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Unquenhed simulations of four-nuleon interationsI. MontvayDeutshes Elektronen-Synhrotron DESYNotkestr. 85, D-22603 Hamburg, Germany

AbstratExploratory simulations of four-nuleon interations are performed taking intoaount the dynamial e�ets of internal nuleon loops. The four-nuleon intera-tions in the isosalar and isovetor hannels are desribed by Yukawa interationswith auxiliary salar �elds. The nuleon mass and the average �eld lengths ofthe salar �elds are determined as a funtion of nuleon hopping parameter andYukawa oupling strengths. There are no problems with \exeptional on�gura-tions" at strong ouplings whih make quenhed simulations unreliable.1 IntrodutionThere are impressive reent developments in solving QCD for the lightest nulei, using thenumerial tehnique of Lattie QCD (LQCD) (for reent reviews see [1, 2℄). In the QCD-approah the nuleons are desribed as bound states of quarks and gluons and the nuleiare omposed out of these omposite objets. For nulei heavier than, say, the helium anapproah based on quarks and gluons would require a tremendous omputing power beyondthe exaops-sale. However, in order to ompute, for instane, binding energies of heaviernulei it is also not lear whether one has to stik to the fundamental theory, beause therelevant degrees of freedom are not quarks and gluons but nuleons, pions and other hadronsdesribed in a hiral e�etive theory [3, 4℄.The hiral e�etive theory an be taken as a starting point for applying non-perturbativelattie thehniques for nulear physis. A lattie approah to nulear physis was presented1
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in a row of papers by the authors of [5℄-[11℄. For an overview over the various availableapproahes and methods to nulear physis using hiral e�etive theories see the reentreview artiles [12℄-[14℄. The approah taken in these publiations di�ers fundamentallyfrom the methods applied in LQCD simulations where the path integral in Eulidean spae-time is simulated using Monte Carlo methods.Reently, the appliation of Monte Carlo methods of LQCD has also been tried in [15℄(for an earlier attempt see also [16℄). In Ref. [15℄ two-nuleon binding energies have beenalulated in the so alled quenhed approximation to the pionless e�etive �eld theory withisosalar and isovetor auxiliary salar �elds. In this approximation the fermion determinantin the path integral is replaed by a onstant, i.e. internal fermion loops are neleted andhene no dynamial e�ets of the fermions are taken into aount. Apart from being onlyan approximation to the Eulidean path integral, the quenhed approximation su�ers fromthe so alled exeptional on�gurations { well known also from lattie QCD [17, 18℄. Suh�eld on�gurations have extremely small eigenvalues of the fermion matrix and hene givehuge ontributions to some expetation values and ompletely spoil the statistis. As ishas been onluded in Ref. [15℄, in the e�etive �eld theory for nulear interations theourene of exeptional on�gurations make quenhed simulations impossible for strongouplings (atually for bare ouplings in the range max(jC0j; jC1j) � 0:3). This phenomenonhas also been observed earlier in quenhed simulations of some simpler Yukawa-models in[19℄-[22℄. Sine this problem does not appear in numerial simulations of Yukawa modelswith dynamial fermions [23, 24℄, it an be expeted that it does also disappear in nulearYukawa models if dynamial nuleons are inluded in the simulation update.In this paper the results of �rst unquenhed Eulidean Monte Carlo simulations arepresented in the model studied previously in [15℄ with partiular emphasis on the strongoupling region max(jC0j; jC1j) � 0:3. After de�ning the lattie ation and shortly desribingthe numerial simulation algorithm in Setion 2, the results are presented. Conlusions andthe disussion of the outlook for future work are ontained in Setion 3.2 Numerial simulations2.1 Lattie ation and updatingThe four-nuleon interations are desribed here, as in Ref. [15℄ by Yukawa-ouplings of thenuleon �eld to auxiliary salar �elds with isospin 0 (�(0)x ) and 1 (�(1)ax (a = 1; 2; 3)). Thenuleon �elds are desribed by a pair of Grassmann variables and are denoted by  �x and
2



~ �x where � = 1; 2 is the isospin index. The lattie ation is de�ned byS = SN + SNA : (1)where SN is the Wilson fermion lattie ation [25℄ with the nuleon hopping parameter �:SN =Xx 8<:( ~ x x)� � �=�4X�=�1( ~ x+�̂[1 + �℄ x)9=; : (2)and the salar part of the ation ontains the Yukawa-type ouplings to the nuleon �eld:SNA =Xx n�(0)x �(0)x + �(1)ax�(1)ax + C0 �(0)x ( ~ x x) + C1 �(1)ax ( ~ x�a x)o : (3)Here C0 and C1 are the bare Yukawa-ouplings, �a; (a = 1; 2; 3) are Pauli-matries for isospinand a summation over repeated indies a is understood. The four-nuleon interations areobtained after integrating over the auxiliary �elds aording toZ 1�1 d� expf��2 � C �( ~  )g = p� expfC24 ( ~  )2g : (4)In Ref. [15℄ blok �elds were introdued in order to separate the physial ut-o� due tothe extended nature of hadrons from the inherent lattie ut-o� given by the inverse of thelattie spaing a. In the present paper the blok �elds are not introdued and there is aunique lattie ut-o�. The (straightforward) introdution of the blok �elds is left for futurework.For the reation of sequenes of interating salar �elds �(0)x ; �(1)ax the two-step PolynomialHybrid Monte Carlo TSPHMC [26, 27, 28℄ algorithm is used whih is a suitably adaptedversion of the original HMC [29℄ and, in partiular, PHMC [30℄ algorithms.2.2 Numerial simulation resultsThe numerial simulations are performed on a 83 � 32 lattie. This kind of latties an besimulated on PC's (in our ase on the PC luster of the DESY theory group). The numberof trajetories in the simulation samples is at least 5000, in some ases up to 15000. Thenuleon mass mN and the average lengths squared of the salar �elds�0 � * 1Nx Xx �(0)x �(0)x + ; �1 � * 1Nx Xx �(1)ax�(1)ax+ : (5)are determined as funtions of the three bare parameters �; C0; C1. (Nx denotes the numberof lattie sites.) 3



The results are summarized in Tables 1-4 and illustrated in Figures 1-6. In general,the nuleon mass is inreasing for inreasing C0 and, somewhat surprisingly, dereasing forinreasing C1. The derease for inreasing hopping parameter is expeted sine (2�)�1 is,apart from an additive shift due to renormalization, the bare nuleon mass. This is welldisplayed by Fig. 3 whih shows that for some ritial hopping parameter � = �(C0; C1) thenuleon mass beomes very small. (It is expeted that in the in�nite volume limit it beomesatually zero.) This is important if one wants to perform simulations in the small lattiespaing limit.It is an interesting question what kind of behaviour is observed if the nuleon mass isdivided by the expetation value of the average length of the isosalar �eld h�0i1=2. Asshown by Figs. 4-5, for small C0 this ratio is approximately onstant, but for larger values ofC0 there is a moderate inrease. For �xed C0 and C1 as a funtion of the hopping parameterthe average �eld length does not hange muh. As a onsequane, the qualitative behaviourin Figs. 3 and 6 is similar.3 Conlusion and outlookAn important outome of the performed unquenhed simulations is the absene of any ex-eptional on�gurations with very small eigenvalues of the fermion matrix. No suh on�g-urations oured even at the strongest bare ouplings whih are muh higher than the onesreahed in Ref. [15℄. The next goal should be to determine the renormalized four-nuleonouplings or, for instane, to tune the values of the dimensionless quantities a0MN and�=mN where a0 denotes the sattering length in the 1S0 hannel and � is the deuteriumbinding energy. This goes beyond the sope of this paper but is planned for future work.From the theoretial point of view it is an interesting question whether the tuning ofthe renormalized ouplings to their physial values is possible at all by hanging the valuesof the bare ouplings C0 and C1. The model studied in this paper is a speial ase of arenormalizable Higgs-Yukawa model where the kineti terms of the salar �elds are omittedand the bare quarti self-ouplings of the salar �elds are set to zero. These terms areall dynamially generated by the four-nuleon interations. This means that the modelinvestigated in this paper explores a subspae in the spae of renormalized ouplings of theomplete renormalizable Higgs-Yukawa model. Higgs-Yukawa models in general are expetedto have a trivial ontinuum limit with all renormalized ouplings equal to zero. Therefore,in the omplete Yukawa-model and also in the subspae explored in this paper there is alattie spaing (i.e. ut-o�) dependent upper limit on the renomalized ouplings whih tendto zero if the lattie spaing goes to zero. (Zero lattie spaing means that the nuleon mass4



in lattie units amN is zero.)The model studied in this paper is, of ourse, inomplete and does not properly desribethe nuleon interations. First of all the pion �eld with its Yukawa interation to the nuleonshas to be introdued. Sine the pion is even lighter than the nuleon, its kineti term hasto be inluded together with the quarti self interation. For a omplete desription of thenulear interations further non-renormalized ouplings have to be introdued whih aregenerated within the framework of the hiral e�etive theory [3, 4℄, whih served as a basisof previous investigations of nulear physis, for instane, in [5℄-[14℄.A further step towards a preise desription of nulear physis with Monte Carlo methodsis to ontrol lattie artifats introdued by the disrete lattie whih break Lorentz symmetry.One possibility is to introdue higher dimensional (non-renormalizable) ouplings to om-pensate for the lattie artifats within the framework of improved lattie ations [31℄-[33℄.Of ourse, in this way a large number of ouplings has to be introdued and properly tuned.Therefore, this approah beomes at some point rather umbersome. Another possibilityis to introdue blok �elds [15℄ whih mimi the extended nature of hadrons (nuleons andpion) and introdue by their �nite spae-time extensions a natural ut-o� in momentumspae. In this way the physial ut-o� an be separated from the lattie ut o� and a smalllattie spaing limit an be de�ned keeping the physial ut-o� at its desired physial value.
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TablesTable 1: Numerial simulation results on 83 � 32 lattie for � = 0:10 andC1 = 0:05; 0:10. Statistial errors in last digits are given in parentheses.� C0 C1 h�0i h�1i amN0.10 0.01 0.05 0.501442(86) 1.48565(15) 0.68519(10)0.10 0.05 0.05 0.53377(10) 1.48538(16) 0.70653(37)0.10 0.10 0.05 0.62883(12) 1.48634(16) 0.76671(40)0.10 0.15 0.05 0.77137(15) 1.48714(16) 0.85493(57)0.10 0.20 0.05 0.94305(17) 1.48868(15) 0.96010(72)0.10 0.25 0.05 1.12759(19) 1.48929(15) 1.06971(72)0.10 0.30 0.05 1.31323(20) 1.49048(16) 1.1813(10)0.10 0.35 0.05 1.49272(22) 1.49126(15) 1.2927(10)0.10 0.40 0.05 1.66176(23) 1.49255(17) 1.39602(80)0.10 0.50 0.05 1.96256(27) 1.49353(17) 1.5840(14)0.10 0.01 0.10 0.501517(84) 1.44292(14) 0.65804(19)0.10 0.05 0.10 0.534201(93) 1.44379(14) 0.67974(28)0.10 0.10 0.10 0.630929(42) 1.446002(51) 0.74205(18)0.10 0.15 0.10 0.77541(16) 1.44939(16) 0.83309(79)0.10 0.20 0.10 0.949356(51) 1.453549(45) 0.94291(20)0.10 0.25 0.10 1.13598(18) 1.45796(14) 1.05644(79)0.10 0.30 0.10 1.32251(21) 1.46198(16) 1.17402(64)0.10 0.35 0.10 1.50271(21) 1.46593(14) 1.28402(95)0.10 0.40 0.10 1.67156(24) 1.46914(17) 1.3872(10)
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Table 2: Numerial simulation results on 83 � 32 lattie for � = 0:10 andC1 = 0:20; 0:30. Statistial errors in last digits are given in parentheses.� C0 C1 h�0i h�1i amN0.10 0.01 0.20 0.501340(96) 1.28479(13) 0.5629(12)0.10 0.05 0.20 0.536649(99) 1.28722(16) 0.58162(80)0.10 0.10 0.20 0.639301(76) 1.296000(78) 0.65369(54)0.10 0.15 0.20 0.79218(16) 1.30891(13) 0.75732(85)0.10 0.20 0.20 0.97365(12) 1.32375(10) 0.87765(60)0.10 0.25 0.20 1.16692(22) 1.33980(14) 1.00478(60)0.10 0.30 0.20 1.35767(24) 1.35509(15) 1.12985(85)0.10 0.35 0.20 1.53994(24) 1.36975(15) 1.24829(94)0.10 0.40 0.20 1.70999(27) 1.38275(17) 1.35859(87)0.10 0.01 0.30 0.501390(95) 1.06681(11) 0.4296(47)0.10 0.05 0.30 0.53978(12) 1.07226(11) 0.4501(25)0.10 0.10 0.30 0.65177(14) 1.08780(11) 0.5431(36)0.10 0.15 0.30 0.81674(18) 1.11161(12) 0.6495(19)0.10 0.20 0.30 1.01076(22) 1.14042(14) 0.78928(71)0.10 0.25 0.30 1.21305(26) 1.17062(14) 0.92980(98)0.10 0.30 0.30 1.41081(29) 1.20080(16) 1.0690(10)0.10 0.35 0.30 1.59643(29) 1.22882(16) 1.1968(13)0.10 0.40 0.30 1.76870(31) 1.25445(18) 1.3087(37)
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Table 3: Numerial simulation results on 83 � 32 lattie for � = 0:11 andC1 = 0:10. Statistial errors in last digits are given in parentheses.� C0 C1 h�0i h�1i amN0.11 0.01 0.10 0.501270(83) 1.44445(14) 0.4281(50)0.11 0.05 0.10 0.533467(94) 1.44488(14) 0.4436(36)0.11 0.10 0.10 0.62864(13) 1.44667(15) 0.5009(15)0.11 0.15 0.10 0.77138(15) 1.44977(15) 0.6005(12)0.11 0.20 0.10 0.94432(16) 1.45419(15) 0.72170(73)0.11 0.25 0.10 1.13103(15) 1.45808(13) 0.85157(58)0.11 0.30 0.10 1.31808(22) 1.46208(16) 0.97838(74)0.11 0.35 0.10 1.49865(21) 1.46600(15) 1.10036(79)0.11 0.40 0.10 1.66819(24) 1.46932(16) 1.21527(81)
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Table 4: Numerial simulation results on 83 � 32 lattie for C1 = 0:05 andC0 = 0:40; 0:60. Statistial errors in last digits are given in parentheses.� C0 C1 h�0i h�1i amN0.10 0.40 0.05 1.66176(23) 1.49255(17) 1.39402(80)0.11 0.40 0.05 1.65810(23) 1.49209(17) 1.2230(13)0.12 0.40 0.05 1.65354(24) 1.49221(17) 1.04973(95)0.13 0.40 0.05 1.64713(23) 1.49224(17) 0.87697(84)0.14 0.40 0.05 1.63763(23) 1.49233(17) 0.7033(13)0.15 0.40 0.05 1.62421(25) 1.49253(17) 0.5154(20)0.16 0.40 0.05 1.60449(25) 1.49267(18) 0.3612(94)0.10 0.60 0.05 2.2115(24) 1.49573(13) 1.7512(36)0.11 0.60 0.05 2.21459(29) 1.49453(14) 1.5983(31)0.12 0.60 0.05 2.21269(31) 1.49462(18) 1.4567(11)0.13 0.60 0.05 2.20967(33) 1.49470(17) 1.3159(11)0.14 0.60 0.05 2.20585(32) 1.49470(18) 1.1725(19)0.15 0.60 0.05 2.20051(32) 1.49471(18) 1.0368(14)0.16 0.60 0.05 2.19391(27) 1.49474(19) 0.89612(85)0.17 0.60 0.05 2.18459(29) 1.49474(19) 0.7542(11)0.18 0.60 0.05 2.17155(28) 1.49500(19) 0.6109(21)0.19 0.60 0.05 2.15482(30) 1.49495(19) 0.4664(40)
11
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Figure 2: The nuleon mass as funtion of the oupling C0 for � = 0:10and � = 0:11. The lines are drawn to guide the eyes.
13



 0

 0.5

 1

 1.5

 2

 2.5  3  3.5  4  4.5  5  5.5

am
N

1/(2*κ)

Nucleon mass

83 x 32 lattice, FourNucl
C0 = 0.40 and 0.60
C1 = 0.05

C0=0.40

C0=0.60

Figure 3: The nuleon mass as funtion of the bare mass parameter (2�)�1for C1 = 0:05 and for C0 = 0:40 and C0 = 0:60. The lines are drawn toguide the eyes.
14



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

am
N

 /s
qr

t<
Φ

0>

C0

Nucleon mass per scalar field length

83 x 32 lattice
FourNucl
C1=0.05,0.10,0.20,0.30

C1=0.05

C1=0.30

Figure 4: The nuleon mass divided by the expetation value of the averagelength of the isosalar �eld h�0i1=2 as funtion of the oupling C0 for � =0:10 and di�erent values of C1. The lines are drawn to guide the eyes.
15



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45

am
N

 /s
qr

t<
Φ

0>

C0

Nucleon mass per scalar field length

83 x 32 lattice
FourNucl
K=0.10,0.11

K=0.10

K=0.11

Figure 5: The nuleon mass divided by the expetation value of the averagelength of the isosalar �eld h�0i1=2 as funtion of the oupling C0 for � =0:10 and � = 0:11. The lines are drawn to guide the eyes.
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Figure 6: The nuleon mass divided by the expetation value of the averagelength of the isosalar �eld h�0i1=2 as funtion of the bare mass parameter(2�)�1 for C1 = 0:05 and for C0 = 0:40 and C0 = 0:60. The lines aredrawn to guide the eyes.
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