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orrelations in baryons on the latti
e with overlap quarksRonald Babi
h,1 Ni
olas Garron,2 Christian Hoelbling,3 Joseph Howard,1 Laurent Lellou
h,4 and Claudio Rebbi1, �1Department of Physi
s, Boston University, 590 Commonwealth Avenue, Boston MA 02215, USA2DESY, Platanenallee 6, D-15738 Zeuthen, Germany3Department of Physi
s, Universit�atWuppertal, Gaussstr. 20, D-42119Wuppertal, Germany4Centre de Physique Th�eorique, CNRS Luminy, Case 907, F-13288 Marseille Cedex 9, Fran
ey(Dated: January 25, 2007)We evaluate baryon wave fun
tions in both the Coulomb and Landau gauge in latti
e QCD. Theseare 
onstru
ted from quark propagators 
al
ulated with the overlap Dira
 operator on quen
hedgauge 
on�gurations at � = 6. By 
omparing baryon states that di�er in their diquark 
ontent, we�nd eviden
e for enhan
ed 
orrelation in the s
alar diquark 
hannel, as favored by quark models.We also summarize earlier results for diquark masses in the Landau gauge, 
asting them in a formmore easily 
ompared with subsequent studies.PACS numbers: 11.15.Ha 12.38.-t 12.38.G
 14.20.-
I. INTRODUCTIONThe notion of a diquark is nearly as old as that ofquarks themselves and has been invoked to explain manyaspe
ts of hadron phenomenology (see [1℄ for a review).Most generally, a diquark is any two quark system, butthe term is more often taken to denote two 
orrelatedquarks in a parti
ular representation of 
avor and spin.In QCD-inspired quark models [2℄, the 
olor-hyper�neintera
tion gives rise to attra
tion in the spin singlet,SU(3)-
avor anti-triplet 
hannel, a 
on�guration knownas a s
alar diquark or more evo
atively as a \good" di-quark. In 
ontrast, the spin triplet, 
avor sextet 
hannelis repulsive, and the asso
iated axial ve
tor or \bad" di-quark is disfavored. Note that in this dis
ussion and therest of the paper, we only 
onsider positive-parity di-quarks in the �3 of 
olor, as would des
ribe two valen
equarks in a baryon. While one may write down diquarkoperators symmetri
 in 
olor, all eviden
e points towardtheir being energeti
ally disfavored.In re
ent years, diquarks have re
eived in
reased atten-tion in light of the possible existen
e of exoti
 states su
has the �+, as diquark models make de�nite predi
tionsfor their properties [3℄. The status of the �+ remainsun
ertain (see [4℄ for a re
ent review of the experimentalsituation), but it serves to remind one of the relative la
kof other exoti
s naively allowed by QCD, a s
ar
ity thatmay largely be explained if diquark 
orrelations play animportant role in hadron stru
ture [5℄.Ideally, issues su
h as these should be addressed bydire
t appeal to the fundamental theory. The latti
e isthe prin
ipal 
al
ulational framework for nonperturba-tive QCD and has been brought to bear on the questionof diquarks in several re
ent studies (we set aside dire
tsear
hes for exoti
 states). Perhaps the most straightfor-�rebbi�bu.eduyCPT is \UMR 6207 du CNRS et des universit�es d'Aix-Marseille I,d'Aix-Marseille II et du Sud Toulon-Var, aÆli�ee �a la FRUMAM."

ward approa
h is to 
onstru
t a diquark two-point fun
-tion and 
onsider its fall-o� in time, as one does to ex-tra
t hadron masses. A diquark by itself is not a 
olorsinglet, however, and so one must either �x the gaugeor introdu
e an additional sour
e of 
olor. The formerapproa
h was �rst pursued in [6℄, where diquark 
orrela-tors were 
al
ulated with Wilson fermions in the Landaugauge. More re
ently, we presented a similar investiga-tion in [7℄ with overlap fermions at signi�
antly lighterquark masses. By 
omparing the e�e
tive mass of thediquark with that of its 
onstituent quarks, the s
alardiquark was found to be bound in the limit of vanishingquark mass. In Se
tion IV below, we brie
y summa-rize these results in order to give values for mass split-tings that may be more easily 
ompared with subsequentstudies. In the se
ond approa
h, one 
onstru
ts a gaugeinvariant obje
t by 
ontra
ting the free 
olor index ofthe diquark at sour
e and sink with a Wilson line, serv-ing as a stati
 quark [8, 9℄. This allows one to extra
tdiquark mass di�eren
es, in qualitative agreement withthe �xed-gauge approa
h. See also [10℄, where point-to-point baryon 
orrelators 
ontaining various diquarks are
ompared to those in the free theory.While useful, su
h mass determinations provide lim-ited information about the nature of diquark 
orrelations.In this work, we dire
tly investigate spatial 
orrelationsamong quarks in baryons by 
al
ulating baryon wavefun
tions on the latti
e. At least two natural formalismsexist for de�ning what is meant by a \wave fun
tion."The one pursued here begins with a standard baryon 
or-relator and involves displa
ing quarks at the sink. Thisfun
tion of quark displa
ements is then evaluated in a�xed gauge [11℄. A very early study of su
h wave fun
-tions may be found in [12℄ and more 
omplete investiga-tions in [13, 14℄. These treat only a subset of all pos-sible quark displa
ements and are largely motivated bya desire for improved interpolating operators for spe
-tros
opy. Nevertheless, and although not emphasized,the nu
leon wave fun
tion parametrized in [13, 14℄ doesexhibit 
hara
teristi
s attributable to diquark e�e
ts, inparti
ular a negative 
harge radius for the neutron.

http://arxiv.org/abs/hep-lat/0701023v2
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2An alternative de�nition of a hadroni
 wave fun
-tion is that provided by the density-density 
orrela-tor method [15, 16, 17℄. A re
ent addition to thebody of work treating su
h 
orrelation fun
tions forbaryons [18, 19, 20℄ may be found in [21℄, where the fo-
us is on possible deformations arising from spin-orbit
oupling. Finally, a very re
ent study [9℄ employs thedensity-density 
orrelator te
hnique to examine the wavefun
tion of a diquark 
onstrained to a spheri
al shellabout a stati
 quark, a gauge-invariant setup mentionedabove in the 
ontext of diquark mass di�eren
es. By�tting to an exponential ansatz, the authors of [9℄ �nda large, but �nite, radius for the s
alar diquark in thisenvironment.In this work, we present the �rst detailed study of di-quark 
orrelations in physi
al baryons (with all quarkmasses �nite). We 
onsider all possible displa
ements ofthe three quarks and 
al
ulate wave fun
tions in boththe Coulomb and Landau gauges. By dire
tly 
ompar-ing wave fun
tions of disparate states and 
al
ulatingratios of mean quark separations, we �nd eviden
e ofenhan
ed 
orrelation in the s
alar diquark 
hannel. Wework in quen
hed QCD and employ the overlap Dira
 op-erator [22, 23, 24, 25℄ in our 
al
ulation, a dis
retizationwhi
h preserves 
hiral symmetry on the latti
e [26, 27℄and is thereby 
losest to the 
ontinuum formulation.The paper is organized as follows. In Se
tion II, weprovide details of our 
al
ulation and des
ribe the 
orre-lation fun
tions and states that we study. In Se
tion IIIand its subse
tions, we present and 
ompare our baryonwave fun
tions and from them 
al
ulate values for meanquark separations. Finally, in Se
tion IV, we 
al
ulatediquark mass di�eren
es from data �rst presented in [7℄.II. DETAILS OF THE CALCULATIONThis study is one in a series employing the overlapDira
 operator on a large latti
e. Results for meson andbaryon spe
tra, as well as meson wave fun
tions, diquark
orrelators, and other observables were presented in [7℄.In [28℄, we 
al
ulated matrix elements relevant for kaonphysi
s in the standard model and beyond with a 
are-ful treatment of nonperturbative renormalization in theRI/MOM s
heme. We dire
t the reader to [7℄ for a dis
us-sion of the many advantages of the overlap dis
retizationas well as for details of our implementation beyond thosegiven here.The overlap Dira
 operator des
ribing a masslessquark [23℄ is given byD = �a �1 + XpXyX� ; (1)where X = DW � �=a is the Wilson Dira
 operator withmass ��=a. It follows that inversion of the overlap oper-ator requires the repeated 
al
ulation of 1=pXyX . Thisis a

omplished with polynomial or rational fun
tion ap-proximations and is very demanding 
omputationally.

An unquen
hed 
al
ulation on a latti
e as large as ourswould be beyond the 
apability of presently available re-sour
es. We therefore work in the quen
hed approxima-tion and note that prior experien
e with Wilson fermionshas shown hadroni
 wave fun
tions of the type we studyto be largely una�e
ted by quen
hing [14℄.We employ the Wilson gauge a
tion with � = 6 on alatti
e of size 183�64. This gives an inverse latti
e spa
-ing a�1 of 2.12 GeV [29, 30℄ on the basis of the Sommers
ale de�ned by r20F (r0) = 1:65 with r0 = 0:5 fm [31℄.One hundred independent gauge 
on�gurations were gen-erated and then �xed to the Landau gauge before invert-ing the Dira
 operator. The negative mass parameter inthe de�nition of the overlap was set to � = 1:4 in orderto maximize lo
ality [32℄. Quark propagators were 
al
u-lated from a point sour
e for all 
olor-spin 
ombinationswith a 
onjugate gradient multimass solver for bare quarkmasses amq = 0:03; 0:04; 0:06; 0:08; 0:10; 0:25; 0:50; 0:75.For referen
e, 
orresponding values of the pion mass aswell as baryon masses are given in Table I [7℄.We now des
ribe the states that we study. We workin a Dira
 basis where 
4 is diagonal and utilize \non-relativisti
" wave fun
tions involving only either upperor lower spinor 
omponents. Labeling the three quarksu; d; s for 
onvenien
e, we give the spin stru
ture of thestates of interest in Table II in a transparent notation. Inthe SU(3) 
lassi�
ation, these 
orrespond to the o
tet �and � states and the de
uplet ��. In Se
tion III, we will�nd it most illuminating to 
ompare the � to the ��; inthe former, the u and d are in a spin-0 \good diquark"
on�guration, while in the latter they are in a spin-1.The o
tet � is a 
ousin of the nu
leon in whi
h the pairsu; s and d; s are in superpositions of spin-0 and spin-1.For a given state, with spin stru
ture as given in thetable, we 
onstru
t a zero-momentum 
orrelatorG(~ru; ~rd; t) = X~r hu(~r + ~ru; t)d(~r + ~rd; t)s(~r; t)� �u(~0; 0) �d(~0; 0)�s(~0; 0)i : (2)Here 
olor indi
es are impli
it and are 
ontra
ted withthe antisymmetri
 tensor at sour
e and sink. We 
om-bine 
orrelators for the (two for the o
tet, four for thede
uplet) spin states distinguished by Jz. Finally, tothe forward-propagating 
orrelators 
onstru
ted with up-per spinor 
omponents we add 
orrelators propagating inamq aMP aM8 aM100.03 0.219(3) 0.63(2) 0.75(3)0.04 0.247(2) 0.66(2) 0.78(2)0.06 0.297(2) 0.714(11) 0.82(2)0.08 0.340(2) 0.763(9) 0.868(12)0.10 0.3803(14) 0.810(7) 0.909(10)TABLE I: Masses, in latti
e units, of the lightest pseudos
alarmeson, o
tet baryon (e.g. nu
leon), and de
uplet baryon forquarks of equal mass amq. Quoted errors are statisti
al only.



3� (u"d#s" � u#d"s")=p2(u#d"s# � u"d#s#)=p2� (u"d#s" + u#d"s" � 2u"d"s#)=p6(u#d"s# + u"d#s# � 2u#d#s")=p6�� u"d"s"(u#d"s" + u"d#s" + u"d"s#)=p3(u"d#s# + u#d"s# + u#d#s")=p3u#d#s#TABLE II: Baryon states.the ba
kward time dire
tion that have been 
onstru
tedwith lower 
omponents. We thereby double our statis-ti
s while ensuring that only the desired positive-paritystates are ex
ited from the va
uum.Sin
e the quarks at the sink may be taken to beat distin
t spatial sites, Eq. (2) is only well-de�ned ifwe spe
ify the gauge. In Se
tion III we evaluate this
orrelation fun
tion in both the Coulomb and Landaugauges. Coulomb gauge-�xing was performed using sim-ulated annealing, starting from gauge 
on�gurations al-ready �xed to the Landau gauge. At suÆ
iently largetimes, G(~ru; ~rd; t) settles into a spatial pro�le that is in-dependent of t up to normalization. We refer to thispro�le as the \wave fun
tion,"	(~ru; ~rd) = G(~ru; ~rd; t)qP~ru;~rd jG(~ru; ~rd; t)j2 : (3)This zero-momentum wave fun
tion in general dependson two 3-ve
tors, i.e. six numbers. As dis
ussed in thenext se
tion, however, we only resolve a dependen
e onseparations between pairs of quarks, and it is thereforee�e
tively a fun
tion of a triangle, parametrized by threenumbers. For the purpose of displaying the wave fun
-tion, we adopt the geometry shown in Fig. 1. Here z isthe distan
e between the quark labeled by s and the 
en-ter of mass of u and d. The axis determined by z is takento establish a 
oordinate system in whi
h we spe
ify the
y

x

z

d

u

sFIG. 1: Geometry for visualizing the wave fun
tions.

position (x; y) of u with respe
t to the 
enter of mass. Wenote that the states we 
onsider are all symmetri
 underinter
hange of the positions of u and d. In summary, thewave fun
tion in these 
oordinates is given by	(x; y; z) = X~ru X~rd 	(~ru; ~rd)	(~0;~0) Æ�z � 12 j~ru + ~rdj�� Æ�y � (~ru � ~rd) � (~ru + ~rd)2j~ru + ~rdj �� Æ x�r14 j~ru � ~rdj2 � y2! ; (4)where we have normalized the amplitude to unity whereall three quarks are at the same site and have de�nedthe delta fun
tion on the latti
e taking into a

ount themultipli
ity of the sites. In 
onstru
ting the wave fun
-tion, we only 
onsider 
on�gurations of the quarks whereno two are separated by more than half the length of thelatti
e (L=2 = 9a).We 
on
lude this se
tion with some �nal details of ourimplementation. First, we note that it might be advan-tageous to repla
e the point sour
e in Eq. (2) with anextended operator that better overlaps the desired state.We were 
onstrained in our 
al
ulation, however, by thefa
t that point-sour
e propagators were required for stud-ies of nonperturbative renormalization and weak matrixelements; the 
al
ulation of an additional set of smeared-sour
e propagators was deemed too 
ostly to be worth-while.The wave fun
tions we present in Se
tion III were 
al-
ulated by summing over all possible positions of thethree quarks. Sin
e ea
h sum is over 183 sites, this in-volves a nontrivial amount of work. We were able togreatly speed up the 
al
ulation, however, by employ-ing a fast Fourier transform and utilizing the 
onvolutiontheorem to eliminate one of the summations. A relatedissue is the large amount of data that would have to bestored to 
apture all possible relative displa
ements of thequarks (i.e. all possible embeddings of a triangle in thelatti
e). This was avoided by adopting the parametriza-tion des
ribed above and building a histogram in thex; y; z 
oordinates with linear interpolation. The bin sizewas taken to be 0:225a in x; y and 0:45a in z, suÆ
ientlysmall that the mean quark separations presented in Se
-tion III B are unbiased, as 
on�rmed by examining thetotally symmetri
 �� state.Computations were performed with shared memory
ode on IBM p690 systems at Boston University andNCSA. III. BARYON WAVE FUNCTIONSA. Wave fun
tionsVisualization of the wave fun
tions will prove to bequite useful for dis
erning di�eren
es in spatial 
orrela-
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FIG. 2: (Color online) Wave fun
tion of the � evaluated att = 10a in the Landau gauge, for z = 2:25a.tions between states. As a �rst step, we must 
hoose thetime t at whi
h to evaluate the wave fun
tion. For smalltimes, the 
orrelator G(~ru; ~rd; t) in Eq. (2) is dominatedby ex
ited states. It is therefore ne
essary to take t suÆ-
iently large that the spatial pro�le has settled into thatof the ground state. We �nd that for the states we study,the wave fun
tion has settled by t = 8a, in agreementwith what was observed for e�e
tive masses when 
al
u-lating baryon spe
tra [7℄. We 
onservatively take t = 10ain the remainder of this paper.For plotting purposes, we �x z, the distan
e betweenthe 
enter of mass of the �rst two quarks and the posi-tion of the third. In Fig. 2, we plot the � wave fun
-tion in the Landau gauge as a fun
tion of x; y for onesu
h z separation. All three quark masses are taken tobe amq = 0:03, the lightest available value. The 
orre-sponding wave fun
tion in the Coulomb gauge is plottedin Fig. 3. Re
all that the wave fun
tions have been nor-malized to 1 where all three quarks are at the same site(x = y = z = 0, not shown). Figures 2 and 3 exhibitthe general property that Coulomb-gauge wave fun
tionsare less broad and better 
ontained in the latti
e volumethan those 
al
ulated in the Landau gauge, in agreementwith [13, 14℄. We will fo
us on Coulomb-gauge wavefun
tions in the remainder of this se
tion.Statisti
al errors, whi
h for 
larity are not shown inFigs. 2-5, are on the order of 6 to 10 per
ent (see Fig. 6below). It is noteworthy that the overall amplitude ofthe wave fun
tion tends to vary 
on�guration by 
on-�guration while it maintains the same basi
 shape. Inother words, if the wave fun
tion at its peak (always at~ru = ~rd = 0) is found to be larger than average on a givengauge 
on�guration, it is likely to be larger at all otherquark displa
ements on that 
on�guration. In [13, 14℄,this e�e
t was taken as motivation to normalize the wave

FIG. 3: (Color online) Wave fun
tion of the � evaluated att = 10a in the Coulomb gauge, for z = 2:25a.fun
tions on a per-
on�guration basis. While e�e
tive,this approa
h is diÆ
ult to justify from a �eld-theoreti
perspe
tive and we do not pursue it here. We note, how-ever, that when 
omparing the properties of various wavefun
tions quantitatively, su
h 
ontributions to the errorsoften 
an
el, as we �nd for mean quark separations inthe next se
tion.By parametrizing our wave fun
tions in terms of rela-tive separations, without regard to orientation, we haveimpli
itly assumed isotropy. Of 
ourse, one re
ognizesthat there is a preferred dire
tion, the z-dire
tion of thelatti
e (not to be 
onfused with our z 
oordinate) with re-spe
t to whi
h the z-
omponent of spin is de�ned. To testfor the possible presen
e of spin-orbit 
oupling, we addeda fourth dimension to our histogram with the new vari-able being the proje
tion of the ve
tor whose length we
all \z" along the z-dire
tion of the latti
e. We then 
on-stru
ted a wave fun
tion with de�nite Jz and looked fora dependen
e on this variable. Within errors, we foundno eviden
e for su
h a dependen
e. We 
on
lude thatthe e�e
ts of spin-orbit 
oupling, if present, are belowthe statisti
al limits of our 
al
ulation.We 
ome now to the main point of interest. For the� state whose wave fun
tion is plotted in Fig. 3, the u; dquarks are in the spin-0, \good diquark" 
on�guration.We would like to 
ompare this wave fun
tion to that ofthe ��, where the two quarks are in the spin-1 
on�gura-tion. In Fig. 4 and Fig. 5, we plot the two wave fun
tionstogether for two di�erent z separations. A 
ross-se
tionof Fig. 4 with y = 0 is shown in Fig. 6 to give an indi-
ation of the errors. As predi
ted in the literature, wenote signi�
antly stronger 
lustering when u; d are in thegood diquark 
on�guration. This feature is independentof z.In this se
tion, we have presented results for baryons
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FIG. 4: (Color online) Comparison of � (red) and ��(broader, in green) wave fun
tions in the Coulomb gauge, forz = 2:25a.

FIG. 5: (Color online) Comparison of � (red) and ��(broader, in green) wave fun
tions in the Coulomb gauge, forz = 4:50a.where the three quarks are taken to be degenerate inmass with amq = 0:03. In the next se
tion, we will eval-uate the e�e
t of in
reasing this mass. One may also
onsider baryons where the s quark is taken to be signif-i
antly heavier than the others. None of the qualitativefeatures are 
hanged, but we do observe a slight tenden
yfor the mean separation between the two light quarks tobe larger than that between one of the light quarks andthe heavy quark, when 
onsidering the otherwise sym-metri
 �� state. This is a purely kinemati
 e�e
t thatwould apply even in a 
lassi
al system of one heavy and

-4 -2 0 2 4
x/a

0

0.2

0.4

0.6

0.8

1

Σ*
Λ

FIG. 6: (Color online) Cross-se
tions of � and �� wave fun
-tions with z = 2:25a and y = 0.two light parti
les bound by two-body intera
tions.B. Mean quark separationsFrom our wave fun
tions, we 
al
ulate the mean squareseparation between the u and d quarks in the naturalway: hj~ru � ~rdj2i =X~ru X~rd j	(~ru; ~rd)j2 j~ru � ~rdj2 : (5)Similarly, noting that our 
oordinates are de�ned su
hthat ~rs = 0,hj~ru � ~rsj2i =X~ru X~rd j	(~ru; ~rd)j2 j~ruj2 : (6)Sin
e our baryons reside in a �nite volume, su
h meanseparations must be interpreted with 
are. In parti
u-lar, we do not take into a

ount the tails of the wavefun
tions that extend into adja
ent 
ells of our periodi
latti
e, nor do we remove those that impinge from them.To do so would require that we model and �t the numer-i
al wave fun
tions. In 
ontrast, the separations that we
al
ulate follow dire
tly from the data. In the large vol-ume limit, these separations would 
onverge to de�nitevalues. In our �nite volume, they provide a rough quan-titative estimate of the 
lustering observed in the s
alardiquark 
hannel and of the dependen
e of su
h 
lusteringon quark mass. To the extent that �nite volume e�e
tsare present, they are expe
ted only to weaken 
orrela-tions. In Tables III and IV in the appendix, we 
olle
troot mean square separations for the various states in the
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R
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FIG. 7: (Color online) Ratios of RMS quark separations as afun
tion of bare quark mass amq.two gauges. Errors have been 
al
ulated via the boot-strap method with 500 samples.In QCD-inspired quark models [2℄, the Hamiltoniangenerally in
ludes a term of the formH = �s
Xi<j 1mimj ~si � ~sj (7)that is attra
tive in the spin singlet 
hannel. Here ~si isthe spin and mi the (
onstituent) mass of the ith quark,and 
 is a 
onstant. It follows that the strength of theintera
tion in
reases as quark masses de
rease. For thepurpose of quantifying the mass dependen
e of our wavefun
tions, we de�ne a ratio of RMS separations,Rudus =s hj~ru � ~rdj2ihj~ru � ~rsj2i : (8)As noted earlier, �xed-gauge wave fun
tions are gener-ally broader in the Landau gauge than in the Coulombgauge. For example, for the � state with amq = 0:03in the Landau gauge, we �nd phj~ru � ~rdj2i = 5:63(6),as 
ompared to 5.17(9) in the Coulomb gauge. Remark-ably, however, ratios of separations appear to be ratherindependent of gauge.In Fig. 7, we plot su
h ratios in both gauges for thetwo o
tet states and all available quark masses. By 
on-stru
tion, the de
uplet �� is totally symmetri
; the 
orre-sponding ratio is exa
tly one and would lie on the dottedline in the �gure. We re
all that in the �, the u; d arein the spin-0 
on�guration while in the �, the u; s andu; d are in superpositions of spin-0 and spin-1. Again,errors have been 
al
ulated with the bootstrap and leavelittle doubt that spatial 
orrelations are enhan
ed in thes
alar diquark 
hannel. We also observe that the e�e
tstrengthens markedly at the lightest masses.

0 0.02 0.04 0.06 0.08 0.1
am = a(m

1
+m

2
)/2

0

0.2

0.4

0.6

0.8

1

aM

3, S = 0
3, S = 1
Q
2Q

FIG. 8: (Color online) Constituent quark and diquark massesin the Landau gauge, taken from [7℄.IV. DIQUARK MASSESIn the above se
tions, we have observed diquark ef-fe
ts via spatial 
orrelations in baryon wave fun
tions.An alternative approa
h for investigating diquarks on thelatti
e is to 
onstru
t diquark-diquark 
orrelators and �ttheir de
ay in Eu
lidean time in terms of an e�e
tive \di-quark mass" [6℄. This is not a gauge-invariant 
on
eptand su
h a parameter 
annot be interpreted as the massof a physi
al state, but it may nevertheless give some in-di
ation of the relative strength of binding. In [7℄, wepresented results for diquark masses 
al
ulated in theLandau gauge from 
orrelators of the formG(t) =X~r h�ijkuj(~r; t)dk(~r; t)�ij0k0 �uj0(~0; 0) �dk0(~0; 0)i ;(9)where the indi
es label 
olor, and impli
it spin indi
es areassigned su
h that u,d are in either the spin-0 or spin-1 
on�guration. In Fig. 8, we reprodu
e a plot takenfrom [7℄, showing the dependen
e of diquark masses onquark mass. Also in
luded is the \
onstituent quarkmass," determined by performing a �t to the quark prop-agator in the Landau gauge. If one takes seriously this\
onstituent mass" interpretation, it appears that thes
alar diquark may be bound in the limit of vanishingquark mass. Here we expand on these earlier results intwo ways, by utilizing non-lo
al sinks in the 
onstru
tionof the 
orrelators and by reporting values for mass split-tings, with errors taking into a

ount 
orrelations in thedata.In [7℄, diquark masses were extra
ted from point-to-point 
orrelators. As dis
ussed in Se
tion II, we remain
onstrained to point sour
es, but we are free to use ex-tended sinks, following the approa
h applied to mesonsin [7℄. A natural 
hoi
e for this purpose is to use thediquark analogue of the baryon wave fun
tions presentedearlier, again 
al
ulated in the Landau gauge. In par-
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FIG. 9: (Color online) E�e
tive mass of the s
alar diquark asa fun
tion of time, 
al
ulated with both point and extendedsinks. The e�e
tive quark mass is also shown.ti
ular, we generalize Eq. (9) to allow for a separation rbetween quarks at the sink,G(r; t) = X~ru;~rdh�ijkuj(~ru; t)dk(~rd; t)�ij0k0 �uj0(~0; 0)� �dk0 (~0; 0)iÆ(r � j~ru � ~rdj) : (10)We take this fun
tion of r at t = 10a to de�ne the wavefun
tion, '(r) = G(r; 10a), 
al
ulating su
h a '(r) forea
h state and quark mass of interest. Finally, from thesewe 
onstru
t an extended-sink 
orrelator,Gext(t) =Xr '(r)G(r; t) ; (11)whose fall-o� yields the desired diquark mass.In Fig. 9, we plot the e�e
tive mass of the s
alardiquark as a fun
tion of time, given by aMe� =�ln[G(t)=G(t � a)℄, for both point-sink and extended-sink 
orrelators. The bare quark mass is amq = 0:03,our lightest value. The 
orresponding plot for the ve
tordiquark is shown in Fig. 10. We �nd that both point andextended sink 
orrelators display the same asymptoti
 ef-fe
tive mass, giving us 
on�den
e that the observed rateof exponential de
ay may be interpreted as the \mass" ofthe 
orresponding diquark in the Landau gauge. Resultsat heavier quark masses exhibit similar behavior. For theresults that follow, we �t the extended-sink 
orrelators inthe region 11 � t=a � 14 and 
al
ulate statisti
al errorsby bootstrap.We �rst 
onsider the \binding" of the s
alar diquarkwith respe
t to the 
ombined mass of two \
onstituentquarks," indi
ated earlier in [7℄. In Fig. 11, we plot thedi�eren
e between the s
alar diquark mass MS=0 andtwi
e the 
onstituent quark mass MQ. A naive linearextrapolation gives a(MS=0 � 2MQ) = �0:10(4) in the
hiral limit.A more robust feature than the binding of the s
alardiquark is the large splitting between it and the ve
tor
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FIG. 10: (Color online) E�e
tive mass of the ve
tor diquarkas a fun
tion of time, 
al
ulated with both point and extendedsinks. The e�e
tive quark mass is also shown.

0 0.02 0.04 0.06 0.08 0.1
am

q

-0.15

-0.1

-0.05

0

a(
M

S=
0 -

 2
M

Q
)

FIG. 11: Di�eren
e between the mass of the s
alar diquarkand twi
e the 
onstituent quark mass, as a fun
tion of barequark mass.diquark. We plot our results for this mass di�eren
e inFig. 12. A linear extrapolation to the 
hiral limit givesa(MS=1�MS=0) = 0:077(35). Taking a = 2:12 GeV fromthe Sommer s
ale, we �ndMS=1�MS=0 = 162(75) MeV,where the error is statisti
al only. This splitting has alsobeen 
al
ulated in [8, 9℄ in a gauge-invariant setup wherethe free 
olor index of the diquark operator at sour
e andsink is 
ontra
ted with a Wilson line. Equivalently, thiss
heme 
orresponds to evaluating the diquark 
orrelatorin a temporal gauge, in whi
h the temporal Wilson lineredu
es to the identity. Our di�erent 
hoi
e of gaugedoes not allow a dire
t 
omparison, but we note thatthe splitting is universally found to be positive and thatit might be interesting to further investigate the gaugedependen
e of this quantity.
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FIG. 12: Mass splitting between the s
alar and ve
tor di-quark, as a fun
tion of bare quark mass.V. CONCLUSIONSIn this work, we evaluated baryon wave fun
tions inthe Coulomb and Landau gauges and 
ompared them onthe basis of their diquark 
ontent. We found that spatial
orrelations were signi�
antly enhan
ed between quarksin the s
alar diquark 
on�guration as 
ompared to theve
tor diquark. Finally, we presented results for e�e
tivemass di�eren
es between diquark states 
al
ulated in theLandau gauge.We a
knowledge that our 
al
ulation su�ers from lim-itations of the quen
hed approximation and the manifestgauge-dependen
e of our wave fun
tions. It is en
our-aging, however, that enhan
ed 
orrelations were equallypronoun
ed in both gauges. It is also noteworthy thatin all 
ases, diquark e�e
ts were found to be
ome morepronoun
ed as quark masses were de
reased. This mo-tivates further, preferably unquen
hed, 
al
ulations atlighter masses. A
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ilities.APPENDIX: TABLES OF QUARKSEPARATIONSIn Tables III and IV, we provide the root mean squareseparation between quarks in the various states, 
al
u-lated as des
ribed in Se
. III B.amq � � ��u� d u� s u� d u� s u� d0.03 5.63(6) 5.94(5) 6.03(5) 5.74(5) 6.05(5)0.04 5.64(5) 5.93(4) 6.02(4) 5.74(4) 6.04(4)0.06 5.63(4) 5.89(3) 5.98(3) 5.72(4) 6.01(3)0.08 5.61(4) 5.85(3) 5.93(3) 5.69(3) 5.96(3)0.10 5.58(3) 5.81(3) 5.88(3) 5.65(3) 5.92(3)0.25 5.30(2) 5.45(2) 5.50(2) 5.35(2) 5.55(2)0.50 4.76(2) 4.87(2) 4.91(2) 4.80(2) 4.97(2)0.75 4.19(2) 4.30(2) 4.33(2) 4.23(2) 4.39(2)TABLE III: RMS separationphj~ri � ~rj j2i=a, in latti
e units,between quarks of 
avor i and j as a fun
tion of bare quarkmass, from baryon wave fun
tions evaluated at t = 10a in theLandau gauge.amq � � ��u� d u� s u� d u� s u� d0.03 5.17(9) 5.46(8) 5.55(8) 5.27(8) 5.63(7)0.04 5.19(7) 5.45(6) 5.53(6) 5.28(6) 5.61(6)0.06 5.17(5) 5.41(5) 5.49(5) 5.25(5) 5.56(5)0.08 5.14(5) 5.36(4) 5.43(4) 5.22(5) 5.50(4)0.10 5.11(4) 5.31(4) 5.37(4) 5.17(4) 5.45(4)0.25 4.78(3) 4.92(3) 4.97(3) 4.83(3) 5.04(4)0.50 4.26(3) 4.36(3) 4.39(3) 4.29(3) 4.46(4)0.75 3.75(3) 3.84(3) 3.87(3) 3.78(3) 3.94(3)TABLE IV: RMS separationphj~ri � ~rj j2i=a, in latti
e units,between quarks of 
avor i and j as a fun
tion of bare quarkmass, from baryon wave fun
tions evaluated at t = 10a in theCoulomb gauge.
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