5)1Xi=1 B(N; i)i3 = 25�22 + �2S1;1(N � 1)� S1;1;2(N � 1)� �3S1(N � 1) ; (8.6)1Xi=1 B(N; i)N + i = 1N2 ; (8.7)1Xi=1 B(N; i)1 +N + i = N2 +N + 1N2(N + 1)2 ; (8.8)1Xi=1 B(N; i)2 +N + i = N4 + 4N3 + 7N2 + 6N + 4N2(N + 1)2(N + 2)2 ; (8.9)1Xi=1 B(N; i)3 +N + i = N6 + 9N5 + 34N4 + 69N3 + 85N2 + 66N + 36N2(N + 1)2(N + 2)2(N + 3)2 ; (8.10)1Xi=1 B(N; i)4 +N + i = P (N)N2(N + 1)2(N + 2)2(N + 3)2(N + 4)2 ;
23



P (N) = N8 + 16N7 + 110N6 + 424N5 + 1013N4 + 1576N3+1660N2 + 1200N + 576 ; (8.11)1Xi=1 B(N + 1; i)N + i = (�1)Nh2S�2(N) + �2i ; (8.12)1Xi=1 B(N + 2; i)N + i = (N + 1)(�1)Nh2S�2(N) + �2i� 1N + 1 ; (8.13)1Xi=1 B(N + 1; i)(N + i)2 = (�1)Nh�3 + S1(N)�2 + 2S1;�2(N) + S�3(N)i : (8.14)1Xi=1 B(N; i)(N + i + 1)2 = (�1)NN(N + 1)h2S�2(N) + �2i + N � 1N(N + 1)3 ; (8.15)1Xi=1 B(N; i)(2 +N + i)2 = 2(�1)N 2S�2(N + 2) + �2N(N + 1)(N + 2) + N2 +N + 1N(N + 1)2(N + 2)2 ; (8.16)1Xi=1 B(N; i)(N + i + 1)3 = (�1)NN(N + 1)h�3 + S1(N + 1)�2 � �2 + 2S1;�2(N + 1)�2S�2(N + 1) + S�3(N + 1)i ; (8.17)8.2 Sums involving Beta-Fun
tions and Harmoni
 Sums1Xi=1 B(N; i)S1(i) = �2 � S2(N � 2) ; (8.18)1Xi=1 B(N; i)S1(i)i = 2�3 + S1(N � 1)S2(N � 1)� �2S1(N � 1)�S2;1(N � 1) ; (8.19)1Xi=1 B(N; i)S1(i)i2 = 12�22 + �2S1;1(N � 1)� 2�3S1(N � 1)�S1;1;2(N � 1) + S1;3(N � 1) ; (8.20)1Xi=1 B(N; i)S1(i)N + i = �2 � S2(N � 1)N ; (8.21)1Xi=1 B(N; i)S1(i)N + i + 1 = �2 � S2(N � 1)N + 1 + 1N3(N + 1) ; (8.22)1Xi=1 B(N; i)S1(i)N + i + 2 = �2 � S2(N + 1)N + 2 + 2N3 + 2N2 + 3N + 1N3(N + 1)3 ; (8.23)24



1Xi=1 B(N + 1; i)S1(i)N + i = �2 � S2(N)N + (�1)Nh�3 + S�3(N)� 2S�2(N)N+2S1;�2(N)� �2N + �2S1(N)i ; (8.24)1Xi=1 B(N; i)S1(N + i) = S1(N � 1)N � 1 + 2N2 � 2N + 1N2(N � 1)2 ; (8.25)1Xi=1 B(N; i)S1(N + i)i = 2�3 � 2S3(N) + S1(N)h�2 � S2(N)i+ S1(N)N2+ 1N3 ; (8.26)1Xi=1 B(N; i)S1(N + i� 1)i = 2�3 � 2S3(N � 1) + S1(N � 1)h�2 � S2(N � 1)i ; (8.27)1Xi=1 B(N; i)S1(N + i)N + i = S1(N � 1)N2 + 2N3 ; (8.28)1Xi=1 B(N; i)S1(N + i)N + 1 + i = N2 +N + 1N2(N + 1)2S1(N)� (�1)NN(N + 1)h2S�2(N) + �2i+ 1N3 ; (8.29)1Xi=1 B(N; i)S1(N + i� 1)N + 1 + i = N2 +N + 1N2(N + 1)2S1(N)� (�1)NN(N + 1)h2S�2(N) + �2i+ 2N + 1N3(N + 1)2 ; (8.30)1Xi=1 B(N; i)S1(N + i)N + 2 + i = N3 + 2N2 + 5N + 2N3(N + 1)2(2 +N)+N4 + 4N3 + 7N2 + 6N + 4N2(N + 1)2(N + 2)2 S1(N)� 2(�1)NN(N + 1)(N + 2)h2S�2(N) + �2i ; (8.31)1Xi=1 B(N; i)S1(N + i� 1)(N + 1 + i)2 = (�1)NN(N + 1)h2S�2;1(N + 1)� 2S1;�2(N + 1)+4S�2(N + 1) + 2�2 + �3 � �2S1(N + 1)i+ S1(N + 1)N(N + 1)2 + 1N(N + 1)3 ; (8.32)1Xi=1 B(N + 1; i)S1(N + i)N + i = (�1)Nh2S�2;1(N) + S�3(N) + 2�3i ; (8.33)25



1Xi=1 B(N; i)S1(N + i)i2 = 12�22 + �3h 2N � S1(N)i+ �2hS1(N)N � 2S1;1(N)i+S2;2(N) + 2S1;3(N) + S1(N)S1;2(N)� 2S3(N)N�S1(N)S2(N)N ; (8.34)1Xi=1 B(N; i)S1(N + i� 1)i2 = 12�22 � �3S1(N � 1)� 2�2S1;1(N � 1) + S2;2(N � 1)+2S1;3(N � 1) + S1(N � 1)S1;2(N � 1) ; (8.35)1Xi=1 B(N; i)S1(i)2 = 3�3 � �2S1(N � 2) + S1;2(N � 2)� 2S3(N � 2) ; (8.36)1Xi=1 B(N; i)S2(i) = �S1(N � 2)�2 + �3 + S1;2(N � 2) ; (8.37)1Xi=1 B(N; i)S21(i)i = +1710�22 � 3�3S1(N � 1) + 12�2hS21(N � 1)�S2(N � 1)i� S1;1;2(N � 1) + S2;2(N � 1)+2S1(N � 1)S3(N � 1)� 2S3;1(N � 1) ; (8.38)1Xi=1 B(N; i)S2(i)i = S2;2(N � 1)� S1;1;2(N � 1) + �2S1;1(N � 1)��2S2(N � 1)� �3S1(N � 1) + 710�22 ; (8.39)1Xi=1 B(N; i)S2(i)N + i = �S1(N � 1)�2 + �3 + S1;2(N � 1)N ; (8.40)1Xi=1 B(N; i)S2(i)1 +N + i = �S1(N)�2 + �3 + S1;2(N)N + 1 � S2(N)� �2N2 ; (8.41)1Xi=1 B(N; i)S1;1(N + i) = S1;1(N � 1)N � 1 + S1(N � 1)(N � 1)2 + 1(N � 1)3+S1(N � 1)N2 + 2N3 ; (8.42)1Xi=1 B(N; i)S1;1(N + i� 1) = S1;1(N � 1)N � 1 + S1(N � 1)(N � 1)2 + 1(N � 1)3 ; (8.43)1Xi=1 B(N; i)S1;1(N + i)i = S1;1(N)h�2 � S2(N)i+ 65�22 � 3S4(N)+2S1(N)h�3 � S3(N)i + S1(N)N3 + S1;1(N)N2 + 1N4 ; (8.44)26



1Xi=1 B(N; i)S1;1(N + i� 1)i = S1;1(N � 1)h�2 � S2(N � 1)i+ 65�22 � 3S4(N � 1)+2S1(N � 1)h�3 � S3(N � 1)i ; (8.45)1Xi=1 B(N; i)S1;1(N + i)N + i = 1N "S1;1(N)N + S1(N)N2 + 1N3# ; (8.46)1Xi=1 B(N; i)S1;1(N + i)N + i + 1 = S1(N)N3 + S1;1(N)(N2 +N + 1)N2(N + 1)2 + 1N4� (�1)NN(N + 1)h2�3 + S�3(N) + 2S�2;1(N)i ; (8.47)1Xi=1 B(N; i)S1;1(N + i� 1)N + i + 1 = S1(N � 1)N2(N + 1) + S1;1(N � 1)(N2 +N + 1)N2(N + 1)2� (�1)NN(N + 1)h�2 + 2�3 + 2S�2(N � 1)+S�3(N � 1) + 2S�2;1(N � 1)i ; (8.48)1Xi=1 B(N; i)S1(i)S1(N + i) = S1(N � 1)h�2 � S2(N � 1)i+ 2h�3 � S3(N � 1)i+ �2N � S2(N � 1)N + S1(N � 1)(N � 1)2 + 2(N � 1)3 ; (8.49)1Xi=1 B(N; i)S1(i)S1(N + i)i = 1710�22 + 2 �3N � �2h 1N2 + S1(N � 1)N + 2S1;1(N � 1)i+S2(N � 1)N2 � S3(N � 1)N + S1;2(N � 1)N+S1(N � 1)�S3(N � 1) + S1;2(N � 1)�+S2(N � 1)2 � S2;2(N � 1)� 2S3;1(N � 1) ; (8.50)1Xi=1 B(N; i)S1(i)S1(N + i)N + i = 1N nS1(N)h�2 � S2(N)i+ 2h�3 � S3(N)i+S1(N)N2 + 2N3o ; (8.51)1Xi=1 B(N; i)S1(i)S1(N + i)1 +N + i = (�1)N+1N(N + 1)"�3 + �2S1(N) + S�3(N) + 2S1;�2(N)#+�2S1(N)N + 1 + S1(N)" 1N3 � S2(N)N + 1#+ 2�3N + 1�2S3(N)N + 1 + 2N4 ; (8.52)27



1Xk=1 1Xi=1 �(N + k)�(N)�(k + 1)B(k + i; N)k S1(i)i = 1710�22 � 2�3S1(N � 1) + S2;2(N � 1)+S1(N � 1)S2;1(N � 1)� 2S2;1;1(N � 1) :(8.53)8.3 Sums involving Beta-Fun
tions and Harmoni
 Sums with twoFree Indexes1Xi=1 B(N � a; i + a) = B(1 + a;N � 1� a) ; (8.54)1Xi=1 B(N; i + k)i = � ddNB(k;N)= B(k;N)hS1(k +N � 1)� S1(N � 1)i ; (8.55)1Xi=1 B(N; i + k)i S1(i +N + k � 1) = B(k;N)h2S1;1(k +N � 1)� S2(N � 1)�S1(N + k � 1)S1(N � 1)i ; (8.56)1Xi=1 B(N; i + k)i S1(i + k � 1) = B(k;N)hS1(k +N � 1)S1(k � 1)� S2(N � 1)�S1(k � 1)S1(N � 1) + �2i : (8.57)8.4 Sums involving BinomialsN�1Xk=0 �N � 1k �(�1)k 1(k + A)3 = B(N;A)2 "nS1(N + A� 1)� S1(A� 1)o2�S2(A� 1) + S2(N + A� 1)# ; (8.58)N�1Xk=1 �N � 1k �(�1)k 1k = lim"!0nB(N; ")� 1"o = �S1(N � 1) ; (8.59)N�1Xk=1 �N � 1k �(�1)k 1k2 = �S1;1(N � 1) ; (8.60)N�1Xk=1 �N � 1k �(�1)k 1k3 = �S1;1;1(N � 1) ; (8.61)N�1Xk=1 �N � 1k �(�1)k 1(k + 1)3 = S1;1(N)N � 1 ; (8.62)28



N�1Xk=1 �N � 1k �(�1)k 1(k + 2)3 = S1;1(N)N(N + 1) � S1(N)(N + 1)2 � 1(N + 1)3 � 18 ; (8.63)N�1Xk=1 �N � 1k �(�1)k 1(k + 3)3 = 2S1;1(N)N(N + 1)(N + 2) � (5 + 3N)S1(N)(N + 1)2(N + 2)2+ N3 � 8N � 9(N + 1)3(N + 2)3 � 127 ; (8.64)N�1Xk=1 �N � 1k �(�1)k 1(k + 1)4 = S1;1;1(N)N � 1 ; (8.65)N�1Xk=1 �N � 1k �(�1)k 1(k + 2)4 = S1;1;1(N)N(N + 1) � S1;1(N)(N + 1)2 � S1(N)(N + 1)3 � 1(N + 1)4� 116 ; (8.66)N�1Xk=1 �N � 1k �(�1)k 1(k + 3)4 = 2S1;1;1(N)N(N + 1)(N + 2) � (5 + 3N)S1;1(N)(N + 1)2(N + 2)2+(N3 � 8N � 9)S1(N)(N + 1)3(N + 2)3+�17� 21N � 2N2 + 6N3 + 2N4(N + 1)4(N + 2)4 � 181 : (8.67)8.5 Sums involving Binomials and Harmoni
 SumsWe set SA(0) := 0. Therefore the sums below may begin at k = 0.N�1Xk=0 �N � 1k �(�1)kS1(k)k = lim"!0nB(N; ")hS1(N + "� 1)� S1(N � 1)io= �2 � S2(N � 1) ; (8.68)N�1Xk=1 �N � 1k �(�1)kS1(k)k2 = �S1;2(N � 1) ; (8.69)N�1Xk=0 �N � 1k �(�1)kS1(k + 1)(k + 1)2 = S2(N)N ; (8.70)N�1Xk=0 �N � 1k �(�1)kS1(k + 2)(k + 2)2 = S2(N)N(N + 1) � 1(N + 1)3 ; (8.71)N�1Xk=0 �N � 1k �(�1)kS21(k + 1)k + 1 = �S1(N)N2 + 2N3 ; (8.72)
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N�1Xk=0 �N � 1k �(�1)kS21(k + 2)k + 2 = � 2N + 1N2(N + 1)2S1(N) + N3 + 6N2 + 6N + 2N3(N + 1)3 ; (8.73)N�1Xk=1 �N � 1k �(�1)kS2(k)k = �S2;1(N � 1) ; (8.74)N�1Xk=1 �N � 1k �(�1)kS2(k)k + 1 = �S1;1(N)N + S1(N)N2 ; (8.75)N�1Xk=1 �N � 1k �(�1)kS2(k)2 + k = � S1;1(N)N(N + 1) + 1�NN2 S1(N) + 1N + 1 ; (8.76)N�1Xk=1 �N � 1k �(�1)kS2(k)3 + k = � 2S1;1(N)N(N + 1)(N + 2) � N2 + 4N � 42(N + 2)N2 S1(N)+ N + 114(N + 1)(N + 2) ; (8.77)N�1Xk=1 �N � 1k �(�1)k S2(k)(1 + k)2 = S2;1(N)N � S1;1;1(N)N ; (8.78)N�1Xk=1 �N � 1k �(�1)k S2(k)(2 + k)2 = S2;1(N)N(N + 1) � S1;1;1(N)N(N + 1) + S1;1(N)(N + 1)2 � N + 2N(N + 1)S1(N)+ 2N + 3(N + 1)2 ; (8.79)N�1Xk=1 �N � 1k �(�1)k S2(k)(3 + k)2 = 2S2;1(N)N(N + 1)(N + 2) � 2S1;1;1(N)N(N + 1)(N + 2)+ (3N + 5)S1;1(N)(N + 1)2(N + 2)2 � 40 + 38N + 9N2 +N34N(N + 1)(N + 2)2 S1(N)+59 + 66N + 18N2 +N34(N + 1)2(N + 2)2 ; (8.80)N�1Xk=0 �N � 1k �(�1)kS1;1(k + A)k + A = B(N;A)2 "nS1(N + A� 1)� S1(N � 1)o2+S2(N � 1 + A)� S2(N � 1)i ; (8.81)N�1Xk=0 �N � 1k �(�1)kS1;1(k)k = �3 � S3(N � 1) ; (8.82)N�1Xk=1 �N � 1k �(�1)kS3(k)k = �S2;1;1(N � 1) ; (8.83)N�1Xk=1 �N � 1k �(�1)kS3(k)k + 1 = �S1;1;1(N � 1)N ; (8.84)30



N�1Xk=1 �N � 1k �(�1)kS3(k)2 + k = � S1;1;1(N)N(N + 1) + 1�NN2 S1;1(N) + S1(N)N� 1N + 1 ; (8.85)N�1Xk=1 �N � 1k �(�1)kS3(k)3 + k = � 2S1;1;1(N)N(N + 1)(N + 2) � N2 + 4N � 42(N + 2)N2 S1;1(N)+S1(N)(N + 10)4N(N + 2) � N + 198(N + 1)(N + 2) ; (8.86)N�1Xk=0 �N � 1k �(�1)kS1;1;1(k + A)k + A = �16 d3dN3B(N;A) ; (8.87)N�1Xk=0 �N � 1k �(�1)kS1;1;1(k)k = 25�22 � S4(N � 1) ; (8.88)N�1Xk=0 �N � 1k �(�1)kS2;1(k)k = 710�22 � S2;2(N � 1) ; (8.89)N�1Xk=0 �N � 1k �(�1)k(��3k + 2 �2k2 � 2S1(k)k3 � S1;1(k)k2 )= � 710�22 + �3S1(N � 1)� 2�2S1;1(N � 1) + S1;3(N � 1) + 2S1;1;2(N � 1) : (8.90)8.6 Sums involving Binomials with Two Free IndexesL+1Xk=0 �L + 1k � (�1)kN � L + k = B(N � L; L + 2) ; (8.91)L+1Xk=0 �L + 1k � (�1)k(N � L+ k)2 = B(N � L; L + 2)hS1(N + L)�S1(N � L� 1)i ; (8.92)L+1Xk=0 �L + 1k �(�1)kS1(N � L + k)N � L+ k = B(N � L; L + 2)hS1(N + 1)� S1(L + 1)i ; (8.93)L+1Xk=0 �L + 1k �(�1)kS1(N � L + k)1 +N � L + k = B(N � L + 1; L+ 2)hS1(N � L)� S1(L + 1)i= � ddLB(N � L+ 1; L+ 2) ; (8.94)
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1Xk=1 B(k + "=2; N + 1)N + k = (�1)Nh2S�2(N) + �2i+ "2(�1)Nh��3 + �2S1(N) + 2S1;�2(N)� 2S�2;1(N)i+ "24 (�1)Nh25�22 � �3S1(N) + �2S1;1(N) + 2nS1;1;�2(N)+S�2;1;1(N)� S1;�2;1(N)oi+O("3) ; (8.95)A
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9 Figures
pp =�(� � p)N�1 ; N � 1

p2; jp1; i �; a gtaji��=�PN�2j=0 (� � p1)j(� � p2)N�j�2 ; N � 2
p2; jp1; i "p3; �; a "p4; �; b g2����=�PN�20�j<lh(�p1)N�l�2(�p1 +�p4)l�j�1(�p2)j(tatb)ji+(�p1)N�l�2(�p1 +�p3)l�j�1(�p2)j(tbta)jii ;N � 3Figure 1: Feynman rules for the operator insertion 
 to O(a2s), 
f. [21℄. � denotes a light{likeve
tor, �:� = 0.

a q
q � p

qp; a; � p; b; � b
q � p
qp; a; � p; b; �

Figure 2: The Feynman diagrams 
ontribution to the operator matrix element AQg at O(as). Weavylines denote gluons, and the full arrow lines are the heavy quark lines. The Feynman rules for theoperator insertions are given in Figure 1.
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a +b 

+d +e

f +g h
i j +k

+l m o
+n p q
r +r0
s +tFigure 3: The diagrams 
ontributing to the operator matrix element AQg at O(a2s). Weavy linesdenote gluons, dashed lines ghosts, and the full arrow lines are the heavy quark lines. The Feynmanrules for the operator insertions are given in Figure 1.
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a +bFigure 4: The diagrams 
ontributing to the operator matrix element APSQq at O(a2s). Weavy linesdenote gluons, the thi
k full arrow lines are the heavy quark lines, and the thin full lines are lightquark lines. The Feynman rules for the operator insertions are given in Figure 1.

a +b 
Figure 5: The diagrams 
ontributing to the operator matrix element ANSQqq at O(a2s). Weavy linesdenote gluons, the full arrow lines are the heavy quark lines, and the thin full lines are light quarklines. The Feynman rules for the operator insertions are given in Figure 1.
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