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O(G2Fm4t ) two-loop ele
troweak 
orre
tion toHiggs-boson de
ay to bottom quarksMathias Butens
h�on, Frank Fugel, Bernd A. KniehlII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstra
tWe analyti
ally 
al
ulate the dominant two-loop ele
troweak 
orre
tion, ofO(G2Fm4t ), to the partial width of the de
ay of a Higgs boson, with massMH � mt,into a bottom-quark pair, and des
ribe the most important 
on
eptual and te
h-ni
al details of our 
al
ulation. As a by-produ
t of our analysis, we also re
overthe O(�sGFm2t ) 
orre
tion. Relative to the Born result, the O(G2Fm4t ) 
orre
tionturns out to be approximately +0:047% and, thus, more than 
ompensates theO(�sGFm2t ) one, whi
h amounts to approximately �0:022%.PACS numbers: 11.10.Gh, 12.15.Ji, 12.15. Lk, 14.80.Bn
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1 Introdu
tionThe standard model (SM) of elementary parti
le physi
s predi
ts the existen
e of a lastundis
overed parti
le, the Higgs boson, whose mass MH is a free parameter of the theory.The dire
t sear
h for the Higgs boson at the CERN Large Ele
tron-Positron ColliderLEP 2 only led to a lower bound of MH > 114 GeV at 95% 
on�den
e level [1℄. Onthe other hand, high-pre
ision measurements, espe
ially at LEP and the SLAC LinearCollider SLC, were sensitive to the Higgs-boson mass via ele
troweak radiative 
orre
tions.These indire
t measurements yielded the value MH = �85+39�28� GeV and an upper limit ofMH < 166 GeV at 95% 
on�den
e level [2℄. The va
uum-stability and triviality boundssuggest that 130�<MH�<180 GeV if the SM is valid up to the grand-uni�
ation s
ale (fora review, see Ref. [3℄). For these reasons, one hopes to dis
over the Higgs boson at theCERN Large Hadron Collider (LHC), whi
h will be 
apable of produ
ing parti
les withmasses up to 1 TeV. The �rst question after dis
overing a new s
alar parti
le will be ifit a
tually is the Higgs boson of the SM, or possibly some parti
le of an extended Higgsse
tor. Therefore, it is ne
essary to know the SM predi
tions for the produ
tion and de
ayrates of the SM Higgs boson with high pre
ision. Its de
ay into a bottom-quark pair isof spe
ial interest, as it is by far the dominant de
ay 
hannel for MH�<140 GeV (see, forinstan
e, Ref. [4℄).At this point, we wish to summarise the 
urrent status of the 
al
ulations of radiative
orre
tions to the H ! bb de
ay width in the so-
alled intermediate mass range, de�nedby MW � MH � 2MW . The 
orre
tion of order O(�s) was �rst 
al
ulated in Ref. [5℄.The 
omplete one-loop ele
troweak 
orre
tion was found in Ref. [6℄. As for the O(�2s)
orre
tion, the leading [7℄ and next-to-leading [8℄ terms of the expansion in m2b=M2H ofthe diagrams without top quarks are known. The diagrams 
ontaining a top quark 
anbe divided into two 
lasses. The diagrams 
ontaining gluon self-energy insertions were
al
ulated exa
tly [9℄, while for the double-triangle 
ontributions the four leading terms ofthe expansion in M2H=m2t are known [10℄. In Ref. [11℄, the O(�3s) 
orre
tion without top-quark 
ontributions was 
al
ulated in the massless limit. The 
orre
tion indu
ed by th topquark was subsequently found in Ref. [12℄ using an appropriate e�e
tive �eld theory. Asfor the 
orre
tion of order O(�sGFm2t ), the universal part, whi
h appears for any Higgs-boson de
ay to a fermion pair, was 
al
ulated in Ref. [13℄ and the non-universal one, usinga low-energy theorem, in Ref. [14℄. The latter result was independently found in Ref. [15℄.Apart from the Higgs-boson de
ay into a tt pair, only the one into a bb pair has su
hnon-universal top-quark-indu
ed 
ontributions, as bottom is the weak-isospin partner oftop. The universal and non-universal 
orre
tions of order O(�2sGFm2t ) were 
al
ulated inRefs. [16℄ and [17℄, respe
tively. Finally, also a result for the universal 
orre
tion of orderO(G2Fm4t ) was published [18℄.In this paper, we 
al
ulate the 
omplete 
orre
tion of order O(G2Fm4t ), in
luding boththe universal and non-universal 
ontributions. To this end, we formally assume thatMH � mt. This in
ludes the intermediate mass range of the Higgs boson. Our resultfor the universal 
ontribution in the on-mass-shell s
heme agrees with the one found inRef. [18℄, after 
orre
ting an obvious mistake in the latter paper. The key results of our2




al
ulation were already presented in a brief 
ommuni
ation [19℄. Here, the full detailsare exhibited.Our 
al
ulations are performed in 't Hooft-Feynman gauge. We adopt the on-mass-shell s
heme and regularise the ultraviolet divergen
es by means of dimensional regular-isation, with D = 4 � 2� spa
e-time dimensions and 't Hooft mass s
ale �. We use theanti-
ommuting de�nition of 
5. As a simpli�
ation, we take the Cabibbo-Kobayashi-Maskawa quark mixing matrix to be unity. The Feynman diagrams are generated anddrawn using the program FeynArts [20℄ and evaluated using the program MATAD [21℄,whi
h is written in the programming language FORM [22℄.In order to 
he
k our 
al
ulations, we also rederive the 
orre
tion of order O(�sGFm2t ).Our result agrees with Refs. [13,14,15℄. Sin
e this 
al
ulation follows the lines of the oneleading to the O(G2Fm4t ) 
orre
tion, being a
tually simpler, we refrain from going intodetails with it.This paper is organised as follows. In Se
tion 2, we des
ribe in detail the renormal-isation pro
edure underlying our analysis. In Se
tion 3, we present the details of ourdiagrammati
 
al
ulations. In Se
tion 4, we explain how a part of our 
al
ulations 
anbe 
he
ked through the appli
ation of a low-energy theorem. In Se
tion 5, we evaluatethe O(G2Fm4t ) 
orre
tions numeri
ally and 
ompare them with the O(�sGFm2t ) ones. We
on
lude with a summary in Se
tion 6.2 Renormalisation pro
edureFor the reader's 
onvenien
e, we present in this se
tion the details of the renormalisationpro
edure whi
h has to be 
arried out. We derive general expressions for the mass 
oun-terterms and wave-fun
tion renormalisation 
onstants in the on-shell s
heme, valid forany number of loops. Furthermore, we derive the tadpole renormalisation 
ountertermsand des
ribe the treatment of the 
orre
tions due to external legs. In our 
al
ulations, wedo not need to 
onsider ele
tri
-
harge renormalisation 
onstants, be
ause, to the orderswe 
onsider here, there are no su
h 
ontributions.Before going into details, we would like to mention that the expressions for the massand wave-fun
tion renormalisation 
onstants to be derived here are only valid for sta-ble parti
les. Instable parti
les do have 
omplex self-energy amplitudes, so that theirresummed propagators have 
omplex poles. In that 
ase, the renormalisation 
onditionsare more 
ompli
ated (see, for instan
e, Ref. [23℄). Sin
e all self-energy amplitudes ap-pearing in the 
al
ulations of this paper are real, we 
an restri
t ourselves to the 
ase ofstable parti
les.2.1 Mass and wave-fun
tion renormalisationWe write the bare masses in the Lagrangian as sums of the renormalised ones and the mass
ounterterms. In the on-shell s
heme, we �x this splitting by the requirement that therenormalised masses are identi
al to the poles of the propagators in
luding all radiative3




orre
tions. Furthermore, the wave-fun
tion renormalisation 
onstants are obtained asthe residues of the propagators at their poles.2.1.1 Higgs-boson mass and wave-fun
tion renormalisationFor the amputated one-parti
le-irredu
ible self-energy of the Higgs boson, we write1-PI HHq = i�H(q2): (1)Thus, the dressed propagator, in
luding all radiative 
orre
tions, be
omesS�1H (q2) = + 1-PI + 1-PI 1-PI + : : := iq2 �M2H;0 1Xn=0 i�H(q2) iq2 �M2H;0!n= iq2 �M2H;0 + �H(q2) : (2)The on-shell renormalisation 
ondition readsSH(M2H) != 0: (3)Writing the bare mass of the Higgs boson as the sum of the renormalised mass and a
ounterterm, M2H;0 = M2H + ÆM2H , we haveÆM2H = �H(M2H): (4)Here and in the following, it is understood that, in the expression for a 
ounterterm, allbare quantities have to be repla
ed by the renormalised ones plus the respe
tive 
ounter-terms. In the 
ase of the Higgs-boson mass 
ounterterm, this means that �H(M2H) has tobe expressed in terms of renormalised quantities. For higher-order expressions, this hasto be done iteratively.Expanding Eq. (2) about q2 =M2H and taking the limit q2 !M2H ,S�1H (q2) = iq2 �M2H 11 + �0H (M2H) +O (q2 �M2H)q2!M2H����! iZHq2 �M2H ; (5)we read o� the Higgs-boson wave-fun
tion renormalisation 
onstant asZH = 11 + �0H(M2H) : (6)4



Writing ZH = 1 + ÆZH and performing a loop expansion of Eq. (6), we haveÆZ(1)H = ��(1)0H (M2H); (7)ÆZ(2)H = ��(2)0H (M2H) + ��(1)0H (M2H)�2 : (8)Here and in the following, numbers pla
ed in parentheses as supers
ripts spe
ify the looporder of the perturbative expression.2.1.2 Fermion mass and wave-fun
tion renormalisationThe amputated one-parti
le-irredu
ible self-energy of fermion f has the form1-PI ffq = i�f (q) = i=q!��f;L(q2) + i=q!+�f;R(q2) + imf;0�f;S(q2); (9)where mf;0 is the bare mass of fermion f and !� = (1� 
5)=2 are the proje
tors onto theheli
ity eigenstates.The fermion �eld f is 
omposed of left- and right-handed 
omponents, l and r, re-spe
tively, as f = l + r; l = !�f; r = !+f: (10)In the ele
troweak theory, l and r intera
t di�erently, whi
h has to be a

ounted for inthe renormalisation pro
edure. In terms of these 
omponents, the purely fermioni
 partof the SM Lagrangian reads:L = f(i=� �mf;0)f = il =�l + ir=�r �mf;0rl �mf;0lr: (11)We see that l and r are massless fermion �elds with propagatorslq = rq = i=q : (12)In addition, we have the following r-l transition verti
es:l r = r l = �imf;0: (13)From Eq. (9), we read o� the amputated one-parti
le-irredu
ible self-energies pertainingto the four di�erent heli
ity 
ombinations as1-PI llq = i=q�f;L(q2);1-PI rrq = i=q�f;R(q2);1-PI rlq = 1-PI lrq = imf;0�f;S(q2): (14)5



Note that above expressions do not yet in
lude the tree-level 
ontributions from Eqs. (12)and (13). Equations (12){(14) are the ingredients out of whi
h we 
onstru
t the propa-gators of the left- and right-handed �elds in
luding all radiative 
orre
tions. This is donein 
lose analogy to the 
ase of 
-Z-mixing (see, e.g., Ref. [24℄). To this end, we introdu
ethe propagator-type symbolsl : = l + 1-PI ll + l 1-PI l 1-PI l + : : := i=q 1Xn=0 �i=q�f;L(q2) i=q�n = i=q (1 + �f;L(q2)) ;r : = r + 1-PI rr + r 1-PI r 1-PI r + : : := i=q 1Xn=0 �i=q�f;R(q2) i=q�n = i=q (1 + �f;R(q2)) ; (15)and the vertex-type symbolsrl : = l r + 1-PI rl = imf;0 ��f;S(q2)� 1� ;lr : = r l + 1-PI lr = imf;0 ��f;S(q2)� 1� : (16)Next, we evaluate the dressed propagator of the left-handed fermion �eld, in
luding allradiative 
orre
tions, asS�1ll (q) = l + l r l + l r l r l + : : := i=q (1 + �f;L(q2)) 1Xn=0 �imf;0 ��f;S(q2)� 1� i=q (1 + �f;R(q2)) imf;0 ��f;S(q2)� 1�� i=q (1 + �f;L(q2))�n= i=q1 + �f;L(q2) 1q2 �m2f;0f(q2) ; (17)where f(q2) = (1� �f;S(q2))2(1 + �f;L(q2))(1 + �f;R(q2)) : (18)In a similar way, we �nd the dressed propagator of the right-handed fermion �eld, in
lud-ing all radiative 
orre
tions, to beS�1rr (q) = i=q1 + �f;R(q2) 1q2 �m2f;0f(q2) : (19)6



For 
ompleteness, we also resum the loop 
ontributions by whi
h a left-handed �eld 
on-verts into a right-handed one and vi
e versa. Pro
eeding similarly as in Eq. (17), weobtain S�1lr (q) = l r + l r l r + : : := i=q (1 + �f;L(q2)) imf;0 ��f;S(q2)� 1� i=q (1 + �f;R(q2))� 1Xn=0 �imf;0 ��f;S(q2)� 1� i=q (1 + �f;L(q2)) imf;0 ��f;S(q2)� 1�� i=q (1 + �f;R(q2))�n= imf;0(1� �f;S(q2))(1 + �f;L(q2))(1 + �f;R(q2)) 1q2 �m2f;0f(q2) : (20)Sin
e Eq. (20) is symmetri
 under the inter
hange of the indi
es L and R, we also haveS�1rl (q) = S�1lr (q): (21)We now derive the fermion mass 
ounterterm. Writing mf;0 = mf + Æmf , where mfis the renormalised mass and Æmf is the mass 
ounterterm, and imposing the on-shellrenormalisation 
ondition, Sij(q)uf(q)jq2=m2f != 0; (22)where ij = ll; rr; lr; rl and uf(q) is the spinor of the in
oming fermion f , we obtainÆmfmf = 1qf �m2f� � 1: (23)Expanding Eq. (23), we �nd the expli
it one- and two-loop expressions,Æm(1)fmf = 12�(1)f;L(m2f ) + 12�(1)f;R(m2f ) + �(1)f;S(m2f ); (24)Æm(2)fmf = 12�(2)f;L(m2f ) + 12�(2)f;R(m2f ) + �(2)f;S(m2f )� 18 ��(1)f;L(m2f )� �(1)f;R(m2f )�2+ �(1)f;S(m2f )Æm(1)fmf : (25)The one-loop expression of Eq. (24) is well known (see, e.g., Ref. [6℄). The two-loopexpression of Eq. (25) agrees with the one obtained in Ref. [25℄ using an alternativepro
edure. 7



Finally, we derive the wave-fun
tion renormalisation 
onstants for the left-handed andright-handed �elds. Expanding Eqs. (17) and (19){(21) about =q = mf and taking thelimit =q ! mf , we haveS�1ll=rr(q) = i=qq2 �m2f 1�1 + �f;L=R(m2f )� �1�m2f f 0(m2f )f(m2f ) � +O �q2 �m2f�q2!m2f����! i=qZf;L=Rq2 �m2f ;S�1lr=rl(q) = imfq2 �m2f 1q�1 + �f;L(m2f )� �1 + �f;R(m2f )� �1�m2f f 0(m2f )f(m2f ) �+O �q2 �m2f�q2!m2f����! imfpZf;LZf;Rq2 �m2f ; (26)where Zf;L=R = 1�1 + �f;L=R(m2f)� �1�m2f f 0(m2f )f(m2f ) � : (27)Writing Zf;L=R = 1 + ÆZf;L=R and performing a loop expansion of Eq. (27), we haveÆZ(1)f;L = ��(1)L � �(1)0L � �(1)0R � 2�(1)0S ; (28)ÆZ(1)f;R = ��(1)R � �(1)0L � �(1)0R � 2�(1)0S ; (29)ÆZ(2)f;L = ��(2)L � �(2)0L � �(2)0R � 2�(2)0S + �(1)L ��(1)L + 2�(1)0L + �(1)0R + 2�(1)0S �+ �(1)R �(1)0R � 2�(1)S �(1)0S + ��(1)0L + �(1)0R + 2�(1)0S �2 ; (30)ÆZ(2)f;R = ��(2)R � �(2)0L � �(2)0R � 2�(2)0S + �(1)R ��(1)R + �(1)0L + 2�(1)0R + 2�(1)0S �+ �(1)L �(1)0L � 2�(1)S �(1)0S + ��(1)0L + �(1)0R + 2�(1)0S �2 : (31)Here, we used the abbreviations�(n)X = �(n)f;X(m2f );�(n)0X =m2f ��q2�(n)f;X(q2)���q2=m2f ; (32)where X = L;R; S. These expressions again agree with Refs. [6,25℄.If parity was 
onserved, we would have �fL(q2) = �fR(q2) and thus re
over the stru
tureS�1f (q) q2!m2f����! iZf=q �mf ; (33)whi
h is familiar from quantum ele
trodynami
s.8



2.1.3 W -boson mass renormalisationThe amputated one-parti
le-irredu
ible self-energy of the W boson 
an be de
omposedinto a transverse and a longitudinal part as1-PI W�W�q = �i���W (q) = �i �����W;T (q2) + q���W;L(q2)� ; (34)where ��� = g�� � q�q�q2 ;q�� = q�q�q2 : (35)Owing to the loop-indu
ed mixing of theW boson with the 
harged Higgs-Kibble ghost �,we must also take into a

ount the one-parti
le-irredu
ible W $ � transition amplitudesand the one-parti
le-irredu
ible �-boson self-energy,1-PI �W�q = iq��W�(q2);1-PI W��q = �iq��W�(q2);1-PI ��q = i��(q2): (36)In 't Hooft-Feynman gauge, the bare propagators of the W and � bosons are given byG��W (q2) = �ig��q2 �M2W;0 ; (37)G�(q2) = iq2 �M2W;0 ; (38)with a 
ommon bare mass MW;0. In order to obtain the dressed W -boson propagator, wepro
eed in two steps. In the �rst step, we resum the one-parti
le irredu
ible self-energiesof the W and � bosons separately. In the se
ond step, we systemati
ally 
ombine theseresults by a

ommodating all possible W $ � transitions.The resummation of the one-parti
le irredu
ible W -boson self-energy leads toW : = W + 1-PI WW + W 1-PI W 1-PI W + : : :=GW;��(q2) +GW;��(q2)��i���W (q)�GW;��(q2)+GW;��(q2)��i���W (q)�GW;�
(q2)��i�
ÆW (q)�GW;Æ�(q2) + : : : : (39)9



The series in Eq. (39) may be resummed by inserting Eqs. (34) and (37) and exploitingthe identities ������ =���;���q�� = 0;q��q�� = q��; (40)as followsW = GW;��(q2)"g�� � ����W;T (q2) + q���W;L(q2)q2 �M2W;0+ ��� (�W;T (q2))2 + q�� (�W;L(q2))2(q2 �M2W;0)2 � : : :#= GW;��(q2)"g�� +��� 1Xn=1 ��W;T (q2)q2 �M2W;0 !n + q�� 1Xn=1 ��W;L(q2)q2 �M2W;0 !n#
= GW;��(q2)24g�� +���0� 11 + �W;T (q2)q2�M2W;0 � 11A+ q��0� 11 + �W;L(q2)q2�M2W;0 � 11A35= �i ���q2 �M2W;0 + �W;T (q2) � i q��q2 �M2W;0 + �W;L(q2)= �S�1W;pure��� (q): (41)The resummation of the one-parti
le-irredu
ible �-boson self-energy pro
eeds in analogyto the Higgs-boson 
ase dis
ussed in Se
tion 2.1.1 and yields� : = � + 1-PI �� + � 1-PI � 1-PI � + : : := iq2 �M2W;0 + ��(q2) : (42)The 
ontribution of unmixed W -boson propagation in Eq. (41) needs to be 
omple-mented by the 
ontribution that emerges by 
ombining it with the 
ontribution of un-mixed �-boson propagation of Eq. (42) via the one-parti
le-irredu
ibleW $ � transition

10



amplitudes in all possible ways. This additional 
ontribution is given by�S�1W;mix��� (q) = W 1PI � 1PI W + W 1PI � 1PI W 1PI � 1PI W + : : := q��W�(q2)q2 �M2W;0 + �W;L(q2) iq2 �M2W;0 + ��(q2)� 1Xn=0 q2(�W�(q2))2�q2 �M2W;0 + �W;L(q2)� �q2 �M2W;0 + ��(q2)�!n� �q��W�(q2)q2 �M2W;0 + �W;L(q2)= �iq��q2 �M2W;0 + �W;L(q2) �q2q2 � (q2�M2W;0+�W;L(q2))(q2�M2W;0+��(q2))(�W�(q2))2 : (43)Adding Eqs. (41) and (43), we obtain the fully dressed W -boson propagator as�S�1W ��� (q) = �S�1W;pure��� (q) + �S�1W;mix��� (q): (44)Its inverse is found to beS��W (q) = ig��(q2 �M2W;0) + i����W;T (q2) + iq��  �W;L(q2)� q2 (�W�(q2))2q2 �M2W;0 + ��(q2)! : (45)The on-shell renormalisation 
ondition readsS��W (q2)�W;�(q)��q2=M2W != 0; (46)where ��W (q) is the polarisation four-ve
tor of an external W boson. Writing M2W;0 =M2W + ÆM2W and exploiting the transversality property q��W;�(q) = 0, we �nally haveÆM2W = �W;T (M2W ): (47)We note in passing that Eq. (47) is not in
uen
ed by W $ � mixing.2.2 External-leg 
orre
tionsIn this se
tion, we dis
uss the stru
ture of the amputated matrix element A for the de
aypro
ess H ! bb and explain how to obtain from it the transition matrix element T byin
orporating the wave-fun
tion renormalisation 
onstants.The general form of A readsAmp.H bbq1+q2 q2q1 = iA= i�A1 + =q1A2 + =q2A3 + =q2=q1A4 + 
5A5 + 
5=q1A6 + 
5=q2A7 + 
5=q2=q1A8� ; (48)11



where q1 and q2 are the four-momenta of the outgoing b and b quarks, respe
tively, andAi (i = 1; : : : ; 8) are s
alar form fa
tors. Proje
ting onto ea
h of these form fa
tors, weobserve that, to the orders we 
onsider in this paper, only two of them are independent.In fa
t, we have A2 = �A3 = A6 = �A7;A4 =A5 = A8 = 0; (49)so that A 
ollapses to the simple formA = AA +AB �=q2 � =q1�!�; (50)where AA = A1 and AB = �2A2.Then, T is obtained by dressingA with the renormalised wave fun
tions of the externallegs asT =pZH �pZb;Rur(q2; r2) +pZb;Lul(q2; r2)�A�pZb;Rvr(q1; r1) +pZb;Lvl(q1; r1)�=pZHub(q2; r2)�pZb;R!� +pZb;L!+�A�pZb;R!+ +pZb;L!�� vb(q1; r1); (51)where vb(q1; r1) and ub(q2; r2) denote the spinors of the outgoing b and b quarks with spinsr1 and r2, respe
tively. Inserting Eq. (50) into Eq. (51), we obtain the master formulaT =pZH �pZb;LZb;RAA +mbZb;LAB� ub(q2; r2)vb(q1; r1): (52)Note, that the terms involving 
5 vanish upon appli
ation of the Dira
 equation.2.3 Tadpole renormalisationAs is well known (see, for instan
e, Ref. [26℄), one 
an introdu
e a so-
alled tadpolerenormalisation in order to avoid the 
al
ulation of diagrams 
ontaining tadpoles. Forthe reader's 
onvenien
e, in this se
tion, we rederive the 
ounterterm verti
es of thetadpole renormalisation along with the 
ounterterm verti
es of the Higgs-boson massrenormalisation.The tadpole renormalisation 
on
erns only the Higgs part of the SM Lagrangian,LHiggs = (D��)y(D��) + �2�y�� �4 (�y�)2; (53)where � is a weak-isospin doublet of two 
omplex s
alar �elds. The free parameters, �and �, are 
hosen in su
h a way that one stays with a non-vanishing va
uum expe
tationvalue v, whi
h is de�ned by v22 = jh0j�(x)j0ij2 = 2�2� : (54)12



If we parameterise �(x) = � �+(x)1p2 (v +H(x) + i�(x))� (55)and substitute � and � by t = v��2 � �v24 � ;M2H = ��2 + 3�v24 ; (56)Eq. (53) takes the formLHiggs = 12(D�H)(D�H) + 12(D��)(D��) + (D���)(D��+) + tH � M2H2 H2+ t2v ��2 + 2���+�� 12v � tv +M2H�H �H2 + �2 + 2���+�� 18v2 � tv +M2H��H2 + �2 + 2���+�2 ; (57)where �� = (�+)y. We see that MH has the physi
al meaning of the Higgs-boson mass.In this step, we did not exploit Eq. (54), whi
h implies that t = 0, so that we 
ould justhave emitted all terms 
ontaining t. However, as was argued above, it is useful to keepthem and to renormalise t along with M2H by substitutingt! t0 = 0 + Æt;M2H !M2H;0 = M2H + ÆM2H (58)in Eq. (57). Noti
e that Eq. (57) represents a bare Lagrangian, so that v, t, and MH area
tually bare parameters. For 
onsisten
y, we thus also substitute v ! v0. Then, Eq. (57)be
omesLHiggs = 12(D�H)(D�H) + 12(D��)(D��) + (D���)(D��+)� M2H2 H2� M2H2v0 H �H2 + �2 + 2���+�� M2H8v20 �H2 + �2 + 2���+�2+ ÆtH � ÆM2H2 H2 + Æt2v0 ��2 + 2���+�� 12v0 �Ætv0 + ÆM2H�H� �H2 + �2 + 2���+�� 18v20 �Ætv0 + ÆM2H��H2 + �2 + 2���+�2 : (59)From the terms proportional to Æt and ÆM2H , we 
an read o� the desired 
ountertermverti
es, whi
h we list in Table 1. 13



Table 1: Counterterm verti
es related to the Higgs-boson tadpole and mass renormalisa-tion. H: iÆt HHHH:�i 3v20 � Ætv0 + ÆM2H�HH: �iÆM2H ����: �i 3v20 � Ætv0 + ÆM2H���: i Ætv0 HH��: �i 1v20 � Ætv0 + ÆM2H���: i Ætv0 HH��: �i 1v20 � Ætv0 + ÆM2H�HHH:�i 3v0 � Ætv0 + ÆM2H� ����: �i 1v20 � Ætv0 + ÆM2H�H��: �i 1v0 � Ætv0 + ÆM2H� ����: �i 2v20 � Ætv0 + ÆM2H�H��: �i 1v0 �Ætv0 + ÆM2H�
The Higgs-boson mass renormalisation 
ondition was already dis
ussed in Se
tion 2.1.1.As a renormalisation 
ondition for Æt, we setÆt != �T; (60)where T stands for the sum of all amputated one-parti
le-irredu
ible tadpole diagrams,1-PIH = iT: (61)As 
an be seen from Table 1, there is a one-point Higgs-boson 
ounterterm vertex, iÆt,that for
es a 
an
ellation with all diagrams having a tadpole at its pla
e. Therefore,upon tadpole renormalisation, one does not have to 
onsider tadpole diagrams anymore.However, now one has to take into a

ount all the tadpole 
ounterterm verti
es in Table 1,ex
ept for the one mentioned above.3 ResultsIn this se
tion, we present the details of our a
tual 
al
ulations. After making somegeneral remarks, we des
ribe in Se
tions 3.1, 3.2, and 3.3 the expli
it 
omputation ofthe de
ay rate at tree level, at the one-loop order O(GFm2t ), and at the two-loop order14



O(G2Fm4t ), respe
tively. Se
tion 3.1 also 
ontains the expressions for the renormalisation
onstants at order O(GFm2t ), whi
h are needed in the one-loop and two-loop 
al
ulations.In order to 
ompute the leading large-mt 
ontributions of the various two-loop dia-grams, we apply the asymptoti
-expansion te
hnique (for a 
areful introdu
tion, seeRef. [27℄). However, it turns out that all non-trivial 
ontributions of the self-energyand Hbb vertex diagrams (see Figs. 4, 5, and 6), whi
h are of leading order in mt, 
an
elamong themselves or, in 
ase of the W -boson self-energy, in 
ombination with 
omplete
ounterterm diagrams arising form the Higgs-boson tadpole and mass renormalisations.Spe
i�
ally, in Fig. 4, there are non-naive 
ontributions due to the asymptoti
 expansionof diagrams (i){(o) that 
an
el against diagrams (p){(v); in Fig. 5, the non-naive 
ontri-butions of diagrams (a) and (t) 
an
el; and in Fig. 6 those of the diagrams (e) and (i)
an
el. After these 
an
ellations, only naive 
ontributions due to diagrams involving top-quark propagators remain. Therefore, we 
an naively expand in all masses and momentaex
ept for the top-quark mass and retain only the leading terms. Obviously, this requiresthe Higgs-boson mass to be smaller than the top-quark mass, whi
h is 
ompatible withthe intermediate-mass range of the Higgs boson, as mentioned in the Introdu
tion.The ultraviolet divergen
es whi
h have to disappear in the �nal expression for thede
ay rate are 
an
elled through the appli
ation of the renormalisation pro
edure, whi
hwe 
arry out in the on-mass-shell renormalisation s
heme. This provides a non-trivial
he
k for our 
al
ulations. As explained in Se
tion 2.3, we use the 
ounterterm verti
esof Table 1 for the Higgs-boson tadpole and mass renormalisations. However, while werenormalise the Higgs-boson mass already at the Lagrangian level, we repla
e all other bareparameters at the end of the 
al
ulations without re
ourse to any 
ounterterm verti
es.This pro
edure turns out to be most 
onvenient for our purposes.As a further 
he
k on our 
al
ulations, we also rederive the 
orre
tion of orderO(�sGFm2t ). This result is presented in Se
tion 3.4. Finally, we apply a Higgs-bosonlow-energy theorem [28℄, whi
h allows for an independent 
al
ulation of the various Hbbdiagrams at order O(G2Fm4t ). This is explained in Se
tion 4.3.1 Tree-level result and O(GFm2t ) renormalisation 
onstantsThe tree-level diagram is depi
ted in Fig. 1(a). Using the notation introdu
ed in Eq. (50),the 
orresponding amputated matrix element is in bare form written asA(0)0 = A(0)A;0 = �mb;0v0 : (62)The tree-level transition matrix element isT (0) = A(0)0 ub(q2; r2)vb(q1; r1); (63)and the de
ay rate is �(0) = p2N
GFMHm2b8� �1� 4m2bM2H �3=2 ; (64)15
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Figure 1: Diagrams 
ontributing to H ! bb at (a) tree level and (b) order O(GFm2t ).where N
 = 3 is the number of quark 
olours. Furthermore, we have introdu
ed Fermi's
onstant GF via the Born relation 1v = 21=4G1=2F : (65)In the following, we have to renormalise the va
uum expe
tation value. Through theorder of our 
al
ulations, this 
an be a
hieved by writing [29℄1v0 = 21=4G1=2F;0; (66)with GF;0 = GF M2WM2W;0 : (67)Thus, the renormalisation of the va
uum expe
tation value is redu
ed to the one of theW -boson mass.In the remainder of this subse
tion, we list all relevant renormalisation 
onstants oforder O(GFm2t ). They are derived by evaluating the diagrams of Fig. 2 and applyingEqs. (4), (7), (24), (28), (29), (47), and (60). Sin
e we shall 
ompute the 
orre
tion oforder O(G2Fm4t ), these renormalisation 
onstants are needed through order O(�) in the

16



expansion in �. The results readÆt(1) = C�;0xt;0m2t;0v0N
 �4� + 4 + (4 + 2�(2))�+O(�2)� ; (68)ÆM2(1)H = C�;0xt;0m2t;0N
 ��12� � 4 + (�4� 6�(2))�+O(�2)� ; (69)ÆZ(1)H = C�;0xt;0N
 ��2� + 43 � �(2)�+O(�2)� ; (70)Æm(1)bmb = C�;0xt;0 �� 32� � 54 + ��98 � 34�(2)� �+O(�2)� ; (71)ÆZ(1)b;L = C�;0xt;0 ��1� � 32 + ��74 � 12�(2)� �+O(�2)� ; (72)ÆZ(1)b;R = 0; (73)Æm(1)tmt = C�;0xt;0 � 32� + 4 + �9� 54�(2)� �+O(�2)� ; (74)ÆM2(1)W = C�;0xt;0M2W;0N
 ��2� � 1 + ��12 � �(2)� �+O(�2)� ; (75)where we use the abbreviations C� = �4��2m2t e�
E�� ;xt = GFm2t8�2p2 ; (76)with 
E being Euler's 
onstant.3.2 Corre
tion of order O(GFm2t )At order O(GFm2t ), only the one diagram depi
ted in Fig. 1(b) 
ontributes. Using thenotation of Eq. (50), we obtain for the expansion in � through order O(�):A(1)A;0 = C�;0xt;0mb;0v0 ��2� + 2 + (2� �(2))�+O(�2)�A(1)B;0 = C�;0xt;0 1v0 ��1� 32�+O(�2)� : (77)Expanding Eq. (52) and repla
ing the bare masses by the renormalised ones plus their
ounterterms in Eq. (62), we �nd the transition matrix element to beT (1) = A(1)A;0 +mbA(1)B;0 +A(0)0  Æ(1)u + Æm(1)bmb + 12ÆZ(1)b;L + 12ÆZ(1)b;R! ; (78)17
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Figure 2: One-loop self-energy and tadpole diagrams 
ontributing at order O(GFm2t ).where A(0) is the amputated matrix element of Eq. (62) andÆ(1)u = 12ÆZ(1)H � 12 ÆM2(1)WM2W (79)is the one-loop 
ontribution to the universal 
ounterterm Æu, whi
h exhausts the fullO(GFm2t ) 
orre
tions for Higgs-boson de
ays to fermion-antifermion pairs, ex
ept forthose into tt and bb pairs. For simpli
ity, we omitted the spinors on the right-hand sideof Eq. (78); we shall also do this in the following. Æ(1)u and T (1) are ultraviolet �nite andread Æ(1)u = xtN
76= xt 72 ; (80)T (1) = T (0)xt ��3 +N
76� : (81)The O(GFm2t ) 
orre
tion to the de
ay rate thus be
omes�(1)�(0) = xt ��6 +N
73�= xt; (82)where �(0) is given in Eq. (64). The results of this subse
tion are in a

ordan
e withRef. [6℄. 18



3.3 Corre
tion of order O(G2Fm4t )Expanding Eq. (52) up to the two-loop order and repla
ing all bare masses in the tree-leveland one-loop amputated matrix elements by the renormalised masses plus the 
orrespond-ing 
ounterterms, we �nd the following master formula for the transition matrix elementT (2) =A(2)A;0 +mbA(2)B;0 +A(1)A;0 Æm(1)bmb + 12ÆZ(1)b;L + 12ÆZ(1)b;R!+mbA(1)B;0ÆZ(1)b;L+ �A(1)A;0 +mbA(1)B;0�"Æ(1)u + 2(1� �)Æm(1)tmt � ÆM2(1)WM2W #
+A(0)0 "Æ(2)u + Æm(2)bmb + 12ÆZ(2)b;L + 12ÆZ(2)b;R + Æ(1)u  Æm(1)bmb + 12ÆZ(1)b;L + 12ÆZ(1)b;R!+ 12 Æm(1)bmb �ÆZ(1)b;L + ÆZ(1)b;R�� 18 �ÆZ(1)b;L � ÆZ(1)b;R�2# ; (83)where Æ(2)u = 12ÆZ(2)H � 12 ÆM2(2)WM2W � 18 �ÆZ(1)H �2 � 14ÆZ(1)H ÆM2(1)WM2W + 38  ÆM2(1)WM2W !2 (84)is the universal 
ounterterm.3.3.1 Universal 
ountertermLet us �rst 
al
ulate the universal 
ounterterm. To this end, we need the two-loop ex-pressions for ÆZH and ÆM2W . The unrenormalised expressions are obtained by evaluatingthe diagrams in Figs. 3 and 4 and applying Eqs. (8) and (47), the results beingÆZ(2)H;0 = C2�;0x2t;0N
 � 3�2 � 112� � 1712 + 5�(2) +N
� 4�2 � 163� + 169 + 4�(2)�+O(�)� ;ÆM2(2)W;0 = C2�;0x2t;0M2W;0N
� 3�2 + 32� � 694 + 17�(2) +O(�)� ; (85)in a

ordan
e with Ref. [18℄. In addition, there are 
ontributions from the renormalisationsof the bare parameters in Eqs. (70) and (75), so thatÆZ(2)H = ÆZ(2)H;0 + ÆZ(1)H "2(1� �)Æm(1)tmt � ÆM2(1)WM2W # ;ÆM2(2)W = ÆM2(2)W;0 + 2(1� �)Æm(1)tmt ÆM2(1)W : (86)19
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Figure 3: Higgs-boson self-energy diagrams 
ontributing at order O(G2Fm4t ).We are now in a position to spe
ify the universal 
ounterterm at order O(G2Fm4t ) asde�ned in Eq. (84). The result isÆ(2)u = x2tN
�292 � 6�(2) +N
4924�= x2t �4958 � 3�2� : (87)If we 
onvert Eq. (87) to a mixed renormalisation s
heme whi
h uses on-shell de�nitionsfor the parti
le masses and the de�nitions of the modi�ed minimal-subtra
tion (MS)s
heme for all other basi
 parameters, then we �nd agreement with Eq. (15) for x = 0 inthe paper by Djouadi et al. [18℄. However, the 
orresponding result for the pure on-shells
heme presented in their Eq. (27) for x = 0 disagrees with our Eq. (87). We 
an tra
ethis dis
repan
y to the absen
e in their Eq. (25) of the additional �nite term Æ̂(1)u ��(1)whi
h arises from the renormalisation of the one-loop result in their Eq. (7) a

ording tothe pres
ription in their Eq. (18).3.3.2 Complete transition matrix elementHaving provided Æ(2)u , we now turn to the residual ingredients entering the transitionmatrix element of Eq. (83). Evaluating the Hbb diagrams shown in Fig. 5, we �nd theform fa
tors in Eq. (50) at order O(G2Fm4t ) to beA(2)A;0 = mb;0v0 x2t;0C2�;0 � 1�2 � 5� � 5 + 7�(2) +N
� 2�2 � 2� � 14� 2�(2)�+O(�)� ;A(2)B;0 = 1v0x2t;0C2�;0 �2� + 1 +N
�2� + 9�+O(�)� : (88)20
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Figure 4: W -boson self-energy diagrams 
ontributing at order O(G2Fm4t ). Insertions of�iÆM2H in Higgs-boson lines and of iÆt=v0 in �- or �-boson lines are indi
ated by 
rosses.
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Figure 5: Diagrams 
ontributing to H ! bb at order O(G2Fm4t ). Insertions of iÆt=v0 in�-boson lines and of �i (Æt=v0 + ÆM2H) =v0 in H�� verti
es are indi
ated by 
rosses.Evaluating the diagrams depi
ted in Fig. 6 and using Eqs. (25), (30), and (31),we obtain the bottom-quark mass and wave-fun
tion renormalisation 
onstants at orderO(G2Fm4t ). The renormalisation 
onstants in terms of bare parameters readÆm(2)b;0mb = C2�;0x2t;0 � 278�2 + 318� + 1332 + 598 �(2) +N
� 32�2 + 154� + 558 � 32�(2)�+O(�)� ;ÆZ(2)b;L;0 = C2�;0x2t;0 � 2�2 + 72� + 1 + 6�(2) +N
� 1�2 + 92� + 254 � �(2)�+O(�)� ;ÆZ(2)b;R;0 = 0: (89)Additional 
ontributions arise from the repla
ement of the bare t-quark and W -boson22
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Figure 6: b-quark self-energy diagrams 
ontributing at order O(G2Fm4t ). Insertions ofiÆt=v0 in �-boson lines are indi
ated by 
rosses.masses in Eqs. (71), (72), and (73), so thatÆm(2)bmb = Æm(2)b;0mb + Æm(1)bmb "2(1� �)Æm(1)tmt � ÆM2(1)WM2W # ;ÆZ(2)b;L = ÆZ(2)b;L;0 + ÆZ(1)b;L "2(1� �)Æm(1)tmt � ÆM2(1)WM2W # ;ÆZ(2)b;R = 0: (90)Now all ingredients for the evaluation of the renormalised transition matrix elementof order O(G2Fm4t ) a

ording to Eq. (83) are available. We �ndT (2) = T (0)x2t ��292 +N
(18� 6�(2)) +N2
 4924� : (91)Adding Eqs. (63), (81), and (91), squaring, and extra
ting the O(G2Fm4t ) term, wehave �(2)�(0) = x2t ��20 +N
(29� 12�(2)) +N2
 499 �= x2t (116� 6�2): (92)3.4 Corre
tion of order O(�sGFm2t )As a by-produ
t of our analysis, we 
an also 
ompute the O(�sGFm2t ) 
orre
tion to theH ! bb de
ay width. The 
omparison of our result with the literature [13,14,15℄ providesa partial 
he
k of our O(G2Fm4t ) results. Note, however, that the 
al
ulation 
onsiderably23



simpli�es as one passes from order O(G2Fm4t ) to order O(�sGFm2t ). Using our tools, weindeed re
over the well-known O(�sGFm2t ) results for the universal 
orre
tion [13℄ andthe 
orre
tion to the H ! bb de
ay width [14,15℄,Æ(Xt�s)u =Xt�s� CFN
��34 � �(2)2 � ;�(Xt�s)�(0) =Xt�s� CF ��12 + 9 lnM2HM2b +N
�154 � �(2)� 72 lnM2HM2b �� ; (93)respe
tively, where Xt = GFM2t = �8�2p2� and CF = (N2
 � 1)=(2N
). In Eq. (93), thebottom- and top-quark masses are denoted with 
apital letters, Mb and Mt, respe
tively,to indi
ate that they are pure on-shell masses, i.e. they are de�ned in the on-shell s
hemealso with regard to quantum 
hromodynami
s (QCD). The obvious disadvantage of this
hoi
e is the appearan
e of large logarithms of the type ln (M2H=m2b) starting already inorder O(�s), whi
h spoil the 
onvergen
e behaviour of the perturbation expansion. As iswell known [5℄, these logarithms 
an be resummed into the running bottom-quark mass,if mb appearing in Eq. (64) is QCD-renormalised in the MS s
heme at s
ale � = MH , bysubstituting mb = mb(MH). For 
onsisten
y with the O(GFm2t ) and O(G2Fm4t ) resultspresented above, whi
h all refer to the ele
troweak on-shell s
heme, we 
ontinue ourdis
ussion in a mixed renormalisation s
heme where the on-shell de�nition of bottom-quark mass is adopted for ele
troweak 
orre
tions and the MS one for QCD 
orre
tions.Sin
e we wish to treat the masses of the top and bottom quarks on the same footing,we adopt this mixed s
heme for the top-quark mass as well. Furthermore, the analysisat order O(�2sGFm2t ) [16,17℄ reveals that Eq. (93) is further improved a

ording to therenormalisation group if mt and �s are taken to be mt = mt(mt) and �s = �(nf )s (mt) withnf = 6 quark 
avours, respe
tively. In this improved renormalisation s
heme, Eq. (93)takes the form Æ(xt�s)u = xt�s� CFN
�1912 � �(2)2 �= xt�s� �193 � �23 � ;�(xt�s)�(0) = xt�s� CF ��36 +N
�15712 � �(2)��= xt�s� �133 � 23�2� : (94)To the order 
onsidered here, we havemt = Mt 1� �(6)s (Mt)� CF! : (95)
24



4 Low-energy theoremIn this se
tion, we present an alternative way of 
al
ulating all but one of theHbb diagramsat order O(G2Fm4t ) whi
h is based on the Higgs-boson low-energy theorem [28℄. In fa
t,the Hbb diagrams of Fig. 5, with the ex
eption of diagram (t), 
an be generated from thebottom-quark self-energy diagrams of Fig. 6 by in turn atta
hing an external Higgs-bosonline to ea
h of the top-quark lines. Diagrammati
ally, this 
an be represented as follows:t(q) �! t(q) t(q)Hi=q �mt;0 �! i=q �mt;0 �imt;0v0 i=q �mt;0 : (96)Here, we also made use of the fa
t that, in the large-mt approximation, the external Higgsboson does not 
arry any four-momentum into the respe
tive diagram. Thanks to theidentity i=q �mt;0 �imt;0v0 i=q �mt;0 = mt;0v0 ��mt;0 � i=q �mt;0� ; (97)the amputated matrix element of H ! bb is in the large-mt limit related to the bottom-quark self-energy as A0 = mt;0v0 ��mt;0�b; (98)where it is understood that the di�erential operator only a
ts on masses whi
h stem frompropagators, not to those o

urring in verti
es, and that all quantities in Eq. (98) aretaken to be bare. Exploiting the stru
tures underlying Eqs. (9) and (50), Eq. (98) 
an bede
omposed into two s
alar equations. Identifying the four-momentum q in Eq. (9) withq2 in Eq. (50) and noti
ing that q2 = �q1 in the soft-Higgs limit, we haveAA;0 =mb;0mt;0v0 ��mt;0�b;S;AB;0 = 12 mt;0v0 ��mt;0�b;L: (99)The fa
t that the H ! bb amplitude does not 
ontain a term proportional to (=q2� =q1)!+is re
e
ted by the fa
t that the right-handed part of the bottom-quark self-energy, �b;R,vanishes to the orders 
onsidered in this paper.The results for AA;0 and AB;0 obtained through Eq. (99) indeed agree with the dire
tevaluation of the respe
tive diagrams in Fig. 5.5 Numeri
al resultsFinally, we explore the phenomenologi
al impli
ations of our results. Adopting fromRef. [30℄ the values GF = 1:16637�10�5 GeV�2, �(5)s (MZ) = 0:1176, MZ = 91:1876 GeV,25



Table 2: Numeri
al values of the relative 
orre
tions �(x)l , �(x)q , and �(x)=�(0) to theH ! l+l�, H ! qq, and H ! bb de
ay widths, respe
tively, at orders x = GFm2t , G2Fm4t ,and �sGFm2t . Order x �(x)l �(x)q �(x)=�(0)O(GFm2t ) +2:021% +2:021% +0:289%O(G2Fm4t ) +0:064% +0:064% +0:047%O(�sGFm2t ) +0:060% +0:452% �0:022%and Mt = 174:2 GeV for our input parameters, so that �(6)s (mt) = 0:1076 and mt =166:2 GeV, we evaluate the relative 
orre
tions �(x)=�(0) to the H ! bb de
ay width toorders x = GFm2t , G2Fm4t , and �sGFm2t . For 
omparison, we also evaluate the relative
orre
tions to the H ! l+l� and H ! qq de
ay widths, where l = e; �; � and q = u; d; s; 
,whi
h, to the orders 
onsidered here, are given by�l = (1 + Æu)2 � 1= 2Æ(1)u + 2Æ(2)u + �Æ(1)u �2 + 2Æ(xt�s)u ;�q = (1 + �QCD)(1 + Æu)2 � 1= �QCD + 2Æ(1)u + 2Æ(2)u + �Æ(1)u �2 + 2Æ(xt�s)u + 2�QCDÆ(1)u ; (100)where [5℄ �QCD = �s� CF 174 (101)is the O(�s) 
orre
tion in the limit mq �MH , with mq = mq(MH).The results are listed in Table 2. We observe that the O(G2Fm4t ) 
orre
tion to �(0)in
reases the enhan
ement due to the O(GFm2t ) one by about 16% and has more thantwi
e the magnitude of the negative O(�sGFm2t ) one.6 Con
lusionsWe analyti
ally 
al
ulated the dominant ele
troweak two-loop 
orre
tion, of orderO(G2Fm4t ), to the H ! bb de
ay width of an intermediate-mass Higgs boson, withMH � mt.We performed various 
he
ks for our analysis. The ultraviolet divergen
es 
an
elledthrough genuine two-loop renormalisation. Our �nal result is devoid of infrared diver-gen
es related to in�nitesimal s
alar-boson masses. We reprodu
ed those Hbb trianglediagrams where the external Higgs boson is 
oupled to an internal top-quark line, whi
hwe had 
omputed dire
tly, through appli
ation of a low-energy theorem. After swit
hingto a hybrid renormalisation s
heme, our O(G2Fm4t ) result for the universal 
orre
tion Æuagrees with Ref. [18℄. Using our te
hniques, we also re
overed the O(�sGFm2t ) 
orre
tionto the H ! bb de
ay width as well as the universal 
orre
tion Æu in this order.26



The O(G2Fm4t ) 
orre
tion to the H ! bb de
ay width ampli�es the familiar enhan
e-ment due to the O(GFm2t ) 
orre
tion by about +16% and thus more than 
ompensatesthe s
reening by about �8% through QCD e�e
ts of order O(�sGFm2t ).A
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