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1 Introdu
tionThe 
omputation of gluon s
attering amplitudes in gauge theories su
h as Quantum Chromody-nami
s (QCD) or its supersymmetri
 
ousins is a daunting task. Over the last few years mu
hprogress has been made in the 
ontext of N = 4 supersymmetri
 Yang-Mills (SYM) theory, bothat weak and strong 
oupling. These ex
iting developments exploit new hidden symmetries, su
has dual 
onformal symmetry [1℄, and the 
elebrated duality with string theory on AdS5 � S5
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[2℄. There is some hope to �nd expressions for the amplitudes that are valid for all values ofthe t'Hooft 
oupling, at least in the multi-
olor limit.Su
h hopes were �rst nurtured by the intriguing BDS formula of Bern, Dixon and Smirnov [3℄.It en
apsulates the known infrared and 
ollinear behavior of n-parti
le maximally heli
ity vio-lating (MHV) amplitudes in the planar approximation. The authors of [3℄ 
onje
tured the BDSformula to determine the amplitudes at ea
h loop order L � 2, possibly up to some additive�nite fun
tion R(n) of the kinemati
 variables, the so-
alled remainder fun
tion. Initially, R(n)was suspe
ted to vanish, i.e. the BDS formula was believed to be exa
t.Both gauge and string theory arguments subsequently 
on�rmed this suspi
ion for n = 4; 5.In the weakly 
oupled theory, perturbative 
omputations un
overed the before mentioned dual
onformal symmetry of s
attering amplitudes [1℄. It implies that the remainder fun
tions R(n)
an only depend on 
onformal 
ross ratios, i.e. on 
onformally invariant 
ombinations of theusual kinemati
 variables. Sin
e there are no su
h 
ross ratios for n = 4; 5, the 
orrespondingremainder fun
tions have to be trivial. In other words, dual 
onformal invarian
e predi
ts thatthe BDS formula is exa
t for n = 4; 5 to all loop orders. This predi
tion was 
on�rmed by astring theory 
omputation of the leading term at strong 
oupling [4℄. We shall say a bit moreabout the string theoreti
 analysis below.On the other hand, the remainder fun
tion R(n) is now known to be non-zero for n > 5 andbeyond one loop [5, 6℄. Several authors have des
ribed tests of the BDS formula that ex
ludea vanishing remainder fun
tion. One of the most dire
t ways to see that R(n) 6= 0 is based ona study of the SYM s
attering amplitudes in the leading logarithmi
 approximation, see [7, 8℄.The high energy (Regge) limit probes the remainder fun
tion near spe
ial points in the spa
eof kinemati
 variables. While the Regge limit of the fun
tion R(6) vanishes at some of thesepoints, for example when the limit is taken with all energies negative, the authors of [7, 8℄ wereable to identify one region in whi
h the Regge limit of R(6) is non-zero. Hen
e, R(6) must bea non-vanishing fun
tion of the kinemati
 variables. The analysis shows how 
omputations inthe Regge limit 
an provide strong and highly eÆ
ient 
onstraints on the remainder fun
tionand its analyti
al stru
ture.In the meantime, the analyti
 expression [9℄ for the exa
t two-loop 
al
ulation of the six-pointfun
tion [10, 11℄ was used to perform the relevant analyti
 
ontinuation into the region withnon-vanishing Regge limit [12℄. The results are in full agreement with [8℄. This settles theremainder fun
tion in the two-loop approximation, and it supports the all-order leading loggeneralization in [7, 8℄. More re
ently, progress has been made with the extension of the 
al
u-lation of R(n)6 to n > 2: in [13℄ the symbol of R(3)6 has been determined (up to two parameters),and in [14℄ this result has been 
on�rmed, �xing also the two previously unknown 
onstants.In [15℄ the authors quote results for the symbols of R(n)6 for four loops (again up to a numberof unknown 
onstants) [16℄. The form of the s
attering amplitudes in the Regge limit whi
h, atweak 
oupling, was derived in the leading logarithmi
 approximation is quite general, and is ex-pe
ted to be valid also outside the weak 
oupling limit. As a fun
tion of the energy variables theamplitude 
ontains Regge 
ut terms with power like dependen
e on s-like kinemati
 invariants(see below). The exponents depend on the kinemati
al region and are determined by the lowesteigenvalue of the BFKL 
olor-o
tet Hamiltonian for an n-gluon system. These eigenvalues havere
ently been 
al
ulated in NLO a

ura
y in [17℄, and in [15℄ in next-to-next-to-leading order{ 2 {



(NNLO). The power-like energy dependen
e of the s
attering amplitudes is multiplied by Reggeimpa
t fa
tors whi
h are now known also in NLO [18℄ and even in N3LO a

ura
y [15℄. A �rstgeneralization of the leading logarithmi
 analysis to the 7-point amplitude has been started in[19℄.The BFKL 
olor-o
tet Hamiltonian possesses the very interesting property that it 
oin
ideswith the Hamiltonian of an integrable open spin 
hain [20℄ in leading order. Hen
e, the weakly
oupled theory provides dire
t eviden
e for integrability in the high energy behaviour of planars
attering amplitudes.Having reviewed all these results from gauge theory it is natural to ask what string theory hasto say about the high energy limit of the remainder fun
tion R(n). In order to understand howthe issue 
an be addressed, we need to brie
y sket
h the development that was initiated by thework [4℄ of Alday and Malda
ena. The main insight of this paper was the identi�
ation of theleading 
ontribution to an n-gluon amplitude at strong 
oupling with the area An of some 2-dimensional surfa
e Sn inside AdS5. A

ording to the pres
ription of [4℄, Sn ends on a pie
ewiselight-like polygon on the boundary of AdS5. The light-like segments of this polygon are givenby the momenta pj of the external gluons. For n = 4 it is possible to �nd the surfa
e expli
itlyand the resulting amplitude mat
hes the predi
tion of the BDS formula. Constru
ting Sn forn > 5, however, turned out to be a rather diÆ
ult problem, at least for �nite n and generi

hoi
e of the external momenta. The issue was resolved through a series of papers [21{23℄ inwhi
h the area of Sn is related to the free energy of some auxiliary quantum integrable system.More pre
isely, it was argued that An may be 
omputed from a family of fun
tions Ya;s withs = 1; 2; 3 and a = 1; : : : ; n � 5. The latter 
an be determined by solving a set of 
ouplednon-linear integral equations. Very similar mathemati
al stru
tures are familiar from the studyof ground states in 1-dimensional quantum integrable systems on a 
ir
le of �nite radius R.Moreover, the fun
tional An resembles expressions for the free energy of su
h systems. So, inthe sense we des
ribed, Alday et al. designed a 1-dimensional quantum integrable system su
hthat its free energy 
omputes the value of the remainder fun
tion R(n) at strong 
oupling. Inthe 1-dimensional theory one 
an tune n� 5 
omplex mass parameters and the same number ofreal 
hemi
al potentials. The dependen
e of the free energy on these parameters 
aptures thedependen
e of R(n) on the relevant kinemati
 variables.Within the 1-dimensional quantum system it is natural to 
onsider a limit in whi
h the massesare sent to in�nity or, equivalently, the volume R of the 1-dimensional spa
e be
omes large. Insu
h a limit, all 
omputations simplify on
e �nite size 
orre
tions 
an be negle
ted. This appliesin parti
ular to the free energy of the ground state. The main goal of our work is to show thatsu
h a large volume limit of the 1-dimensional system possesses a ni
e re-interpretation in termsof the 4-dimensional gauge theory: It 
orresponds to the multi-Regge limit. Put di�erently, themap between 4-dimensional kinemati
 variables and parameters of the 1-dimensional systemsends the multi-Regge regime to a point at whi
h all the mass parameters be
ome large. Amore pre
ise formulation of the limit in the 4-dimensional gauge theory will be given in se
tion2. The identi�
ation (5.2) of the 
orresponding regime in the auxiliary quantum system is one ofthe main results of this work. It is derived in se
tions 4,5 and generalizes previous observations[24℄ for the 
ase of six gluons to an arbitrary number of external parti
les.If we were only interested in the ground state energy of the system, the large mass limit would{ 3 {



be of limited interest. But it turns out that some ex
ited states of the 1-dimensional quantumsystem also play an important role. In order to see them enter let us re
all that the Regge limitof s
attering amplitudes 
an be taken in di�erent regions of the kinemati
 variables, su
h as theEu
lidean region, the physi
al region where all energies are positive or `mixed' physi
al regionswith positive and negative energies. The limiting value of the remainder fun
tion depends onthe region. In fa
t, when we pass from one region into another by 
ontinuation in the kinemati
variables, the amplitude pi
ks up Regge 
ut 
ontributions that may have a non-vanishing highenergy limit. In this sense, values of the remainder fun
tions in the multi-Regge limit of di�er-ent kinemati
 regions probe the analyti
al stru
ture of the amplitude. One may wonder whatall this 
orresponds to within the 1-dimensional auxiliary system. Sin
e the kinemati
 variablesare mapped to system parameters (masses and 
hemi
al potentials), we must vary the latterin order to move from one region of the kinemati
 variables to another. In the 1-dimensionalsystem su
h a variation of system parameters 
an lead to a pair-wise 
reation of ex
itationsabove the ground state [25, 26℄. The energy of su
h ex
ited states may be non-zero in the largevolume limit. Sin
e the energy in the 1-dimensional system is related to the remainder fun
tion,ex
itations of the auxiliary model 
orrespond to Regge 
ut 
ontributions in the gauge theory.One example of this phenomenon was worked out in [24℄ for the 
ase of six external gluons.Combining the insights from the previous two paragraphs we must address the 
hallenge of
omputing ex
itation energies in the in�nite volume limit. When �nite volume 
orre
tions 
anbe negle
ted, ex
itation energies are determined by a set of algebrai
 Bethe ansatz equations.These repla
e the more 
ompli
ated non-linear integral equations that govern a 1-dimensionalintegrable system at �nite volume. The data that enter the Bethe ansatz equations, namely themomenta and 2 7! 2 s
attering phases, 
an be derived from the non-linear integral equations.We will explain the general 
onstru
tion in se
tion 6. In the 
ase of six external gluons thederivation of the relevant Bethe ansatz is parti
ularly simple so that we 
an make things veryexpli
it. Starting from n = 7, an interesting new feature appears. In going to the multi-Reggeregime of the 1-dimensional quantum system experien
es wall-
rossing, i.e. the asso
iated non-linear integral equations pi
k up additional terms whi
h we will 
ompute in se
tion 6. One 
anperform the large volume limit of su
h modi�ed integral equations, but that leads to modi�-
ations in the Bethe ansatz, as well. More explanations and expli
it formulas are in
luded inse
tion 6 along with a sket
h of how one may pro
eed to bring the Bethe ansatz equations forn � 7 into the standard form.From the point of the auxiliary quantum integrable system, the multi-Regge limit is oppositeto the high-temperature (small mass, R) limit of the Y-system that was 
onsidered by Aldayet. al. [23℄ and then studied in more detail in [27{29℄. In terms of the 4-dimensional kinemati
s,the high-temperature limit 
orresponds to the 
ase where the gluon momenta pi form a regularpolygon that 
an be embedded in a subspa
e R1;1 of the full momentum spa
e R1;3 . Anotherlimiting regime of the kinemati
 variables is probed by the operator produ
t expansions (OPE)of polygonal Wilson loops, see [30{32℄. The information en
oded in su
h Wilson loop OPEsseems more 
losely related to the multi-Regge limit, though the pre
ise link is a bit diÆ
ult toestablish even at weak 
oupling [33℄.
{ 4 {



2 Multi-Regge kinemati
sIn this se
tion we dis
uss the relevant variables and kinemati
s ne
essary for the des
ription of2 ! n � 2 s
attering in the multi-Regge limit. The multi-Regge limit is 
hara
terized by thebehaviour of a parti
ular set of Mandelstam invariants. The remainder fun
tion of s
atteringamplitudes in N = 4 SYM theory, on the other hand, depends only on very spe
ial 
ross ratiosof Mandelstam variables whi
h are invariant under dual 
onformal symmetry. Our task here isto des
ribe the multi-Regge limit in terms of su
h 
ross ratios.2.1 Kinemati
 variablesWe are interested in the s
attering of two in
oming parti
les with momenta �p1, �p2 resultingin a (n� 2)-parti
le �nal state with outgoing momenta p3; :::; pn as shown in �gure 1. It will be
onvenient to label momenta pi by arbitrary integers i su
h that pi+n = pi.
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q
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q
2

q
n−3

. 
. 

. 1

2

3

4

n

n−1

..
.

s
1

s
2

s
n−3Figure 1. Kinemati
s of the s
attering pro
ess 2! n� 2. On the right-hand side we show a graphi
alrepresentation of the dual variables xi.In the 
ontext of N = 4 SYM theory it is advantageous to pass to a set of dual variables xisu
h that pi = xi�1 � xi: (2.1)The variables xi inherit their periodi
ity xi+n = xi from the periodi
ity of the pi and momentum
onservation. Let us also introdu
e the notation xij = xi � xj. The xij provide a large set ofLorentz invariants x2ij = x2ji.1 When expressed in terms of the momenta, these readx2ij = (pi+1 + � � �+ pj)2 : (2.2)1 Throughout this paper we use the metri
 (1;�1;�1;�1).
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Obviously, only 3n � 10 Lorentz invariants are independent. Throughout this text we shalldes
ribe s
attering pro
esses through the 3n� 10 independent variablestr = x21;r+2 ; (2.3)sr = x2r+1;r+3 ; (2.4)�p = x2p�2;px2p�1;p+1x2p�2;p+1 ; (2.5)where r = 1; :::; n � 3 extends over all t-
hannels and p = 4; :::; n � 1 labels the produ
edparti
les. In dis
ussions of the multi-Regge limit it is a
tually quite 
ommon to use the 
osineszr = 
os �r of the s
attering angle �r de�ned in the CM-system of the momentum qr instead ofsr and to repla
e our variables �p by the so-
alled Toller angles !p p+1. With these 
hoi
es, themulti-Regge limit is obtained by sending zr ! 1 with tr and !p p+1 held �xed. The variableswe de�ned in eqs. (2.4) and (2.5) are more 
onvenient (for a pedagogi
al dis
ussion see [34℄). Inthe variables (2.3)-(2.5) the multi-Regge limit is taken by sending sr to in�nity while keepingboth tr and �p �xed.As we re
alled in the introdu
tion, the missing remainder fun
tions for gluon s
attering inN = 4SYM theory possess dual 
onformal symmetry. In other words, they only depend on 
onformallyinvariant 
ombinations of Mandelstam variables. For an n-gluon s
attering amplitude there areonly 3n � 15 independent 
onformal invariants. We 
hoose to work with the following set of
ross ratios: u1� = x2�+1;�+5x2�+2;�+4x2�+2;�+5x2�+1;�+4 ; (2.6)u2� = x2�+3;nx21;�+2x2�+2;nx21;�+3 ; (2.7)u3� = x22;�+3x21;�+4x22;�+4x21;�+3 ; (2.8)where � = 1; :::; n � 5. For the 2! 5 s
attering pro
ess, a 
onvenient graphi
al representationof the 
ross ratios is displayed in �gure 2. Our main task now is to analyze the behavior ofthese 3n� 15 
ross ratios in the multi-Regge limit.2.2 S
attering in the 
enter-of-mass systemTo study the behaviour of the 
ross ratios in the multi-Regge limit we need some preliminaryresults whi
h we will obtain by spe
ializing to the CM-frame, writing the results in Lorentzinvariant form. In our analysis throughout this subse
tion we shall study the behaviour of theset of subenergies si���j = (pi + � � �+ pj)2 : (2.9)Note that these subenergies are the same as the Lorentz invariant variables x2ij = si+1���j weintrodu
ed in the previous subse
tion. The only reason we 
hange notation here is to give theequations in this se
tion a more familiar form. Subenergies sii+1 for two adja
ent parti
les of{ 6 {



u u u

1 2 3 4 5

Figure 2. Graphi
al representation for the 
ross ratios of the 7-point amplitude.momenta pi and pi+1 are related to our variables sr through sr = sr+2 r+3. Furthermore, thetotal energy s = (p1 + p2)2 of the pro
ess is given by s = s3���n.In studying the Regge behaviour of the subenergies, it is useful to introdu
e the Sudakovparametrization qr = Ær p̂1 + 
rp̂2 + qr?; (2.10)for r = 1; : : : ; n � 3. Here, p̂1 and p̂2 are light-like referen
e ve
tors from whi
h we de�ne ourin
oming momenta as p1 = �p̂1, p2 = �p̂2. They obey 2p̂1p̂2 = 2p1p2 = s, and the transversepart, qr?, is orthogonal to both p̂1 and p̂2, i.e. p̂1qr? = p̂2qr? = 0. A 
onvenient frame is theCM-system of the in
oming parti
les 1 and 2, with momenta p̂1 and p̂2 along the z-dire
tion.We 
an determine the Sudakov parameters 
r and Ær by 
onsidering the following subenergies,s3���r+2 = (p3 + � � �+ pr+2)2 = (�p2 � q1 + q1 � q2 + � � �+ qr�1 � qr)2 = (p2 + qr)2sr+3���n = (pr+3 + � � � + pn)2 = (qr � qr+1 + qr+1 � � � �+ qn�3 � p1)2 = (p1 � qr)2 :Using that q2i = ti we �nds3���r+2 = 2qrp2 + tr = �Ærs+ tr ) Ær = tr � s3���r+2s ; (2.11)as well as sr+3���n = tr � 2qrp1 ) 
r = sr+3���n � trs : (2.12)Up to now all the identities have been exa
t. Now we would like to 
ontinue 
onsidering themulti-Regge limit whi
h, as de�ned in the previous subse
tion, amounts to sending all pairwiseenergies s1; : : : ; sn�3 to in�nity, while keeping both t- and �-variables �xed. In this paper wewill restri
t ourselves to the physi
al kinemati
 region where all energies are positive and all trnegative (in a future study we we will 
onsider also analyti
 
ontinuations into other `mixed'physi
al regions where some energies are negative). For the subenergies introdu
ed in eq. (2.9)the multi-Regge limit impliess� s3���n�1; s4���n � s3���n�2; :::; s5���n � � � � � s1; :::; sn�3 � �t1; :::;�tn�3: (2.13){ 7 {



From this well-known hierar
hy of energy variables along with eqs. (2.11) and (2.12) one dedu
esthe strong ordering of the Sudakov parameters 
i and Æi1� 
1 � 
2 � � � � � 
n�3 (2.14)and 1� �Æn�3 � �Æn�4 � � � � � �Æ1: (2.15)As a simple 
onsequen
e of eqs. (2.11) and (2.12) we note that in the multi-Regge limittr = q2r = s
rÆr + q2r? �= q2r?; (2.16)where we 
ould drop the term s
rÆr �= �s�1s3���r+2sr+3���n be
ause of the strong ordering (2.13)of subenergies in the multi-Regge limit. In 
on
lusion, the �niteness of the tr in the multi-Regge limit implies that the transverse 
omponents of the qr stay �nite. Sin
e pr+3 = qr� qr+1this is also true for the transverse 
omponents of the momenta pr+3 for r = 1; : : : ; n � 4. We
an 
ompute this �nite quantity from the mass-shell 
onditions of the produ
ed parti
les withmomenta p4; : : : ; pn�1:0 = p2p = (qp�3 � qp�2)2 �= �s
p�3Æp�2 + p2p? = s3���psp���ns + p2p?) s3���psp���ns �= �p2p? = ~p 2p : (2.17)We are now prepared to look at the subenergies in the multi-Regge limit. Let us begin with thesubenergies formed by two adja
ent parti
les. We have expressions of the formsr = (qr�1 � qr+1)2 �= �s
r�1Ær+1 + (pr+2 + pr+3)2?�= s3���r+3sr+2���ns + (pr+2 + pr+3)2? (2.18)where r runs over r = 2; :::; n � 4. Similarly, we 
an determine the leading terms in the multi-Regge limit of the subenergies for three adja
ent parti
les,sp�1 p p+1 = (qp�4 � qp�1)2 �= �s
p�4Æp�1 + (pp�1 + pp + pp+1)2?�= s3���p+1sp�1���ns + (pp�1 + pp + pp+1)2? (2.19)for p = 5; :::; n � 2. As an appli
ation of these results we 
an now express the variables �pin the multi-Regge limit through the momenta of produ
ed parti
les. In order to do so, weexpress the basi
 de�nition (2.5) of the � variables through the subenergies (2.9). All threesubenergies that appear in the expression 
an then be repla
ed by their leading behavior inthe multi-Regge limit, i.e. the �rst term in eqs. (2.18) and (2.19), respe
tively. Comparing theresulting expression with the result (2.17) we arrive at�p = sp�3sp�2sp�1 p p+1 �= �p2p? = ~p 2p : (2.20)
{ 8 {



We 
an apply this result to derive a relation between our � variables and the (azimuthal) Tollerangles between between adja
ent ve
tors ~qr, ~qr+1. The angle between ve
tors ~qr and ~qr+1 
anbe determined by 
omputing~p 2r+3 = (~qr � ~qr+1)2 = jtrj+ jtr+1j � 2pjtrjjtr+1j 
os �r;r+1 (2.21)for r = 1; : : : ; n� 4. A

ording to eq. (2.20), the quantity ~pr+3 
oin
ides with the variable �r+3in the multi-Regge limit. Hen
e, we obtain
os �r;r+1 �= jtrj+ jtr+1j � �r+32pjtrjjtr+1j : (2.22)Below we shall need an expli
it expression for the sine of the (azimuthal) Toller angle �r;r+1 inthe multi-Regge limit. It is given bysin �r;r+1 =q1� 
os2 �r;r+1 �= �(jtrj; jtr+1j; �r+3)2pjtrjjtr+1j ; (2.23)with�2(jtrj; jtr+1j; �r+3) = 2jtrjjtr+1j+ 2�r+3jtrj+ 2�r+3jtr+1j � jtrj2 � jtr+1j2 � �2r+3: (2.24)From these angles between adja
ent ve
tors ~qr and ~qr+1 it is straightforward to 
ompute theangles between arbitrary ve
tors ~qr and ~qr0 due to the 2-dimensional kinemati
s in the multi-Regge limit.So far, we have only looked at subenergies for up to three parti
les. But it is 
lear how to
ontinue the analysis. Generalizing the derivations of our eqs. (2.18) or (2.19) we obtainsr+2:::r0+3 �= sr+2���ns3���r0+3s + (pr+2 + : : : pr0+3)2? : (2.25)Comparison of the leading terms allow us to 
on
lude thatsr+2���r0+3 = (pr+2 + � � � + pr0+3)2 �= sr � � � sr0�r+3 � � � �r0+2 : (2.26)Note that for r0 = r + 1, i.e. when the subenergy on the left hand side involves three parti
les,the relation is exa
t and not restri
ted to the multi-Regge limit. For more than three parti
les
ontributing to the subenergy, on the other hand, the result (2.26) only des
ribes the leadingterm and it takes more e�ort to determine the subleading term from eq. (2.25). In the nextsubse
tion we only need to determine the subleading 
ontribution for very spe
ial 
ombinationsof subenergies. We postpone further dis
ussion of su
h subleading terms until we have spelledout the relevant 
ombinations.2.3 Cross ratios in the multi-Regge limitLet us now look at the behavior of the 
ross ratios de�ned by eqs. (2.6)-(2.8) in the multi-Reggelimit. Combining eq. (2.26) with eq. (2.2) we obtain the leading term in the multi-Regge limitof the basi
 Lorentz invariants x21+r;3+r0 :x21+r;3+r0 = sr+2���r0+3 �= sr � � � sr0�r+3 � � � �r0+2 : (2.27)
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If we insert this asymptoti
 behaviour into our de�nitions (2.7) and (2.8) for the 
ross ratiosu2� and u3� we 
on
lude u2� = t�t�+1 x2�+3;nx2�+2;n �= t�t�+1 ��+4s�+1 ; (2.28)u3� = t�+2t�+1 x22;�+3x22;�+4 �= t�+2t�+1 ��+3s�+1 : (2.29)When we send s� to in�nity to rea
h the multi-Regge regime, both sets of 
ross ratios go tozero. Sin
e the 
oeÆ
ients of 1=s� depend on the t� and � variables only, the ratiosu2�u3� �= t�t�+2 ��+4��+3 (2.30)approa
h a non-vanishing 
onstant value in the multi-Regge limit. Fun
tions of the 
ross ratiosthat remain �nite in the multi-Regge limit 
an therefore depend on the ratios u2�=u3� .Let us now look at the remaining set of 
ross ratios u1�. On
e more, we 
an rewrite our de�nition(2.6) in terms of the energy variables (2.9) using eq. (2.2) to obtainu1� = s�+2����+5s�+3 �+4s�+3����+5s�+2����+4 : (2.31)If we now insert the limiting behavior (2.26) for all four subenergies we see that all variablesu1� behave as u1� �= 1+ : : : . In order to obtain the leading non-trivial term in the multi-Reggelimit we must work a little harder.To this end we write, in analogy with eqs. (2.18)-(2.19), expressions for the subenergies s�+3 �+4,s�+3����+5, s�+2����+4, and s�+2����+5. Beginning with the relation for s�+3 �+41 = s3����+4s�+3���nss�+3 �+4 + (p�+3 + p�+4) 2?s�+3 �+4 ; (2.32)we write1 = s3����+4s�+2���nss�+2����+4 � s3����+5s�+3���nss�+3����+5 � ss�+2����+5s3����+5s�+2���n � s�+2����+4s�+3����+5s�+3 �+4s�+2����+5+(p�+3 + p�+4) 2?s�+3 �+4 : (2.33)On the right-hand side, the fourth fra
tion equals u�11� , and the �rst three fra
tions are equalto unity, arising from the equations for s�+2����+4, s�+3����+5, and s�+2����+5, with 
orre
tions ofthe order O(1=s�+2����+4), O(1=s�+3����+5), O(1=s�+2����+5), respe
tively. Compared to the lastterm in eq. (2.33), these 
orre
tions 
an be negle
ted and we are left withu1� �= 1 + (p�+3 + p�+4) 2?s�+3 �+4 (2.34)with further 
orre
tions being smaller than O(1=s�+3 �+4). The numerator of the 
orre
tionterm in eq. (2.34) 
an be expressed in terms of Lorentz invariants. To do so, we use the resultsof se
tion 2.2 by writing(~p�+3 + ~p�+4)2 = (~q� � ~q�+2)2 = jt�j+ jt�+2j � 2pjt�jjt�+2j 
os(��;�+1 + ��+1;�+2); (2.35){ 10 {



whi
h �nally gives (~p�+3 + ~p�+4)2 = �� with a set of fun
tions of the t and � variables de�nedby ��(t; �) := jt�j+ jt�+2j � 2pjt�jjt�+2j jt�j+ jt�+1j � ��+32pjt�jjt�+1j jt�+1j+ jt�+2j � ��+42pjt�+1jjt�+2j��(jt�j; jt�+1j; ��+3)2pjt�jjt�+1j �(jt�+1j; jt�+2j; ��+4)2pjt�+1jjt�+2j ! : (2.36)We 
an now summarize the �ndings of our analysis on the multi-Regge limit of the 
ross ratiosu1� through u1� � 1 = ��(t; �)=s�+1 (2.37)where we also 
hanged notations ba
k using s�+1 = s�+3�+4, as mentioned before. As in the
ase of the 
ross ratios u2� and u3� the leading 
orre
tion to u1��1 vanishes in the multi-Reggelimit. But the following ratios remain �niteu1� � 1u2� �= ��(t; �)t�+1t���+4 ; (2.38)u1� � 1u3� �= ��(t; �)t�+1t�+2��+3 : (2.39)This 
on
ludes our des
ription of the kinemati
s in the multi-Regge limit.3 The n-gluon thermodynami
 bubble ansatzThe main goal of this se
tion is to review the Y-system for the 
omputation of n-gluon ampli-tudes at strong 
oupling [22, 30℄. In the �rst subse
tion we explain how the most interesting
ontribution to the s
attering amplitude 
an be 
omputed by solving a system of non-linearintegral equations (NLIE). Then we relate the parameters of the NLIE to the 
ross ratios thatwere introdu
ed in eqs. (2.6)-(2.8).3.1 Amplitudes and the Y-systemWe are interested in the 
al
ulation of s
attering amplitudes in N = 4 SYM at strong 
oupling.To leading order they are given by Amplitude � e�p�2� A; (3.1)where A is the area of a minimal surfa
e in AdS5 with pie
e-wise light-like boundary. A generalpres
ription for the 
al
ulation of this area A is given in [23, 35℄. It 
ontains a number ofdi�erent pie
es, in
luding a divergent BDS-like term and a number of �nite 
ontributions. Allbut one of these terms 
an be spelled out expli
itly. The remaining one is also known, butit is 
hara
terized somewhat indire
tly through the solution of a 
oupled system of non-linearintegral equations. Be
ause of the resemblan
e with the way one des
ribes the free energy ofa 2-dimensional quantum integrable system, this 
ontribution to the area A has been dubbed
{ 11 {



Afree. In our analysis of the multi-Regge limit we 
an restri
t to the dis
ussion of this freeenergy 
ontribution sin
e the remaining terms are straightforward to in
lude.For our study of s
attering amplitudes in the multi-Regge regime we need some more ba
kgroundon Afree. It 
an be 
al
ulated from a set of fun
tions Ya;s with a = 1; 2; 3 and s = 1; : : : ; n� 5,whi
h are determined as solutions of the following set of integral equations:logY1;s = �ms 
osh � � Cs � 12K2 ? �s �K1 ? �s � 12K3 ? 
s; (3.2)logY2;s = �msp2 
osh � �K2 ? �s �K1 ? �s; (3.3)logY3;s = �ms 
osh � + Cs � 12K2 ? �s �K1 ? �s + 12K3 ? 
s; (3.4)where K ? f denotes the 
onvolution integral1Z�1 d�0K(� � �0)f(�0) (3.5)and �s, �s, 
s are given by�s = log (1 + Y1;s)(1 + Y3;s)(1 + Y2;s�1)(1 + Y2;s+1) ; (3.6)�s = log (1 + Y2;s)2(1 + Y1;s�1)(1 + Y1;s+1)(1 + Y3;s�1)(1 + Y3;s+1) ; (3.7)
s = log(1 + Y1;s�1)(1 + Y3;s+1)(1 + Y1;s+1)(1 + Y3;s�1) : (3.8)The kernel fun
tion Ka are known to take the formK1 = 12� 1
osh � ; K2 = p2� 
osh �
osh 2� ; K3 = i� tanh 2�: (3.9)Furthermore, ms and Cs are 
onstants that we need to determine in the following. Theseequations 
an be used for jIm �j � �4 . For larger values of �, we 
an either pi
k up pole
ontributions from the kernels or use the re
ursion relationY[r℄a;s = �1 + Y[r�1℄a;s+1��1 + Y[r�1℄4�a;s�1�Y[r�2℄4�a;s�1 + 1Y[r�1℄a+1;s��1 + 1Y[r�1℄a�1;s� ; (3.10)where we introdu
ed the symbol Y[r℄a;s(�) = Ya;s(� + ir�=4) for Y-fun
tions with argumentsshifted by multiples of i�=4. For the moment let us 
onsider the ms as 
omplex parameterswhile we take Cs to be real. Consequently, the total number of real parameters in the eqs.(3.2)-(3.4) is 3(n� 5), mat
hing the number of independent 
ross ratios for n-gluon s
attering.The pre
ise relation between the 
ross ratios and the parameters ms, Cs will be addressed inthe next subse
tion. Right now it suÆ
es to keep in mind that the parameters ms = ms(ua�){ 12 {



and Cs = Cs(ua�) in the Y-system need to be adjusted as we vary the kinemati
 variables.Let us add a few more 
omments on 
omplex mass parameters ms. The 
orre
t way to interpretthe Y-system in the presen
e of 
omplex masses is through the following substitutions in theoriginal equations:ms ! jmsj ; Ya;s(�)! Ya;s(� + i�s); Ka;a0s;s0 (� � �0)! Ka;a0s;s0 (� � �0 + i(�s � �s0)): (3.11)Here we have split ea
h 
omplex ms into the real parameters jmsj and the phase �s. Forj�s � �s0 j = n � �4 the kernels be
ome singular, and we have to pi
k up the 
orresponding poles.Su
h large phases are going to play an important role later on.On
e the solution Ya;s of the Y system has been found, we 
an 
ompute the quantity Afreethrough the simple pres
riptionAfree =Xs Z d�2� jmsj 
osh �log h(1 + Y1;s) (1 + Y3;s) (1 + Y2;s)p2i (� + i�s) : (3.12)Note that Afree depends on the kinemati
 variables ua� of the s
attering pro
ess through theparameters ms, �s and Cs of the auxiliary quantum integrable system.3.2 Y-system and 
ross ratiosIn this se
tion we relate the 
ross ratios to the value of the Y-fun
tions at spe
ial values of thespe
tral parameter �. To do so, we follow [23℄ and de�neU [r℄s := 1 + 1Y [r℄2;s := 1 + 1Y2;s �����=i�r=4 = 1 + 1Y[r℄2;s ������=0 (3.13)for s = 1; : : : ; n � 5 and r any integer. These quantities possess a rather simple relation withthe 
ross ratios. When both indi
es of U are even, one hasU [2p℄2k�2 = x2�k+p;k+px2�k+p�1;k+p�1x2�k+p�1;k+px2�k+p;k+p�1 : (3.14)Here 2k � 2 is the number of 
usps between the pairs fx�k+p�1; x�k+pg and fxk+p�1; xk+pg,see [23℄ for details. For sites separated by an odd number 2k � 1 of 
usps, the relevant relationreads U [2p+1℄2k�1 = x2�k+p;k+p+1x2�k+p�1;k+px2�k+p�1;k+p+1x2�k+p;k+p : (3.15)We 
an now insert the general relations (3.14) and (3.15) into our de�nition of the spe
ial 
rossratios eqs. (2.6)-(2.8) to obtainu1� = x2�+1;�+5x2�+2;�+4x2�+2;�+5x2�+1;�+4 = �U [2�+7℄1 ��1 = Y [2�+7℄2;11 +Y [2�+7℄2;1u2� = x2�+3;nx21;�+2x2�+2;nx21;�+3 = �U [�+4℄� ��1 = Y [�+4℄2;�1 +Y [�+4℄2;� (3.16)u3� = x22;�+3x21;�+4x21;�+3x22;�+4 = �U [�+6℄� ��1 = Y [�+6℄2;�1 +Y [�+6℄2;� :
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The Y-fun
tions appearing in our theory depend on the 3n � 15 parameters ms; Cs; �s in thenon-linear integral equations. Hen
e, Y[r℄a;s whi
h are just shifted Y-fun
tion evaluated at theorigin of the � plane, are fun
tions of these parameters. The equations (3.16) des
ribe thetransformation between the parameters in the non-linear integral equations and the 
ross ratiosof the s
attering pro
ess. We 
an invert them, at least numeri
ally, to determine ms; Cs and �sfrom the kinemati
 invariants of the n-gluon system.The formulae derived above for the 
ross ratios give rise to large values in the upper index ofthe Y-fun
tions. As we shall see later, this is a bit of a nuisan
e for pra
ti
al 
omputations.It is therefore useful to observe that there exist two symmetries whi
h may be used to redu
ethe value of the upper index. These symmetries have their origin in the Z4-symmetry of theunderlying Hit
hin system. The �rst of these symmetries readsU [l℄s = U [l�2n℄s : (3.17)Note that su
h a symmetry must ne
essarily hold in order for the identi�
ation (3.14) and (3.15)with 
ross ratios to be 
onsistent with the symmetry xi+n = xi of the x-variables. A se
onduseful symmetry of the quantities U [l℄s is given byU [l℄s = U [l�n℄n�4�s : (3.18)In this 
ase, we must a

ompany the shift in the upper by a re
e
tion in the lower index. On
eagain, the 
orresponding symmetry of 
ross ratios is easy to verify. With these symmetries, itis always possible to redu
e the absolute value of the upper index of the Y-fun
tions to �n2 � orlower. In order to a
hieve further redu
tion, one 
an employ the re
ursion relations (3.10).4 Multi-Regge limit of the TBA for n � 7 gluonsThe multi-Regge limit was de�ned in se
tion 2 through the dynami
al invariants of the s
at-tering pro
ess as a limit in whi
h the s-variables are sent to in�nity while t- and �-variablesare held �xed. We have also analyzed how the spe
ial 
ross ratios (2.6)-(2.8) behave in thelimit. In se
tion 3 we then went on to dis
uss the relation (3.16) between 
ross ratios and theparameters of the non-linear integral equations. Our next task is to understand whi
h limit ofthe parameters ms; �s and Cs has to be taken in order for the 
ross ratios to show multi-Reggebehavior. The 
ase with n = 6 has been treated before [24℄ and is relatively simple to analyze.We will review some formulas in the next subse
tion before turning to n > 6 gluons. Beyondn = 6 there are some important new features in taking the multi-Regge limit. We will explainthese �rst for the example of n = 7 before we delve into a general analysis in the subsequentse
tion.4.1 Review of the hexagon n = 6In order to understand the basi
 steps of our analysis we would like to review brie
y how thingswork in the 
ase of 6 gluons [24℄. For six points, there are three independent 
ross ratios:u1 = x235x226x236x225 = Y [�3℄21 + Y [�3℄2 ; u2 = x213x246x214x236 = Y [�1℄21 + Y [�1℄2 ; u3 = x215x224x214x225 = Y [1℄21 + Y [1℄2 :
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We have omitted all the se
ond indi
es for both u and Y be
ause � = 1 is the only value it 
antake when n � 5 = 1. From the kinemati
 analysis in se
tion 2 we know that u1 ! 1 in themulti-Regge limit, while u2 and u3 tend to zero. Comparing the expressions for the Y-fun
tionswith this limit, the authors of [24℄ show thatm ! 1; � ! 0; C = 
onst: (4.1)is the appropriate limit one has to perform in the non-linear integral equations in order for the
ross ratios to assume their limiting values in the Regge regime. When the limit (4.1) is taken,the integrals in the NLIE (3.2)-(3.4) may be negle
ted. Consequently, we obtain a set of expli
itexpressions for the form of the Y-fun
tions in the limiting regime:Y1(�) �= e�m 
osh(��i�)�C ; Y2(�) �= e�mp2 
osh(��i�) ; Y3(�) �= e�m 
osh(��i�)+C :Re
all that these expressions should only be used for jIm�j < �=4. Outside this fundamentalstrip one needs to apply the re
ursion relations (3.10) to bring the arguments ba
k into thestrip. Before we insert these expressions into the formulas (3.16) let us repla
e m and � by thenew variables � = e�m 
os�; w = em sin �; (4.2)whi
h behave as � ! 0 and w ! 
onst: in the limit (4.1). In terms of these new parameters,the 
ross ratios (3.16) 
an be expanded asu1 = 1��w + 1w + 2 
oshC� �+O(�2); u2 = w�+O(�2); u3 = �w +O(�2) :While u2 and u3 only involve the Y fun
tion Y2 in the fundamental strip, we need to use there
ursion relation (3.10) to �nd u1. Hen
e, all the three 
ross ratios indeed show their Reggebehavior (2.28), (2.29) and (2.37).4.2 Multi-Regge limit for n = 7 gluonsFor the 7-point amplitude, the 
ross ratios are given in terms of the Y-fun
tions asu11 = Y [2℄2;21 +Y [2℄2;2 ; u21 = Y [�2℄2;21 +Y [�2℄2;2 ; u31 = Y [0℄2;21 +Y [0℄2;2 ; (4.3)u12 = Y [�3℄2;11 +Y [�3℄2;1 ; u22 = Y [�1℄2;11 +Y [�1℄2;1 ; u32 = Y [1℄2;11 +Y [1℄2;1 : (4.4)We are going to demonstrate that that the 
ross ratios obtained from the Y-system for n = 7display multi-Regge behavior if we takems !1 ; Cs = 
onst:�1 ! 0 ; �2 ! ��4 : (4.5)Note that the limiting value for the se
ond angle �2 is non-vanishing. In the subsequent se
tionwe shall argue that in this limit, all integral 
ontributions may be negle
ted and that the{ 15 {



pres
ription (4.5) is the only one that provides the 
orre
t Regge asymptoti
s of 
ross ratios.For the moment let us just 
he
k how things work with the limit we propose. As in the dis
ussionfor n = 6 we shall swit
h from variables ms and �s to�1 = e�m1 
os�1 ; w1 = em1 sin�1 ; (4.6)�2 = e�m2 
os(�4+�2); w2 = em2 sin(�4+�2): (4.7)In the above mentioned limit (4.5), these quantities behave as �i ! 0, wi ! 
onst: Let us beginour study of 
ross rations the simplest 
ases, namely the two 
ross ratiosu32 = Y [1℄2;11 +Y [1℄2;1 �= e�p2m1 
os(�4��1)1 + e�p2m1 
os(�4��1) = �1w11 + �1w1 = �1w1 +O(�2); (4.8)u22 = Y [�1℄2;11 +Y [�1℄2;1 �= e�p2m1 
os(�4+�1)1 + e�p2m1 
os(�4+�1) = �1w11 + �1w1 = �1w1 +O(�2): (4.9)Up to this point, things work pretty mu
h the same way as for the 
ross ratios u2 and u3 in the
ase of n = 6. The next 
ross ratio we want to look at isu31 = Y [0℄2;21 +Y [0℄2;2 �= e�p2m2 
os�21 + e�p2m2 
os �2 = �2w21 + �2w2 = �2w2 +O(�2) (4.10)whi
h is the �rst one to 
ontain �2. It is this last 
omputation that suggests for the �rst time toset the limiting value of �2 to �2 = �=4. If we had set �2 = 0, for example, we would have beenfor
ed to omit the shifts by �=4 in the arguments of the trigonometri
 fun
tions in eq. (4.7) inorder to ensure �niteness of w2. Without the shifts, the Regge limit of u31 would have beengiven by �2. But sin
e the de�nition of w2 and �2 in
luded a shift, we had to add and subtra
tthe limiting value �=4 of the angle �2 in the argument of the 
osine. This is how we obtainedthe familiar looking Regge asymptoti
s of u31 even though the 
onstru
tion of the 
ross ratioonly involved Y [0℄2;2 with a vanishing upper index.All remaining 
ross ratios involve values of Y-fun
tions outside the fundamental strip so thatwe need to make repeated use of the re
ursion relation. We see thatY [�2℄2;2 = 1 +Y [�1℄2;1Y [0℄2;2 �1 + 1Y [�1℄3;2 ��1 + 1Y [�1℄1;2 � �= 1 + �1w1�2w2 (1 + e�C2�2 )(1 + eC2�2 ) = �2w2 +O(�2)and therefore u21 = Y [�2℄2;21 +Y [�2℄2;2 �= �2w21 + �2w2 = �2w2 +O(�2): (4.11)Analogously, we obtain Y [2℄2;2 �= 1 + �1w1�2w2 (1 + w2e�C2) (1 + w2eC2) ; (4.12)
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from whi
h we �nd thatu11 = Y [2℄2;21 +Y [2℄2;2 �= 1��w2 + 1w2 + 2 
oshC2� �2 +O(�2): (4.13)The last 
ross ratio we need is given in terms of Y[�3℄2;1 . The Y-fun
tions appearing in there
ursion relation are given below (without the full 
al
ulation).Y [�2℄3;1 �= 1 + eC2�2e�C1�1 �1 + 1�1w1� ; Y [�2℄1;1 �= 1 + e�C2�2eC1�1 �1 + 1�1w1� :This then leads toY [�3℄2;1 = 1 +Y [�2℄2;2Y [�1℄2;1 �1 + 1Y [�2℄3;1 ��1 + 1Y [�2℄1;1 � �= (1 + �2w2)�1w1 1 + e�C1 �1�1+ 1�1w1 �1+eC2 �2 ! 1 + eC1�1�1+ 1�1w1 �1+e�C2�2 !and �nally u12 = Y [�3℄2;11 +Y [�3℄2;1 �= 1��w1 + 1w1 + 2 
oshC1� �1 +O(�2): (4.14)This shows that the 
hoi
e of parameters indeed gives the right limits for the 
ross ratios.4.3 Finding the 
orre
t limitOur analysis in the previous se
tion was based on the 
laim that integral 
ontributions to theNLIE 
an be negle
ted in the limit (4.5). Under this assumption we showed that our 
rossratios display multi-Regge behavior. On the other hand we also suggested that the limit (4.5)was uniquely �xed by these requirements. Let us now dis
uss these 
laims in a bit more detail.It is 
lear from the relations (4.3) and (4.4) that for a 
ross ratio vanishing in the multi-Reggelimit, the 
orresponding value of the Y-fun
tion has to vanish, as well. Values of Y-fun
tionsthat appear in the 
ross ratios u1�, on the other hand, must diverge in the multi-Regge limit.For example, from the limiting behavior u31 ! 0 we 
on
lude Y [0℄2;2 ! 0. Therefore, logY [0℄2;2 hasto be large and negative. The same follows for the value logY [�1℄2;1 
onsidering that u32 ! 0 inthe multi-Regge limit. Be
ause of the way the parameter ms enters into eq. (3.3) we enfor
e thedesired behavior if we make ms very large. In this limit, the integrals appearing in eqs. (3.2)-(3.4) 
an be negle
ted be
ause, assuming real masses for the moment, their leading 
ontribution
an be written s
hemati
ally asZ d�0K(� � �0)log �1 + Y(�0)� �= Z d�0K(� � �0)log �1 + e�ms 
osh �0�! 0; (4.15)as ms ! 1. This remains true even after introdu
ing 
omplex masses, as is shown in se
tion5.1. In this limit, we 
an now study the behaviour of the Y-fun
tions and �nd 
onstraints onthe �s and Cs.
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For further illustration we now wish to look at the 
ross ratios u11 and analyze how we ensureu11 ! 1 in the multi-Regge limit. The relevant value of the Y-fun
tion is given byY[2℄2;2 �= 1 + e�p2m1 
os(�4��1)e�p2m2 
os �2 �1 + em2 
os(�4��2)�C2��1 + em2 
os(�4��2)+C2� !1: (4.16)If we want the Y-fun
tion to diverge, every term of the denominator has to vanish in themulti-Regge limit. Writing the denominator ase�p2m2 
os�2 + ep2m2 sin�2 + 2 
oshC2e�m2 
os(�4+�2) (4.17)we see that �2 2 ���2 ; �2� \ (��; 0) \��3�4 ; �4� = ���2 ; 0� ; (4.18)at least if we assume that it will stay in the interval between �� � �2 � �. In order to �ndthe spe
i�
 value that �2 should assume, we re
all from eq. (2.30) that the ratio u21=u31 mustremain 
onstant in the multi-Regge limit. A

ording to our equations (4.3), this requiresY [�2℄2;2Y [0℄2;2 �= 1e�2p2m2 
os�2 �1 + em2 
os( �4+�2)�C2��1 + em2 
os( �4+�2)+C2� ! 
onst: (4.19)Here we have also used that both Y [�2℄2;2 and Y [0℄2;2 vanish in the multi-Regge limit. For the ratioof these values to be 
onstant, at least one term of the denominator has to go to a 
onstantwith the other terms in the denominator going to zero. This suggests the two possible limits�2 ! ��4 or �2 ! �2 . The latter limiting behavior, however, is ex
luded by the 
onstraintwe derived from u11 ! 1. A similar analysis is 
arried out for the remaining Y-fun
tions inappendix A. There we derive all 
onstraints one 
an put on the parameters of the NLIE. Theseare solved by �1 ! 0 and �2 ! ��4 , as we anti
ipated above. And indeed in se
tion 4 we sawthat su
h a limiting behavior of the phases �s produ
es the 
orre
t multi-Regge behavior forall the 
ross ratios.The most surprising out
ome of our dis
ussion for n = 7 is that the limiting values of thephases need no longer be zero, in 
ontrast to what we found for n = 6. One may generalize thearguments outlined here to larger number of gluons n � 8 to �nd that �s = �(s�1)�4 appear tobe the 
orre
t values for the phases in the multi-Regge limit. A full proof of this fa
t, however,requires a 
loser look at the Y-system for non-zero phases and possible residues.5 Multi-Regge limit of the TBA - general 
aseAs we have argued in the previous se
tion, the phases �s may approa
h large values in the multi-Regge regime. Sin
e the original Y-system is only valid as long as phases satisfy j�s��s0 j < �=4we must be prepared to in
lude additional 
ontributions that arise from poles in the kernel, see
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our 
omments in se
tion 3.1 and [30℄. In the following analysis we will make the ansatzms ! 1; (5.1)�s = �(s� 1)�4 ; (5.2)Cs = 
onst: (5.3)for the multi-Regge limit of the parameters ms; �s and Cs. Our main goal is to show that in thislimit, the 
ross ratios (2.6)-(2.8) have multi-Regge behavior, i.e. that they behave as des
ribedin eqs. (2.28), (2.29) and (2.37). The 
ontributions from poles of the kernel fun
tions turn outto play a vital role in this analysis. Therefore, we begin with a few general 
omments on thebehavior of the Y-system for large masses in the presen
e of large phases �s. These then allowus to �nd expli
it values for the physi
al 
ross ratios for an arbitrary number of external gluons.5.1 Large phase residues and multi-Regge limitIn this se
tion we revisit the stru
ture of the Y-system equations in the presen
e of large phases�s. Re
all that in the presen
e of 
omplex masses the equations 
an be written aslog ~Y2;s(�) = �p2jmsj 
osh � +Xa0;s0 Z d�0K2;a0s;s0 (� � �0 + i�s � i�s0)log(1 + ~Ya0;s0(�0)); (5.4)where ~Ya;s(�) = Ya;s(�+i�s), 
f. [23℄. We only displayed the equations for ~Y2;s here, but similarequations obviously hold for the other Y-fun
tions, as well. Eqs. (5.4) determine the fun
tions~Y in the fundamental strip jIm�j < �=4 as long as the phase di�eren
es satisfy j�s��s0 j < �=4. For Im(� + i�s � i�s0) = k � �4 , the kernels are singular and we have to pi
k up residues fromthese poles2. More pre
isely, the kernels K2, K3 be
ome singular for k = 2n + 1, while K1is singular for k = 2(2n + 1). In other words, at least one of the kernel fun
tions has a polewhenever k 2 X := f2Z+ 1g [ f2(2Z+ 1)g :On
e we in
lude the residues of the pole 
ontributions, the integral equations are given bylog ~Y2;s(�) = �p2jmsj 
osh � +X� n� log�1 + ~Ya� ;s� �� + i�s � i�s� � ik� �4��+Xa0;s0 Z d�0K2;a0s;s0 (� � �0 + i�s � i�s0)log(1 + ~Ya0;s0 ��0�) (5.5)In eq. (5.5), it is understood that the sum in the �rst line extends over all the relevant pole
ontributions. We will dis
uss this in more detail below. As they stand, equations (5.5) arevalid for arbitrary � in the 
omplex plane. Of 
ourse, the number of terms in the summationover � depends on the value of Im(�).Before we pro
eed to analyze the behavior of eqs. (5.5) in the limit of large masses, let us have2Note that we have to pi
k up a pole only if the kernel singularity is 
rossed. For values on the singularities,an i0-pres
ription 
an be used (
f.[23℄). { 19 {



a 
loser look at the Y-system for real argument �. Re
all from se
tion 3.1 that the kernels Ka;a0s;s0are non-zero only for s0 = s or s0 = s � 1. Hen
e, the di�eren
es �s � �s0 that appear in ourlimit (5.2) are restri
ted to values j�s � �s0 j � �=4. We 
on
lude that, as long as � is real, nopoles of the kernel fun
tions are a
tually 
rossed in the limit (5.2) and hen
e the Y-fun
tionsYa;s(�); � 2 R, obey the original Y-system without additional residue terms.This 
omment be
omes important in passing to the large mass limit of eqs. (5.5). Note that theintegral in the se
ond line extends over �0 along the real line. Hen
e, to evaluate the integral,we only need to know ~Ya0 ;s0(�0) for real �0 where it is unaltered by pole 
ontributions and
onsequently still given by~Y2;s0(�0) �= e�p2jmsj 
osh �0 ; ~Ya0;s0(�0) �= e�jmsj 
osh �0+(a0�2)Cs for a0 = 1; 3;in the limit of large masses jmsj and for �0 2 R. It follows on
e again that all integral 
ontribu-tions to eqs. (5.5) 
an be negle
ted in the limit (5.2). Shifting ba
k to the Y-fun
tions, we seethat after negle
ting the integrals the equations look like3logY2;s(�) = �p2jmsj 
osh (� � i�s) +X� n� log �1 + Ya� ;s� �� � ik� �4�� : (5.6)It is important now to des
ribe the sum over pole 
ontributions in some more detail. To beginwith all labels a� ; s� 
an only run over nine possible values. While a� is free to assume any ofits three values, s� 
annot deviate from s by more than one unit, i.e.a� = 1; 2; 3 ; s� 2 fs; s� 1g :Given any su
h 
hoi
e of (a� ; s�) we 
ompute the quantity �s� = 4� Im(� � i�s� ). It determinesthe possible values of the integer k� 2 (0; �s� ) \ X :Given (a� ; s�) and k� we must still �nd the integer n� . It is determined by the form of thefun
tions �s; �s and 
s in eqs. (3.6)-(3.8), the 
oeÆ
ients of these fun
tions in the Y-system(3.2)-(3.4) and sign of k� . We will dis
uss some examples in the next subse
tion.5.2 Multi-Regge limit for n = 8 gluonsAs we shall dis
uss at the end of the next subse
tion, pole 
ontributions from the kernels onlystart to enter the limit (5.2) starting from n = 8 external gluons. It is useful to analyze then = 8 
ase �rst to illustrate the general formula (5.6). Generalizing the variables we used inour analysis of the multi-Regge limit for 7 gluons we introdu
e�s = e�ms 
os((s�1)�4+�s); (5.7)ws = ems sin((s�1)�4+�s); (5.8)where s = 1; 2; 3. In the limit (5.2) these variables behave as �s ! 0 and ws ! 
onst.As an example, let us analyze the limit of Y [�2℄2;2 . Sin
e we want to determine Y2;2 at � = �i�=23Note that the variable � was shifted by �i�s when we passed from ~Ya;s to Ya;s.
{ 20 {



Y
[−2]
a,1 Y

[−1]
a,1 Y

[0]
a,1 Y

[1]
a,1

Y
[−2]
a,2 Y

[−1]
a,2 Y

[0]
a,2

Y
[−3]
a,3 Y

[−2]
a,3 Y

[−1]
a,3 Y

[0]
a,3Figure 3. Residue stru
ture for Y-fun
tions in 8-point 
ase.and �s� = �(s� � 1)�=4, the parameter �s� de�ned at the end of the previous subse
tion reads�s� = s� � 3. In order for the interval (0; s� � 3) to have a non-vanishing interse
tion with X ,we must have s� = 1. In the 
ase at hand, the interse
tion 
onsists of a single point k = �1.Looking ba
k at eq. (3.3) we note that only K2 possesses a pole at �i�=4. The 
oeÆ
ient of K2in the equation for log Y2;2 is ��2. The latter 
ontains only one 
ontribution with 1 = s� = s�1,namely the term � log(1 + Y2;1). Consequently, we �ndY [�2℄2;2 = e�p2m2 
os(�=2+�2) � �1 +Y [�1℄2;1 � = �2w2 � �1 +Y [�1℄2;1 � : (5.9)Note that in this parti
ular 
ase the 
orre
tion term be
omes trivial in the limit (5.2) sin
eY [�1℄2;1 = exp(�ms). Analogously, we 
an analyze the residue stru
ture of the remaining Y-fun
tions. The result is shown in �gure 3 whi
h we explain in the following. Every node in thediagram represents the 3 values Y[k℄as with a = 1; 2; 3 while s and k are kept �xed. En
ir
lednodes 
orrespond to Y-fun
tions that re
eive no 
orre
tions from residues. Arrows points to thenodes from whi
h a given Y-fun
tion re
eives residue terms. Our result (5.9), for example, isrepresented by the arrow that 
onne
ts the square box around Y[�2℄a;2 with the 
ir
le around Y[�1℄a;1 .Values of Y[r℄a;s that are not in
luded in the �gure not only re
eive residues with k� = �1, butin
lude higher values of k� . Those have a more 
ompli
ated stru
ture and are better bypassedthrough the use of re
ursion relations, if possible. We see that with the help of the Y-fun
tionsat � = �i�=4 we 
an determine all Y-fun
tions at � = 0. On
e we have 
onstru
ted Y[�1℄a;s andY[0℄a;s, all remaining values 
an be re
onstru
ted with the help of the re
ursion relation (3.10).A 
omplete analysis gives the following results for the 
ross ratios in the limit (5.2),u1� = 1��wn�4�� + 1wn�4�� + 2 
oshCn�4��� �n�4��; (5.10)u2� = �n�4��wn�4��; (5.11)u3� = �n�4��w�1n�4��: (5.12)
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u12Figure 4. Residue stru
ture for n points. Y-fun
tions not shown in the �gure 
orrespond to gray boxes.So, we �nd that all 
ross ratios have multi-Regge asymptoti
s (2.28), (2.29) and (2.37).5.3 The general 
ase of n-gluon s
atteringAfter dis
ussing 7- and 8-gluon amplitudes we �nally pro
eed to the general 
ase. Our goal isto show that the 
ross ratios (2.6)-(2.8) that are obtained from the Y-fun
tions through eqs.(3.16) show multi-Regge behaviour (2.28), (2.29) and (2.37) in the limit (5.2). As before, we
an study the residue stru
ture of the Y-system for phases �s = �(s� 1)�=4. The results areen
oded in �gure 4. Gray nodes 
orrespond to Y-fun
tions with a more 
ompli
ated residuestru
ture. We explain in appendix B how our pattern 
an be used to read o� the resulting
ontributions. If a 
ross ratio (3.16) is obtained from the Y-fun
tion Y[k℄2;s, we have indi
atedthis by putting the 
ross ratio into the node instead of the Y-fun
tion. We have already usedthe shift symmetry to put some of the u1� in the �rst row.We see that the 
ross ratios u2� and u3� lie on a diagonal whose `residue 
ow ' stays withinthe diagonal. The endpoints of the residue 
ow are given by u31 and u2n�5, whi
h are free ofresidues and 
an be 
al
ulated dire
tly to to giveu31 = �n�5w�1n�5; (5.13)u2n�5 = �1w1: (5.14)It is not diÆ
ult to determine the remaining 
ross ratios u2� and u3�. Re
all from eq. (3.16)that the 
ross ratios u2� are given byu2� = Y [�(n�4��)℄2;n�4��1 +Y [�(n�4��)℄2;n�4�� : (5.15)
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A

ording to our general expression (5.6), the values of the Y-fun
tions that enter these 
rossratios are given byY [�s℄2;s = e�p2ms 
os( �4+(s�1)�4+�s) � (Residue terms) = �sws � (Residue terms) : (5.16)We 
an 
on
lude by iteration that the residue terms along this diagonal only introdu
e 
orre
-tions of the order �2 or higher and 
an be negle
ted. Hen
e, we obtainu2� = �n�4��wn�4��: (5.17)One 
an go through the same arguments to �ndu3� = �n�4��w�1n�4�� : (5.18)This �nally leaves us with the 
ross ratios u1� for whi
h we have to work a little bit harder, asthese variables all have a more 
ompli
ated residue stru
ture. We will make use of an indu
tiveargument. Going from a n-point amplitude to a (n + 1)-point amplitude introdu
es anotherrow in our above pattern. However, the old Y-fun
tions do not 
hange their values as long astheir residues are not a�e
ted by the new row. What 
hanges, however, is the lo
ation of the
ross ratios in the pattern. The most important 
hange for our purposes is that all u1� in the�rst row are shifted by two boxes to the left in our pattern, and a new 
ross ratio u1((n+1)�5)appears whi
h is related to Y[�3℄2;1 . This means, for example, that u1((n+1)�5) in the (n+1)-pointamplitude will take the value of u1n�5 in the n-point amplitude, sin
e all residue are una�e
tedby the new row. Following our dis
ussion in appendix B, it is 
lear that a Y-fun
tion willkeep its n-point value if the diagonal from its node to the lower right hits the (n + 1)-pointu2�-diagonal at the position of u22, or above. It turns out that the last element, i.e. the elementwith smallest value of �, in the �rst row that keeps its value is given by u13. This means, thatall u1� for � = 3; :::; n � 4 
an be 
al
ulated using the known n-point values. However, u11and u12 are then given by the symmetry (3.18) relating u1� $ u1(n�4��). We have establishedabove that u1� = 1��wn�4�� + 1wn�4�� + 2 
oshCn�4��� �n�4�� (5.19)for the 7- and 8-point amplitude. By the previous argument, the same remains true for allvalues of n. This shows that the n-point solution is a (n� 5)-fold 
opy of the 6 point solution.In 
on
lusion, we now 
on�rmed our identi�
ation of the multi-Regge regime with the limit(5.2) of the parameters in the Y-system.5.4 The 7-point 
ase revisitedIn the light of the general result derived in the last se
tion, let us revisit the 7-point 
ase to studyexpli
itly the equations governing the Y-system in the fundamental strip and to understandwhy no large residues had to be 
onsidered in our earlier analysis. Re
all that for 7-points themulti-Regge limit 
orresponds to taking ms large, Cs 
onstant, �1 = 0 and �2 = ��=4. For��=4 < Im� � 0 we have that Im (� � i�s) 2 (��=4; �=4). Sin
e none of these terms 
rosses amultiple of �=4, no singularities arise and we do not have to pi
k up any residues. Therefore, theY-system (5.4) is valid without any modi�
ations. For 0 < Im� < �=4, however, Im (� � i�2){ 23 {




rosses �=4 and we have to pi
k up residues. Following the pro
edure outlined in the previoussubse
tion, we �nd the following equations:logY11 (�) =� jm1j 
osh (� � i�1) +Xa0;s0 Z d�0K1;a01;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��� C1 + log �1 + Y12 �� � i�4�� ;logY21 (�) =�p2jm1j 
osh (� � i�1) +Xa0;s0 Z d�0K2;a01;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��+ log�1 + Y22 �� � i�4�� ;logY31 (�) =� jm1j 
osh (� � i�1) +Xa0;s0 Z d�0K3;a01;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��+ C1 + log �1 + Y32 �� � i�4�� ;logY12 (�) =� jm2j 
osh (� � i�2) +Xa0;s0 Z d�0K1;a02;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��� C2 � log �1 + Y22 �� � i�4�� ;logY22 (�) =�p2jm2j 
osh (� � i�2) +Xa0;s0 Z d�0K2;a02;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��� log�1 + Y12 �� � i�4��� log�1 + Y32 �� � i�4�� ;logY32 (�) =� jm2j 
osh (� � i�2) +Xa0;s0 Z d�0K3;a02;s0 �� � �0 � i�s0� log �1 + Ya0;s0 ��0 + i�s0��+ C2 � log �1 + Y22 �� � i�4�� :Let us now examine the Y-fun
tions appearing in the residue terms. To be spe
i�
, we will fo
uson the term involving Y12 (� � i�=4) in the �rst equation. For the argument of this Y-fun
tionwe have ��=4 < Im (� � i�=4) < 0. As argued before, in this range of the argument no residueterms appear and in the multi-Regge limit the Y-fun
tion is given byY12 �� � i�4� �= e�jm2j 
osh(��i�4�i�2)�C2 = e�C2�
osh �2 wi sinh �2 : (5.20)The exponent of �2 is positive in the 
hosen range of �. Therefore, the fun
tion goes to zero in themulti-Regge limit and the residue 
ontaining Y12 gives a negligible 
ontribution. Analogously,we 
an analyze the remaining residue terms. It turns out that they are all negligible. The sameis a
tually true for n = 8 external gluons. However, starting from 9-points the residue termsgive signi�
ant 
ontributions in the fundamental strip, see Appendix C for expli
it expressions.
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6 Bethe ansatzThe analysis outlined above has shown that the non-linear integral equations that 
ontrol then-gluon amplitudes at strong 
oupling simplify drasti
ally when we take the multi-Regge limit.In the limiting regime we 
an a
tually negle
t the integral 
ontributions, possibly after takingsome residue terms into a

ount. Su
h a limit is well known in the theory of integrable systems.It 
orresponds to a large volume limit in whi
h the solution of the integrable model boils downto solving a set of algebrai
 Bethe ansatz equations.Before we re
all how the Bethe ansatz equations emerge in the multi-Regge limit, we need to
omment a bit more on the residue terms we pi
ked up while sending the phases �s to theirlimiting values  s = (1 � s)�=4. The appearan
e of su
h residue terms has been dis
ussed forthe AdS3 Y-system in Appendix B of [23℄. Using experien
e from 
losely related wall-
rossingphenomena (see [36℄), the authors of [23℄ demonstrated how residue terms 
an be absorbed ina rede�nition of the Y-fun
tions. While bringing the equations ba
k into the standard form ofa Y-system, � log ~YA(�) = pA(�) +XB Z d�02� KAB(� � �0) log �1 + ~YB(�0)� ; (6.1)it is ne
essary to introdu
e additional Y-fun
tions. This implies that the new set of equations(6.1) might involve more than the 3n � 15 Y-fun
tions we started with. The 
omplete set ofY-fun
tions is enumerated by the label A;B; : : : . Constru
ting the sour
e terms pA and thekernel fun
tions KAB is part of the task one has to address while passing from a modi�ed Y-system with residue terms ba
k to a Y-system of the form (6.1). We defer a detailed dis
ussionof this pro
edure for the AdS5 Y-system at �s = (1� s)�=4 to a future publi
ation. Let us onlymention that the sour
e terms pA for the new Y-fun
tions that are introdu
ed while rewritingthe equations possess the 
anoni
al form with masses mA that 
an be obtained from the n� 5masses ms of the original Y-system.On
e we a

ept that the original Y-system with large phases �s = (1 � s)�=4 
an be broughtinto the form (6.1), we are prepared to review how Bethe ansatz equations emerge. In order todo so, we represent the kernel fun
tions KAB through new obje
ts SAB,KAB(�) = ��� logSAB(�) : (6.2)As observed �rst by Dorey and Tateo [25, 26℄, upon analyti
 
ontinuation of the parameterssome of the solutions to the equations ~YA(�) = �1 may 
ross the real axis. We shall enumeratethose solutions by an index � = 1; : : : ; NA:~YA(�(A)� ) = �1; for � = 1; : : : ; NA : (6.3)When this happens, the integral on the right-hand side of equation (6.1) pi
ks up a residueterm sin
e there is a pole 
rossing the integration 
ontour. Hen
e, after analyti
 
ontinuation
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the equations (6.1) take the form� log ~YA(�) = pA(�) +XB NBX�=1 log SAB(� � �(B)� )+XB Z d�02� KAB(� � �0) log �1 + ~YB(�0)� : (6.4)If we now send the parameters of our nonlinear integral equations ba
k into a regime wherethe integrals 
an be negle
ted, e.g. into the multi-Regge regime we explored in this note, theequations (6.4) be
ome� log ~YA(�) = pA(�) +XB NBX�=1 log SAB(� � �(B)� ) : (6.5)We 
an exponentiate this set of equations for the fun
tions YA(�) and insert the values � = �(A)�satisfying eq. (6.3) to obtaineiRkA(�(A)� ) =YB NBY�=1SAB(�(A)� � �(B)� ) (6.6)with kA(�) := ipA(�)=R. The parameter R and the fun
tions kA were introdu
ed here to helpinterpreting the equations (6.6). In our 
ontext, these equations simply determine the possiblelo
ation of the solutions �(A)� to the equations (6.3). But the form of the equations 
oin
ideswith the usual Bethe ansatz that imposes single-valuedness of wave fun
tions for parti
les on a1-dimensional 
ir
le of 
ir
umferen
e R. The term exp(iRkA) a

ounts for the phase shift of afreely moving parti
le with momentum kA(�(A)� ) when we take it on
e around the 
ir
le. Theremaining fa
tors arise from the s
attering with other parti
les that may be distributed alongthe 1-dimensional 
ir
le. Hen
e, the quantities SAB introdu
ed in eq. (6.2) are interpreted asa s
attering matrix for ex
itations of some integrable system and the sour
e terms kA des
ribethe momentum.To make the Bethe ansatz equations (6.6) for the multi-Regge limit of the bubble ansatz moreexpli
it, we need to determine the range of the label A, the sour
e terms pA(�) and the kernelfun
tions KAB(�), or rather the 
orresponding S-matri
es. Only in the 
ase of n = 6 externalgluons these 
an be read o� easily from the original Y-system. The general 
ase will be addressedin a future publi
ation. Mu
h of the above would have remained valid if we had not brought tothe modi�ed Y-system ba
k into the form (6.1). But the resulting Bethe ansatz equations (6.6)would have been modi�ed as well, with the left hand side being repla
ed by a sum of produ
tsof `phases' exp(iRka;s). Examples 
an be worked out from our formulas for the multi-Reggelimit of the Y-system with n = 9, see appendix C. Su
h modi�ed Bethe ansatz equations 
an
ertainly be studied numeri
ally. Nevertheless, we believe that a deeper understanding of theunderlying integrable system requires to absorb the residue terms so that the Bethe ansatzequations take the standard form.Let us �nally dis
uss the form of the free energy (3.12). As explained in [23℄ the originalexpression remains valid in the presen
e of large phases �s, but it needs to be rewritten in{ 26 {



terms of the Y-fun
tions ~YA. Upon analyti
 
ontinuation of the parameters, the Y-fun
tions
an give rise to pole terms that 
ross the real axis. This happens pre
isely when the 
onditions(6.3) are satis�ed. After taking the multi-Regge limit, only these pole terms survive and oneshould obtain an expression of the formAfree =XA NAX�=1 eA(�(A)� ) : (6.7)with some energy fun
tions eA = eA(�) that must be determined while passing from the modi�edY-system with residue terms to eqs. (6.1). Hen
e, in order to evaluate s
attering amplitudesof strongly 
oupled N = 4 SYM theory in the multi-Regge limit, we have to solve the Betheansatz equations (6.6) for the positions �(A)� of the solutions to eq. (6.3). On
e these are found,we 
an easily evaluate Afree.7 Con
lusions and outlookIn this note we studied the multi-Regge limit of s
attering amplitudes in strongly 
oupledN = 4SYM theory for any number n of external gluons. As reviewed above, the remainder fun
tionR(n) is determined through an auxiliary 1D quantum system (3.2)-(3.4) whi
h depends on 3n�15parameters ms; �s and Cs. The latter map in a 
ompli
ated way to the 3n � 15 independent
ross ratios that parametrize the s
attering pro
ess. Our 
entral result (5.2) identi�es thevalues of the parameters in the 1D quantum system that 
orrespond to the multi-Regge limitof the 4-dimensional gauge theory. Sin
e the relevant limit (5.2) involves sending all the massparameters ms to in�nity, the multi-Regge (high-energy) regime of the gauge theory maps tothe large volume (low energy) limit of the 1D quantum system. In su
h a limit, the 1D quantumsystem simpli�es drasti
ally. More pre
isely, the non-linear integral equations (3.2)-(3.4) 
anbe repla
ed by a mu
h simpler set of algebrai
 equations (6.6).We �nd it remarkable that the 
omputation of s
attering amplitudes simpli�es at both weakand strong 
oupling. In the quest for the exa
t S-matrix of N = 4 SYM theory, one thatinterpolates all the way from weak to strong 
oupling, it 
ould therefore pay o� to 
onsider themulti-Regge regime as an intermediate step before addressing general kinemati
s. Our resultssuggests that the multi-Regge regime 
ould be tra
table even for �nite 
oupling, at least moretra
table than the full dependen
e of the remainder fun
tions on all the 3n�15 
ross ratios. Onthe other hand, the Regge-limit imposes very strong 
onstrains on the analyti
al stru
ture ofthe remainder fun
tions R(n). Expli
it formulas for the Regge-limit of the remainder fun
tions
ould therefore be an important ingredient in re
onstru
ting the full s
attering amplitude frommore basi
 data.But before thinking about the interpolation to �nite 
oupling, there are a few more immediateissues to be addressed. One is related to wall-
rossing phenomena we brie
y mentioned in se
tion6. Re
all that our limit (5.2) involves large phases �s in whi
h di�eren
es j�s � �s�1j assumethe 
riti
al value �=4. As we des
ribed in mu
h detail, these large phases bring additionalresidue terms into the non-linear integral equations of the Y-system. This happens startingfrom n = 7 external gluons. The 
orresponding modi�ed equations 
an be obtained throughan algorithm we outlined in se
tion 5.3. The simplest non-trivial example was spelled out{ 27 {



expli
itly in subse
tion 5.4. Following a pro
edure that is inspired by the study of wall-
rossingphenomena [36, 37℄, it should be possible to bring the modi�ed Y-system into the standardform (6.1). Our dis
ussion in se
tion 6 assumed that the ne
essary steps have been 
arried outalready. But in order to determine the pre
ise range of the labels A;B, the momenta pA(�) andthe S-matrix elements SAB that enter eq. (6.6) for n > 6 external gluons, one 
annot avoid adetailed analysis. We leave this to future resear
h.Finally, we need to establish a map between the analyti
 
ontinuation of the kinemati
 variablesand the numbers NA of Bethe roots �(A)� in the previous se
tion. In the 
ase of the hexagon,su
h a 
orresponden
e was determined through numeri
al studies. The authors of [24℄ foundthat the analyti
al 
ontinuation from the so-
alled physi
al to the mixed regime (see [24℄ forpre
ise de�nitions) makes two solutions of eq. (6.3) 
ross the real axis. Hen
e, the multi-Reggelimit of the n = 6 amplitude in the mixed regime 
orresponds to the energy of a doubly ex
itedstate in the 1D quantum system at in�nite volume R. This agrees ni
ely with the analysis inthe weakly 
oupled theory. For the Regge-limit of the full 2-loop hexagon remainder fun
tionR(6) to be non-zero, one needs to pass into the same mixed regime that is asso
iated with a non-trivial doubly ex
ited state of the Bethe ansatz equation (6.6). It is 
learly desirable to extendsu
h studies beyond the 
ase of the hexagon. Note that for larger number of external gluonsthere exist many di�erent regimes with non-vanishing Regge-limit whi
h probe eigenvalues ofthe BKP Hamiltonian [38℄ with in
reasing number of sites [39℄. We expe
t that su
h di�erentregimes are asso
iated with solutions of eqs. (6.6) with an in
reasing number NA of Betheroots.A
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it values of Y-fun
tions for 7-point amplitudeThis appendix 
ontains the 
omplete analysis of the restri
tions that the desired multi-Reggebehavior of 
ross ratios imposes on the limiting values of the angles �s for n = 7 gluons. Somepart of the required analysis was in
luded and explained in se
tion 4.3. Here we simply statethe remaining set of formulas without further 
omments. Let us begin with the simplest 
rossratios whose evaluation does not require any use of the re
ursion relation (3.10):u31 ! 0 =) Y [0℄2;2 �= e�p2m2 
os�2 ! 0 ) �2 2 ���2 ; �2�u32 ! 0 =) Y [1℄2;1 �= e�p2m1 
os( �4��1) ! 0 ) �1 2 ���4 ; 3�4 �u22 ! 0 =) Y [�1℄2;1 �= e�p2m1 
os(�4+�1) ! 0 ) �1 2 ��3�4 ; �4�
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Sin
e the remaining 
ross ratios involve values of the Y-fun
tions outside the fundamental stripwe must use the re
ursion relations (3.10). This gives:u21 ! 0 =) Y [�2℄2;2 = 1 +Y [�1℄2;1Y [0℄2;2 �1 + 1Y [�1℄3;2 ��1 + 1Y [�1℄1;2 ��= ep2m2 
os�2�1 + em2 
os(�4+�2)�C2��1 + em2 
os(�4+�2)+C2� ! 0) �2 2 (��; 0) [ ��2 ; ��u11 ! 1 =) Y [2℄2;2 = 1 +Y [1℄2;1Y [0℄2;2 �1 + 1Y [1℄3;2��1 + 1Y [1℄1;2��= ep2m2 
os�2�1 + em2 
os(�4��2)�C2��1 + em2 
os(�4��2)+C2� !1) �2 2 ���2 ; 0�To determine the pre
ise values of �s in the multi-Regge limit, we look at the ratios (2.30)u22u32 ! 
onst: =) Y [�1℄2;1Y [1℄2;1 = e�p2m1 
os(�4+�1)e�p2m1 
os(�4��1) = e2m1 sin�1 ! 
onst:) �1 ! 0u21u31 ! 
onst: =) Y [�2℄2;2Y [0℄2;2 = e2p2m2 
os�2�1 + em2 
os(�4+�2)�C2��1 + em2 
os(�4+�2)+C2� ! 
onst:) �2 ! ��4B Residue stru
ture for arbitrary Y-fun
tionsAs mentioned in the text, the residue stru
ture for Y-fun
tions with large shifts is intri
ate. Inthis se
tion, we will demonstrate how the residue stru
ture 
an be read o� from the patternintrodu
ed in the text. To do so, we will look at the spe
i�
 example Y [�4℄2;1 . The phases thatappear in the Y-system equation are �1 = 0 and �2 = ��=4. Sin
e we need to evaluate ourY-fun
tion at � = �i�, the quantity � � i�1 
rosses the poles �i�4 ;�i�2 ;�i34�, while � � i�2
rosses �i�4 ;�i�2 . The resulting residue stru
ture therefore readsY [�4℄2;1 = ��p21 � �1 +Y [�3℄2;2 ��1 +Y [�3℄3;1 ��1 +Y [�3℄1;1 �| {z }Residues at�i�4 � �1 +Y [�2℄3;2 ��1 +Y [�2℄1;2 ��1 +Y [�2℄2;1 �2| {z }Residues at�i�2 � 1�1 +Y [�1℄3;1 ��1 +Y [�1℄1;1 �| {z }Residues at�i 34� :(B.1){ 29 {
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a,2Figure 5. Residue stru
ture of Y [�4℄a;1 . For simpli
ity, the residue dependen
ies of the other Y-fun
tionsare not shown.Graphi
ally, this residue stru
ture 
an be represented as in �gure 5, whi
h remains valid forY [�4℄a;1 . Of 
ourse, some of the Y-fun
tions that appear as residues themselves re
eive 
orre
tionsfrom residue terms, for example Y [�3℄2;2 in the above example. However, it should be 
lear fromthe graphi
al representation that the residue term with the highest s0 that 
an 
ontribute toa Y-fun
tion Y[k℄a;s with k negative is given by the interse
tion of the diagonal Y[k+i℄a;s+i with thediagonal Y[�j℄a;j .C 9-point multi-Regge limitHere we present the equations governing the Y-system in the multi-Regge limit. In the lowerhalf of the fundamental strip Im� 2 (��=4; 0) the equations are a
tually obtained simply bydropping the integral 
ontributions from the original expressions (3.2)-(3.4). For the upper halfof the fundamental strip Im� 2 (0; �=4), some residue terms survive in the multi-Regge limit.The relevant equations take the form logYa;s = pa;s with the right hand side given byp2�1;s (�) = �ms 
osh (� � i�s)� Csp2;s (�) = �p2ms 
osh (� � i�s)for the �rst two values s = 1; 2 of the parameter s. Re
all that the 
orresponding phases �s aregiven by �1 = 0 and �2 = ��=4. All the remaining fun
tions 
ontain residue terms. These are:p2�1;3 (�) = �m3 
osh�� + i�2�� C3 + log �1 + e�C4�m4 
osh(�+i�2 )�p2;3 (�) = �p2m3 
osh�� + i�2�+ log �1 + e�p2m4 
osh(�+i�2 )�p2�1;4 (�) = �m4 
osh�� + i3�4 �� C4 � log �1 + e�p2m4 
osh(�+i�2 )�p2;4 (�) = �p2m4 
osh�� + i3�4 �� log��1 + eC4�m4 
osh(�+i�2 )��1 + e�C4�m4 
osh(�+i�2 )��As mentioned in the text, these equations 
ould be used as the starting point to �nd the solutionsof equation (6.6) numeri
ally. If we use the above fun
tions pa;s, however, the left-hand side of{ 30 {



eqs. (6.6) involve sums of produ
ts of exponentials su
h asep2;3(�) = e�p2m3 
osh(�+i�2 ) �1 + e�p2m4 
osh(�+i�2 )� :In order for the Bethe ansatz equations to take a more standard form one needs to work witha larger set of momenta pA and the 
orresponding S matri
es as dis
ussed in the main text.Referen
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