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DESY 09-223Leptogenesis from Quantum Interferene in a Thermal BathAlexey Anisimov,1 Wilfried Buhmüller,2 Maro Drewes,3 Sebastián Mendizabal21Fakultät für Physik, Universität Bielefeld, D-33615 Bielefeld, Germany2Deutshes Elektronen-Synhrotron DESY, D-22603 Hamburg, Germany3Institute de Théorie des Phénomènes Physiques EPFL, CH-1015 Lausanne, SwitzerlandThermal leptogenesis explains the observed matter-antimatter asymmetry of the universe in termsof neutrino masses, onsistent with neutrino osillation experiments. We present a full quantum me-hanial alulation of the generated lepton asymmetry based on Kadano�-Baym equations. Originof the asymmetry is the departure of the statistial propagator of the heavy Majorana neutrinofrom the equilibrium propagator, together with CP violating ouplings. The lepton asymmetry isalulated diretly in terms of Green's funtions without referring to `number densities'. A detailedomparison with Boltzmann equations shows that onventional leptogenesis alulations have anunertainty of at least one order of magnitude. Partiularly important is the inlusion of thermaldamping rates in the full quantum mehanial alulation.Most theories of baryogenesis involve quantum inter-ferenes in a thermal bath in a ruial manner [1℄. Herewe onsider thermal leptogenesis [2℄ whih, in its simplestversion, is dominated by the CP violating interations ofthe lightest of the heavy Majorana neutrinos, the seesawpartners of the ordinary neutrinos. For neutrino massesinferred from neutrino osillations, leptogenesis is dom-inated just by deays and inverse deays of the heavyneutrinos in the thermal plasma [3℄.Almost all leptogenesis alulations are based on Boltz-mann equations. This treatment has a basi oneptualproblem: the Boltzmann equations are lassial equa-tions for the time evolution of phase spae distributionfuntions; the involved ollision terms, however, are usu-ally zero-temperature S-matrix elements whih involvequantum interferenes. Clearly, a full quantum mehan-ial treatment is neessary to understand the range ofvalidity of the Boltzmann equations and to determinethe size of orretions [4, 5℄.Various thermal orretions [6℄ have been inorporatedin the ontext of Boltzmann equations, and `quantumBoltzmann equations' have been derived from Kadano�-Baym equations [7, 8℄. In [4℄, a solution of the Kadano�-Baym equations for leptogenesis has been found to lead-ing order in a derivative expansion in terms of distribu-tion funtions satisfying the Boltzmann equations.In this Letter we disuss leptogenesis diretly in termsof Green's funtions whih are solutions of the Kadano�-Baym equations, thus avoiding all approximations ne-essary to arrive at Boltzmann equations. Our work isbased on [9℄, where the approah to thermal equilibriumhas been disussed in terms of Green's funtions for atoy model, a salar �eld oupled to a large thermal bath.Here we extend this method to leptogenesis, whih yieldsthe lepton asymmetry diretly in terms of Green's fun-tions. In the following we desribe the main result of ourwork. Detailed derivations will be given in [10℄.The interations of N , the lightest of the heavy Ma-jorana neutrinos, with the Higgs doublet � and lepton

doublets lLi is desribed by the lagrangian (f. [4℄),L = lLie���i1N +NT�i1ClLi�� 12MNTCN+ 12�ij lTLi� ClLj�+ 12��ij lLie� ClTLj e� ; (1)here C is the harge onjugation matrix, e� = i�2�, andthe oupling �ij =Xk>1 �ik 1Mk �Tkj (2)is obtained by integrating out the heavy Majorana neu-trinos Nk>1 with Mk>1 � M1 � M . We shall onsiderthe ase of small Yukawa ouplings, �i1 � 1, suh thatthe deay width of N is muh smaller than its mass. TheLagrangian (1) represents an e�etive low-energy theory,valid for momenta up to Mk>1.The Boltzmann equations for the time evolution ofthe distribution funtions of heavy neutrinos, Higgs andlepton doublets are well known [11℄. In this Letter ourmain goal is the omparison of Boltzmann and Kadano�-Baym equations. We therefore fous on the CP-violatingsoure term for the asymmetry and ignore the washoutterms and the Hubble expansion, whih an be added ina straightforward way [10℄.For the distribution funtion of the heavy neutrinosone has [12℄,��tfN (t; !) =� 2! Zk;q(2�)4Æ4(k + q � p) ��y��11 p � k� [fN (t; !)(1� fl(k))(1 + f�(q))� fl(k)f�(q)(1� fN (t; !))℄ ; (3)where ! = pM2 + p2, k and q are the energies of N ,l and � with equilibrium distribution funtions fl andf�, respetively; the averaged deay matrix element isjM(N(p)! l(k)�(q))j2 = 2 ��y��11 p � k (f. [4℄). For the
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2momentum integrations we use the notationZp : : : = Z d3p(2�)32! : : : : (4)The sum of deay and inverse deay widths, whih de-termines the rate for the approah to equilibrium [13℄, isgiven by��(!) = ��y��11 2! Zk;q(2�)4Æ4(k + q � p)p � k fl�(k; q) ; (5)where we have introdued the funtionfl�(k; q) = fl(k)f�(q) + (1� fl(k))(1 + f�(q))= 1� fl(k) + f�(q) : (6)For the solution of the Boltzmann equation (3) with va-uum initial ondition, fN (0; !) = 0, one easily obtains(��(!) � �), fN (t; !) = feqN (!) �1� e��t� ; (7)where feqN (!) = 1=(e�! + 1), and � = 1=T is the inversetemperature.The Boltzmann equation for the lepton distributionfuntion is given by��tfl(t; k) = � 12k Zq;p(2�)4Æ4(k + q � p)� �jM(l�! N)j2fl(k)f�(q)(1� fN(t; !)) (8)� jM(N ! l�)j2fN (t; !)(1� fl(k))(1 + f�(q))� ;where now O(�4) orretions to the matrix elements haveto be kept. Using Eq. (7) one obtains for the lepton asym-metry fLi = fli�f�li, with initial ondition fLi(0; k) = 0,fLi(t; k) = ��ii 1k Zq;p(2�)4Æ4(k + q � p) p � k� fl�(k; q)feqN (!) 1� �1� e��t� ; (9)where �ij = 3Imf��i1(���)j1gM16� : (10)Summing over all �avours, the generated asymmetryis proportional to the familiar CP-asymmetry: � =Pi �ii= ��y��11 = 3Im(�y��)M=(16� ��y��11) [4℄.For later omparison with solutions of the Kadano�-Baym equations, it is onvenient to rewrite (9) in theformfLi(t; k) = ��ii 16�k Zq;p;q0;k0 k � k0� (2�)4Æ4(k + q � p)(2�)4Æ4(k0 + q0 � p)� fl�(k; q)feqN (!) 1� �1� e��t� : (11)

PSfrag replaements � (!;p)(!;p) l NNFIG. 1: 1-loop ontribution to the self-energies ��p of theMajorana neutrino N .Note that the integrand is now proportional to the aver-aged matrix element jM(l�! �l ��)j2 = 2k � k0(�y�)11=M2(f. [4℄), whih involves the produt of the 4-vetors k andk0. At low temperatures, T �M , the integrand falls o�like e��! < e��M , i.e., the generated lepton asymmetryis strongly suppressed.Let us now onsider spetral funtion and statistialpropagator (f. [14℄) for the heavy Majorana neutrino,G���(x1; x2) = ihfN�(x1); N�(x2)gi ; (12)G+��(x1; x2) = 12 h[N�(x1); N�(x2)℄i ; (13)whih satisfy the Kadano�-Baym equations [4, 10℄C(i0�t1�p �M)G�p (t1 � t2) =� Z t1t2 dt0��p (t1 � t0)G�p (t0 � t2) ; (14)C(i0�t1�p �M)G+p (t1; t2) =+ Z t20 dt0�+p (t1 � t0)G�p (t0 � t2)� Z t10 dt0��p (t1 � t0)G+p (t0; t2) : (15)Here we have assumed spatial homogeneity and per-formed a Fourier transform. The 1-loop ontribution tothe self-energies ��p is shown in Fig. 1. For small ou-plings, � � 1, leading to a small width �� M , expliitsolutions of the Kadano�-Baym equations an be foundin the Breit-Wigner approximation [10℄,G�p (y) = �i0 os(!y) + M � p! sin(!y)� (16)� e��jyj=2C�1 ;G+p (t; y) = ��i0 sin(!y)� M � p! os(!y)� (17)� 24 tanh��!2 �2 e��jyj=2 + feqN (!)e��t35C�1;where t = (t1 + t2)=2, y = t1 � t2 and � = ��(!) (5).For large t, G+p (t; y) approahes the equilibrium solutionG+eqp (y), and for small temperatures, i.e., large �, it be-omes the vauum solution G+vap (y). Note that the so-lution (17) for G+p (t; y) satis�es the initial onditionG+p (0; 0) = G+vap (0) ; (18)
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+FIG. 2: 2-loop ontributions to the lepton self-energies ��k ,whih lead to non-zero lepton number densities.whih is the analogue of the initial ondition fN(0; !) = 0for the distribution funtion. For spetral funtion andstatistial propagator of lepton and Higgs �elds we shalluse the free equilibrium expressions Ŝ�k (y) and �̂�q (y),respetively. The thermal equilibrium is assumed to beestablished by Standard Model interations.We are now ready to alulate the lepton asymme-try whih is generated during the approah of the right-handed neutrino N to equilibrium. The `lepton numbermatrix' is obtained from the statistial propagator of thelepton �elds,Lkij(t; t0) = �tr[0S+kij(t; t0)℄ : (19)One easily veri�es that for free �elds in equilibrium,Lkiijt=t0 = fli(k)� �fli(k), whih vanishes for zero hem-ial potential. To leading order in �, a �avour non-diagonal asymmetry is generated by the 2-loop self-energies shown in Fig. 2 (f. [4℄). Solving the Kadano�-Baym equation for S+k to �rst order in the self-energy��k , one �nds after some algebraLkij(t; t) = �i Z t0 dt1 Z t0 dt2 tr[Ŝ+k (t2 � t1)��kij(t1; t2)� Ŝ�k (t2 � t1)�+kij(t1; t2)℄ : (20)A non-zero asymmetry is generated by the departureof G+p from equilibrium. Due to the hiral ouplings onlya hiral projetion of G+p ontributes,~Gp(t; y)PL = PL �G+p (t; y)�G+eqp (y)�PL ;~Gp(t; y) = M! os(!y)feqN (!)e��t : (21)

After a lengthy alulation one obtains for the leptonnumber matrix to leading order in the width � [10℄:Lkij(t; t) = ��ij 8� Zq;q0 k � k0kk0!� 12�((! � k � q)2 + �24 )((! � k0 � q0)2 + �24 )� fl�(k; q)fl�(k0; q0)feqN (!)� �os[(k + q � k0 � q0)t℄ + e��t (22)�(os[(! � k � q)t℄ + os[(! � k0 � q0)t℄)e��t2 � ;where p = q + k = q0 + k0. This expression for thelepton asymmetries, generated by quantum interferenein a thermal bath, is the main result of this Letter.The expression (22) ontains a logarithmi divergeneO(�4). It has to be ombined with other divergent termswhih have been negleted in (22) sine they do notontribute to leading order in �. The total divergenewill be subtrated by a ounter term. The dominant�nite ontribution to the integral stems from momentak + q � k0 + q0 � !. In the zero-width limit �! 0, with�t �xed, the integrand is O(1=�). Sine � / �2, thisdominant ontribution to the integral is O(�2).It is interesting to ompare the diagonal elements ofthe lepton number matrix Lkij(t; t) with the distributionfuntions fLi(t; k) given in (11). As expeted, the sameCP asymmetries �ii appear, whereas the dependene ofthe integrands on time and temperature is di�erent. Thereason for the di�erent temperature dependene is thefat that the matrix elements in the Boltzmann equationswere alulated at zero temperature. Hene, the fatorfl�(k0; q0) is missing in (11). Sine Boltzmann equationsare loal in time whereas Kadano�-Baym equations on-tain `memory e�ets', the di�erent time dependene ofthe asymmetries is also expeted. One onsequene isthat �tfLi(t; k)jt=0 6= 0, whereas �tLkij(t; t)jt=0 = 0.Partiularly important are o�-shell e�ets in (22), whihlead to terms osillating in time.The additional thermal orretion fl�(k0; q0) is linear inthe distribution funtions fl and f�, in ontrast to resultsobtained in the �rst two papers in [6℄, but in agreementwith [7℄ and [8℄. The memory and o�-shell e�ets foundin [7℄ are qualitatively di�erent from our result (22).It is instrutive to onsider the approximations, evenif they might not be justi�ed, whih lead from (22) tothe result of Boltzmann equations. Negleting o�-shelle�ets, i.e., imposing ! = k+ q = k0+ q0, the osines arereplaed by one; performing then the zero-width approx-imation �! 0, with �t �xed, the integral (22) beomesLoskij(t; t) = ��ij 16�k Zq;q0;p;k0 k � k0� (2�)4Æ4(k + q � p)(2�)4Æ4(k0 + q0 � p)� fl�(k; q)fl�(k0; q0)feqN (!)� 1� �1� e��t2 �2 : (23)



4Exept for the fator fl�(k0; q0), the only di�erene om-pared to the solution (11) of the Boltzmann equationsis the time dependene. It is obvious from Fig. 2 andEq. (20) that in the quantum theory the generation ofthe lepton asymmetry is nonloal in time. This leadsto the square of the exponential fall-o� in (23). On theontrary, in the Boltzmann equations the asymmetry isgenerated loally in time yielding a simple exponentialbehaviour. The di�erene an be numerially importantat osmologially relevant times tL � 1=�.The alulations leading to Eq. (22) also demonstratethat the result for the lepton asymmetry will be signi�-antly modi�ed by the thermal damping rates for leptonand Higgs �elds in the plasma. These thermal widths(f. [15℄) are known to be muh larger than the deaywidth of the Majorana neutrino: �l � �� � g2T � �2Mfor M . T . For quantum interferenes the thermaldamping rates are qualitatively more important thanthermal masses whih, for simpliity, we ignore in the fol-lowing. Inluding naively thermal widths for lepton andHiggs �elds in the self-energy �+k , one obtains instead of(22) to leading order in these widths (�l� = �l + ��)~Lkij(t; t) = ��ij 16� Zq;q0 k � k0kk0!� 14�l���((! � k � q)2 + 14�2l�)((! � k0 � q0)2 + 14�2�)� fl�(k; q)fl�(k0; q0)feqN (!)� 1� �1� e��t� : (24)Note that the fators osillating in time have disap-

peared. The thermal widths of lepton and Higgs �eldshave led to a behaviour whih is loal in time. In thezero-width limit one now obtains the result (11) of theBoltzmann equations exept for the thermal orretionfator fl�(k0; q0). We emphasize that (24) is speulativeat present, and it remains to be seen whether it followsfrom a solid alulation whih inludes gauge interationsin a systemati way.We have studied the generation of a lepton asymmetryat onstant temperature as the heavy Majorana neutrinoapproahes thermal equilibrium. For osmologial lepto-genesis one has to alulate the lepton asymmetry in thease of dereasing temperature, whih is aused by theexpansion of the universe. Analyses based on Boltzmannequations suggest that both asymmetries are of ompa-rable size for T �M [3℄. A more detailed disussion willbe given in [10℄.In this Letter we have ompared lepton asymmetriesalulated on the basis of Boltzmann equations withthose obtained from Kadano�-Baym equations. Ourdisussion illustrates, that even ignoring spetator and�avour e�ets [16℄, urrent leptogenesis alulationshave an unertainty of at least one order of magnitude.Partiularly urgent is the inlusion of gauge intera-tions with the thermal bath in a full quantum alulation.Aknowledgements. We would like to thankD. Bödeker, L. Covi and O. Philipsen for helpful disus-sions. AA and WB aknowledge support of the GermanResearh Foundation (DFG) in the SFB 676 �Partiles,Strings and the Early Universe�; SM has been supportedby the German Aademi Exhange Servie (DAAD).[1℄ E. W. Kolb and M. S. Turner, The Early Universe,Addison-Wesley, New York, 1990.[2℄ M. Fukugita and T. Yanagida, Phys. Lett. B 174 (1986)45.[3℄ W. Buhmuller, P. Di Bari and M. Plumaher, AnnalsPhys. 315 (2005) 305 [hep-ph/0401240℄.[4℄ W. Buhmuller and S. Fredenhagen, Phys. Lett. B 483(2000) 217 [hep-ph/0004145℄.[5℄ D. Boyanovsky, K. Davey and C. M. Ho, Phys. Rev. D71 (2005) 023523 [arXiv:hep-ph/0411042℄.[6℄ L. Covi, N. Rius, E. Roulet and F. Vissani, Phys. Rev.D 57 (1998) 93 [hep-ph/9704366℄; G. F. Giudie, A. No-tari, M. Raidal, A. Riotto and A. Strumia, Nul. Phys.B 685 (2004) 89 [hep-ph/0310123℄; C. P. Kiessig andM. Plumaher, 0910.4872 [hep-ph℄.[7℄ A. De Simone and A. Riotto, JCAP 0708 (2007) 002[hep-ph/0703175℄.[8℄ M. Garny, A. Hohenegger, A. Kartavtsev and M. Lind-ner, 0909.1559 [hep-ph℄; 0911.4122 [hep-ph℄[9℄ A. Anisimov, W. Buhmuller, M. Drewes and S. Mendiz-abal, Annals Phys. 324 (2009) 1234 [0812.1934 [hep-th℄℄.
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