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Abstract

The method of dimensional recurrences proposed by one of the authors [I}, 2] is applied to the
evaluation of the pentagon-type scalar integral with on-shell external legs and massless internal
lines. For the first time, an analytic result valid for arbitrary space-time dimension d and five
arbitrary kinematic variables is presented. An explicit expression in terms of the Appell hyperge-
ometric function F3 and the Gauss hypergeometric function , Fy, both admitting one-fold integral
representations, is given. In the case when one kinematic variable vanishes, the integral reduces
to a combination of Gauss hypergeometric functions 5 F;. For the case when one scalar invariant
is large compared to the others, the asymptotic values of the integral in terms of Gauss hypergeo-
metric functions o F} are presented in d = 2 — 2¢, 4 — 2¢, and 6 — 2¢ dimensions. For multi-Regge
kinematics, the asymptotic value of the integral in d = 4 — 2¢ dimensions is given in terms of the
Appell function F3 and the Gauss hypergeometric function o Fj.
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1 Introduction

Theoretical predictions for ongoing and future experiments at the CERN Large Hadron Collider (LHC)
and an International e* e~ Linear Collider (ILC) must include high-precision radiative corrections. The
complexity of the evaluation of such radiative corrections is related, in particular, to the difficulties
in calculating integrals corresponding to Feynman diagrams with many external legs depending on
many kinematic variables. Purely numerical evaluation of such integrals cannot provide sufficiently
high precision within reasonable computer time. The evaluation of one-loop integrals corresponding
to diagrams with two, three, and four external legs was studied in numerous publications.

As for integrals associated with diagrams with five and more external legs, the situation is quite
different. Not so many results for such integrals are available in the literature. Various authors
[3] discussed the reduction of pentagon integrals to box integrals in space-time dimension d = 4.
They were able to express these integrals as linear combinations of five different loop integrals with
four external legs. Infrared divergences if any were supposed to be regulated by introducing a small
fictitious mass. The representation of the dimensionally regularized pentagon integral in terms of
box-type integrals was considered in Refs. [4, [5]. However, in the calculation of multi-loop radiative
corrections, higher orders in ¢ = (4 — d)/2 are needed, and, therefore, one should extend such an
expansion beyond the “box approximation.” The first step in this direction was recently taken in
Ref. [6], where an analytic result for the one-loop massless pentagon integral with on-shell external
legs as well as several terms of its € expansion were presented in the limit of multi-Regge kinematics.
However, no analytic results for arbitrary kinematics are available until now. Practically nothing
is known about the analytic structure of on-shell pentagon integrals with unconstrained kinematics
in arbitrary space-time dimension d. For very simplified kinematics, a pentagon-type integral for
arbitrary value of d was given in Ref. [7] in terms of Euler gamma functions. A representation of the
pentagon integral in terms of a four-fold Mellin-Barnes integral may be found in Ref. [§].

Important applications that require the evaluation of Feynman integrals with massless propagators
include the study of jet production in QCD [9], which allows for a high-precision extraction of the
strong-coupling constant ay, the investigation of the iterative structure of N/ = 4 supersymmetric
Yang-Mills (SYM) amplitudes [10], and tests of the scattering-amplitude/Wilson-loop duality [I1].

In this paper, we perform a first analytic study of the on-shell pentagon integral with massless
internal lines and arbitrary kinematic invariants. We use the method of dimensional recurrences
proposed in Refs. [I], 2], which was already applied to the calculation of one- and two-loop integrals in
Refs. [2, 12} [13] and, quite recently, also to the calculation of three- and four-loop integrals in Ref. [14].

This paper is organized as follows. In Section 2, we introduce our notations, explain the recurrence
relation for the pentagon-type integral with respect to the space-time dimension d, and we present
a detailed derivation of its solution in Section 3. In Section 4, we consider a particular case of the
on-shell pentagon integral with one vanishing kinematic variable and present an analytic expression
in terms of the Gauss hypergeometric function 2 F;. In Section 5, we specify the asymptotic values of
the pentagon integral in d = 2 — 2¢, d = 4 — 2¢, and d = 6 — 2¢ space-time dimensions when one of the
scalar invariants is much larger than the others. In Section 6, we present an analytic expression for the
pentagon integral in the limit of multi-Regge kinematics in terms of the Appell function F3 and the
Gauss hypergeomteric function oF7. In the Conclusions, we summarize the accomplishments of the
present paper and offer some perspectives for the application of the method of dimensional recurrences
to six-point integrals. In Appendix A, we collect useful formulae for hypergeometric functions used in
this paper. Appendix B contains intermediate results from Section 3.



2 Definitions and dimensional recurrences

We consider the following integral with five massless propagators:

d 5
d d%q 1
IgE )(312,323,334,345,815; $13, S14, $24, 525, 535) :/ - H . (2.1)
where
Dj = (q—p))* +ie. (2.2)

The pentagon diagram associated with the integral I éd)({skr}) is depicted in Fig. 1. The labeling of
the momenta in Fig. 1. corresponds to Eq. (ZI). The Lorentz invariants are defined as:

Sij =D, Pij =Di — Dj- (2.3)
In the present paper, we take the squares of the external momenta to be vanishing,
812 = 823 = 834 = S45 = S15 = 0, (2.4)

and work in the Euclidean region, s;; < 0. In what follows, we only keep non-vanishing variables as

(d)
5

arguments of I’ and use the notation

IE(,d)(3137814732475257335) = Iéd) (0,0,0,0,0; s13,514, 524, 525, 535), (2.5)

for the on-shell case of Eq. (Z4). Due to the symmetry with respect to permutations of all propagators,
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Figure 1: Feynman diagram corresponding the integral I, éd).

the integral considered as a function of the kinematic variables s;; must fulfill the following relations:

d d
Ié )(813,814,824,825,335) = Ié )(313,335,825,824,814)
(

= I5d)(814, 513,835, 525, S24) = Iggd)(814, 524,825, 535, 513)
= Iéd)(sm, 525,535, 513, 514) = I(d)(824, 514, 513, 835, 525)
= Iéd)(st,, S24,514, 513, S35) = Iéd)(825, 535,513, S14, S24)
= éd)(835,813,814,824,825) = Iéd)(335,325,824,814,813)- (2.6)



As was shown in Refs. [T}, 5], the integrals IédH) and Iéd) fulfill the following relation:

d+2
(d — 4)813824835814825h5[§ )(813, 14, 524, 825, 535)

(d) d
= 2513504835514595 15 (513, 514, 524, 525, 835) + PP, (2.7)
where
5
P9 =N" s, (2.8)
k=1

21 = —824535(524535 — S35514 — S13524 + S13525 + S14525),

2y = —835514(835514 + S13524 — S$24535 — S14525 + S13525),

23 = —514525(514525 — $35514 — S13525 + S24535 + 513524),

ny = 313325(313324 — 513525 — $24535 — S35514 + 314325)7

VSRS 813324(813325 — 513524 — 835514 1 S24835 — 314325)7 (2-9)

T = 17(0,0,0, 5055 s24,835), T2 = 1L7(0,0,0,513; s14,535),
J3 = Lid) (0,0,0, s94; S25,514), Ja= Izid)(oaoaoa 8355 S13,525),

d
J5 = LE )(0, 0,0, S145 S24, 813), (2.10)
he — 1 2.2 9. 2 2 2 2 2 2 2 2 2
5 = ——————— [s54535 — 2524573525 + S13554 + 513555 + S145%5 + 514595
513524535514525

2 2
+2513824835514 — 25824814835 — 2813535854 + 2824813535825 + 2524835514525
2 2
— 2835874825 + 2513535514525 — 2513514555 + 2524513514525 - (2.11)
d . . . .
Here, I ZE ) are integrals corresponding to Feynman diagrams with four external legs defined as

d’q 1
in?/2 D,D;DD;’

d
I (S, 85 SkLs Snts 5515 Snk) =/ (2.12)

where D; are defined in Eq. (Z2). An analytic expression for this integral with arbitrary kinematics
in arbitrary space-time dimension d was recently obtained in Ref. [15].

3 Solution of the dimensional recurrence relation

Redefining the integral Iéd) as

2 —(d
Iéd)(sw,314,324,325,835) = mlg )(813,314,324,325,835), (3.13)

we obtain the relation

~(d+2) ~(d) P50 4w

I5 7'(s13,514, 524, 525,535) = I5 (813,514, S24, 525, 535) + 5 hg P, (3.14)
513524535514 525
which has the following solution:
00 d—2r—=6

7(d) r ( 2 ) §—r—1 5(d—2r2)
I =11,,(d h2 P 3.15
5 (S13, 514, S24, 525, 535) m(d) + E CT——— ; (3.15)

r=0



where II,,,(d) is an arbitrary periodic function depending on the scalar invariants s;; and satisfying
the condition

m(d +2) =11, (d). (3.16)
Another solution of Eq. (8.14) reads:
T(d)(s S14, 824, 825, S i (d+227"—4) h2 platar), (3.17)
5 (813,514, 824, $25, 835) 2 ST T—
where
I1,(d + 2) = II,(d). (3.18)

The correctness of both solutions, Eqs. (8.I5]) and ([B.I7), may be easily verified by direct substitution
into Eq. (3I4). Thus, for example, using Eqs. (3:I7) and (3I8]), we have

© T (d+2+2r74) d

—(d+2 a2 4y
Ié )(813, 514, 524, 525, S35) = 1L, (d + 2) — Z 2 hg? pld+2+2r)
— 2513524535514525

io: d+2r 4) h%”P(dHr)
ot 2813824835814825 5
d—4
—(d I' (&= d
= Ié )(313, 514, 524, 525, 535) + 231332£s§5s)14325 hZ P, (3.19)

in agreement with Eq. (314). Furthermore, the solution in the form of Eq. (8I7) may be easily
obtained from Eq. (8.I3]) by adding to and subtracting from the expression on the right-hand side of

Eq. (3I5) the sum

—0 d—2r—=6
Z r (T) h§_r IP(d—Qr—Q). (3.20)

5
| 2513524535514525

In fact, the combination

00 d— 2r 6 d d— 2r 6 d

§ r ( ) h§_r_ P (d—2r—2) + § : ( ) hi_r_lp(d—Qr—2)
2513594835514595 ° 23 $94835514525

=0 £513524535514525 13524535514525

00 d—2r—6
— Z F(T) hﬁir 1P(d721"72) (321)

r=—0o0

2513594535514525

is invariant with respect to the change d — d+2I, where [ is integer, so that this sum may be absorbed
into the periodic constant that we denoted by IT,(d). Changing the summation index in the remaining
sum as r — —r — 1, we obtain Eq. (8I7). To obtain the solution of the difference equation (3.14) in
terms of convergent series, one may choose either Eq. (3.15) or Eq. (8.I7) depending on the kinematics.

The dependence of the arbitrary periodic functions II,,(d) and IT,(d) on the scalar invariants s;;
may be constructed from a system of differential equations which follows from the one for the integral
I, éd). For the integral 1, éd), we derive a system consisting of 5 differential equations of the form

o1."
513514524825335 h5 Sij z (813’ 81843’_3_24, 22, 835) = (d - 5) Z JkRE;C)
v

d oh d
<¢z] 5 51351452452553554) 5 - 5) Ié ) (513, 514, 524, 525, 535 (3.22)

where (7,7) = (1,3),(1,4),(2,4), (2,5),(3,5) is not summed over, Jj are the box integrals defined
in Eq. (210), and Ri;-“ and ¢;; are polynomials in si,. To derive this system of equations, we use
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the method proposed in Ref. [16]. Some details of the derivation are presented in Appendix B. The
derivation of such equations is done with the help of the computer program package Maple. Explicit
expressions for Rg-c) and ¢;; are given in Eqgs. (IN.76) and (I0.77) in Appendix B, respectively. Using

Eq. (8I3]), one may obtain from Eq. (3.22) a system of equations for the integral Téd). Substituting

Eq. (BI5) into this system, we obtain the following system of equations for the periodic function
I1,,(d) after a rather tedious calculation:

Ol (d) $13 Ol (d) P14

S = I, (d), S = I, (d),

B 9513 hs513514524525535 m(d) T 514 hs513514524525535 m(d)
011, (d) P24 011, (d) $25

S = I1,,(d), S = I1,,(d),

T D04 hs513514524825535 () 2 D50 5513514824 535535 ()
aHm(d) ¢35

S = IL,,(d). 3.23

P Ds3s hs513514524525535 m(d) (8.23)

These differential equations do not depend explicitly on d and are, thus, much simpler than those
(d)

for the integral I itself. The solution of this system of differential equation with respect to s;; for
I1,,(d) obtained with the help of the computer program package Maple reads:

5
k(d) h?
M, (d) = : 3.24
m(d) (513514535524525)° ( )
where £(d) is an arbitrary periodic constant,
k(d + 2) = k(d), (3.25)

which is independent of the scalar invariants s;;. The system of differential equations for I, (d) looks
similar to Eq. (323). An arbitrary periodic constant x(d) may be determined from I, éd) calculated for
some particular kinematics. Usually, setting some of the scalar invariants s;; to zero greatly simplifies
the computation of the integral. But in our case, as may be seen from Eq. (8:24]), x(d) cannot be

(d)

determined from Iy’ calculated for such kinematics because the term proportional to x(d) drops out.

For the same reason, one cannot use I, éd) calculated for kinematics with hs = 0. Instead, we determine
the periodic function IL,,(d) by comparing the limiting value of our analytic result for |d| — oo
with the analogous value obtained from the integral representation of Eq. ([9.63]) by exploiting the
steepest-descent method described in details in Ref. [12].

Without loss of generality, we henceforth assume the following hierarchy between the scalar invari-
ants:

— 813 > —S14, —S35 > —S25 > —S24. (326)

For the case when the scalar invariants s;; satisfy the conditions of Eq. (3.26) and additionally
— S14 — 835 + 813 > 0, (3.27)

the integrals Iid) in Eq. (2I0) may be written as
i

. _ d d
(0,070, 5253 324,335) = X( )(825,825,835,824) - 77( )(824,325,835,824) - X( ) 335,825,335,824),

=
—_—

d
Ii )(0,0,0,813; s14,535) = X'V (513, 513, 514, 535) — XD (835, 513, 514, 535) — XV (514, 513, 514, 535)
27 (d - 3) I(d) ( —535514
S35 + S14 — S13

835514 sin %d

(d) . d
1;7(0,0,0, 5945 525, 514) = 17D (524, 524, 595, 514) — §14, 524, 525, 514) — XY (525, 524, 525, 514)

4m(d-3) 2(( $95514 )

514825 tan T So5 + S14 — S24



d
Ii )(anaoa 5355 513, 525) = XV (535, 535, 513, 525) — 0D (525, 535, 513, 525) — XV (513, 535, 513, 525),
d
Ii )(0,070,814; s24,513) = X'V (514, 514, 524, 513) — XD (513, 514, 524, 513)
— D (s34, 514, 524, $13), (3.28)

where

(d) (

N\ (s, 514,524, 513) =

(d — 4)813824

—4(d - 3)1{"(s) . [ 1,34, $13524
d—6)s(s13 + 504 — s514) ©

4(d — 3)I§d)(s) 2F1[ 1, % —2; s(s13+ 524 — 314)]
g-1; 513524 ’

] . (3.29)

(d) = ’ -
X (8,514,824, 513 +
(s,514,524,513) ( 4 %; s(s13 + S24 — 514)

and Iéd) (p?) is the one-loop massless propagator-type integral

d o 2\d2
1) 1 / d'q m (=p7) (3.30)

5 (p?) = - 2 2~ d—1 d

in?/? | ¢*(g—p)? 2430 (%) sin 22
An explicit derivation of these results using the method of dimensional recurrences may be found in
Ref. [I5]. Results for these integrals were also obtained in Ref. [4] using a different method.

To evaluate I, éd), we use the solution in the form of Eq. (8I5]). This solution may be used if

<1. (3.31)

‘ 4
hssij

As we shall see later, the quantities 4/(hss;;) emerge as expansion parameters in the resulting hyperge-
ometric series. If condition (B.31]) is fulfilled, then we may obtain a convergent series using Eq. (3:15]).
If this condition is not fulfilled, then we may use Eq. (8.I7). In this case, the inverse quantities,
hss;j/4, will be the expansion parameters in the resulting hypergeometric series.

In the following, we obtain an analytic result assuming that Eq. (331 is fulfilled for all scalar
invariants s;;. If this condition is not fulfilled for a particular term in P then an analytic result
may be obtained by performing analytic continuations of the hypergeometric functions in the final
result. Another possibility to obtain the analytic result in this case is to repeat the calculation using
the solution of the form of Eq. (8I7). It should be noted that, if Eq. (8:27) is not satisfied, then the
arguments of all hypergeometric functions generated by the integral I ﬁd)(0,0,0,slg; S14, 835) exceed
unity. Analytic continuation of the result for this integral given in Eq. (3.28)) yields

d
LE )(0,0,0,813;314,835) = D (513, 513, 514, 535) — 1D (535, 513, 514, 535) — NV (514, 513, 514, 535) (3-32)

Adopting Eq. ([B.31]), exploiting Eq. (828) and, if —s14 — s35 + s13 < 0, also Eq. (332) for Jy, we
obtain a result in which each term is real.
The infinite sums resulting from Eq. (B.I5) may be written in terms of known hypergeometric

functions. As is evident from explicit expressions for the Iid) integrals, we must compute three
different types of sums. The first one is related to the function (%,

00
d—2r—=6 d_p

§ :F( 2,r >h52 ' lx(d_2r_2)(37aa ba C)

r=0

41
s Q 2 h% (d —2r —8) ;
r=0 5

A(d—3)(d -5 (£—4) 41 4 7—-d . 10-d 4 «x
= h2 I F311,1 1 ;—— 3.33
QSZ((L'—l) 5 2 (S) 3(7 g 0 2 ,Sh5’$—1>’ ( )

6



where .
c
Q=c+b—a, x 0 (3.34)

The result of the summation of a term including the (% function reads

Z r (d — 22lr — 6) h’jir ln(d721ﬂ72) (37 a, ba C)
r=0

8(d—3)(d—5)h§ r <d2 6) Ié )(s)

B bes
9] 7—d) 4 r 1 1 6 B

E ( 2 ) r; s(c+b—a)
r % 5 sletb—a)] |
Xr:[] (Sgd)r <8 h5> (d_27'—6)2 1|: %—r; bC (3 35)

The simplest type of infinite series originates from the two terms in Eq. (.28) without 2 F; functions

The contribution arising from the term proportional to sz reads

ir <d —2r — 6) hi—r 1 (—27T)(d —2r — 5) I(d72r72) < —835514 >
—0 2 835514 Sinw 2 S35 + S14 — S13
_ 8m(d—3)(d = 5) (s1a + 835 - 513)I(d) ( —535514 >
(d— 6)sm— 53553, > \lss5+ 513 — s13
d_q d—4 1 i=d. 4(835 + S14 — 813)
he T | ——) oFy| % 2° 3.36
s ( 2 ) ? 1[ 2d ; 53551405 ’ (3.36)
and the one related to 33 reads:
i T (d —2r — 6) hjfr 1 (-471')((1 —2r — 5) I(dfgrfg) < 514525 >
r—0 2 S14895 tan w 2 S25 + S14 — S24
_ 1671'(d 3)( ) (314 + So5 — 824) h%flp (d - 4) I(d) < 514825 >
(d — 6) tan T 535514 ’ 2 2\ 525+ S14 — 524
7—d. 4 —
x oy Lz s Mot e —su)] (3.37)
s25514h5

2 ’

Inserting the sums of Egs. (833), (835), (836), and (837) in Eq. (B.15]), we obtain the following



expression for the integral Iéd):

5—d
9 (=hy)E
sin® ¢ V/—513514535524 525

(d)
I57 (513, 514, S24, S25, 535) =

zd S35 + S14 — S13

23(835 + s14 — 513)(d — 8)7TKI(d) < —535514 >
P

2 2
2h5s5557, sin

8—d .

S14 + S25 — S24

+%3(814 + 525 — 824)(d — 8)7K 7@ < 514525 > 2F1[ 1, 54 4(s14 + s25 — 504)

2 .2 wd
hss1,s55 tan 5

Gl LS IO [—”1 H@ ( L AR 325)>
hssa4 535524 hssa4 535

5 so5514h5

23 H) ( 4 soa(s14 + s25 — 824)> n s g < 4 513+ 824 — S14

514525 hssos’ 514525 513524 hssas’
K 79 4 835514
— Ié ) (s13) [ 3@ ( ,
hss13 (s13 — s35)(s13 — S14) hssiz’ (s13 — s35)(s13 — 514)

n 74 (@ ( 4 i >+ 5 (@ ( 4 i
(813 - 335)313 hss13" 813 — 835 (813 - 814)813 hss13" s13 — S14

[ 1, 5545 4(s35 + 514 — 813)]
d.
7

K [ % @ ( 4 s ) i (@ (
TR s o : _ ®
hssig > (514) (s13 — S14)S14 hss1a” 513 — S14 (S14 — $24)S14

+ i (@ ( 4 ’ —513524 >]
(s14 — s24)(S13 — S14) hssia’ (s14 — s24)(S13 — S14)

K ) [ ! (d) < 4 —5824835 )
+ 157 (s d ,
hssas (525) (825 — s35) (824 — 525) hssos” (s25 — $35)(s24 — $25)

b
525513 hssos 513 524 — 525

+%4(d —8) @ < 4 So5 + S13 — 335> " 3 (@ ( 4 S14
( )825

K
+

b)
hssas’ s24 — S25

—S525
h )
5514 S14 — 524

() &l (d) ( 4 524 ) % (d) (
19 (s ® : + ®
hss3s 2 (s35) [(825 — 535)S35 hss3s’ sa5 — 835 (s13 — $35)835

B 2 (@ ( 4 525513 >]
(s25 — s35)(s13 — 535) hssss (s25 — s35)(s13 — 835) /|

where

—8(d — 3)(d — 5)

K= ,
(d —6)(d — 8)s13514524525535

2 2
© (T1—d r d—6
(d) — (2)7‘ w laT_T;
Hw.2) = 2 (e Tmar—o R et
1 (Y, [1uu—l ]
_ 5 B 20 2 " wl
a0 27 5, L

b)
hss3s’ s13 — S35>

(3.38)

(3.39)

(3.40)

(3.41)



and the quantities »; are defined in Eq. (Z9). The functions H(¥) and & are related as

1 1 )34 7=d .
> _r=2) i~ QFI[ L wz] . (3.42)

(d) - - @
o) == ® (w’l—z 2sin 7 .

The Appell function F3 admits the following one-fold integral representation:

5—d
7—d . 10—-d F (1 —w) 2 arcsin/uz
F;11,1 1 : = du. 4
3(” 2 7772 ’w’z> NONED) \/_/ l—wtuww JI—uz (3.43)

It is interesting to note that changing the space-time dimension d in Eq. (8.43]) by one unit,
d — d + 1, we obtain the Appell function F3, which we already encountered in the calculation of the
one-loop master integral entering the calculation of radiative corrections to Bhabha scattering [17].
As a matter of fact, we observed in Ref. [I7] that, at the one-loop level, the set of hypergeometric
functions appearing in the results for n-point integrals with massive propagators also appear (up
to the change d — d + 1) in the calculation of (n + 1)-point integrals with all propagators being
massless. For example, the one-loop propagator integral with two different masses is expressible in
terms of two Gauss hypergeometric functions o F1 (1, (d — 1)/2;d/2; z) with different arguments, while
the result for the one-loop vertex integral with massless propagators is expressible in terms of the
oF1(1,(d —2)/2;(d — 1)/2; z) function with different arguments. The result for the one-loop vertex
integral with arbitrary masses and external momenta [12] is expressible in terms of the Appell function
Fi((d —2)/2,1,1/2,d/2;z,y) and the Gauss hypergeometric function 2Fi(1,(d — 2)/2;(d — 1)/2;2)
with different arguments, while the result for the box integral with massless propagators and arbitrary
external momenta is expressible in terms of the same functions up to the shift d — d+1, as was observed
in Ref. [I5]. We stress that the number of terms with hypergeometric functions appearing in the
expressions for one-loop integrals with massive propagators and the arguments of these hypergeometric
functions are different from those for their counterparts with massless propagators, but the sets of
hypergeometric functions are the same up to the shift in d mentioned above.

The analytic continuation of the result in Eq. ([8.38]) amounts to the analytic continuation of the
hypergeometric functions F3 and o F} and the factors in front of these functions. From Eq. (3:38]), we
may obtain the value of the integral in any region by using the usual i€ prescription and observing that

I, éd) is manifestly real in the Euclidean region where all scalar invariants s;; are negative. The analytic
continuation of the Gauss hypergeometric function 2} is well understood [I8]. Several useful formulae
are given in Appendix A. The analytic continuation of the Appell function F3 may be obtained from
the series representation of Eq. (8.40]) by the analytic continuation of the o F function. We notice that
the well-known formula for the analytic continuation of the Fj function [I8] in terms of the Appell
function F5 is not applicable if both arguments of the F5 function in Eq. (8.40) are large. In this case,
one may proceed by analytically continuing the functions o F} and 3F5 in Eqgs. (3:40) and (3:41]). For
example, the analytic continuation of the 3F5 function in Eq. (8.41)) is

1,54 6-d . _ (6—d)(d—6+21)
g1 w(d —5)(d — 4+ 21)
T (59) (d+21 - 6)T (%42) a=1 Li+i

T k]
7r(d+2l—6) (BT (1+13
a 2 sin’y F(7 d)l'

)1 s (3.44)

Substituting this formula into Eq. (341), we obtain the following representation for the H (% (w, z)



function for |w| > 1:

L%)p <4 - ﬂ) r (E> arcsin | L= %) (3.45)

where

¢(d)( — gzl s bk _ o (d§3)r+s (dT)r ros
xay) - 1;1;0 —1, d—2, : T,y = ZZ 1 _2) Ty
T

> (52) (42 d=3 ..
= Z% x’"gFl[ l’d_% +_’y], (3.46)

and F11;;12;;01 is the Kampé de Fériet function [I9]. To analytically continue the H(® (w, z) function into

the region w, z > 1, one may use Eq. ([3:45]). The analytic continuation of the D (w, z) function into
the region |z| > 1 may be obtained by the analytic continuation of the 5} function in Eq. (8.46) using
Eq. (@66) from Appendix A.

There are several relations for the F3 function which may be useful for its analytic continuation
and performing its € expansion. We present here two formulae for the analytic continuation of the F3
function with large first argument x and y < 0. One such relation follows from the results given in
Ref. [17] and reads:

7—d  10—d (d—6)(d —8) 1,4 Y
F 1,1 1 = F )92
3(’ T2 02 xy) (d=3)(d=5)(zy—y—=z)z | | 4

+(d_4)F3 lalalad_Qad—’_la Y al
z(d—1) 2 2 2 'z+y—xy x

O

VT 2 2 ; T

(d—8) 1,4=4. Y 1,3-4. y
— F; [P A R 7 ’ 20 2 |, 3.47
d-5)z1—y) > s zy-n] 7' 4-¢; y-1 (3.47)

The F3 function with appropriate parameters admits the one-fold integral representation

_ I (4t 1 _ . 52
F3(1 l’l,d 2 d+1 | ) (44) 1/ (l-v)2 | 14Vuv
0

2’ 9 g % :\/EI‘(‘%?)E 1—z+wvz 1 — wov Y

which may also be used for the analytic continuation. Another formula for the analytic continuation
into the region of large z and y < 0 connects the F3 function and the Horn function Hs,

7-d _ 10-d 8 - d) d—6 d—3 1
F;(1,1 1 ; = H. 1,1,1, ——; —, —
3( ) Ly 2 y Ly 2 ,x,y> x(d_5) 2< 2 y Ly 4y Ly 2 ,.’L" y>

(3.48)

+ %I‘ <d; 5) T (10;d> (—x)d%SMZFl[ 1%1 W] . (3.49)

We checked Eq. (3:38]) by comparing its numerical values calculated for some specific values of d and
si; satisfying the condition of Eq. ([B.26) with the result of the direct numerical evaluation of the four-
fold integral representation given by Eq. (9.63)) in Appendix A using the computer algebra program

10



package Maple. In all cases, we found perfect agreement to all valid digits of the numerical results
(usually about 12). For example, we performed a numerical calculation for d = 21/2 and d = 10 — 2¢,
where e = 1/10000, setting s13 = —1000 + 0, s14 = —65 + 0, s35 = —190 + 0, s94 = —1/20 + ¢, and
s95 = —1/10 + § with § = i10720.

4 Case of one vanishing variable

In practical applications, such as the analytic continuation of the pentagon integral with the help
of functional equations [I7, 20], we need the value of the integral Iéd) with one or more vanishing
kinematic variables. As was shown in Ref. [20], the one-loop vertex integral with arbitrary masses and
external momenta may be expressed in terms of a vertex integral, in which two masses and the square
of one external momentum vanish, with the help of functional equations. The formulae for the analytic
continuation of the vertex integral with arbitrary masses contain integrals with all masses vanishing.
The relation between the master integrals of Bhabha scattering and heavy-quark production derived
in Ref. [I7] includes an integral with massless propagators. In all these cases, relations connecting
integrals with different kinematical variables include integrals with simpler kinematics, in which either
some masses or some squared momenta are equal to zero. We observed a rather similar situation
for the pentagon integral. Functional equations relevant for the analytic continuation of a considered
integral include the value of this integral with one scalar invariant taken to be zero. For this reason, we
wish to present here the value of the integral [, éd) with one scalar invariant taken to be zero. Due to the
symmetry (2.6]) of this integral, it is sufficient to consider the case when sog4 = 0. A detailed discussion
of functional equations for pentagon-type integrals will be presented in a separate publication [15].
For s94 = 0, we obtain the following result:

d
Ié )(8133 514, 03 525, 335)

_ —8(d — 3)(d — 5) { m(d — 8)(s14 + S25) iC < 514525 )

(d —6)(d —8)(s14535 — S14525 + 513525) $14825 tan ¢ 514 + 825
(513 — 33533(5814— 514)813 Iéd)(sm) QFI[ 51;1%; i (s13 — 822;2; - 814)]
Jr313(315:0,25— 835)I§d)(313)2F1[ 51;1%;; 335835313]
_ﬁéd)(suhﬂ[ 51L1%;; ﬁ] - z%féd)(suhﬂ[ 51:[%;; - z_iz]

—%Iéd)(S%)zFl[ 51L1%;; o zﬁ] B (;{i;)i—)2515d)(825)2F1[ ng__;; = +:z - 335]
—méd)(tﬁ%) 2F1[ 51L1%;; 5138i4535]
535(525 —3;3358)2(5813 - 835)I§d)(835) 2F1[ 51;1%; i (s25 — 8252?3 - 835)]
+7T(813 —.8375”[— s14)(d — 8)I§d) ( 535814 ) } . (4.50)
28in5" 514835 813 — S35 — S14

We observe that this result is significantly simplified compared to Eq. (8:38). In fact, only 9 F; functions
remain.
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5 Asymptotic values of the integral Iéd) for |s13] — oo

If the scalar invariants fulfill the hierarchy of Eq. (8.28]) with |s13| being much larger than the other
scalar invariants and so4 # S95, then we have

2
he o (s24 — S25)
5 = ————5813
524535514525
2(514524835 — S14535 — S34835 + S24835895 + 14525835 + 514524595 1
LA S Jyo (L . (5.51)
$24535514525 513

As one can see from the explicit expression of Eq. (3.38]), the first argument of the two functions ()
and H@ is always proportional to 1/|s3|, so that it is sufficient to keep only the first terms of the
series in Eqs. (8.40) and (341)) in order to find the asymptotically leading term of the integral Iéd).
In d = 4 — 2¢ dimensions, this value reads:

(4—2¢)
I (513,514, 524, 525, 535)
|s13]|—00

m(1 = 2¢) (s25 + s24) () (335814> {1 (525 — s24)? - [ 1,1 —¢; 814] }

_ 2
SIMTE  S$14535524525 513 s595(825 + 524) L+e; s95
1
(14 €) (=s13)[(s24 — 595)°]2 " i 1 (5.52)
sin’me (s14535524525)1+¢ lsi3|t=2 ) '

In d = 2 — 2e dimensions, the result is

. 471'(1 — 482)(3 + 28)(825 + 824)313
sia]soo 82,82 (824 — 895)%(2 + €) sinTe
o (42 (835814> 2F1[ 1,5 4+e; —4susos ]

2 813 3+e; (s24 — s95)2

_ <—513(524 - 525)2>%+E v T2+ e) +0 ( ! ) . (5.53)

. 2 —
514535524525 —513514524525535 SIN“me |s13] ¢

2—2¢
IgE )(813,314,824,325,335)

We observe that, when one of the scalar invariants is large compared to the others, the hypergeometric
functions of two variables collapse to hypergeometric function of just one variable.
In d = 6 — 2¢ dimensions, the leading large-|si3| term of the integral Iéd) is somewhat more

12



complicated, being

—s13(s25—524)% | ¢
2T(e) | “siasassoases
m (6) 514535524525

271'5 313(325 - 524)

6-2
IE() E)(813,814,824,825,835)
(1 —2¢)
€ 313(825 - 824)

—7(s24 + 525) (4-2¢) { 535514 1, % +e;  —4s24595
X - .[2 2F1 2
(s25 — S24) sinme 513 L+e; (s24— s925)

|813|—)OO sin

27 (4—2¢) 514825 824 (4—2¢) 1,14¢; so4
L L | ! =
tanme 2 S14 + S25 — S24 + (1+¢) s14 2 (s14) 2P 24¢€; sua

1,1 +¢; 525
2+e; sia4+ S — su

_ 525
(1 + 8)(814 + So5 — 824)

B 154—25)( )2F1[ 1,—5;335—1—324—325]

1—54728) (s14) 2F1[

€3 535

1
£
L (4-2¢) 1,—; s24(s14 + s25 — 524) (4-2¢) 514 — 824
-I F ’ ’ I In—
g2 (s20) 2 11 L —¢; 814525 T4 (524) In 513

5 ) n B [0 () — 12 (55)| [y + ()]

513
- (1+ 6)(81481l So5 — S94) 154_28)(825) 2F1[ 1’21++58;; MZﬁ]
(L4 e)sws ;;;:Qj 524 — 525) L) 2F1[ 1’21:8? 525(53:1122 - 825)]
" (1+¢) (83?-?- S94 — 825)154_26)(335) QFI[ 1’21++58;; 5354_z+325]
_ (14_8%[;4725)(835) 2F1[ 1,21++8&;‘; %] } +0 (ﬁ) , (5.54)

where 1(z) is the logarithmic derivative of the Euler I function,

1
() = FF((;“")), (5.55)
and vy is the Euler-Mascheroni constant.
6 Limit of multi-Regge kinematics
In this section, we consider the pentagon integral I éd) with the somewhat peculiar kinematics,
— 813 > —S14, —835 > — 525, —524. (6.56)
In addition, we assume that the following relation among the scalar invariants s;; holds:
514835 ~ 513524 ~ S13525- (6.57)

Equivalently, one may define such an ordering by introducing the scaling parameter A\, putting
S13 = S13, S14 —> AS14, S35 —> Asgs,  S25 — Aso5,  s24 — A2sau, (6.58)

and taking the limit A — 0. In fact, this arrangement corresponds to the multi-Regge kinematics.
Recently, the pentagon integral in d = 6 — 2¢ dimensions in the multi-Regge kinematics defined by
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Eq. (6.58]) was considered in Ref. [6]. The integral Iéd) in d = 6 —2¢ dimensions is needed to determine
the € expansion of the integral I, éd) in d = 4 — 2¢ dimensions.

Here, we consider the integral Iéd) in the multi-Regge-kinematics limit of Eq. (656]) directly in
d = 4 — 2¢ dimensions. To obtain the leading contribution in this limit, we perform the scaling of
Eq. (6.58)) and retain the leading terms in the limit A — 0. The most divergent terms in Eq. (3.38)) are
of the order In \/A\*T2?. As will be seen later, such terms cancel out in the sum, so that the leading
asymptotic terms are of order 1/A\*72¢. In order to find the leading terms in the limit A — 0, we must
know the asymptotic behavior of the H(® (w, z) function for z — 1 and that of the ®@ (w, z) function
for z — o0o0. The leading and subleading terms of these functions in the respective limits may be
obtained from the series representations of Eqs. (8.41) and (8.40]) by retaining the first leading terms
of the expansions of the o Fy functions. With the help of Eq. (3.66]) in Appendix A, we obtain

+O((1 —2)In(1 — 2)). (6.59)

In a similar way, the asymptotic behavior of the ®@ function for z — co may be derived. Keeping
the logarithmic and constant terms of Eq. (@.68) in Appendix A, we arrive at the following result:

oo~ (e o)

Z—00 2z
Inz
} +0 (—) : (6.60)
a=0 z

Using Egs. (6.59) and (6.60), and retaining only terms contributing at orders In \/A\*+2¢ and 1/A%+%,
we find from Eq. (3:38) in the limit of multi-Regge kinematics the leading term,

~mT(L+e)(~hs)2te 2(1 — 4e?)

4725)(
. 2 7
sin“me \/—513514524525535 (1 + €)S13514835525524 5

813,814,824,325,335) =

I

y {2(813524 — $14835 — 813325)154—25)(324)1{(4_25) ( 4 | %>
524 Soqhs 825

— 3 .4
(514535 + S13524 — S13525) 172 (55 In ¥ 2F1[ Lg+e; 4 ]
24 2+e;  syihs

S$94(814835 + S13S824 — S13S 4— _ 4 s
24( 14935 13924 13 25) Ié 2¢) (825)(1)(4 2¢) ( —, 24 >
(2 + 6) (824 — 825)825 Soshs  S24 — S35

(513524 — 514535 — 513525) ,(4—2¢) 7T 1,2 +e; 4
I (1 Y ) 2| B A
+ (s25) (InY + tanne) 2 254 e "

2
525
m513(514535 + S13524 + 813825)1(4—25) (835814> r [ 1, % +e; —4si3 ] } (6.61)
- - 5 — | of1 = (> .
sinme $14835 513 2465 sisszhs
where
S13\525 — S24
o sul )
514535
52,82 + 82,82, + 82,82 — 259452595 + 2513835514525 + 25135945358
By = o185 13524 13595 24573525 13535514525 13524535514 (6.62)

513524535514525
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As mentioned above, the terms with In A cancel, as well as those involving the function (z), v and
the derivative of the 3F5 function with respect to a parameter.

The value of the integral I éd) for d = 6 — 2¢ in the limit of multi-Regge kinematics may be derived
from Eq. (27) using Eq. (.61 and the asymptotic values of integrals I id) given in Eq. (3.28)). We just
note that it is again expressed in terms of F3 and 9 F} functions because the integrals I, id) add only o F}

functions. An analytic expression for the integral I éd) in d = 6 — 2¢ dimensions was recently obtained
in Ref. [6]. The result of Ref. [6] is given in terms of derivatives of the Kampé de Fériet function [19]
with respect to a parameter. For a direct comparison of our result with that of Ref. [6], one needs an
expression of the F3 function in terms of derivatives of the Kampé de Fériet function, which, to our
knowledge, is not currently available.

7 Conclusions

In this paper, we evaluated the one-loop scalar pentagon integral in arbitrary space-time dimension
d with on-shell external legs, massless internal lines, and otherwise arbitrary scalar invariants. Ex-
ploiting the method of dimensional recurrences, we obtained a result in terms of the hypergeometric
functions F3 and 9 F;. In our case, both functions admit one-fold integral representations suitable for
e expansions. Using the methods of Ref. [6], the on-shell pentagon integral may be represented in
terms of four-fold hypergeometric series, while the method of dimensional recurrences advocated here
just yields two-fold series.

The method of dimensional recurrences may also be applied to the evaluation of the hexagon
integral, which is needed for the calculation of the O(e) contributions to one-loop maximally-helicity-
violating amplitudes at one loop in N' =4 SYM theory. To simplify derivations in this case, one may
start from the dimensional recurrences written in the limit of multi-Regge kinematics. In our opinion,
the method of dimensional recurrences is quite efficient to go beyond the “box approximation” for the
n-point one-loop integrals.

The e expansion of our results in Eqs. (338]) and (6.61]) will be presented in a future publication
[15].

We expect that the results presented in this paper and our forthcoming one [15] may be conveniently
incorporated in program packages for the automated analytic computation of one-loop integrals in
massless theories, similar to the package for numerical calculations presented in Ref. [21].
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9 Appendix A

9.1 Integral representation of I5(d)

For numerical checks of the result for the integral Iéd)(slg, S14, 824, $25, 835) in Eq. ([3.38]), we use the
Feynman parameterization

d 1 1 d_
IE()d) (313,814,824,825,835) =-r <5 — 5) / / d$1d$2d$3d$4 l‘i’ﬂ?%Ig, H52 5, (963)
0 0
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where

Hy = 2129 [(1 — :Eg)(l — 151)313 + $1$3$4(1 — 152)825 + (L‘3£E4(1 — ,’1,‘1)835

—+ ,’1,‘1,’1,‘3(1 — :E4)(1 — 1‘2)324 + 151,’1,‘2.’1,‘3(1 — 154)(1 — ,’1,‘3)314] .

9.2 Useful formulae for the Gauss hypergeometric function  F}

The Gauss hypergeometric function ¢ F; has the following integral representation:

L'(v) ! wul L1 — W) P (1 — ur)
>/0d (1= u) B (1~ u)

a,B; | _
QF{ o 4__FWHXW—B

Re(B) > 0,

The following formulae are useful for the analytic continuation of the oF} function:

Re(y — B) > 0.

where
hy = p(n+1) +(n+m+1) — p(a +n+m)
and
T(a+m)[T(e)]™" 2F (a,a +m;c; 2)
_ (_z)iaim - ( )m+n(1_c+a)n+m LN
- T(c—a) 7;) n!(n + m)! [In(=2) + hn]
m—1 a )
7;) I'(c—a—n) n’z ’
|arg(—z)| < m, a#0,-1,-2,..., m=0,1,...,
where

hp =91 +m+n)+9y(1+n)—y(a+m+n)
Here it is understood that the sum Zgn_l is empty for m = 0.

9.3 Useful formulae for the Appell function Fj3

The Appell function F3 has the following series representations:

B3, B, B v z,y) = E:E:

— b+ n+m),

—(c—a—m —n).

m=0 n=0

s (a'>n(ﬁ'>nyn "

ne0 (V)n n!

_ men ,

ne0 (V)n n!

16

(9.64)

(9.65)

(9.66)

(9.67)

(9.68)

(9.69)

(9.70)



The integral representation of the F3 function used for the derivation of the one-fold integral repre-
sentations of the ® function reads:

L8 g ) — L) e (O o B
F3(a7a 7B7ﬁ ,v,x,y) - F(’Y—,B)F(,B) /0 (1 —.’L'+’U,£E)a 2F1|: ’Y—,B, Uy:| du. (971)

This integral representation follows from Eq. (20) in Ref. [22].

10 Appendix B

In this appendix, we present the system of differential equations for the integral Iéd) to be used for
the derivation of the differential equations for the periodic constants P,(d) and P, (d). To obtain this
system of differential equations for I, éd), we exploit the method described in Ref. [I6]. According to this
method, derivatives with respect to s;; may be expressed in terms of integrals with shifted space-time
dimensions. Explicit expressions for such derivatives may be derived from the integral representation
with a parameters,

1 o0 0 {'Q}
(d) . exp 7,5
I5 (3131814182418251835) - i(d+2)/2 /da1.../d045 D% ) (1072)
0 0
where
Q = a103513 + a10us14 + a4S24 + Q2055525 + (3005535,
D = oi+a+ a3+ a4+ as. (10.73)

From Eq. (I0.72)), it follows that

d
BIé (513, 514, 524, 525, 535) :/dd+2q P
013 in"s> D1D3’

d
BIé (513, 514, 524, 525, 535) :/dd+2q P
Os14 in®s> DiDy’

d
DI (513, 514, 524, 525, 535) :/dd”q P
0524 in 32 DaDy’

d
BIé (513, 514, 824, 525, 535) :/dd+2q P
Os25 in"s> DaDs’

8Iéd)(3133314332433251835) — / dd+2q P (10 74)
0535 in 32 D3Ds’ '
where )
P 10.75
D1DyD3D4y D5’ ( )

and D; are defined in Eq. ([2.2). In order to reduce the (d + 2)-dimensional integrals on the right-
hand sides of the relations in Eq. (I0.74) to a set of basic integrals, we use recurrence relations [23].
All calculations are performed with the help of computer program package Maple. The resulting 5
differential equations for the integral I éd) all have the form of Eq. (3:22). The polynomials Rg-c) and
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¢i;j occuring therein are found to be

R%) = (—s895+ S24 + 535) (814825 — 835514 — S135925 + S24535 + S13524),
R%) = —(5%4325 - 8%4335 + 835514525 — 513514525 + 2513835514 — 314335 + S13524514
+ 245835514 + S25513535 + 324835 — 524513535),
Rg) = —(—524535 + 535514 + 513524 — 13525 — S14525)(S14 + S25 — S24),
R%) = s13(—8148025 + S35514 — 2555 + 2504805 — S13525 + 2595535 + S13524 — $24535),
Rg) = _513(514525 — 835514 — 2514894 — S13595 — 2894895 + S13524 + S24535 + 2334),
R&) = (s13525 — S13524 + S24535 + S35514 — S14525)(S24 + S35 — S25),
Rﬁ) = 514(514525 — S24535 + 2513535 — $35514 — S13525 + 513524 + 2525535 — 25%5),
Rﬁ) = s514(535514 — 514525 — 2555 + 2524525 — 513525 + 2525535 + 513524 — 524535),
Rﬁ) = (835 — S13 — 325)(835814 — 824835 + 513524 — S13525 — 814825),
Rﬁ) = (513534 — 524513535 + 524535514 — 2513524514 — 524513525 — $3559,
+ 3%3824 — 524514525 + S13514525 — S13535514 — 8%3325),
R&) = S94(S14525 — S24535 + 2513535 — S35514 — S13525 + S13524 + 2525535 — 28%5),
Rgi) = (—s13525 + 513524 — 524535 — S35514 + S14525)(—S35 — S14 + S13),
Réi) = —(—3%4825 + 8%4835 - 814835 + 513514525 + S35514525
+ 2894814825 + $13524814 — 824835514 + 813835 + 524535525 — 524513525),
Réi) = (813 + So5 — 835)(835814 + S13824 — S24835 — S14S25 + 813825),
RSL) = —s594(—524535 + 513524 — 2513514 — 2513535 + 5135025 + 2573 — 514595 + S35514),
R%) = —(—524835 + 2524535525 — 24513525 + 525513535
+ 524813535 + 813834 + 524814825 — 8353%4 + 814335 — 535514525 + 524535514,
R%) = (—513825 + 513524 + 35514 — 524535 + S14525) (S35 + S14 — S13),
Ré? = s95(—25%4 — 514525 + 2513514 — 535514 + 2514524 + 513595 — 513524 + 524533,
R%) = —s95(—804835 + 13824 — 2513514 — 2813835 + 513825 + 2573 — S14595 + 835514,
Ré? = (s13+ s24 — 514) (535514 + S13524 — S24535 — S14525 + S13525),
Ré? = —s35(514525 — S35514 — 2514524 — S13525 — 2824525 + S13524 + S24835 + 2534),
R§,25) = 835(—28%4 — $14525 + 2513514 — 835514 + 2514524 + S13525 — S13524 + $24535),
Ré? = (s14 + 525 — 524)(—513525 + 513524 + 535514 — 524535 + S14525),
Ré‘? = —(814835 — 835514825 + 513514825 + S13535514 — 813335 - 8%3325

2
+ $24535525 + S24513525 + 2525513535 — S24513535 + S73524),

5
R;(»,5) = (514525 — $35514 — S13525 + S24535 + S13524) (513 + S24 — 514), (10.76)
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and

P13 = —3574855 + 6525514(514 — 524)835 — 514595(524 — 525)513
— 3(s14 — 524)%535 + 2(524 — 525)%575 + (53, — 514525 — 514524 — 524525) 513535,
bra = —3si3855 + (535 — 525535 — S1335 — S13525)S14524
+ 513525 (525 — $35)514 + 6513525 (513 — 535)524 — 3(513 — 835) %554 + 2(525 — 535)7 514,
pos = —353453; — 6s35514(S13 — S14)S25 — 535514(513 — $35) 524
+ (sT3 — $35514 — S13514 — S13535)524525 + 2(s13 — $35)° s34 — 3(s13 — 514)% 835,
pos = —3514535 — s35514(S13 — S14)525 — 6535514(513 — $35) 5024
+ (873 — 835514 — S13514 — $13535)524525 — (513 — $35)° 854 + 2(s13 — 514)% 835,
f35 = —3514855 + 595514(S14 — 594)835 — 6514525(524 — S25)813 + 2(514 — 524)%835
— 3(s24 — 525)873 + (834 — S14525 — S14524 — 524525)513535, (10.77)
respectively.
References

[1] O.V. Tarasov, Phys. Rev. D 54 (1996) 6479, farXiv:hep-th/9606018.
[2] O.V. Tarasov, Nucl. Phys. B (Proc. Suppl.) 89 (2000) 237, arXiv:hep-ph/0102271.

[3] L.M. Brown, Nuovo Cim. 22 (1961) 178;
F.R. Halpern, Phys. Rev. Lett. 10 (1963) 310;
D.B. Melrose, Nuovo Cim. 40 (1965) 181;
W.L. van Neerven, J.A.M. Vermaseren, Phys. Lett. B 137 (1984) 241.

[4] Z. Bern, L.J. Dixon, D.A. Kosower, Phys. Lett. B 302 (1993) 299, arXiv:hep-ph/9212308;
Z. Bern, L.J. Dixon, D.A. Kosower, Phys. Lett. B 318 (1993) 649, Erratum.

[5] Z. Bern, L.J. Dixon, D.A. Kosower, Nucl. Phys. B 412 (1994) 751, jarXiv:hep-ph/9306240.

[6] V. Del Duca, C. Duhr, E-W.N. Glover, V.A. Smirnov, JHEP 1001 (2010) 042, arXiv:0905.0097
[hep-th].

.. Fadin, R. Fiore, M.I1. Kotsky, ys. Lett. , arXiv:hep-p !
7] V.S. Fadin, R. Fi M.I. Kotsky, Phys. L B 389 (1996) 737, [arXiv:h h /9608229
[8] A.L. Davydychev, J. Math. Phys. 32 (1991) 1052.

[9] W.T. Giele, E.W.N. Glover, Phys. Rev. D 46 (1992) 1980;
S. Weinzierl, Phys. Rev. Lett. 101 (2008) 162001, arXiv:0807.3241/ [hep-ph];
S. Weinzierl, JHEP 0907 (2009) 009, arXiv:0904.1145/ [hep-ph].

[10] Z. Bern, L.J. Dixon, V.A. Smirnov, Phys. Rev. D 72 (2005) 085001, arXiv:hep-th/0505205.

[11] J.M. Drummond, G.P. Korchemsky, E. Sokatchev, Nucl. Phys. B 795 (2008) 385, larXiv:0707.0243
[hep-th];
A. Brandhuber, P. Heslop, G. Travaglini, Nucl. Phys. B 794 (2008) 231, larXiv:0707.1153! [hep-th];
Z. Bern, L.J. Dixon, D.A. Kosower, R. Roiban, M. Spradlin, C. Vergu, A. Volovich, Phys. Rev.
D 78 (2008) 045007, arXiv:0803.1465 [hep-th];
J.M. Drummond, J. Henn, G.P. Korchemsky, E. Sokatchev, Nucl. Phys. B 815 (2009) 142,
arXiv:0803.1466' [hep-th];
A. Gorsky, A. Zhiboedov, J. Phys. A 42 (2009) 355214, larXiv:0904.0381! [hep-th].

19


http://arxiv.org/abs/hep-th/9606018
http://arxiv.org/abs/hep-ph/0102271
http://arxiv.org/abs/hep-ph/9212308
http://arxiv.org/abs/hep-ph/9306240
http://arxiv.org/abs/0905.0097
http://arxiv.org/abs/hep-ph/9608229
http://arxiv.org/abs/0807.3241
http://arxiv.org/abs/0904.1145
http://arxiv.org/abs/hep-th/0505205
http://arxiv.org/abs/0707.0243
http://arxiv.org/abs/0707.1153
http://arxiv.org/abs/0803.1465
http://arxiv.org/abs/0803.1466
http://arxiv.org/abs/0904.0381

[12] J. Fleischer, F. Jegerlehner, O.V. Tarasov, Nucl. Phys. B 672 (2003) 303, [arXiv:hep-ph/0307113.
[13] O.V. Tarasov, Phys. Lett. B 638 (2006) 195, arXiv:hep-ph/0603227.

[14] R.N. Lee, Nucl. Phys. B 830 (2010) 474, arXiv:0911.0252 [hep-phl;
R.N. Lee, A.V. Smirnov, V.A. Smirnov, arXiv:1001.2887| [hep-ph].

[15] B.A. Kniehl, O.V. Tarasov, in preparation.
[16] O.V. Tarasov, Nucl. Phys. B 480 (1996) 397, arXiv:hep-ph/9606238.
[17] B.A. Kniehl, O.V. Tarasov, Nucl. Phys. B 820 (2009) 178, arXiv:0904.3729] [hep-ph].

[18] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vol. 1,
McGraw—Hill, New York, 1953.

[19] P. Appell, J. Kampé de Fériet, Fonctions Hypergeometriques et Hyperspériques, Gauthier Villars,
Paris, 1926.

[20] O.V. Tarasov, Phys. Lett. B 670 (2008) 67, larXiv:0809.3028! [hep-ph].
[21] A. van Hameren, J. Vollinga, S. Weinzierl, Eur. Phys. J. C 41 (2005) 361, arXiv:hep-ph/0502165.

22] A. Prudnikov, Y. BI'yChkOV, 0. Marichev, Integrals and Sums, Auxiliary Parts, Nauka, MOSCOW,
g

[23] J. Fleischer, F. Jegerlehner, O.V. Tarasov, Nucl. Phys. B 566 (2000) 423, larXiv:hep-ph/9907327.

20


http://arxiv.org/abs/hep-ph/0307113
http://arxiv.org/abs/hep-ph/0603227
http://arxiv.org/abs/0911.0252
http://arxiv.org/abs/1001.2887
http://arxiv.org/abs/hep-ph/9606238
http://arxiv.org/abs/0904.3729
http://arxiv.org/abs/0809.3028
http://arxiv.org/abs/hep-ph/0502165
http://arxiv.org/abs/hep-ph/9907327

	1 Introduction
	2 Definitions and dimensional recurrences
	3 Solution of the dimensional recurrence relation
	4 Case of one vanishing variable
	5 Asymptotic values of the integral I5(d) for |s13|
	6 Limit of multi-Regge kinematics
	7 Conclusions
	8 Acknowledgments
	9 Appendix A
	9.1 Integral representation of I5(d)
	9.2 Useful formulae for the Gauss hypergeometric function 2F1
	9.3 Useful formulae for the Appell function F3

	10 Appendix B

