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Gluon- and Quark-Jet Multipliities with NNNLO and NNLL AurayP. Bolzonia, B. A. Kniehla, A.V. Kotikova;baII. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanybBogoliubov Laboratory of Theoretial Physis, Joint Institute for Nulear Researh, 141980 Dubna, RussiaWe present a new approah to onsider and inlude both the perturbative and the non-perturbativeontributions to the multipliities of gluon and quark jets. Thanks to this new method, we haveinluded for the �rst time new ontributions to these quantities obtaining next-to-next-to-leading-logarithmi resummed formulas. Our analyti expressions depend on two non-perturbative param-eters with a lear and simple physial interpretation. A global �t of these two quantities shows howour results solve a longstanding disrepany in the theoretial desription of the data.PACS numbers: 12.38.Cy,12.39.St,13.66.B,13.87.FhCollisions of partiles and nulei at high energies usu-ally produe many hadrons. In quantum hromodynam-is (QCD) their prodution is due to the interations ofquarks and gluons and to test it as a theory of stronginterations, the transition from a desription based interms of quarks and gluons to the hadrons observed inexperiments is always needed. The prodution of hadronsis a typial proess where non-perturbative phenomenaare involved. However, the hypothesis of loal parton-hadron duality assumes that parton distributions aresimply renormalized in the hadronization proess with-out hanging their shape [1℄, allowing perturbative QCDto make preditions. The simplest observables of thiskind are gluon and quark multipliities hnhig and hnhiswhih represent the number of hadrons produed in agluon and a quark jet respetively. In the framework ofthe generating-funtional approah in the modi�ed lead-ing logarithmi approximation [2℄, several studies of themultipliities have been performed [3{5℄. In suh studies,the ratio r = hnhig=hnhis is at least 10% higher than thedata or it has a slope too small. Good agreement withthe data has been ahieved in Ref. [6℄ where reoil e�etsare inluded. Nevertheless in Ref. [6℄ a onstant o�set tobe �tted to the quark and gluon multipliities has beenintrodued, while the authors of Ref. [7℄ suggested thatother, better motivated possibilities should be studied.In this Letter, we study suh a possibility inspired bythe new formalism that has reently been proposed inRef. [8℄. Thanks to very reent new results in small-xtimelike resummation obtained in Ref. [9℄, we are ableto reah the next-to-next-to-leading-logarithmi (NNLL)auray level. A purely perturbative and analyti pre-dition has been already attempted in Ref. [7℄ up to thethird order in the expansion parameter p�s i.e. �3=2s ,where paradoxially the quark multipliity and the ratioare not well desribed even if the behavior of the per-turbative expansion is very good. Our new resummedresults that we present here are a generalization of whatwas obtained in Ref. [7℄ and represent also a solution tothis apparent paradox.We onsider the standard Mellin-spae moments of

the oupled gluon-singlet system whose evolution in thesale �2 is governed in QCD by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equations:�2 dd�2 � DsDg � = � Pqq PgqPqg Pgg �� DsDg � : (1)The timelike splitting funtions Pij an be omputed per-turbatively in the strong oupling onstant:Pij(!; as) = 1Xk=0 ak+1s P (k)ij (!); as = �s4� ; i; j = g; q;(2)where ! = N�1 withN being the usual Mellin onjugatevariable to the fration of longitudinalmomentum x. Thefuntions P (k)ij (!) with k = 0; 1; 2 appearing in Eq.(2) inthe MS sheme an be found in Refs. [10{12℄ throughnext-to-next-to-leading order (NNLO) and in Refs. [9,13, 14℄ through the NNLL.In general it is not possible to diagonalize Eq.(1) be-ause the ontributions to the splitting funtion matrixdo not ommute at di�erent orders. It is, therefore, on-venient (see e.g. Ref. [15℄) to introdue a new basis, alledplus-minus basis where the LO splitting matrix is diag-onal with eigenvalues P (0)++ and P (0)��. We de�ne suh ahange of basis aording to the following transformationof the gluon and the singlet fragmentation funtions inMellin spae:D+(!; �20) = (1� �!)Ds(!; �20)� �!Dg(!; �20);D�(!; �20)) = �!Ds(!; �20) + �!Dg(!; �20) ; (3)where�! = P (0)qq (!)� P (0)++(!)P (0)��(!)� P (0)++(!) ; �! = P (0)gq (!)P (0)��(!)� P (0)++(!) :(4)The general solution to Eq.(1) an be formally writtenas D(�2) = T�2 (expZ �2�20 d��2��2 P (��2))D(�20); (5)
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2where T�2 denotes the path ordering with respet to �2and D = � D+D� � : (6)Now making the following ansatz:T�2 (expZ �2�20 d��2��2 P (��2)) == Z�1(�2) exp"Z �2�20 d��2��2 PD(��2)#Z(�20); (7)where PD(!) = � P++(!) 00 P��(!) � (8)is the all-order diagonal part of the splitting matrix inthe plus-minus basis and Z is a matrix in the same basiswith a perturbative expansion of the form:Z(�2) = 1 + as(�2)Z(1) +O(a2s); (9)we obtain thatDa(!; �2) � D+a (!; �2) +D�a (!; �2); a = s; g; (10)where D+a (!; �2) evolves like a \plus" omponent,D�a (!; �2) evolves like a \minus" omponent, andD�a (!; �2) = ~D�a (!; �20)T̂�(!; �2; �20)H�a (!; �2): (11)Here T̂�(!; �2; �20) is a renoramlization group exponentwhih is given byT̂�(!; �2; �20) = exp"Z as(�2)as(�20) d�as�(�as) P��(!; �as)# ; (12)with �(as(�2)) � �2 ���2 as(�2)= ��0a2s(�2)� �1a3s(�2) +O(a4s): (13)We reall that�0 = 113 CA � 43nfTR;�1 = 343 C2A � 203 CAnfTR � 4CFnfTR; (14)where CA = 3, CF = 4=3 and TR = 1=2 in QCD and nfis the number of ative avors. In Eq.(11) H�a (!; �2) areperturbative funtions ontaining o�-diagonal terms of Pbeyond the LO and the normalization fators ~D�a (!; �20)satisfy the following onditions:~D+g (!; �20) = ��!�! ~D+s (!; �20) ;~D�g (!; �20) = 1� �!�! ~D�s (!; �20): (15)

We note that ~D�a di�er fromD�a starting at higher orders[15℄. In the following, we ollet the resummed formulas.Details of the alulation will be presented elsewhere [16℄.After the resummation is perfomed for P�� in Eq.(8)thanks to the results obtained in Refs. [9, 17, 18℄, we �ndfor the �rst Mellin moment (! = 0) at NNLL:PNNLL++ (! = 0) = 0(1�K10 +K220 +O(30));PNNLL�� (! = 0) = �8nfTRCF3CA as +O(a2s); (16)where 0 � PLL++(! = 0) =p2asCA; (17)andK1 = 112 �11 + 4 nfTRCA �1� 2CFCA �� ;K2 = 1288 �1193� 576�2 � 56 nfTRCA �5 + 2CFCA��+16n2fT 2RC2A �1 + 4CFCA � 12C2FC2A� ; (18)with �2 = �2=6. Now we an perform the integration inEq.(12) up to the NNLL to obtain thatT̂NNLL� (0; Q2; Q20) = TNNLL� (Q2)TNNLL� (Q20) ; (19)TNNLL+ (Q2) = expn 4CA�00(Q2)h1++�b1 � 2CAK2�as(Q2)io�as(Q2)�d+ ; (20)TNNLL� (Q2) = �as(Q2)�d� ; (21)whereb1 = �1=�0; d� = 8nfTRCF3CA�0 ; d+ = 2CAK1�0 : (22)We are now ready to de�ne the avarage multipliitiesin our formalism:hnh(Q2)ia � Da(0; Q2) = D+a (0; Q2) +D�a (0; Q2); (23)with a = g; s for the gluon and quark multipliities, re-spetively. From Eqs.(11) and (15) we have thatD+g (0; Q2)D+s (0; Q2) = � lim!!0 �!�! H+g (!;Q2)H+s (!;Q2) � r+(Q2); (24)andD�g (0; Q2)D�s (0; Q2) = lim!!0 1� �!�! H�g (!;Q2)H�s (!;Q2) � r�(Q2): (25)



3Using these de�nitions, it is onvenient to write for thegluon and quark multipliities in general:hnh(Q2)ig = ~D+g (0; Q20)T̂ res+ (0; Q2; Q20)H+g (0; Q2)+ ~D�s (0; Q20)r�(Q2)T̂ res� (0; Q2; Q20)H�s (0; Q2);hnh(Q2)is = ~D+g (0; Q20)r+(Q2) T̂ res+ (0; Q2; Q20)H+g (0; Q2)+ ~D�s (0; Q20)T̂ res� (0; Q2; Q20)H�s (0; Q2): (26)For the oeÆients of the renormalization group expo-nents, we learly have the following simple relations atthe lowest order in asr+(Q2) = CA=CF ; r�(Q2) = 0;H�s (0; Q2) = 1; ~D�a (0; Q20) = D�a (0; Q20); (27)with a = g; s. One would like to inlude higher-order or-retions to Eq.(27). However, this is highly non-trivialbeause the general perturbative strutures of the fun-tions H�a and Z��;a, whose knowledge is required forthe resummation, are not known. Fortunatly, general as-sumptions and approximations an be made to improvethem. Firstly, it is a well known fat that the plus om-ponents by themselves represent the dominant ontribu-tions for both the gluon and the quark multipliities (seee.g. Refs. [19, 20℄). Seondly, Eq.(25) tells us that D�g issuppressed with respet to D�s , beause �! � 1 +O(!).These two fats suggest us that to keep r�(Q2) = 0 evenat higher orders should still represent a good approxi-mation. Then we notie that higher-order orretions to~D�a (0; Q20) and H�a (0; Q2) just represent a rede�nition ofD�a (0; Q20) apart from running oupling e�ets startingat order a2s. Therefore we assume that these orretionsan be negleted. Now we an �nally disuss higher-orderorretions to r+(Q2), whih represents the ratio of thepure plus omponents. Aordingly, we an intepret theresult in Eq.(5) of Ref. [7℄ as higher-order orretionsto Eq.(24). This interpretation is expliitly on�rmedup to order as in Chapter 7 of Ref. [2℄, where also thesame set of equations used in the omputation of Ref. [7℄are obtained. Further arguments to support it and itssheme dependene will be disussed in Ref. [16℄. Wedenote the approximation in whih Eqs.(19,27) are usedas LO +NNLL and the one in whih r+(Q2) in Eq.(27)is replaed by the result of Eq.(5) in Ref. [7℄ up to or-der a3=2s as NNNLOapprox + NNLL. That this last oneis atually a good approximation will be shown below.In both approximations onsidered we an summarizethe main theoretial result of this Letter in the followingway hnh(Q2)ig = Dg(0; Q20)T̂ res+ (0; Q2; Q20); (28)hnh(Q2)is = Dg(0; Q20) T̂ res+ (0; Q2; Q20)r+(Q2)+ �Ds(0; Q20)� Dg(0; Q20)r+(Q20) � T̂ res� (0; Q2; Q20); (29)
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FIG. 1: Gluon and quark multipliities �ts ompared to the data.The gray dashed line is the LO+NNLL result, the orange solid lineis the NNNLOapprox +NNLL result and the red dotted line is the�t with four onstant oeÆients. The orange band orresponds tothe estimated error of the �tted parameters in the NNNLOapprox+NNLL ase.
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FIG. 2: Glun-quark multipliity ratio predition ompared to data.The gray solid upper line is the predition of Ref. [7℄, the othersare as in Fig.1for the multipliities, andr(Q2) � hnh(Q2)ighnh(Q2)is (30)= r+(Q2)�1 + r+(Q2)r+(Q20) �Ds(0;Q20)r+(Q20)Dg(0;Q20) � 1� T̂ res� (0;Q2;Q20)T̂ res+ (0;Q2;Q20)� ;for the gluon-quark multipliity ratio. Equations(28,29) depend only on two parameters, Dg(0; Q20) andDs(0; Q20), with a simple physial interpretation: theyare just the gluon and the quark multipliities at the ar-bitrary sale Q0.We have performed a global �t of our resummed formu-las, Eqs.(28,29), to the experimental data to extrat thevalues of Dg(0; Q20) and Ds(0; Q20). With Q0 = 50GeV,



4the result of the �t is given byDg(0; Q20) = 24:31� 0:85; 90% C:L:Ds(0; Q20) = 15:49� 0:90; 90% C:L:; (31)in the LO+NNLL ase and byDg(0; Q20) = 24:02� 0:36; 90% C:L:Ds(0; Q20) = 15:83� 0:37; 90% C:L:; (32)in the NNNLOapprox+NNLL ase in agreement with theexperimental values within the errors. However, the 90%C.L. error in the NNNLOapprox + NNLL ase is muhsmaller reeting a muh better �t to the data at allenergies. Indeed, per degree of freedom we obtain �2 =18:09 in the LO+NNLL ase, while we have �2 = 3:71 inthe NNNLOapprox+NNLL ase. In our analysis, we haveused the next-to-leading order solution for the runningoupling aording to Eq.(13) with �s(MZ) = 0:118 andnf = 5. We have heked that varying the arbitrary saleQ20 does not hange the resulting value of �2 as expetedand that moving from LL to NNLL the renormalizationsale dependene is strongly redued.In Fig.1 we plot the gluon and quark multipliitiesaording to Eqs.(26,28,29) using the �tted parametersgiven in Eqs.(31,32). Using the data seletion of Ref. [21℄,the measurements are taken from Refs. [21{24℄ for thegluon multipliity and from Refs. [25, 26℄ and referenestherein for the quark multipliity. The result of a �twhere the normalization oeÆients are assumed on-stant without any additional onstraint is also plottedshowing that NNNLOapprox+NNLL is indeed a good ap-proximation. To hek the onsisteny of the data sets,we have used Eq.(30) together with the result of the �tfrom the gluon and quark multipliities in Eqs.(31) and(32) to predit the gluon-quark multipliity ratio. Theresult together with the orresponding data are shownin Fig.2. The data are taken from Refs. [21, 22, 25{30℄and referenes therein, overing essentially all availablemeasurements. One an see that the data do not agreevery well at small sales, an isssue that will be disussedelsewhere [16℄.As onluding remarks we remind here that the mainproblem in desribing the data was that the theory failedbadly in the desription of the data for the gluon andthe quark jets simultaneously (or equivalently for theratio r) even if the perturbative series seems to on-verge very well. We have shown in this Letter that ourNNNLOapprox+NNLL result solves this problem explain-ing the disrepany of the results with the data obtainedin Ref. [7℄ as due to the absene of the singlet \minus"omponent governed by T̂ res� (0; Q2; Q20) in Eqs.(29) and(30). This omponent is inluded here for the �rst time.The most natural possible future improvement onsistsin inluding orretions of next-to-leading order or be-yond to r�(Q2). Our generalized result depends on twoparameters, whih represent our initial ondition. They
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