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Latti
e measurement of BBs with a 
hiral light quark a
tionB. BlossieraaDESY, Platanenallee 6, D-15738 Zeuthen, GermanyThe 
omputation on the latti
e of the bag parameter BBs asso
iated to the Bs � Bs mixing amplitude in theStandard Model is presented. The estimation has been made by 
ombining the stati
 limit of HQET and theNeuberger light quark a
tion whi
h preserves the 
hiral symmetry on the latti
e. We �nd BMSstatBs (mb) = 0:92(3).1. Introdu
tionBs � Bs mixing is highly important in testingthe Standard Model (SM) and 
onstrains stronglyits extensions by bounding the unitarity triangle.Sin
e it is a 
avor 
hanging neutral pro
ess it o
-
urs through loops so that the 
orresponding mix-ing amplitude is a sensitive measure of jVtsj andjVtbj, as the major SM loop 
ontribution 
omesfrom t-quark. The mixing of weak intera
tioneigenstates Bs and Bs indu
es a mass gap �Msbetween the mass eigenstates BsH and BsL. Ex-perimentally, D0 has bounded �Ms as 17 ps�1 <�Ms < 21 ps�1 (90% CL) [1℄ and the measure-ment made at CDF gave �Ms = 17:330+0:426�0:221 [2℄.Theoreti
ally the Bs�Bs mixing is des
ribed bymeans of an Operator Produ
t Expansion, i:e: theStandard Model Lagrangian LSM is redu
ed toan e�e
tive Hamiltonian H�B=2eff , up to negligibleterms of O(1=M2W ):H�B=2e� = G2F16�2M2W (V �tbVts)2� �BS0(xt)C(�b)Q�B=2LL (�b); (1)Q�B=2LL = �b
�Ls �b
�Ls; �b � mb;where �B = 0:55 � 0:01. S0(xt) is a knownInami-Lim fun
tion of xt = m2t=M2W [3℄, C(�b)is the Wilson 
oeÆ
ient 
omputed perturbativelyto NLO in �s(�b) in the MS (NDR) s
heme, andQ�B=2LL is a four-fermions operator 
oming fromthe redu
tion of the box diagrams in LSM to alo
al operator in the e�e
tive theory. The masssplitting is�MBs = 2jhBsjH�B=2e� jBij : (2)

The hadroni
 matrix element of Q�B=2LL , whi
hmust be 
omputed non perturbatively, is 
onven-tionally parameterized ashBsjQ�B=2LL (�b)jBsi � 83m2Bsf2BsBBs(�b) ; (3)where BBs(�b) is the Bs meson bag parameterand fBs the de
ay 
onstant. In the following itwill be useful to introdu
e in addition to the op-erator O1 � Q�B=2LL the operators of the so 
alledsupersymmetri
 basisO2 = �bi(1� 
5)si�bj(1� 
5)sj ;O3 = �bi
�(1� 
5)si�bj
�(1 + 
5)sj ;O4 = �bi(1� 
5)si�bj(1 + 
5)sj ; (4)whose the matrix elements hBsjOijBsi are param-eterised byhBsjO2jBsi = �53 � mBsmb(�) +ms(�)�2 f2BsB2(�);hBsjO3jBsi = �43 � mBsmb(�) +ms(�)�2 f2BsB3(�);hBsjO4jBsi = 2� mBsmb(�) +ms(�)�2 f2BsB4(�):(5)So far BBs(�b) has been 
omputed by using lat-ti
e QCD [4℄-[10℄1. One of the major problemswith those 
omputations is in the following: thestandard Wilson light quark latti
e a
tion breaksexpli
itely the 
hiral symmetry, whi
h tremen-dously 
ompli
ates the renormalization pro
edureof Q�B=2LL and its mat
hing to the 
ontinuum. To1It was also estimated by using QCD sum rules [11℄ butwe will 
on
entrate only on latti
e results.1
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2get around that problem we 
ompute BBs(�b) byusing the latti
e formulation of QCD in whi
h the
hiral symmetry is preserved at �nite latti
e spa
-ing [12℄. On the other hand, it should be stressedthat our heavy quark is stati
, as the 
urrentlyavailable latti
es do not allow to work dire
tlywith the propagating b quark. Thus our resultswill su�er from 1=mb-
orre
tions.2. Computation on the latti
eIn our numeri
al simulation we 
hoose to workwith the a
tion S = SEHh + SNl , whereSEHh = a3Xx n�h+(x) hh+(x)� V HYPy0 (x� 0̂)h+(x� 0̂)i� �h�(x) �V HYP0 (x)h�(x+ 0̂)� h�(x)� ois the stati
 limit of HQET a
tion [13℄ whi
h hasbeen modi�ed after using the so-
alled HYP (hy-per
ubi
 blo
king) pro
edure [14℄, that is enoughto substantially improve the signal/noise ratio[15℄ [the �eld h+(h�) annihilates the stati
 heavyquark (antiquark)℄. SNl = a3Px � (x)D(m0)N  (x)is the overlap light quark a
tion withD(m0)N = �1� 12�am0�DN +m0;DN = �a �1 + XpXyX� ; X = DW � �a ;where DW is the standard Wilson-Dira
 oper-ator. The overlap Dira
 operator D(m0)N veri-�es the Ginsparg-Wilson relation f
5; D(m0)N g =a�D(m0)N 
5D(m0)N and the overlap a
tion is invari-ant under the 
hiral light quark transformation[16℄ !  + i�
5�1� a�D(m0)N � ; � ! � (1 + i�
5);whi
h is essential to prevent mixing of four-fermion operators of di�erent 
hirality [17℄. Inother words, in the renormalization pro
edure,the subtra
tion of the spurious mixing with d = 6operators will not be needed. We thus 
omputethe two- and three-point fun
tions:~C(2)�AA (t) = hX~x eA�0 (~x; t) eA�y0 (0)iU t�0�! ~ZAe��t; (6)

~C(3)V V+AA(ti; t) = hX~x;~y eA+0 (~x; ti) eO1(0; 0) eA�y0 (~y; t)iUti�t�0�! ~ZA vhBsj eO1(�)jBsiv e��(ti�t); (7)~C(3)SS+PP (ti; t) = hX~x;~y eA+0 (~x; ti) eO2(0; 0) eA�y0 (~y; t)iUti�t�0�! ~ZA vhBsj eO2(�)jBsiv e��(ti�t); (8)eA�0 � �h�
0
5s; eO1 = �h(+)i
�Lsi�h(�)j
�Lsj ;eO2 = �h(+)iPLsi�h(�)jPLsj ;q ~ZA = h0j eA�0 jBsiv :� is the binding energy of the pseudos
alar heavy-light meson. In the 
omputation of ~C(2)�(ti; t)one 
urrent ~A�0 is lo
al whereas the other issmeared. The role of the smearing is to isolateearlier the ground state [18℄, as shown in Fig.1 2. We see that the same state is isolated whenpurely lo
al 
urrents are used (with those 
urrentsthe signal does not exist if V HYP0 is not used inthe heavy quark a
tion). The sour
e operators in~C(3)V V+AA(ti; t) and ~C(3)SS+PP (ti; t) are the smeared
urrents ~A�0 , whereas the four-fermion operators~O1 and ~O2 are purely lo
al. In (6), (7) and (8) thesubs
ript "v" and supers
ript "�" are designed toremind the reader that states and operators arede�ned in HQET.Note that in the 
omputation of ~C(3)V V+AA(ti; t)and ~C(3)SS+PP (ti; t) there are two terms, 
omingfrom two di�erent Wi
k 
ontra
tions:Xi Bii(t)Xj Bjj(ti) and Xi;j Bij(t)Bji(ti):i, j are the 
olor indi
es andBij(t) = Tr"X~x 
�LSyikL (0; ~x; t)
0
5SkjH (~x; t; 0)# ;SL and SH are the light and heavy propagatorsrespe
tively and the tra
e is over spinor indi
es.2Even if the time interval from whi
h we extra
t the bind-ing energy starts at t = 9 (green line), the overlap withradial ex
itations is quite redu
ed sin
e t = 6 when 
ur-rents are smeared.
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Figure 1. E�e
tive binding energy of the 0�-state when 
urrents are lo
al (un�lled symbols)or smeared (�lled symbols)
5 10

t
0.5

1.0

1.5

2.0

2.5

R
1
(t

i
=8, t)

R
2
(t

i
=8, t)

β=6.0, m
s
=0.06 GeV, ρ=1.4, V=16

3
*32Figure 2. Signals for R1;2(ti; t) de�ned in eq (9):lines indi
ate the time interval on whi
h we �t thesignal to a 
onstant to extra
t ~B1(a) and ~B2(a)respe
tively.After having 
omputed the 
orrelation fun
tions(6), (7) and (8) we build the following two ratiosR1(ti; t) and R2(ti; t):R1(ti; t) = ~C(3)V V+AA(ti; t)83 ~Z2A ~C(2)+AA (ti) ~C(2)�AA (t)ti�t�0�! vhBsj ~O1jBsiv83 jh0j ~A�0 jBsiv j2 � ~B1(a);R2(ti; t) = C(3)SS+PP (ti; t)� 53 ~Z2A ~C(2)+AA (ti) ~C(2)�AA (t)ti�t�0�! vhBsj ~O2jBsiv� 53 jh0j ~A�0 jBsiv j2 � ~B2(a): (9)Those ratios are 
al
ulated either with a �xedtime t 2 [�6;�8;�10;�12;�14;�16℄ and ti free,or by �xing ti 2 [6; 8; 10; 12; 14; 16℄ while lettingt free. We take the average of the two options.

In Fig. 2 we show the quality of the signals forR1;2(ti; t), with ti = 6 �xed. The signal for ~B1(a)is quite stable as a fun
tion of ti, whereas thesignal for ~B2(a) rapidly deteriorates for larger ti,and is 
ompletely lost for ti > 10.3. Extra
tion of physi
al BBsThree steps are required to extra
t BBs � B1from the latti
e:(1) ~B1;2(a) are mat
hed onto the 
ontinuumMS(NDR) s
heme at NLO in perturbation the-ory at the renormalization s
ale � = 1=a [17℄,(2) ~B1;2 are evolved from � = 1=a to � = mbby using the HQET anomalous dimension matrix,known to 2-loop a

ura
y in perturbation theory[8,19℄,(3) ~B1;2(� = mb) are then mat
hed onto theirQCD 
ounterpart, B1;2(mb), in the MS(NDR)s
heme at NLO [19℄.The s
ales 
hosen to do the mat
hings are su
hthat neither ln(a�) in the step (1) nor ln(�=mb)in the step (3) 
orre
t strongly the mat
hing 
on-stants. The advantage of using a 
hiral lightquark a
tion for the step (1) lies in the fa
t thatfour-fermion operators 
an mix only with a di-mension 6 four-fermion operator of the same 
hi-rality. In other words we have not more than4 independent renormalization 
onstants in therenormalization matrix, be
ause ~O1 and ~O2 
anmix neither with ~O3 � �h+
�Ls �h�
�Rs, nor with~O4 � �h+(1� 
5)s �h�(1 + 
5)s. A
tually, thanksto the heavy quark symmetry, those 
onstants arenot all independent and we have [17℄ ~BMS1 (�)~BMS2 (�) ! = � Z11(a�) 0Z22(a�)�Z11(a�)4 Z22(a�) �� ~B1(a)~B2(a) � :4. Results and dis
ussionOur results are based on two simulations, withthe parameters given in Tab. 1.We �nd BMSstatBs (mb) = 0:922(12)(25), where the�rst error is statisti
al, the se
ond is systemati
and 
ontains the error from the estimation of�s(1=a) and the �nite a e�e
ts. From Fig. 3it 
an be seen that our value is larger than theprevious stati
 result [5℄. This di�eren
e is likely



4 � N
onf a
tion � ams0 �l6.0 100 overlap 1.4 0.06Wilson 0.14355.85 40 overlap 1.6 0.09Table 1Parameters of our simulations: ams0 and � havebeen 
hosen following [20,21℄; the volume is 163�32.

0.7 0.8 0.9 1.0 1.1

0:97(12)0:81(7)0:93(+08�10)0:90(+4�2)0.87(2)0.85(5)0:85(6)0:92(3) Orsay, stati
 heavy quark (2006)JLQCD (unq. Nf = 2), NRQCD (2003)JLQCD, NRQCD (2003)SPQ
dR (2002)UKQCD (2001)APE (2000)Gimenez and Reyes (1999)Bernard, Blum and Soni (1998)Renormalisation with subtra
tions
Renormalisatio
nwithsubtra
t
ions

without subtr. Figure 3. Various latti
e values of BMSBs (mb) [4℄-[10℄; blue symbols 
orrespond to a 
omputationmade with a stati
 heavy quarkdue to the use of Neuberger light quark a
tion (nosubtra
tions), due to the use of the HYP pro
e-dure, or the 
ombination of both. To answer tothis question we made a 
omputation with theWilson light quark a
tion. In that 
ase we havesubtra
tions in the renormalisation pro
edure:h eO1i
on = Z11h eO1ilat 1 + Z13 h eO3ilath eO1ilat + Z14 h eO4ilath eO1ilat! :A 
orre
tion on Z13 and Z14, 
oming from a dif-ferent de�nition of the HQET a
tion, indu
es asubstantial systemati
 error on BBs as illustratedon the Tab. 2. From Fig. 3 we also noti
e thatour value is also somewhat larger than the resultsobtained with the propagating heavy quark. We

h eO3ilath eO1ilat -1.011(1)h eO4ilath eO1ilat 1.013(2) HYP Z13 Z14 BstatBs (mb)no -0.459 -0.919 0.763(5)yes -0.235 -0.470 0.873(5)Table 2Ratios h eO3;4ilat=h eO1ilat extra
ted from the simu-lation with a Wilson light quark and the improvedHQET a
tion (left table); 
omparison of Z13, Z14and BstatBs (mb) obtained with the Wilson a
tionin fun
tion of HQET a
tion improvement (righttable).
an take a

ount of the 1=mb e�e
ts by interpo-lating linearly through MBs :BMS;MBsBs (mb) = BMS;statBs (mb)�1 + CMBs� ; (10)where C = �0:24(6) GeV [6℄. With MBs = 5:37GeV, BMS;MBsBs = 0:955(11) � BMS;statBs (mb), weobtain after the simulation at � = 6:0 BMS;MBsBs =0:881(15). JLQCD 
ollaboration showed that theerrors due to quen
hing are likely to be small[9,10℄. That issue has to be addressed by un-quen
hing the Bs � Bs mixing amplitude in thestati
 limit and by avoiding the subtra
tion pro-
edure as well. The �rst step would be to makea simulation with 2 degenerate Wilson sea lightquarks and an overlap valen
e strange quark.Eventually with funqBs = 230 MeV [22℄, Vts =04076 [23℄, Vtb = 0:99912 [24℄, we obtain�MSMBs = 20:7 ps�1. However this value has tobe taken very 
arefully be
ause the un
ertaintyon funqBs is 30%.5. Con
lusionFor the �rst time the bag parameter asso
iatedto the Bs � Bs mixing amplitude in the Stan-dard Model has been 
omputed on the latti
e by
ombining the stati
 limit of HQET and a lightquark a
tion whi
h preserves the 
hiral symme-try on the latti
e. Thus systemati
 error indu
edby subtra
tions in the renormalisation pro
edureare absent, sin
e there is no mixing among dimen-sion 6 four-fermion operators of di�erent 
hirality.
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