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Abstract

We discuss how the shift operator and the Hamiltonian ehhterarchy of Baxter Q-
operators in the example gf(n) homogeneous spin-chains. Building on the constructiah th
was recently carried out by the authors and their collalbosatve find that a reduced set of
Q-operators can be used to obtain local charges. The marhaeiies on projection proper-
ties of the corresponding-operators on a highgkiwest weight state of the quantum space.
Itis intimately related to the ordering of the oscillatarghe auxiliary space. Furthermore, we
introduce a diagrammatic language that makes these piegppranifest and the results trans-
parent. Our approach circumvents the paradigm of constiguttte transfer matrix with equal
representations in quantum and auxiliary space and undsrhe strength of the Q-operator
construction.
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1 Introduction

In 1971 R.J. Baxter introduced the Q-operator along withcttlebrated Baxter equatidrQ rela-
tion [1] in order to calculate exactly the partition function of thight-vertex model. The method
of functional relations and commuting transfer matriceginated in this work. It plays a funda-
mental role in the theory of integrable quantum systems.

One of the most important developments in the field since ihéme framework of the quan-
tum inverse scattering method (QISM), see e.gl. [This approach builds on the existence of
Lax operators which are solutions to the Yang-Baxter equatind can be seen as the generat-
ing objects of the model. It employs the idea of an auxiligggce to construct transfer matrices
which define one parameter families of commuting operatai®led by the spectral parameter
Z Here the transfer matrix built out of Lax matrices with tlaene representation in quantum and
auxiliary space is especially important. The Hamiltonialmng with all other local charges of



the spin-chain, arises as a logarithmic derivative arotwedshift point of this particular transfer
matrix [3]. As the local charges belong to the family of commuting epens their spectrum can
be obtained from the algebraic Bethe anséjz |

The link between Q-operators and the Hamiltonian as welligiseln local charges is rather
indirect. From the point of view of the algebraic Bethe anshe link is established by applying
the Hamiltonian to Bethe vectors. Following this procedone obtains the eigenvalues of the
Hamiltonian in terms of Bethe root§][ By identifying the Baxter Q-functions with the poly-
nomial which vanishes at the Bethe roots one may write theneegjues of the local integrals of
motion for the Heisenberg chain &g [

_ 9 Qo)
B azk Q(Z_ 5) z=0 .

e (1.1)
The first two charge$y andl; correspond to the momentum and the neareast-neighbor tdamil
nian, respectively. The labélis thesI(2) weight of the local vacuum in the algebraic Bethe ansatz.
As mentioned in}], where integrable spin-chains emerged in the contextgif Bhergy QCD{],

the relation between the integrals of motion and the Q-fanstcan be extended to the operatorial
level. The goal of the present article is to provide a nmdirect connection between Q-operators
and local charges.

In a series of papers/[ 8, 9, 10] Q-operators were constructed fgn) homogeneous spin-
chains from fundamental principles. The constructionoie the quantum inverse scattering
method employing degenerate solutions of the Yang-Baxjpeation as generating objects. While
the quantum space of these Lax operators is determined byndloel, the auxiliary space is
infinite-dimensional. It is realized by a set of oscillatdgebras as pioneered in]]. All func-
tional relations involving Q-operators and transfer nuatsi of the type mentioned above follow
from remarkable fusigifactorization properties of the degenerate Lax operat®tse hierarchy
of Q-operators is most easy to construct. It is best illtsttaising Hasse diagrams7]. In [10]
the nearest-neighbor Hamiltonian was obtained solvingémg-Baxter equation for the R-matrix
with equal representation in quantum and auxiliary spaee,atso 13], while the dispersion re-
lation was derived for some finite-dimensional repres@niatfrom the functional relations of
the Q-operators. SincR-operators are conceptually simple solutions to the Yaagt® equa-
tion, it is desirable to obtain the nearest-neighbor Hamién and also higher local charges from
Q-operators avoiding this detour.

In the present article we show how local charges can be ¢attairectly from the Q-operators
built in [10]. No reference to the transfer matrix mentioned above igired. This avoids the no-
toriously complicated construction of the transfer matvith equal representation in quantum and
auxiliary space. In sectiof we give a brief review of the recent construction of Q-opersafor
gl(n) homogeneous spin-chains and establish some notatioaction3 we introduce an opposite
product on the auxiliary space and obtain alternative ptegiens of the degenerate solutions used
for the construction of Q-operators, hereafter referreds®-operators. Sectiod is dedicated
to the extremely important projection properties of theadegate Lax operators. Their alterna-
tive presentation obtained in sectiBris essential in order to fully exploit these properties. eft
developing these technigues we introduce a convenientatiagatic language foR-operators
which extends to Q-operators in sectignlt further concerns the derivation of the shift operator
and the Hamiltonian from Q-operators. Equatiéri2Q) is one of the main results of this paper. It
defines the Hamiltonian density in terms of the ndRebperators for Q-operators introduced in



[10]. Sectioné6 offers a summary of our results and suggestions for furtherestu&urthermore,
we provide several appendices where specific examplesuatiedt They also contain definitions
and properties of the operatorial shifted weights fregyarged in this paper.

2 Review

In a series of papers/] 8, 10] new solutions to the Yang-Baxter equation were derivedeyTh
allow to construct Baxter Q-operators fgifn) invariant spin-chains. These so callRdoperators
are of remarkably compact form and can be writteh as

Ri@ = 5% Ry (2) - e %%, (2.1)

with i
Roi@=p@ | [ T@-4 - +1). (2.2)
k=1

These equations require some explanations. The |ettiemotes a subset of the dét...,n}
of cardinality |I|. The undotted indices take values from the Isand the dotted ones from its
conjugatel

abcel, abtel, ABCeluUl. (2.3)

The choice of the sdt naturally identifies a subalgebe®(l) of gI(n). The R-operators are
composed out of | - |I| families of oscillators

[af, 5] = 6365 (2.4)
andgl(n) generatorsJ4 with
[35,35] = 6535 — 6835 . (2.5)

The precise definition of the operatcﬁ‘lzsentering £.2) can be found in the appendix, they are
operatorial shifted weights of the subalgebtél). The operatorsk, are elements of a suitable
extension of the product spalz!eégl(n))®’H("6 in the following denoted byt,. The normalization
o1 is not determined by the Yang-Baxter relation and is disetisis the next sections.

The R-operators above satisfy the Yang Baxter equation

Lz)Li() Ri(zz-2) = Ri(zz—z) Li(z) L(z1). (2.6)

HereL | denotes the operat@®, with fundamental representation in thign) part

2%+ H2 &
L|(z):[ bagb ?g) for | ={1...,]1]}, (2.7)
_q 2
with? H3 = -aCa@ - 36562 where the summation over the dotted indices is understodte T

operatorL denotes the well-known Lax matrix

(2.8)

E(Z):(zagug J ]

a a al -
Jb 25b+Jb

For reasons that will become clear in the next section wei@tpldenoted the product by-".
2Here we only consider thaminimal case discussed i (].

4



Baxter Q-operators are constructed as regularized traegghe oscillator space of monodromies
built from the operator®,. Following [10], they are given by

Q@ =€ Tr i (DIRI@e...0RI(@D} with ¢ :Z%. (2.9)

ael
Here the guantum space consists out. fites and will be denoted by = V|, ® ... ® V5. In
the following eachV; corresponds to the same representatioof gl(n). The regulator inZ.9) is
defined as
Dy =exp{ =i > ¢aNa) (2.10)
ab

where we introduced the twist parameteLs = ¢, — ¢}, the number operatdry, = é‘ga,g + % and
the normalized trace | Tralei® % )

Tryfe ™ x ) = W.
The operator€), generate a large family of commuting operators. These tgrsrare function-
ally dependent, they satisfy certain quadratic equatiomsvk as QQ-relations. Those functional
relations can be regarded adf*shell” Bethe equations. The hierarchy of tHeQ@-operators can
be graphically exposed in the Hasse diagrafj.|

(2.11)

3 Alternative presentation of R-operators. Reordering oscillators

The solution 2.1) to the Yang-Baxter equatio () is presented as a normal ordered expression in
the oscillatoraéc'c, ag}. For reasons that will become clear in the next section walaceinterested

in its expression which is anti-normal ordered in the oatills of the auxiliary space. The anti-
normal ordered form of th&-operators can be obtained either from the Yang-Baxtertaguar
directly by reordering the oscillators ig.(). As we will see the approach from the Yang-Baxter
equation will be very powerful to obtain the desired expimss However, it is not possible to fix
the relative normalization by this method.

3.1 Yang-Baxter approach

To derive the expression for the anti-normal ordefeaperators directly from the Yang-Baxter
eqguation it turns out to be convenient to introduce an oppgsioduct orl,. Let O € oA be
written as

0= Z a(k) ® b(K), (3.1)

k

with a(k) € U(gl(n)) andb(k) € #0:D. Given two elements dil; the product used in2(6) is
defined as
O1-0 = Z a1 (K) ax(1) ® by (K) ba(l) . (3.2)
K

We now define the opposite producas

0100, = Z ar(kK) ax(l) ® ba(1) by (k) . (3.3)
k|



One can easily check that this product is associative. Thg-Baxter equation 6) can then be
written as
L@)Ri(zz-2z)oLi(z) =Li(z) o Ri(z-2z) L(z). (3.4

We like to stress that this is exactly the same equatio2&3 énly rewritten in terms of the
opposite product. Now, in analogy td(] we substitute the ansatz

RI(D) = €% o Roy(2) o %% (3.5)

into (3.4) and as before obtain four sets of defining relationﬂigr. As there is some redundancy
in these equations we only present one of them

R0, (2 ((z+ 'E)Jg - Jng) = BRoi(@. (3.6)

Comparing this equation tadl{] it is easy to recognize thaonJ(z) satisfies the same defining
relation aSR(‘)}—(z+ 2). We conclude that

I 1

R0|(z)—p|<z)]_[ T (37
k

The ratio ofp; andg; entering £.2) and (3.7) can be determined by requiring that{) and 3.5
are thesameoperators. It is investigated in the next subsection.

3.2 Direct approach

TheR-operators %.1) and (3.5) can be written as

s _1m ) . R R
RO = Y Gra A AR R R @R 69
n,m=0
R _ N (_1)m by bm za1 _anJal Jan’ié Jbl me 3.9
@ = Z ST A A a a9 @I g (3.9)

Here we expanded the exponentials using the definition gbth@ucts in 8.2) and 3.3), respec-
tively. To obtain the relation betweéRy, andﬁm we have to reorder the oscillators in one of the
two expressions. We find that for each @Erag that is reordered in3(8) Ry, is “conjugated” by
the correspondingl({c, ¢}) generators as

Roi — " i (39 Roy () (3¢ (310)
k=0

This relation is obtained usind>(1) and does not rely on the precise form7§,. After subse-
quent conjugation ofRg,; with all |I] - || gi({c, &}) subalgebra generators gi{n) one obtains an
expression fofRg,:

Roi(@ = Z [ —(JC)kcc

}=0cel cel cel cel

C)kc'c. (3.11)




This fixes the ratio of the prefactopsandg appearing inZ.2) and @.7). Naively, (3.11) appears
rather diferent from 8.7). However, they must coincide since they satisfy the sanfimidg
relations. This is explicitly demonstrated for the casgl(®) in appendixC.1 See also sectiofh
for a clarifying discussion on the normalization.

4 Projection properties of R-operators

The construction of local charges in the conventional Ql®Nes on thefundamentaR-matrix
R for which the auxiliary space is the same as the quantum sgaeach site. It requires the
existence of a special poiatf where the R-matrix reduces to the permutation operator

R(z) = P. (4.1)

This property is often referred to as regularity conditidrhe construction of local charges pre-
sented here bypasses the use of the fundamental R-matrig aaded on remarkable properties
of the R-operators in%.1) for special values of the spectral parameter. For the elanfthe
fundamental representation in the quantum space we findhtaiperatol | given in 2.7) de-
generates atvo special points. Usingoth products introduced in the previous section we find
that

D-(F e (o o

This degeneration can naturally be understood from thetigpgrarameter dependent part of the
R-operators, compare t@.(l), (3.5. For the fundamental representation, it originates from a
reduction of the rank oRRg, and ﬁm at the special pointg = +% andZ = —%', respectively.
Of distinguished importance atg-operators witHl| = 1. In this case the rank of the oscillator
independent part reduces to 1.

Relations of the type4(2) hold for any higheglowest weight representation gf(n). Their
precise form can be obtained via a careful analysis of thetspa of the shifted weight opera-
tors EiK enteringR,. However, the analysis is technically involved. Details t& found in the
appendixA. In the following we restrict to representations correspog to rectangular Young
diagrams and their infinite dimensional generalization.

A rectangular Young diagram is labeled by two parametgrm) vith s, a € N according to

a { . (4.3)
——

S
For representations of this type there exist two values efsjpectral parameter such thap,
and 7~20J respectively are projectors on a highest weight Stéde|l| = n — a. The number of
highestlowest weight states for such representatior(g)iand exactly coincides with the number
of operatorsR, with |[I| = n—a. EachRg; andR, of cardinalityn — a projects on a dierent
highest weight state depending on the elements With an appropriate normalization discussed
in section4.2we find for|l| = n — athat

Ro,1(2) = lhws¢hwg and ﬁ,OJ(Z) = |hws¢hwg. (4.4)

3The notion of highest weight state depends on the choiceeafdising generators. For rectangular representations
al(n - a)! such choices correspond to the same highest weight state.



As a direct consequence ¢f.{) we obtain that th&k-operator at the special poiresafidZ can be
written as

R1(2) = % . hwg(hws - %% and R (%) = €% o jhws(hwg o e &%, (4.5)

As we will see, these properties carry over to non-compaeesentations with highest weight that
fulfill a generalized rectangularity conditipsee sectiod.1and appendi. However, not aliR-
operators of a certain cardinalitty share the projection property. See discussion in appenhdix

It will become clear in sectiof that as a consequence df%) the Q-operators at the special points
ZandZare related by the shift operator, séelg).

4.1 Reduction

It emerged in the discussion of the fundamental representtitat at special values of the spectral
parameter the operatofg, and7~€0,| become projectors on a certain subspace. In the following
we show when and how this happens. The analysis is clearlgected to the pattern of the
decomposition of thgl(n) representation at a site

A = @, m, (AL, AD) (4.6)

under the restrjctiorgl(n) L gl(1) @ gI(1). We are specifically interested in representatiarend a
setl such that}, are bounded from above adgare bounded from beldw The bound is saturated
for all k by the subspaceﬂcm, Ago) of A annihilated by the action of generato]§

JBIAL ALy =0, 4.7)

g’

where the indices take values according 203), The subspaceACyo,A(';o) is nothing but the
gl(1) @ gl(1) irreducible representation generated by the actiodSodind Jﬁ on thegl(n) highest
weight staté |A). Moreover, the eigenvalues of any fixé@ are integer spaced. The fact that
the operatorskg, andﬁm become projectors on this subspace for special values ptbetral
parameter is an immediate consequence of the propertibe optarator@l*f together with the pole
structure of the gamma function.

The class of representations considered at the end of thimpsesection (here referred to as
generalized rectangular representations) have a numbenarkable features, see appendix
In particular, there is at least one deduch that the subspace on whiRl, and ﬁoJ project is
one-dimensional. This fact is equivalent to the existef@state such that

BIAGAY =0, BIALAY = 4 IALAY.  JIALAY = 4 6TAL Ay (4.8)
for a properly chosen sétand somel;, 1;, see appendix for details. For convenience the state
defined in §.8) will be denoted athws.

4.2 Onthenormalization of R-operators

Besides the ratio gfy andg;, which is fixed by 8.11) an overall normalization of th&-operators
was not yet chosen. In our previous analysis we determinedrik-dimensional subspace which

4For any finite dimensional representation this is true for et .
The raising generators that enter tjig) highest weight condition fo\) are chosen to includé?.
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saturates the bound 6}5 and?l'(. The action of the shifted weights on this subspace is giaen i
appendixA. As already mentioned, for our purposes it is convenienthimose a normalization
such that4.5) holds, i.e.

0 pEz-W-7+1 ) I rEz+ k-2
O A @ -n | | ezt

Roi(2 = «i1(2) I :
k=1 F(Z—7+k—/1|) k=1 F(Z+7—fk+1)

(4.9)

compare toZ.2) and (3.7). Above,x andk; are periodic functions oﬁ‘r, 2{( of period one, respec-
tively. Furthermore, they coincide on the highest weiglit)lhws = & (2lhws = |hws and in
analogy tgo; andg, are dependent by3(11), see also appendix.1for the example ofl(2). As
discussed in sectiod.1, from the study of the Yang-Baxter equation it seems to beeratatural
to fix the overall normalization such that

5 Il _
Roj(z- E) = Roi(z+ E)‘ (4.10)
Interestingly, this relation implies the crossing equatio
(TR |
Rr(Z— E) = Rl (Z+ E) (411)

with (52 e agi e agn) = égi e 5122 aj! ---&". However, an explicit study of these relations

is left to the future.

5 Diagrammaticsand local charges

As itis customary we denote R-matrices by two crossing lileshe construction of generalized
transfer matrices each vertical line corresponds to thatgua space associated to a spin-chain
site. Likewise, horizontal lines represent the auxiligmpaee. In the followingR-operators gener-
ating Q-operators are depicted as

R| (Z) = y (51)

compare t04.9. We will now develop a pictorial language for tff-operators, which incor-
porates all aforementioned properties, see sediand4. One of its main advantages is that
the opposite producB(3), which might look unfamiliar in the equations, is transthto a rather
natural composition rule. It is a key ingredient to revea #mergence of local charges from
Q-operators.

5.1 Two multiplication rules

As discussed in sectiod, it is natural to introduce two fierent multiplication rules. Diagram-
matically the product can then be understood as



O01-0,=

@“@ | 52

Here the oscillatorréd) and thelf(gl(n)) (blue) components of); are both multiplied from the
left to O,. On the other hand, the products denoted by

0100,= @"@ . (5.3)

Here thel/(gl(n)) part of O; is also multiplied from the left t@,, but the oscillator part is multi-
plied to the right. In summary, once the operat®sare written asJ.1) the order of the factors
(from left to right) in 6.2) and 6.3) is obtained by following the lines from bottom to top.

5.2 ‘R-operators

We will now develop a diagrammatic expression®rfor both 2.1) and @.5). To be pedagogical
we proceed slowly. Itis clear th&, can be regarded as a composite object of four parts, namely

QA _ , e &% _ i (5.4)

Ro,) = @ . Roy = @ : (5.5)

Rio and7~€|,o act trivially in the auxiliary space, this is depicted by #teaight line in §.5). The
labell is suppressed in the pictures. Let us now construct the tyessgions ofR given in (2.1)
and @.5) . Using the ingredients above and the multiplication rfteg) and £.3) one finds

Ry = @‘@5@ . Ri= @(@'@ . (5.6)

When reading the diagrams from bottom to top it becomes ¢hedrthe expression on the left
hand side is normal ordered, while the expression on thé higihd side is anti-normal ordered in
the oscillator space.

5.3 Projection properties

In section4 we argued that at the special poiataridZ someR-operators of certain cardinaliti
decompose into an outer product, sé&), This fact is a consequence of the degeneration (to rank
1) of Ro, and?ioJ for generalized rectangular representations. In the diagratics introduced,

10



the building blocks of4.5) are denoted by

FXlhwe = (@j (hwge %% — (& (5.7)

As the above expressions are “vector” and “covector” in thenqum space, a quantum space op-
erator acts on them by left and right multiplication, regpety. This is indicated by one missing
ingoing/outgoing vertical line. Using the notions of the two definedducts we see that according
to (4.5 at the special point$H(6) simplifies to

Ri(@) = W . R®-= W . (5.8)

5.4 Baxter Q-operators

Baxter Q-operators can be built from the monodromy offeperators as reviewed in sectign
Here, we will concentrate on the Q-operators constructeabilne R-operators that satisfy con-
dition (4.5), see sectionrt for more details. Hereafter, the indé&xof the chosen Q-operator will
be omitted. The diagrammatics for the/Beoperators was developed above. Frand)it is clear
that the corresponding Q-operators at the special poirtgigen by

03 = -0 -0 (.9)
Q3= -0 000G 5.10)

HereD denotes the regulator i (LJ. For convenience we recall that if.9) and £.10) there is
one ingoing and one outgoing vertical line for each spirirchiie. As indicated in the picture, the
auxiliary space is closed by the trace, s2é)(

5.5 Shift mechanism

The homogeneous spin-chain has the property of being &tamslly invariant; the shift operator
defined as
UXaU™=Xn1,  UX U= fi(g) Xq F749), (5.11)

commutes with the Hamiltonian and all generalized transfatrices. The operatdi(¢) arises
from the twisted boundary conditions and is explicitly gigelow.
The shift operator can be written as (see eld, P])

U =f1(¢) P12P23- - PL-1L, (5.12)

11



whereP; ;1 acts as a permutation on sitandi + 1 in the quantum space. The main result of this
subsection is to show the relation

Q@) =UQ®. (5.13)

The labell has been omitted following the logic as in sect®fi and5.4. This equation is imme-
diately proven once it is rewritten in the diagrammatic laage developed previously:

(5.14)

The only non-trivial step in the proof is to move the last tetnin the left hand side ofH 14)
through the regulatc®. This is done using the relation

A direct computation shows that

f(g) = expi D ge(IE—0) +i )" pe(IE - )¢ - (5.16)
cel el
This proves relationH.13 for the large class of generalized rectangular representa Using
(5.13 and the form of the Q-operator eigenvalues in terms of mets{zi}i'\il
) M
QD) = [ |@z-2). (5.17)
i=1
The eigenvalues of the shift operators are writtef as
M5 Z
) — d(Z-2é _
Uiz == [ |5 (5.18)

i=1

The identification of the special pointsahdZ'is particularly important as it reveals how higher
local charges may be extracted from Q-operators. In thesudbdection this is elucidated for the
case of the nearest-neighbor Hamiltonian.

5The reader might worry whether the operat@(@) andQ(2) are invertible. The invertibility follows from the fact
that for generic values of the twist parametgsthe special pointg &ndZ are not Bethe roots.

12



5.6 Thenearest-neighbor Hamiltonian and its action

We identified two special pointsandZz at which the Q-operators are related by the shift operator,
see b.13. This enables us to give a direct operatorial derivatiofiLaf). The main result of this
section is that

L_Q® QO

= = =~ > 5.19
Q@ Q@ 619
is a nearest-neighbor Hamiltonian, i.e.
L
H=> Hia. (5.20)
i=1

It is of prime importance as it yields the total energy of thenschain and determines the time-
evolution of the system. An important step in the derivatbthe Hamiltonian %.20) is to rewrite
(5.19 as

HQ@®)=Q'9)-UQ®@. (5.21)

Here we used.13. The derivation of %.19 is a direct consequence of the truly remarkable
identity

The significance of this equation is twofold. Firstly, it ¢caims the non-trivial statement that the
right-hand side off.22) can be written as the left-hand side for “soni¢’that, as encoded in the
picture, acts non-trivially only in the quantum space. TiRiproven in appendi®.1 using the so
called Sutherland equation, originally introduced to fdeva criterion for a local Hamiltonian to
commute with a given tranfer matrixf], and the special properties of ti&-operator. Secondly,
(5.22) definesH uniquely in terms of théR-operators for Q-operators. The fact that this way of
defining can be particularly convenient for practical purposes psued by the non-trivial
example ofs[(2) spin—% in appendixC.2

Using 6.22), (5.21) can be shown quickly. The derivative of the Q-operatorkfes immedi-
ately from the definition in4.9) for any set

L
Q@ =ip Q@+ Y ThuDiRI@e...0 Ri@ ... RI(D)}. (5.23)
k=1 m/sTd/e

Taking a closer look at5(21), one finds that the right hand side can be rearranged as afsum o
local contributions corresponding to the Hamiltonian dgn%{. This is done by pairing terms
according to%.22). Furthermore, from.21) it follows that

Hi e = f@)HLa T H(9). (5.24)
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Thus, we have showrb(21). It is worth to mention that an analogous and equivalerdtiah as
(5.22 holds for the action of{ from the right, see alsd3(4). On the level of eigenvalues, upon
using 6.17), (5.19 gives the famous energy formula

E({z}) = ZM: (i - i) : (5.25)

This coincides with 1.1) for k = 1. We would like to stress again that the auxiliary and quantu
space of thé&k-operators are of flierent nature. The mechanism by which the Hamiltonian densit
can be extracted from thR-operators is encoded ih.@2. The explicit expression foH for
generalized rectangular representations in the quant@awesis provided in the appendix.2.

If we further restrict to certain representations one aistaather convenient expressions for the
Hamiltonian density. This is done for the fundamental repngation and thel(2) spin—% case.

6 Concluding remarks

In this paper we studied how the local charges directly ettietierarchy of Q-operators. Our
studies provide a transparent derivation of the operdtoeigsion of the eigenvalue formula for
the first two local charges iriL(1) by employing the recent construction of Q-operatdrd.[ The
method states clearly which Q-operatons the hierarchy can be used to extract local charges,
given a rectangular representation and their non-compawrglizations in the quantum spake

It further implies the validity of the dispersion relatioor these representations.

We found that the Q-operators constructed i) [provide an intuitive way to extract local
charges. The mechanism relies on special features of thel fRweperators used as generating
objects for the Q-operators. Ea@hroperator admits two alternative presentations corredipgn
to a normal or anti-normal ordered form in the auxiliary dator part. Some properties of the
‘R-operators that are manifest in one presentation are hiddée other and vice versa. Following
this paradigm, we identifietivo special points at which thB-operators degenerate under the two
products defined in sectio3.(l). This fact can be traced back to the reduction of the osailla
independent pafRg, andﬁoJ torank 1, respectively. They become projectors on a higheigtht
state. The diagrammatics developed incorporate this tiethucOn the level of Q-operators this
leads to the shift operator which relates the Q-operatdwesis two points, seé . (13. Furthermore,
it yields to the identification of the Hamiltonian densityr fitne nearest neighbor Hamiltonian.
Here, we would like to stress that in this method, the quardadhauxiliary spaces are in general
of different nature. An explicit formula of the Hamiltonian dewsiind its action in terms of
the quantum space generators at the corresponding twonsitesbtained. In appendiX.2 we
showed that this formulation is particularly convenient floee non-compacsi(2) spin-chain of
representatiors = —1/2. Interestingly, spin-chains of this type emerge in thelgf certain four
dimensional gauge theories, see elg].

The generalization to non-rectangular representationgires open. It is known that the
nearest-neighbor Hamiltonian is non-hermitian and thesfiex matrices are non-normal opera-
tors for these representations’]. In the example of the adjoint representatiorsi§8) it is easy to
show that the oscillator independent part of fheperator does not reduce to rank 1 at any point

"The zeros of the eigenvalues of those distinguished Q-tgpsrare usually referred to as momentum carrying
Bethe roots.
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Figure 1: Polynomial structure of ttfé-operators using the normalization inJ.

of the spectral parameter We collected their polynomial structure in figute It would be in-
teresting to study this problem more carefully to define lebarges using the developed method
as a guiding principle. This might also shed some light omasgntations without highest- nor
lowest-weight state. Besides th¥n) homogeneous spin chains there exists a large zoo of quan-
tum integrable models. Clearly, it would be very interggtio study the presented mechanism in
those. In particular, it is certainly interesting to apgig tmethod to the case gf{njm).

TheRp-operators at special values of the spectral parametarstied in sectiod share strik-
ing similarities with so called extremal-projectors, ség][ This connection deserves further in-
vestigation. Besides, there is more territory to be explanehis direction. In particular, it would
be interesting to recover tlie-operators used in this paper from the formula of Khoroslakid
Tolstoy for the universal R-matrix for the Yangian doublé)]] see also 0, 21] for recent appli-
cations in the case of quanturfiine algebras. This exercise, conceptually interestingsoowin,
will allow to "dress" theR-operators used in this paper with their preferred norratibn factors.
The relation between such factors and crossing symmetrigrietlyy been discussed in sectidr?.
Remarkably, it appears that proper normalizations aressacg in order to exploit the symmetry
between the two presentations®foperators used in this work.

The program of developing a systematic approach to theyhaauantum integrable models
based on the Q-operator method received increasing atteintithe last years, see e.g0[ 27
and references therein. Despite constant progress a nuhipeestions remain open. We believe
that the properties of thR-operators emphasized in this work play an important rolis pro-
gram. Furthermore, the calculation of correlation funttién quantum integrable models remains
an outstanding problem. It is believed that the Q-operatethod plays a prominent role in this
investigation P3]. Also, it is worth mentioning potential applications ofcsuintegrability tech-
niques in the study of structure constants\of= 4 super Yang-Mills theory (SYM) along the lines
presented in4] and references therein.

Recently, an intriguing connection has been observed leetivee level scattering amplitudes
in AV = 4 SYM and certain contributions to theu(2, 2/4) integrable Hamiltonian corresponding
to the dilatation operator of the theory4]. It would be interesting to bring together the new point
of view on integrable Hamiltonian$ (22) presented in this paper with this remarkable connection.
This might shed some light on the role the degenerate remedims of the Yangian algebra,
crucial in the Q-operator construction, play in the suipghy rich structure 26] behind scattering
amplitudes of\V = 4 SYM.
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A Shifted weights

The quantitiesfff are important building blocks for thR-operators used in this paper. Spelling
out their characteristics is an essential step in the sttitheqroperties of Q-operators. The labels
of El*f correspond to a subsktof {1,2,...,n} and an indeX = 1,2,...,|K|. Forgl(n) there are
n- 2" such?K. The seK identifies a natural embedding @{K) in gi(n). The Casimirs ofi(K)
defined as

cl =gmge  J¥  withaeK, (A1)

are symmetric polynomials d‘[f via the following formula®

c=>T] [1+ ﬁ] @y (A.2)

keK j#k i

In general not allf’kK do commute among themselves. For a chosen path in the Haggardi i.e.
asequence ofse8 = 0 c {a} c {a,b} c --- c {1,2,...,n} ordered by inclusion, all thé(”;—l)
correspondingfl*(< commute among themselves. In particular, for a given ircdde representation
of gl(n) there exists a basis such that ?lﬂl corresponding to the chosen pahact diagonally.
This basis coincides with the famous Gelfand-Tsetlin bésae e.g. 8] for a nice review and
collection of references). The algely@n) admits a large zoo of representations. In the following
we consider some specific examples in more details. In theque paper 10] we defined the
generalized rectangularity condition 3835 = @ J5 + 85. In this case, using’(1) and (A.2) for
the full setk = {1,...,n}, one can show that
{(ZI —i+1) i<a
G = , (A.3)
A4 -i+1l) i>a

wherea is an integer with (< a < n, compare t04.3), and.,, A, are in general complex numbers
related tow andB viaa = A, + A, + 1|, 8 = =4, (A +1]) . The labell is introduced for consistency
with section4.1, wherg|l| = n—a. Moreover, £.3) should be understood up to permutatiort;of
Generalized rectangular representations have a numbemairkable features. Among others the
tensor product of such representations is multiplicite frine weight diagram is multiplicity free
and the corresponding-operator 2.8) satisfiesC(2) L(a — 2) = z(a — 2) + B. If we further restrict

to generalized rectangular representations with highegjhwwe have

8We refer to the previous papet(].
9An interesting class of infinite dimensional representeatiof gi(n) for which £ act as multiplication operators
was introduced ing7] in connection with the method of separation of variables.
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1AL AL = GIAL ALy = (4 — i + IAL AD), (A4)
AL, ALy = (G + 1TDIAL ALy = (4 =i + )AL, ALy (A.5)

Where the state\g, Ag) was defined in4.8). It is worth to stress that for generalized rectangular
representations, for any skt the shifted weight operato%,?kK contain the same information.
This is no longer the case for more general representations.

B Hamiltonian density

B.1 Theaction of the Hamiltonian density

In this appendix we explain the origin di.22). The starting point is the equation
[H12: R11(QR12(2] = R11(DR] (2 - R 1DR12(D) - (B.1)

It is a special case of Sutherland’'s equatidf, [14] and ensures the commutativity bf with
Q) and the complete hierarchy of commuting operators. Thisiagu plays a crucial role in the
construction of higher charges using the boost operataioapp P9]. See also30] where it was
applied in a systematic study of integrable long-range-shiins. Equationg.1) follows from
the Yang-Baxter equation

R12(z1 — 2)Ri1(z1) R 2(22) = Ri2(2)R11(21)R12(z1 — 22) (B.2)

whereR; 2 denotes the fundamental R-matrix enteridgl) with equal the representation of
gl(n) in 1 and 2. R, ;1 andR, 2 are theR-operators defined via?2(6). Expanding B.2) around
7y = zp = zand using the regularity conditiod.(l) together with#{1 > = PLZR’LZ(O) one obtains
(B.1). Equation B.1) contains the free parameter To prove £.22) we will focus on the values
zandZ Instead of writing formulas we rely on the developed diagraatics. Without loss of
generality we may write

(B.3)

and

(B.4)
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Inserting these equations iB.({) specified to the valuesdandZ one obtains

L E -

respectively. Observing that the operators

{%:qu®vm {;:}"e}"@V*, (B.6)

have no kernel. According t&(7), F is associated to the oscillator horizontal line while and
V3 correspond to the quantum space at a site and its dual. TBié,jifimediately implies

frogiy -

wherec is an arbitrary constant and can be reabsorbed into the titafiof H in (B.3), (B.4). This
concludes the proof o5(22).
B.2 A plug-in formulafor the Hamiltonian density

For practical purposes we give a plug-in formula for the Haomian density in this appendix. By
multiplying (5.22) in the auxiliary space with@ from the right one finds that

Hii+v1R1i(D Rii+1(2 = Rii(2 R| i1(d - I:)i,i+196%‘]( % o lhws 7€| i1(D(hwg; o e—agJ(i)E. (B.8)

Interestingly, R i(2) Ri.i+1(2) can be inverted underto obtain?; 1. As H;;+1 does not depend
on the auxiliary space all oscillators can be removed in @istent way. In this way one can write

Hi,i+17zo,i(z)e-“”?“‘”)inoi+1(é) = Roi(@)e ORI ER,  (2)

P11 kc, <J°(|)+J°<u+1))kcc+%cno|(z)R 1@ ] SO+
{Kee},{mee}=0 cel cel cel cel
(B.9)

In analogy to B.98) this yields the Hamiltonian density.
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C Examples

C.1 Thegl(2) case: Reordering and projection in full detail

In this section we exploit the properties mentioned in trevjous sections for the examplegd2)

with [I| = {¢}, | = {c} andc,C = 1, 2. In this caséRqq and?io,{c} are given by
I(z+3 -9 . Iz+3- )
R 2) = k() —=—=—, R 2) = Kig)(2) ———; C.l1
040(2 = k(2 rzr 5 040(2 = ke (? EIE) (C.1)

see R.1) and @.5), respectively. We will now determine the explicit relatibetweerp andg as
discussed in sectiof.2. For thegl(2) caseR, contains only one pair of oscillators. From this
follows that the conjugation irn3(11) has to be performed only once

(9]

Roja(@ = " ~(3)"Roa @) €2)
n=0

We can sum up this expression using the relation

T2 -6+ K2 -6+ K

K, ok
387 (33)" = (-1 : : , c.3

where; = £% = ¢2 Applying the reflection formula for Gamma functions
F(1-2T@) = = C.4
1-2T@ = gz (C4)

one finds that

. sinz(z+ £ — ¢1)sinn(z+ 3 - &) T(z+ 2 - A)

Ro (2 = —«(2 2 2 2 (C.5)

sinz(z+ 3 - &% sinz(z+ 1 - 69) 1z + 3 - %)

usingCy = JS + Jg = 1+ ¢4 + £» and that up to permutation & and¢, it holds thatf; = /TC,
o = Ac — 1, see QA.3). This is exactly what we expected from the analysis of theg¥Baxter
equation, comparel(.1). Furthermore, it fixes the relative normalization

sinm(z+ 3 — £1) sina(z+ 1 - ¢2)

Kie)(2) = - Kic1(2) - (C.6)

sinz(z+ 3 - %) sinz(z+ 1 - £1%)

Let us now look for the projection point as discussed sectidforZ = Az — % one obtain¥’
Ro,¢(2) = Ihws(hws. (C.7)

On the other hand at= A¢ — 3 we find

Ro,q(2) = Ihws¢hws. (C.8)

The total trigonometric prefactor reduces to 1. Note thiatighthe case for arbitraryon any state
if spectrum off'® and!® is integer spaced.

WHere we takeq (9lhws = [hws.
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C.2 TheHamiltonian action for the non-compact spin s = —% chain

In this appendix we study how the Hamiltonian density for tlog-compact spin% spin-chain
emerges in the presented formalism. This spin-chain redeipecial interest in the context of the
AdSs/CFT,4 correspondencel]l]. The R-operators fogl(2) were discussed in appendix1in
great detail. Restricting tel(2) one finds that one of the twi-operators can be written as

I(z+ 3 + Jo)

R.(2) =% Ro,(d € with  Ro.(2 = — (C.9)
F(Z+ E)
compareC.1 The usuakl(2) commutation relations are
[‘JO’ Ji] = i‘]i [‘J+a ‘]—] = _2‘]0
Furthermore, we define the action on module via the commaitioak
Jimy = (Mm+ 1)m+ 1) J_m) = mm- 1) Jolm) = (M + 3)im). (C.10)
It follows that
© T(z+3+m) o
Ror@ =Y ——2——Im¢m.  Rp,(@= Y I(mmym, (C.12)
m=0 F(Z+ E) ’ m=1
(-z+3+m

- s I = - s
Ro,+(z)=2_0(—1)mTj;”|m><m|, Ra,+(2)=Zl(—l)m+1r(m)|m><m|, (C.12)

with 2 = -3 andZ = 3. The relevant terms ir5(22) are then given by

[ee)

= D @™ (mump) o am, (C.13)
m,mp=0

o) mp 1 _
= Z am [h(ml) Iy, mp) — Z Zimu+ &mp f)] oe*-am,  (C.14)
m,mp=0 =1
o0 m 1 )
D= ), a {h(mz) My, mp) = Zlmy = €, mp + £>] Oz d™.  (C.15)
m,mp=0 =1
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{1234}

SN

{123} {124 {134} (234}
bob? — 1 bb! —1 aa’ -2 ajal —2

{12} {13} {23} {14} {24} {34}
ajal + aza’ ajal —bb! =1 @a?—bb! =1 ajal —byb?—1 aa2—byb2—1 —bib' —byb?—2
{1} {2} 3} {4}
aa aa’ —bb! -1 —byb? —1

Ny

Figure 2: Hasse diagramm fen(2, 2) including the shifted weights of the subalgeli’ﬁa— vy
according to C.19.

From this we find that

S|

1 M
Z|m1—€,mg+£)—z I+ 6,mp—¢). (C.16)

(=1

Mz

Himgme) = (h(my) + h(mg)) [my, mp) —
¢

Il
i

Note that the constant discussed in apperikis fixed to bec = 0.

C.3 Projection properties of R-operatorsfor su(2,2)

Itis instructive to present the structure[’ﬁfin full detail for the interesting class of representations
usually referred to as oscillator representations. Thegeesentations represent a subfamily of the
generalized rectangular representations. Jifr§ generators take the simple form

J5 = bPbg+yss,  [be.bh = 54, (C.17)

wherey commutes with all the generators. Using purely algebrainipudations, one can show
that for any fixed seK C {1, ..., n} the corresponding set 6{ is given by

y+NK,y—1Ly-2...,y—|Kl+1}, NK EZBCbC. (C.18)

ceK

Notice that for each sd€ only oneEkK is a non-trivial operator. The spectrum&,ﬁ‘ thus follows
from the spectrum oNX. The spectrum oN¥ in turn depends on the choice of the vacuum for
the oscillator algebra. After renaming the oscillatorscading to

bA = @,0%),  ba = (a.-ba), (C.19)
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wherea =1,...,panda = p+1,...,n, the vacuum is defined by
a,10) = 0 = b?|0). (C.20)

The representations obtained in this way are not irredeictble operatoN--" is central and its
eigenvalues label an infinite family of unitary irreducilémpresentations afi(p, n— p). The case

of su(2, 2) for N4 = 0 is given in figure2. We conclude that only the Q-operator corresponding
to the setl = {3, 4} fulfills the criteria given in sectiod.l The algebrau(2, 2) is the conformal
algebra in four dimensions and the representation choséreiexample corresponds to the so
called massless scalar field.

C.4 TheHamiltonian for the fundamental representation

For the fundamental representation one &as1, see {.3). Therefore theR-operators of cardi-
nality |I| = n— 1 carry the information about the Hamiltonian. In this cdse $pecial points are
located aiz’= +3 1 andz = —3 1 compare4.2). The derivativel | does not depend on the spectral
parameter and does not contam oscillators. It follows that equatBr8X3|mpI|f|es to

HI |+1|—I |(Z) I—I |+1(Z) = (1 P)I |+1|—I |(Z)|—| i+1 (C-Zl)

Furthermorel| can be written as
Li=Li(@-Li®. (C.22)

The well known expression for the Hamiltonian density
Hijier = (P = Dijisa (C.23)

follows noting that
(1-Piix1l1i(@Ly+2(2d = 0. (C.24)

Interestingly, as a consequence 81, identity (C.24) holds true for any generalized rectangular
representation.

D Reordering formula

The reordering of the oscillators in the auxiliary space veeiaterested in is of the form
A .B-eC = oBoe®. (D.1)

Usinge ®a"e® = (a + A)" we find that

’“:i(_l)n BCn, i

n=0 ’ n=0

(D.2)

3||_\

Here we did not specifying any commutation relations améayig, C.
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