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AbstratThe method of dimensional reurrenes proposed by one of the authors [1, 2℄ is applied to theevaluation of the pentagon-type salar integral with on-shell external legs and massless internallines. For the �rst time, an analyti result valid for arbitrary spae-time dimension d and �vearbitrary kinemati variables is presented. An expliit expression in terms of the Appell hyperge-ometri funtion F3 and the Gauss hypergeometri funtion 2F1, both admitting one-fold integralrepresentations, is given. In the ase when one kinemati variable vanishes, the integral reduesto a ombination of Gauss hypergeometri funtions 2F1. For the ase when one salar invariantis large ompared to the others, the asymptoti values of the integral in terms of Gauss hypergeo-metri funtions 2F1 are presented in d = 2� 2", 4� 2", and 6� 2" dimensions. For multi-Reggekinematis, the asymptoti value of the integral in d = 4� 2" dimensions is given in terms of theAppell funtion F3 and the Gauss hypergeometri funtion 2F1.PACS numbers: 02.30.Gp, 02.30.Ks, 12.38.Bx, 12.40.NnKeywords: Feynman integrals, Appell hypergeometri funtions, multi-Regge kinematis
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1 IntrodutionTheoretial preditions for ongoing and future experiments at the CERN Large Hadron Collider (LHC)and an International e+e� Linear Collider (ILC) must inlude high-preision radiative orretions. Theomplexity of the evaluation of suh radiative orretions is related, in partiular, to the diÆultiesin alulating integrals orresponding to Feynman diagrams with many external legs depending onmany kinemati variables. Purely numerial evaluation of suh integrals annot provide suÆientlyhigh preision within reasonable omputer time. The evaluation of one-loop integrals orrespondingto diagrams with two, three, and four external legs was studied in numerous publiations.As for integrals assoiated with diagrams with �ve and more external legs, the situation is quitedi�erent. Not so many results for suh integrals are available in the literature. Various authors[3℄ disussed the redution of pentagon integrals to box integrals in spae-time dimension d = 4.They were able to express these integrals as linear ombinations of �ve di�erent loop integrals withfour external legs. Infrared divergenes if any were supposed to be regulated by introduing a small�titious mass. The representation of the dimensionally regularized pentagon integral in terms ofbox-type integrals was onsidered in Refs. [4, 5℄. However, in the alulation of multi-loop radiativeorretions, higher orders in " = (4 � d)=2 are needed, and, therefore, one should extend suh anexpansion beyond the \box approximation." The �rst step in this diretion was reently taken inRef. [6℄, where an analyti result for the one-loop massless pentagon integral with on-shell externallegs as well as several terms of its " expansion were presented in the limit of multi-Regge kinematis.However, no analyti results for arbitrary kinematis are available until now. Pratially nothingis known about the analyti struture of on-shell pentagon integrals with unonstrained kinematisin arbitrary spae-time dimension d. For very simpli�ed kinematis, a pentagon-type integral forarbitrary value of d was given in Ref. [7℄ in terms of Euler gamma funtions. A representation of thepentagon integral in terms of a four-fold Mellin-Barnes integral may be found in Ref. [8℄.Important appliations that require the evaluation of Feynman integrals with massless propagatorsinlude the study of jet prodution in QCD [9℄, whih allows for a high-preision extration of thestrong-oupling onstant �s, the investigation of the iterative struture of N = 4 supersymmetriYang-Mills (SYM) amplitudes [10℄, and tests of the sattering-amplitude/Wilson-loop duality [11℄.In this paper, we perform a �rst analyti study of the on-shell pentagon integral with masslessinternal lines and arbitrary kinemati invariants. We use the method of dimensional reurrenesproposed in Refs. [1, 2℄, whih was already applied to the alulation of one- and two-loop integrals inRefs. [2, 12, 13℄ and, quite reently, also to the alulation of three- and four-loop integrals in Ref. [14℄.This paper is organized as follows. In Setion 2, we introdue our notations, explain the reurrenerelation for the pentagon-type integral with respet to the spae-time dimension d, and we presenta detailed derivation of its solution in Setion 3. In Setion 4, we onsider a partiular ase of theon-shell pentagon integral with one vanishing kinemati variable and present an analyti expressionin terms of the Gauss hypergeometri funtion 2F1. In Setion 5, we speify the asymptoti values ofthe pentagon integral in d = 2� 2", d = 4� 2", and d = 6� 2" spae-time dimensions when one of thesalar invariants is muh larger than the others. In Setion 6, we present an analyti expression for thepentagon integral in the limit of multi-Regge kinematis in terms of the Appell funtion F3 and theGauss hypergeomteri funtion 2F1. In the Conlusions, we summarize the aomplishments of thepresent paper and o�er some perspetives for the appliation of the method of dimensional reurrenesto six-point integrals. In Appendix A, we ollet useful formulae for hypergeometri funtions used inthis paper. Appendix B ontains intermediate results from Setion 3.
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2 De�nitions and dimensional reurrenesWe onsider the following integral with �ve massless propagators:I(d)5 (s12; s23; s34; s45; s15; s13; s14; s24; s25; s35) = Z ddqi�d=2 5Yj=1 1Dj ; (2.1)where Dj = (q � pj)2 + i�: (2.2)The pentagon diagram assoiated with the integral I(d)5 (fskrg) is depited in Fig. 1. The labeling ofthe momenta in Fig. 1. orresponds to Eq. (2.1). The Lorentz invariants are de�ned as:sij = p2ij; pij = pi � pj: (2.3)In the present paper, we take the squares of the external momenta to be vanishing,s12 = s23 = s34 = s45 = s15 = 0; (2.4)and work in the Eulidean region, sij < 0. In what follows, we only keep non-vanishing variables asarguments of I(d)5 and use the notationI(d)5 (s13; s14; s24; s25; s35) � I(d)5 (0; 0; 0; 0; 0; s13; s14; s24; s25; s35); (2.5)for the on-shell ase of Eq. (2.4). Due to the symmetry with respet to permutations of all propagators,
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p45p51

q − p1

q − p2 q − p3

q − p4

q − p5Figure 1: Feynman diagram orresponding the integral I(d)5 .the integral onsidered as a funtion of the kinemati variables sij must ful�ll the following relations:I(d)5 (s13; s14; s24; s25; s35) = I(d)5 (s13; s35; s25; s24; s14)= I(d)5 (s14; s13; s35; s25; s24) = I(d)5 (s14; s24; s25; s35; s13)= I(d)5 (s24; s25; s35; s13; s14) = I(d)5 (s24; s14; s13; s35; s25)= I(d)5 (s25; s24; s14; s13; s35) = I(d)5 (s25; s35; s13; s14; s24)= I(d)5 (s35; s13; s14; s24; s25) = I(d)5 (s35; s25; s24; s14; s13): (2.6)2



As was shown in Refs. [1, 5℄, the integrals I(d+2)5 and I(d)5 ful�ll the following relation:(d� 4)s13s24s35s14s25h5I(d+2)5 (s13; s14; s24; s25; s35)= 2s13s24s35s14s25I(d)5 (s13; s14; s24; s25; s35) + P (d); (2.7)where P (d) = 5Xk=1{kJk; (2.8){1 = �s24s35(s24s35 � s35s14 � s13s24 + s13s25 + s14s25);{2 = �s35s14(s35s14 + s13s24 � s24s35 � s14s25 + s13s25);{3 = �s14s25(s14s25 � s35s14 � s13s25 + s24s35 + s13s24);{4 = s13s25(s13s24 � s13s25 � s24s35 � s35s14 + s14s25);{5 = s13s24(s13s25 � s13s24 � s35s14 + s24s35 � s14s25); (2.9)J1 = I(d)4 (0; 0; 0; s25; s24; s35); J2 = I(d)4 (0; 0; 0; s13; s14; s35);J3 = I(d)4 (0; 0; 0; s24; s25; s14); J4 = I(d)4 (0; 0; 0; s35; s13; s25);J5 = I(d)4 (0; 0; 0; s14; s24; s13); (2.10)h5 = 1s13s24s35s14s25 �s224s235 � 2s24s213s25 + s213s224 + s213s225 + s214s235 + s214s225+2s13s24s35s14 � 2s24s14s235 � 2s13s35s224 + 2s24s13s35s25 + 2s24s35s14s25�2s35s214s25 + 2s13s35s14s25 � 2s13s14s225 + 2s24s13s14s25� : (2.11)Here, I(d)4 are integrals orresponding to Feynman diagrams with four external legs de�ned asI(d)4 (snj; sjk; skl; snl; sjl; snk) = Z ddqi�d=2 1DnDjDkDl ; (2.12)where Dj are de�ned in Eq. (2.2). An analyti expression for this integral with arbitrary kinematisin arbitrary spae-time dimension d was reently obtained in Ref. [15℄.3 Solution of the dimensional reurrene relationRede�ning the integral I(d)5 asI(d)5 (s13; s14; s24; s25; s35) = h5� d2� �d�42 �I(d)5 (s13; s14; s24; s25; s35); (3.13)we obtain the relationI(d+2)5 (s13; s14; s24; s25; s35) = I(d)5 (s13; s14; s24; s25; s35) + � �d�42 �2s13s24s35s14s25h d25 P (d); (3.14)whih has the following solution:I(d)5 (s13; s14; s24; s25; s35) = �m(d) + 1Xr=0 � �d�2r�62 �2s13s24s35s14s25h d2�r�15 P (d�2r�2); (3.15)3



where �m(d) is an arbitrary periodi funtion depending on the salar invariants sij and satisfyingthe ondition �m(d+ 2) = �m(d): (3.16)Another solution of Eq. (3.14) reads:I(d)5 (s13; s14; s24; s25; s35) = �p(d) � 1Xr=0 � �d+2r�42 �2s13s24s35s14s25h d2+r5 P (d+2r); (3.17)where �p(d+ 2) = �p(d): (3.18)The orretness of both solutions, Eqs. (3.15) and (3.17), may be easily veri�ed by diret substitutioninto Eq. (3.14). Thus, for example, using Eqs. (3.17) and (3.18), we haveI(d+2)5 (s13; s14; s24; s25; s35) = �p(d+ 2)� 1Xr=0 � �d+2+2r�42 �2s13s24s35s14s25h d+22 +r5 P (d+2+2r)= �p(d) � 1Xr=1 � �d+2r�42 �2s13s24s35s14s25h d2+r5 P (d+2r)= I(d)5 (s13; s14; s24; s25; s35) + � �d�42 �2s13s24s35s14s25h d25 P (d); (3.19)in agreement with Eq. (3.14). Furthermore, the solution in the form of Eq. (3.17) may be easilyobtained from Eq. (3.15) by adding to and subtrating from the expression on the right-hand side ofEq. (3.15) the sum �1Xr=�1 � �d�2r�62 �2s13s24s35s14s25h d2�r�15 P (d�2r�2): (3.20)In fat, the ombination1Xr=0 � �d�2r�62 �2s13s24s35s14s25h d2�r�15 P (d�2r�2) + �1Xr=�1 � �d�2r�62 �2s13s24s35s14s25h d2�r�15 P (d�2r�2)= 1Xr=�1 � �d�2r�62 �2s13s24s35s14s25h d2�r�15 P (d�2r�2) (3.21)is invariant with respet to the hange d! d�2l, where l is integer, so that this sum may be absorbedinto the periodi onstant that we denoted by �p(d). Changing the summation index in the remainingsum as r ! �r � 1, we obtain Eq. (3.17). To obtain the solution of the di�erene equation (3.14) interms of onvergent series, one may hoose either Eq. (3.15) or Eq. (3.17) depending on the kinematis.The dependene of the arbitrary periodi funtions �m(d) and �p(d) on the salar invariants sijmay be onstruted from a system of di�erential equations whih follows from the one for the integralI(d)5 . For the integral I(d)5 , we derive a system onsisting of 5 di�erential equations of the forms13s14s24s25s35 h5 sij �I(d)5 (s13; s14; s24; s25; s35)�sij = (d� 5) 5Xk=1 JkR(k)ij+��ij � d2s13s14s24s25s35sij �h5�sij� I(d)5 (s13; s14; s24; s25; s35); (3.22)where (i; j) = (1; 3); (1; 4); (2; 4); (2; 5); (3; 5) is not summed over, Jk are the box integrals de�nedin Eq. (2.10), and R(k)ij and �ij are polynomials in skr. To derive this system of equations, we use4



the method proposed in Ref. [16℄. Some details of the derivation are presented in Appendix B. Thederivation of suh equations is done with the help of the omputer program pakage Maple. Expliitexpressions for R(k)ij and �ij are given in Eqs. (10.76) and (10.77) in Appendix B, respetively. UsingEq. (3.13), one may obtain from Eq. (3.22) a system of equations for the integral I(d)5 . SubstitutingEq. (3.15) into this system, we obtain the following system of equations for the periodi funtion�m(d) after a rather tedious alulation:s13 ��m(d)�s13 = �13h5s13s14s24s25s35�m(d); s14 ��m(d)�s14 = �14h5s13s14s24s25s35�m(d);s24 ��m(d)�s24 = �24h5s13s14s24s25s35�m(d); s25 ��m(d)�s25 = �25h5s13s14s24s225s35�m(d);s35 ��m(d)�s35 = �35h5s13s14s24s25s35�m(d): (3.23)These di�erential equations do not depend expliitly on d and are, thus, muh simpler than thosefor the integral I(d)5 itself. The solution of this system of di�erential equation with respet to sij for�m(d) obtained with the help of the omputer program pakage Maple reads:�m(d) = �(d) h 525(s13s14s35s24s25)3 ; (3.24)where �(d) is an arbitrary periodi onstant,�(d + 2) = �(d); (3.25)whih is independent of the salar invariants sij. The system of di�erential equations for �p(d) lookssimilar to Eq. (3.23). An arbitrary periodi onstant �(d) may be determined from I(d)5 alulated forsome partiular kinematis. Usually, setting some of the salar invariants sij to zero greatly simpli�esthe omputation of the integral. But in our ase, as may be seen from Eq. (3.24), �(d) annot bedetermined from I(d)5 alulated for suh kinematis beause the term proportional to �(d) drops out.For the same reason, one annot use I(d)5 alulated for kinematis with h5 = 0. Instead, we determinethe periodi funtion �m(d) by omparing the limiting value of our analyti result for jdj ! 1with the analogous value obtained from the integral representation of Eq. (9.63) by exploiting thesteepest-desent method desribed in details in Ref. [12℄.Without loss of generality, we heneforth assume the following hierarhy between the salar invari-ants: � s13 > �s14;�s35 > �s25 > �s24: (3.26)For the ase when the salar invariants sij satisfy the onditions of Eq. (3.26) and additionally� s14 � s35 + s13 > 0; (3.27)the integrals I(d)4 in Eq. (2.10) may be written asI(d)4 (0; 0; 0; s25; s24; s35) = �(d)(s25; s25; s35; s24)� �(d)(s24; s25; s35; s24)� �(d)(s35; s25; s35; s24);I(d)4 (0; 0; 0; s13; s14; s35) = �(d)(s13; s13; s14; s35)� �(d)(s35; s13; s14; s35)� �(d)(s14; s13; s14; s35)� 2�(d� 3)s35s14 sin �d2 I(d)2 � �s35s14s35 + s14 � s13� ;I(d)4 (0; 0; 0; s24; s25; s14) = �(d)(s24; s24; s25; s14)� �(d)(s14; s24; s25; s14)� �(d)(s25; s24; s25; s14)� 4�(d � 3)s14s25 tan �d2 I(d)2 � s25s14s25 + s14 � s24� ;5



I(d)4 (0; 0; 0; s35; s13; s25) = �(d)(s35; s35; s13; s25)� �(d)(s25; s35; s13; s25)� �(d)(s13; s35; s13; s25);I(d)4 (0; 0; 0; s14; s24; s13) = �(d)(s14; s14; s24; s13)� �(d)(s13; s14; s24; s13)� �(d)(s24; s14; s24; s13); (3.28)where �(d)(s; s14; s24; s13) = 4(d � 3)I(d)2 (s)(d� 4)s13s24 2F1� 1; d2 � 2 ;d2 � 1 ; s(s13 + s24 � s14)s13s24 � ;�(d)(s; s14; s24; s13) = �4(d� 3)I(d)2 (s)(d� 6)s(s13 + s24 � s14) 2F1� 1; 3� d2 ;4� d2 ; s13s24s(s13 + s24 � s14)� ; (3.29)and I(d)2 (p2) is the one-loop massless propagator-type integralI(d)2 (p2) = 1i�d=2 Z ddqq2(q � p)2 = �� 32 (�p2) d2�22d�3� �d�12 � sin �d2 : (3.30)An expliit derivation of these results using the method of dimensional reurrenes may be found inRef. [15℄. Results for these integrals were also obtained in Ref. [4℄ using a di�erent method.To evaluate I(d)5 , we use the solution in the form of Eq. (3.15). This solution may be used if���� 4h5sij ���� � 1: (3.31)As we shall see later, the quantities 4=(h5sij) emerge as expansion parameters in the resulting hyperge-ometri series. If ondition (3.31) is ful�lled, then we may obtain a onvergent series using Eq. (3.15).If this ondition is not ful�lled, then we may use Eq. (3.17). In this ase, the inverse quantities,h5sij=4, will be the expansion parameters in the resulting hypergeometri series.In the following, we obtain an analyti result assuming that Eq. (3.31) is ful�lled for all salarinvariants sij. If this ondition is not ful�lled for a partiular term in P (d), then an analyti resultmay be obtained by performing analyti ontinuations of the hypergeometri funtions in the �nalresult. Another possibility to obtain the analyti result in this ase is to repeat the alulation usingthe solution of the form of Eq. (3.17). It should be noted that, if Eq. (3.27) is not satis�ed, then thearguments of all hypergeometri funtions generated by the integral I(d)4 (0; 0; 0; s13; s14; s35) exeedunity. Analyti ontinuation of the result for this integral given in Eq. (3.28) yieldsI(d)4 (0; 0; 0; s13; s14; s35) = �(d)(s13; s13; s14; s35)� �(d)(s35; s13; s14; s35)� �(d)(s14; s13; s14; s35): (3.32)Adopting Eq. (3.31), exploiting Eq. (3.28) and, if �s14 � s35 + s13 < 0, also Eq. (3.32) for J2, weobtain a result in whih eah term is real.The in�nite sums resulting from Eq. (3.15) may be written in terms of known hypergeometrifuntions. As is evident from expliit expressions for the I(d)4 integrals, we must ompute threedi�erent types of sums. The �rst one is related to the funtion �(d),1Xr=0 ��d� 2r � 62 �h d2�r�15 �(d�2r�2)(s; a; b; )= �4h d2�15s Q 1Xr=0 I(d�2r�2)2 (s)� �d2 � r � 3�hr5 (d� 2r � 5)(d� 2r � 8) 2F1� 1; r + 4� d2 ;r + 5� d2 ; x�= 4(d � 3)(d� 5)� � d2 � 4�Q s2(x� 1) h d2�15 I(d)2 (s) F3�1; 1; 7� d2 ; 1; 10� d2 ; 4sh5 ; xx� 1� ; (3.33)6



where Q = + b� a; x = bsQ: (3.34)The result of the summation of a term inluding the �(d) funtion reads:1Xr=0 ��d� 2r � 62 �h d2�r�15 �(d�2r�2)(s; a; b; )= 8(d� 3)(d � 5)bs h d2�15 ��d� 62 � I(d)2 (s)� 1Xr=0 �7�d2 �r�8�d2 �r � 4s h5�r 1(d� 2r � 6) 2F1� 1; d�62 � r ;d�42 � r ; s(+ b� a)b � : (3.35)The simplest type of in�nite series originates from the two terms in Eq. (3.28) without 2F1 funtions.The ontribution arising from the term proportional to {2 reads:1Xr=0 ��d� 2r � 62 � h d2�r�15 (�2�)(d � 2r � 5)s35s14 sin�(d�2r�2)2 I(d�2r�2)2 � �s35s14s35 + s14 � s13�= 8�(d� 3)(d � 5)(d� 6)sin�d2 (s14 + s35 � s13)s235s214 I(d)2 � �s35s14s35 + s13 � s13��h d2�15 ��d� 42 � 2F1� 1; 7�d2 ;8�d2 ; 4(s35 + s14 � s13)s35s14h5 � ; (3.36)and the one related to {3 reads:1Xr=0 ��d� 2r � 62 � h d2�r�15 (�4�)(d � 2r � 5)s14s25 tan �(d�2r�2)2 I(d�2r�2)2 � s14s25s25 + s14 � s24�= 16�(d � 3)(d� 5)(d� 6) tan �d2 (s14 + s25 � s24)s235s214 h d2�15 ��d� 42 � I(d)2 � s14s25s25 + s14 � s24�� 2F1� 1; 7�d2 ;8�d2 ; 4(s14 + s25 � s24)s25s14h5 � : (3.37)Inserting the sums of Eqs. (3.33), (3.35), (3.36), and (3.37) in Eq. (3.15), we obtain the following
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expression for the integral I(d)5 :I(d)5 (s13; s14; s24; s25; s35) = ��2 � �3� d2�sin2 �d2 (�h5) 5�d2p�s13s14s35s24s25+ {2(s35 + s14 � s13)(d� 8)�K2h5s235s214 sin �d2 I(d)2 � �s35s14s35 + s14 � s13� 2F1� 1; 7�d2 ;8�d2 ; 4(s35 + s14 � s13)s35s14h5 �+{3(s14 + s25 � s24)(d� 8)�Kh5s214s225 tan �d2 I(d)2 � s14s25s14 + s25 � s24� 2F1� 1; 7�d2 ;8�d2 ; 4(s14 + s25 � s24)s25s14h5 �+ (d� 8)Kh5s24 I(d)2 (s24) � {1s35s24H(d)� 4h5s24 ; (s35 + s24 � s25)s35 �� {3s14s25H(d) � 4h5s24 ; s24(s14 + s25 � s24)s14s25 �+ {5s13s24H(d)� 4h5s24 ; s13 + s24 � s14s13 ��� Kh5s13 I(d)2 (s13) � {2(s13 � s35)(s13 � s14)�(d)� 4h5s13 ; s35s14(s13 � s35)(s13 � s14)�+ {4(s13 � s35)s13�(d)� 4h5s13 ; �s25s13 � s35�+ {5(s13 � s14)s13�(d)� 4h5s13 ; �s24s13 � s14��+ Kh5s14 I(d)2 (s14) � {2(s13 � s14)s14�(d)� 4h5s14 ; s35s13 � s14�� {3(s14 � s24)s14�(d)� 4h5s14 ; �s25s14 � s24�+ {5(s14 � s24)(s13 � s14)�(d)� 4h5s14 ; �s13s24(s14 � s24)(s13 � s14)��+ Kh5s25 I(d)2 (s25) � {1(s25 � s35)(s24 � s25)�(d)� 4h5s25 ; �s24s35(s25 � s35)(s24 � s25)�+{4(d� 8)s25s13 H(d)� 4h5s25 ; s25 + s13 � s35s13 �+ {3(s24 � s25)s25�(d)� 4h5s25 ; s14s24 � s25��+ Kh5s35 I(d)2 (s35) � {1(s25 � s35)s35�(d)� 4h5s35 ; s24s25 � s35�+ {2(s13 � s35)s35�(d)� 4h5s35 ; s14s13 � s35�� {4(s25 � s35)(s13 � s35)�(d)� 4h5s35 ; s25s13(s25 � s35)(s13 � s35)�� ; (3.38)where K = �8(d� 3)(d � 5)(d� 6)(d � 8)s13s14s24s25s35 ; (3.39)�(d)(w; z) = 1Xr=0 �7�d2 �r�10�d2 �rwr 2F1� 1; 1 ;r + 5� d2 ; z�= F3 �1; 1; 7� d2 ; 1; 10� d2 ;w; z� ; (3.40)H(d)(w; z) = 1Xr=0 �7�d2 �r�8�d2 �r wr(d� 2r � 6) 2F1� 1; d�62 � r ;d�42 � r ; z�= 1(d� 6) 1Xl=0 zl �d�62 �l�d�42 �l 3F2� 1; 7�d2 ; 6�d2 � l ;8�d2 ; 8�d2 � l ; w� ; (3.41)8



and the quantities {i are de�ned in Eq. (2.9). The funtions H(d) and �(d) are related asH(d)(w; z) = 1(1� z)(d � 8)�(d)�w; 11� z�� �(�z)3� d22 sin �d2 2F1� 1; 7�d2 ;8�d2 ; wz� : (3.42)The Appell funtion F3 admits the following one-fold integral representation:F3�1; 1; 7� d2 ; 1; 10� d2 ;w; z� = � �10�d2 �� �32�� �7�d2 � 1pz Z 10 (1� u) 5�d21� w + uw arsinpuzp1� uz du: (3.43)It is interesting to note that hanging the spae-time dimension d in Eq. (3.43) by one unit,d! d+ 1, we obtain the Appell funtion F3, whih we already enountered in the alulation of theone-loop master integral entering the alulation of radiative orretions to Bhabha sattering [17℄.As a matter of fat, we observed in Ref. [17℄ that, at the one-loop level, the set of hypergeometrifuntions appearing in the results for n-point integrals with massive propagators also appear (upto the hange d ! d + 1) in the alulation of (n + 1)-point integrals with all propagators beingmassless. For example, the one-loop propagator integral with two di�erent masses is expressible interms of two Gauss hypergeometri funtions 2F1(1; (d � 1)=2; d=2; z) with di�erent arguments, whilethe result for the one-loop vertex integral with massless propagators is expressible in terms of the2F1(1; (d � 2)=2; (d � 1)=2; z) funtion with di�erent arguments. The result for the one-loop vertexintegral with arbitrary masses and external momenta [12℄ is expressible in terms of the Appell funtionF1((d � 2)=2; 1; 1=2; d=2; x; y) and the Gauss hypergeometri funtion 2F1(1; (d � 2)=2; (d � 1)=2; z)with di�erent arguments, while the result for the box integral with massless propagators and arbitraryexternal momenta is expressible in terms of the same funtions up to the shift d! d+1, as was observedin Ref. [15℄. We stress that the number of terms with hypergeometri funtions appearing in theexpressions for one-loop integrals with massive propagators and the arguments of these hypergeometrifuntions are di�erent from those for their ounterparts with massless propagators, but the sets ofhypergeometri funtions are the same up to the shift in d mentioned above.The analyti ontinuation of the result in Eq. (3.38) amounts to the analyti ontinuation of thehypergeometri funtions F3 and 2F1 and the fators in front of these funtions. From Eq. (3.38), wemay obtain the value of the integral in any region by using the usual i� presription and observing thatI(d)5 is manifestly real in the Eulidean region where all salar invariants sij are negative. The analytiontinuation of the Gauss hypergeometri funtion 2F1 is well understood [18℄. Several useful formulaeare given in Appendix A. The analyti ontinuation of the Appell funtion F3 may be obtained fromthe series representation of Eq. (3.40) by the analyti ontinuation of the 2F1 funtion. We notie thatthe well-known formula for the analyti ontinuation of the F3 funtion [18℄ in terms of the Appellfuntion F2 is not appliable if both arguments of the F3 funtion in Eq. (3.40) are large. In this ase,one may proeed by analytially ontinuing the funtions 2F1 and 3F2 in Eqs. (3.40) and (3.41). Forexample, the analyti ontinuation of the 3F2 funtion in Eq. (3.41) is3F2� 1; 7�d2 ; 6�d2 � l ;4� d2 ; 4� d2 � l ; w� = (6� d)(d � 6 + 2l)w(d� 5)(d � 4 + 2l) 3F2� 1; d�42 ; d�42 + l ;d�32 ; d�22 + l ; 1w�+ � �8�d2 � (d+ 2l � 6)� � d�52 �p� (2l + 1) (�w) d�72 2F1� 12 ; l + 12 ;l + 32 ; 1w�� �(d+ 2l � 6)� � 8�d2 �� �l + 12�2 sin�d2 � �7�d2 � l! (�1)l(�w) d2+l�3: (3.44)Substituting this formula into Eq. (3.41), we obtain the following representation for the H(d)(w; z)9



funtion for jwj > 1:H(d)(w; z) = (6� d)(d� 5)(d � 4)w �(d�1) � 1w; z�� � 32 � �8�d2 �2 sin�d2 � �7�d2 � (�w) d�62p1�wz� (�w) d�62p� (wz � 1)��4� d2���d� 52 � arsins(1� wz)w(1� z) ; (3.45)where �(d)(x; y) = F 1;2;11;1;0 � d�32 : d�32 ; 1; 1;d�12 : d�22 ; �; x; y� = 1Xr=0 1Xs=0 �d�32 �r+s�d�12 �r+s �d�32 �r�d�22 �r xrys= 1Xr=0 �d�32 �r �d�32 �r�d�22 �r �d�12 �r xr 2F1� 1; d�32 + r ;d�12 + r ; y� ; (3.46)and F 1;2;11;1;0 is the Kamp�e de F�eriet funtion [19℄. To analytially ontinue the H(d)(w; z) funtion intothe region w; z > 1, one may use Eq. (3.45). The analyti ontinuation of the �(d)(w; z) funtion intothe region jzj > 1 may be obtained by the analyti ontinuation of the 2F1 funtion in Eq. (3.46) usingEq. (9.66) from Appendix A.There are several relations for the F3 funtion whih may be useful for its analyti ontinuationand performing its " expansion. We present here two formulae for the analyti ontinuation of the F3funtion with large �rst argument x and y < 0. One suh relation follows from the results given inRef. [17℄ and reads:F3�1; 1; 7� d2 ; 1; 10� d2 ; x; y� = (d� 6)(d � 8)(d� 3)(d� 5)(xy � y � x)x � 2F1� 1; 12 ;d�12 ; yx+ y � xy�+ (d� 4)x(d� 1)F3�12 ; 1; 1; d� 22 ; d+ 12 ; yx+ y � xy ; 1x��+ 2p���d� 52 ���10� d2 �p1� x (�x) d�82 2F1� 1; 1 ;32 ; y(x� 1)x �� (d� 8)(d� 5) x(1� y) 2F1� 1; d�42 ;d�32 ; yx(y � 1)� 2F1� 1; 3 � d2 ;4� d2 ; yy � 1� : (3.47)The F3 funtion with appropriate parameters admits the one-fold integral representationF3�12 ; 1; 1; d� 22 ; d+ 12 ; w; z� = � �d+12 �p� � �d�22 � 1w Z 10 (1� v) d�421� z + vz ln 1 +pwv1�pwv dv; (3.48)whih may also be used for the analyti ontinuation. Another formula for the analyti ontinuationinto the region of large x and y < 0 onnets the F3 funtion and the Horn funtion H2,F3�1; 1; 7� d2 ; 1; 10� d2 ;x; y� = (8� d)x(d� 5)H2�d� 62 ; 1; 1; 1; d� 32 ; 1x;�y�+ 2p���d� 52 ���10� d2 � (�x) d�82 p1� x 2F1� 1; 1 ;32 ; y(x� 1)x � : (3.49)We heked Eq. (3.38) by omparing its numerial values alulated for some spei� values of d andsij satisfying the ondition of Eq. (3.26) with the result of the diret numerial evaluation of the four-fold integral representation given by Eq. (9.63) in Appendix A using the omputer algebra program10



pakage Maple. In all ases, we found perfet agreement to all valid digits of the numerial results(usually about 12). For example, we performed a numerial alulation for d = 21=2 and d = 10� 2",where " = 1=10000, setting s13 = �1000 + Æ, s14 = �65 + Æ, s35 = �190 + Æ, s24 = �1=20 + Æ, ands25 = �1=10 + Æ with Æ = i10�20.4 Case of one vanishing variableIn pratial appliations, suh as the analyti ontinuation of the pentagon integral with the helpof funtional equations [17, 20℄, we need the value of the integral I(d)5 with one or more vanishingkinemati variables. As was shown in Ref. [20℄, the one-loop vertex integral with arbitrary masses andexternal momenta may be expressed in terms of a vertex integral, in whih two masses and the squareof one external momentum vanish, with the help of funtional equations. The formulae for the analytiontinuation of the vertex integral with arbitrary masses ontain integrals with all masses vanishing.The relation between the master integrals of Bhabha sattering and heavy-quark prodution derivedin Ref. [17℄ inludes an integral with massless propagators. In all these ases, relations onnetingintegrals with di�erent kinematial variables inlude integrals with simpler kinematis, in whih eithersome masses or some squared momenta are equal to zero. We observed a rather similar situationfor the pentagon integral. Funtional equations relevant for the analyti ontinuation of a onsideredintegral inlude the value of this integral with one salar invariant taken to be zero. For this reason, wewish to present here the value of the integral I(d)5 with one salar invariant taken to be zero. Due to thesymmetry (2.6) of this integral, it is suÆient to onsider the ase when s24 = 0. A detailed disussionof funtional equations for pentagon-type integrals will be presented in a separate publiation [15℄.For s24 = 0, we obtain the following result:I(d)5 (s13; s14; 0; s25; s35)= �8(d � 3)(d � 5)(d� 6)(d � 8)(s14s35 � s14s25 + s13s25) (�(d� 8)(s14 + s25)s14s25 tan �d2 I(d)2 � s14s25s14 + s25�+ s35s14(s13 � s35)(s13 � s14)s13 I(d)2 (s13) 2F1� 1; 1 ;5� d2 ; s35s14(s13 � s35)(s13 � s14)�+ s25s13(s13 � s35)I(d)2 (s13) 2F1� 1; 1 ;5� d2 ; s25s35 � s13�� s35s14(s13 � s14)I(d)2 (s14) 2F1� 1; 1 ;5� d2 ; s35s13 � s14�� s25s214 I(d)2 (s14) 2F1� 1; 1 ;5� d2 ; � s25s14��s14s225 I(d)2 (s25) 2F1� 1; 1 ;5� d2 ; � s14s25 �� (d� 8)(d� 6)s25 I(d)2 (s25) 2F1� 1; d2 � 3 ;d2 � 2 ; s25 + s13 � s35s13 �� s14s35(s13 � s35)I(d)2 (s35) 2F1� 1; 1 ;5� d2 ; s14s13 � s35�+ s13s25s35(s25 � s35)(s13 � s35)I(d)2 (s35) 2F1� 1; 1 ;5� d2 ; s13s25(s25 � s35)(s13 � s35)�+�(s13 � s35 � s14)(d � 8)2sin�d2 s14s35 I(d)2 � s35s14s13 � s35 � s14�) : (4.50)We observe that this result is signi�antly simpli�ed ompared to Eq. (3.38). In fat, only 2F1 funtionsremain. 11



5 Asymptoti values of the integral I(d)5 for js13j ! 1If the salar invariants ful�ll the hierarhy of Eq. (3.26) with js13j being muh larger than the othersalar invariants and s24 6= s25, then we haveh5 �= (s24 � s25)2s24s35s14s25 s13+ 2(s14s24s35 � s14s225 � s224s35 + s24s35s25 + s14s25s35 + s14s24s25)s24s35s14s25 +O� 1s13� : (5.51)As one an see from the expliit expression of Eq. (3.38), the �rst argument of the two funtions �(d)and H(d) is always proportional to 1=js13j, so that it is suÆient to keep only the �rst terms of theseries in Eqs. (3.40) and (3.41) in order to �nd the asymptotially leading term of the integral I(d)5 .In d = 4� 2" dimensions, this value reads:I(4�2")5 (s13; s14; s24; s25; s35)���js13j!1= �(1� 2")sin�" (s25 + s24)s14s35s24s25 I(4�2")2 �s35s14s13 ��1� (s25 � s24)2s25(s25 + s24) 2F1� 1; 1 � " ;1 + " ; s24s25��� �2�(1 + ")sin2�" (�s13)"[(s24 � s25)2℄ 12+"(s14s35s24s25)1+" +O� 1js13j1�"� : (5.52)In d = 2� 2" dimensions, the result isI(2�2")5 (s13; s14; s24; s25; s35)���js13j!1 = 4�(1 � 4"2)(3 + 2")(s25 + s24)s13s214s235(s24 � s25)2(2 + ") sin�"� I(4�2")2 �s35s14s13 � 2F1� 1; 52 + " ;3 + " ; �4s24s25(s24 � s25)2 ����s13(s24 � s25)2s14s35s24s25 �32+" �2�(2 + ")p�s13s14s24s25s35 sin2�" +O� 1js13j�"� : (5.53)We observe that, when one of the salar invariants is large ompared to the others, the hypergeometrifuntions of two variables ollapse to hypergeometri funtion of just one variable.In d = 6 � 2" dimensions, the leading large-js13j term of the integral I(d)5 is somewhat more
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ompliated, beingI(6�2")5 (s13; s14; s24; s25; s35)���js13j!1 = ��2�(")sin2 �" h�s13(s25�s24)2s14s35s24s25 i"s13(s25 � s24)� (1� 2")" s13(s25 � s24)�� ��(s24 + s25)(s25 � s24) sin�"I(4�2")2 �s35s14s13 � 2F1� 1; 12 + " ;1 + " ; �4s24s25(s24 � s25)2 �+ 2�tan�" I(4�2")2 � s14s25s14 + s25 � s24�+ s24(1 + ") s14 I(4�2")2 (s14) 2F1� 1; 1 + " ;2 + " ; s24s14�� s25(1 + ")(s14 + s25 � s24)I(4�2")2 (s14) 2F1� 1; 1 + " ;2 + " ; s25s14 + s25 � s24�� 1" I(4�2")2 (s24) 2F1� 1;�" ;1� " ; s35 + s24 � s25s35 �� 1"I(4�2")2 (s24) 2F1� 1;�" ;1� " ; s24(s14 + s25 � s24)s14s25 �+ I(4�2")2 (s24) ln s14 � s24s13� I(4�2")2 (s25) ln s35 � s25s13 + hI(4�2")2 (s24)� I(4�2")2 (s25)i [ +  (�")℄� s14(1 + ")(s14 + s25 � s24)I(4�2")2 (s25) 2F1� 1; 1 + " ;2 + " ; s14s14 + s25 � s24�� s35s24(1 + ")s25(s35 + s24 � s25)I(4�2")2 (s25) 2F1� 1; 1 + " ;2 + " ; s24s35s25(s35 + s24 � s25)�+ s24(1 + ") (s35 + s24 � s25)I(4�2")2 (s35) 2F1� 1; 1 + " ;2 + " ; s24s35 + s24 � s25 �� s25(1 + ") s35 I(4�2")2 (s35) 2F1� 1; 1 + " ;2 + " ; s25s35��+O� 1js13j2�"� ; (5.54)where  (x) is the logarithmi derivative of the Euler � funtion, (x) = �0(x)�(x) ; (5.55)and  is the Euler-Masheroni onstant.6 Limit of multi-Regge kinematisIn this setion, we onsider the pentagon integral I(d)5 with the somewhat peuliar kinematis,� s13 � �s14;�s35 � �s25;�s24: (6.56)In addition, we assume that the following relation among the salar invariants sij holds:s14s35 s s13s24 s s13s25: (6.57)Equivalently, one may de�ne suh an ordering by introduing the saling parameter �, puttings13 ! s13; s14 ! �s14; s35 ! �s35; s25 ! �2s25; s24 ! �2s24; (6.58)and taking the limit � ! 0. In fat, this arrangement orresponds to the multi-Regge kinematis.Reently, the pentagon integral in d = 6 � 2" dimensions in the multi-Regge kinematis de�ned by13



Eq. (6.58) was onsidered in Ref. [6℄. The integral I(d)5 in d = 6�2" dimensions is needed to determinethe " expansion of the integral I(d)5 in d = 4� 2" dimensions.Here, we onsider the integral I(d)5 in the multi-Regge-kinematis limit of Eq. (6.56) diretly ind = 4 � 2" dimensions. To obtain the leading ontribution in this limit, we perform the saling ofEq. (6.58) and retain the leading terms in the limit �! 0. The most divergent terms in Eq. (3.38) areof the order ln�=�4+2". As will be seen later, suh terms anel out in the sum, so that the leadingasymptoti terms are of order 1=�4+2". In order to �nd the leading terms in the limit �! 0, we mustknow the asymptoti behavior of the H(d)(w; z) funtion for z ! 1 and that of the �(d)(w; z) funtionfor z ! 1. The leading and subleading terms of these funtions in the respetive limits may beobtained from the series representations of Eqs. (3.41) and (3.40) by retaining the �rst leading termsof the expansions of the 2F1 funtions. With the help of Eq. (9.66) in Appendix A, we obtainH(d)(w; z)���z!1 = 12 ( �tan �d2 �  �  �4� d2�� ln(1� z)) 2F1� 1; 7�d2 ;8�d2 ; w�� 12 ��� 3F2� 1; 7�d2 ; 4� d2 + � ;4� d2 ; 4� d2 ; w������=0 +O((1� z) ln(1� z)): (6.59)In a similar way, the asymptoti behavior of the �(d) funtion for z ! 1 may be derived. Keepingthe logarithmi and onstant terms of Eq. (9.68) in Appendix A, we arrive at the following result:�(d)(w; z)���z!1 = 8� d2z �� � ln(�z) +  �4� d2�� 2F1� 1; 7�d2 ;8�d2 ; w�+ ��� 3F2� 1; 7�d2 ; 4� d2 + � ;4� d2 ; 4� d2 ; w������=0�+O� ln zz � : (6.60)Using Eqs. (6.59) and (6.60), and retaining only terms ontributing at orders ln�=�4+2" and 1=�4+2",we �nd from Eq. (3.38) in the limit of multi-Regge kinematis the leading term,I(4�2")5 (s13; s14; s24; s25; s35) = ��2�(1 + ")(�h5) 12+"sin2�" p�s13s14s24s25s35 � 2(1 � 4"2)(1 + ")s13s14s35s25s24h5��2(s13s24 � s14s35 � s13s25)s24 I(4�2")2 (s24)H(4�2")� 4s24h5 ; s24s25�� (s14s35 + s13s24 � s13s25)s24 I(4�2")2 (s24) lnY 2F1� 1; 32 + " ;2 + " ; 4s24h5 �+ s24(s14s35 + s13s24 � s13s25)(2 + ")(s24 � s25)s25 I(4�2")2 (s25)�(4�2") � 4s25h5 ; s24s24 � s25�+ (s13s24 � s14s35 � s13s25)s25 I(4�2")2 (s25)�lnY + �tan�"� 2F1� 1; 32 + " ;2 + " ; 4s25h5 ���s13(s14s35 + s13s24 + s13s25)sin�" s14s35 I(4�2")2 �s35s14s13 � 2F1� 1; 32 + " ;2 + " ; �4s13s14s35h5�� ; (6.61)where Y = s13(s25 � s24)s14s35 ;h5 = s214s235 + s213s224 + s213s225 � 2s24s213s25 + 2s13s35s14s25 + 2s13s24s35s14s13s24s35s14s25 : (6.62)14



As mentioned above, the terms with ln� anel, as well as those involving the funtion  (x),  andthe derivative of the 3F2 funtion with respet to a parameter.The value of the integral I(d)5 for d = 6� 2" in the limit of multi-Regge kinematis may be derivedfrom Eq. (2.7) using Eq. (6.61) and the asymptoti values of integrals I(d)4 given in Eq. (3.28). We justnote that it is again expressed in terms of F3 and 2F1 funtions beause the integrals I(d)4 add only 2F1funtions. An analyti expression for the integral I(d)5 in d = 6� 2" dimensions was reently obtainedin Ref. [6℄. The result of Ref. [6℄ is given in terms of derivatives of the Kamp�e de F�eriet funtion [19℄with respet to a parameter. For a diret omparison of our result with that of Ref. [6℄, one needs anexpression of the F3 funtion in terms of derivatives of the Kamp�e de F�eriet funtion, whih, to ourknowledge, is not urrently available.7 ConlusionsIn this paper, we evaluated the one-loop salar pentagon integral in arbitrary spae-time dimensiond with on-shell external legs, massless internal lines, and otherwise arbitrary salar invariants. Ex-ploiting the method of dimensional reurrenes, we obtained a result in terms of the hypergeometrifuntions F3 and 2F1. In our ase, both funtions admit one-fold integral representations suitable for" expansions. Using the methods of Ref. [6℄, the on-shell pentagon integral may be represented interms of four-fold hypergeometri series, while the method of dimensional reurrenes advoated herejust yields two-fold series.The method of dimensional reurrenes may also be applied to the evaluation of the hexagonintegral, whih is needed for the alulation of the O(") ontributions to one-loop maximally-heliity-violating amplitudes at one loop in N = 4 SYM theory. To simplify derivations in this ase, one maystart from the dimensional reurrenes written in the limit of multi-Regge kinematis. In our opinion,the method of dimensional reurrenes is quite eÆient to go beyond the \box approximation" for then-point one-loop integrals.The " expansion of our results in Eqs. (3.38) and (6.61) will be presented in a future publiation[15℄.We expet that the results presented in this paper and our forthoming one [15℄ may be onvenientlyinorporated in program pakages for the automated analyti omputation of one-loop integrals inmassless theories, similar to the pakage for numerial alulations presented in Ref. [21℄.8 AknowledgmentsThis work was supported in part by the German Federal Ministry for Eduation and ResearhBMBF through Grant No. 05H09GUE, by the German Researh Foundation DFG through GrantNo. KN 365/3{2, and by the Helmholtz Assoiation HGF through Grant No. HA 101.9 Appendix A9.1 Integral representation of I(d)5For numerial heks of the result for the integral I(d)5 (s13; s14; s24; s25; s35) in Eq. (3.38), we use theFeynman parameterizationI(d)5 (s13; s14; s24; s25; s35) = ���5� d2�Z 10 :::Z 10 dx1dx2dx3dx4 x31x22x3 H d2�55 ; (9.63)
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where H5 = x1x2 [(1� x3)(1� x1)s13 + x1x3x4(1� x2)s25 + x3x4(1� x1)s35+ x1x3(1� x4)(1� x2)s24 + x1x2x3(1� x4)(1 � x3)s14℄ : (9.64)9.2 Useful formulae for the Gauss hypergeometri funtion 2F1The Gauss hypergeometri funtion 2F1 has the following integral representation:2F1� �; � ; ; x� = �()�(�)�( � �) Z 10 duu��1(1� u)���1(1� ux)��;Re(�) > 0; Re( � �) > 0: (9.65)The following formulae are useful for the analyti ontinuation of the 2F1 funtion:2F1� a; b ;a+ b+m ; z� 1�(a+ b+m) =�(m)�(a+m)�(b+m) m�1Xn=0 (a)n(b)n(1�m)nn! (1� z)n+(1� z)m(�1)m�(a)�(b) 1Xn=0 (a+m)n(b+m)n(n+m)!n! [h00n � ln(1� z)℄(1 � z)n; (9.66)�� < arg(1� z) < �; a; b 6= 0;�1; 2; : : :;where h00n =  (n+ 1) +  (n+m+ 1)�  (a+ n+m)�  (b+ n+m); (9.67)and �(a+m)[�()℄�1 2F1 (a; a+m; ; z)= (�z)�a�m�(� a) 1Xn=0 (a)m+n(1� + a)n+mn!(n+m)! z�n[ln(�z) + hn℄+ (�z)�a m�1Xn=0 (a)n�(m� n)�(� a� n)n!z�n; (9.68)j arg(�z)j < �; a 6= 0;�1;�2; : : : ; m = 0; 1; : : : ;where hn =  (1 +m+ n) +  (1 + n)�  (a+m+ n)�  ( � a�m� n): (9.69)Here it is understood that the sum Pm�10 is empty for m = 0.9.3 Useful formulae for the Appell funtion F3The Appell funtion F3 has the following series representations:F3(�; �0; �; �0; ;x; y) = 1Xm=0 1Xn=0 (�)m(�0)n(�)m(�0)n()m+n xmm! ynn!= 1Xn=0 (�0)n(�0)n()n n! yn 2F1� �; � ; + n ; x�= 1Xn=0 (�)n(�)n()n n! xn 2F1� �0; �0 ; + n ; y� : (9.70)16



The integral representation of the F3 funtion used for the derivation of the one-fold integral repre-sentations of the � funtion reads:F3(�; �0; �; �0; ;x; y) = �()�( � �)�(�) Z 10 u���1(1� u)��1(1� x+ ux)� 2F1� �0; �0 ; � � ; uy� du: (9.71)This integral representation follows from Eq. (20) in Ref. [22℄.10 Appendix BIn this appendix, we present the system of di�erential equations for the integral I(d)5 to be used forthe derivation of the di�erential equations for the periodi onstants Pp(d) and Pm(d). To obtain thissystem of di�erential equations for I(d)5 , we exploit the method desribed in Ref. [16℄. Aording to thismethod, derivatives with respet to sij may be expressed in terms of integrals with shifted spae-timedimensions. Expliit expressions for suh derivatives may be derived from the integral representationwith � parameters, I(d)5 (s13; s14; s24; s25; s35) = 1i(d+2)=2 1Z0 d�1: : : 1Z0 d�5 expfiQDgD d2 ; (10.72)where Q = �1�3s13 + �1�4s14 + �2�4s24 + �2�5s25 + �3�5s35;D = �1 + �2 + �3 + �4 + �5: (10.73)From Eq. (10.72), it follows that�I(d)5 (s13; s14; s24; s25; s35)�s13 = Z dd+2qi� d+22 PD1D3 ;�I(d)5 (s13; s14; s24; s25; s35)�s14 = Z dd+2qi� d+22 PD1D4 ;�I(d)5 (s13; s14; s24; s25; s35)�s24 = Z dd+2qi� d+22 PD2D4 ;�I(d)5 (s13; s14; s24; s25; s35)�s25 = Z dd+2qi� d+22 PD2D5 ;�I(d)5 (s13; s14; s24; s25; s35)�s35 = Z dd+2qi� d+22 PD3D5 ; (10.74)where P = 1D1D2D3D4D5 ; (10.75)and Dj are de�ned in Eq. (2.2). In order to redue the (d + 2)-dimensional integrals on the right-hand sides of the relations in Eq. (10.74) to a set of basi integrals, we use reurrene relations [23℄.All alulations are performed with the help of omputer program pakage Maple. The resulting 5di�erential equations for the integral I(d)5 all have the form of Eq. (3.22). The polynomials R(k)ij and
17



�ij ouring therein are found to beR(1)13 = (�s25 + s24 + s35)(s14s25 � s35s14 � s13s25 + s24s35 + s13s24);R(2)13 = �(s214s25 � s214s35 + s35s14s25 � s13s14s25 + 2s13s35s14 � s14s235 + s13s24s14+ s24s35s14 + s25s13s35 + s24s235 � s24s13s35);R(3)13 = �(�s24s35 + s35s14 + s13s24 � s13s25 � s14s25)(s14 + s25 � s24);R(4)13 = s13(�s14s25 + s35s14 � 2s225 + 2s24s25 � s13s25 + 2s25s35 + s13s24 � s24s35);R(5)13 = �s13(s14s25 � s35s14 � 2s14s24 � s13s25 � 2s24s25 + s13s24 + s24s35 + 2s224);R(1)14 = (s13s25 � s13s24 + s24s35 + s35s14 � s14s25)(s24 + s35 � s25);R(2)14 = s14(s14s25 � s24s35 + 2s13s35 � s35s14 � s13s25 + s13s24 + 2s25s35 � 2s235);R(3)14 = s14(s35s14 � s14s25 � 2s225 + 2s24s25 � s13s25 + 2s25s35 + s13s24 � s24s35);R(4)14 = (s35 � s13 � s25)(s35s14 � s24s35 + s13s24 � s13s25 � s14s25);R(5)14 = (s13s224 � s24s13s35 + s24s35s14 � 2s13s24s14 � s24s13s25 � s35s224+ s213s24 � s24s14s25 + s13s14s25 � s13s35s14 � s213s25);R(1)24 = s24(s14s25 � s24s35 + 2s13s35 � s35s14 � s13s25 + s13s24 + 2s25s35 � 2s235);R(2)24 = (�s13s25 + s13s24 � s24s35 � s35s14 + s14s25)(�s35 � s14 + s13);R(3)24 = �(�s214s25 + s214s35 � s14s225 + s13s14s25 + s35s14s25+ 2s24s14s25 + s13s24s14 � s24s35s14 + s13s225 + s24s35s25 � s24s13s25);R(4)24 = (s13 + s25 � s35)(s35s14 + s13s24 � s24s35 � s14s25 + s13s25);R(5)24 = �s24(�s24s35 + s13s24 � 2s13s14 � 2s13s35 + s13s25 + 2s213 � s14s25 + s35s14);R(1)25 = �(�s24s235 + 2s24s35s25 � s24s13s25 + s25s13s35+ s24s13s35 + s13s224 + s24s14s25 � s35s224 + s14s235 � s35s14s25 + s24s35s14);R(2)25 = (�s13s25 + s13s24 + s35s14 � s24s35 + s14s25)(s35 + s14 � s13);R(3)25 = s25(�2s214 � s14s25 + 2s13s14 � s35s14 + 2s14s24 + s13s25 � s13s24 + s24s35);R(4)25 = �s25(�s24s35 + s13s24 � 2s13s14 � 2s13s35 + s13s25 + 2s213 � s14s25 + s35s14);R(5)25 = (s13 + s24 � s14)(s35s14 + s13s24 � s24s35 � s14s25 + s13s25);R(1)35 = �s35(s14s25 � s35s14 � 2s14s24 � s13s25 � 2s24s25 + s13s24 + s24s35 + 2s224);R(2)35 = s35(�2s214 � s14s25 + 2s13s14 � s35s14 + 2s14s24 + s13s25 � s13s24 + s24s35);R(3)35 = (s14 + s25 � s24)(�s13s25 + s13s24 + s35s14 � s24s35 + s14s25);R(4)35 = �(s14s225 � s35s14s25 + s13s14s25 + s13s35s14 � s13s225 � s213s25+ s24s35s25 + s24s13s25 + 2s25s13s35 � s24s13s35 + s213s24);R(5)35 = (s14s25 � s35s14 � s13s25 + s24s35 + s13s24)(s13 + s24 � s14); (10.76)
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