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Abstra
tThe ATLAS and CMS experiments observed a parti
le at the LHC with a mass� 126 GeV, whi
h is 
ompatible with the Higgs boson of the Standard Model. A
ru
ial question is, if for su
h a Higgs mass value, one 
ould extrapolate the modelup to high s
ales while keeping the minimum of the s
alar potential that breaksthe ele
troweak symmetry stable. Va
uum stability requires indeed the Higgs bosonmass to be MH >� 129� 1 GeV, but the pre
ise value depends 
riti
ally on the inputtop quark pole mass whi
h is usually taken to be the one measured at the Tevatron,mexpt = 173:2�0:9 GeV. However, for an unambiguous and theoreti
ally well-de�neddetermination of the top quark mass one should rather use the total 
ross se
tionfor top quark pair produ
tion at hadron 
olliders. Confronting the latest predi
tionsof the in
lusive p�p ! t�t + X 
ross se
tion up to next-to-next-to-leading order inQCD to the experimental measurement at the Tevatron, we determine the runningmass in the MS-s
heme to be mMSt (mt) = 163:3 � 2:7 GeV whi
h gives a top quarkpole mass of mpolet = 173:3 � 2:8 GeV. This leads to the va
uum stability 
onstraintMH � 129:4�5:6 GeV to whi
h a � 126 GeV Higgs boson 
omplies as the un
ertaintyis large. A very pre
ise assessment of the stability of the ele
troweak va
uum 
anonly be made at a future high-energy ele
tron-positron 
ollider, where the top quarkpole mass 
ould be determined with a few hundred MeV a
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The re
ent results on Higgs boson sear
hes delivered by the ATLAS and CMS 
ollab-orations [1℄ at the Large Hadron Collider (LHC) show that there is now an establishedsignal (at almost �ve standard deviations for ea
h experiment) 
orresponding to a parti
lewith a mass � 126 GeV and with the properties expe
ted for the Standard Model (SM)Higgs boson [2, 3℄. A 
riti
al question would be whether su
h a Higgs boson mass valueallows to extrapolate the SM up to ultimate s
ales, while still having an absolutely stableele
troweak va
uum [4{6℄. Indeed, it is well known that top quark quantum 
orre
tionstend to drive the quarti
 Higgs 
oupling �, whi
h in the SM is related to the Higgs massby the tree-level expression � = M2H=2v2 where v � 246 GeV is the Higgs �eld va
uumexpe
tation value, to negative values whi
h render the ele
troweak va
uum unstable.A very re
ent analysis, in
luding the state-of-the-art quantum 
orre
tions at next-to-next-to-leading order (NNLO) that are relevant in this 
ontext gives for the 
ondition ofabsolute stability of the ele
troweak va
uum, �(MP ) � 0, when the SM is extrapolated upto the Plan
k s
ale MP [6℄MH � 129:2 + 1:8� mpolet � 173:2 GeV0:9 GeV !� 0:5���s(MZ)� 0:11840:0007 �� 1:0 GeV : (1)This full NNLO 
al
ulation is based on three main ingredients that have been 
al
ulatedonly very re
ently: the two-loop threshold 
orre
tions to the quarti
 
oupling � at the weaks
ale, �(�) =M2H=2v2+��(�) whi
h involve the QCD and the Yukawa intera
tions [6,7℄,the three-loop leading 
ontributions to the renormalization group evolution of the 
oupling� as well as the top quark Yukawa 
oupling and the Higgs mass anomalous dimension [8℄,and the three-loop 
orre
tions to the beta fun
tions of the three SM gauge 
ouplings takinginto a

ount Yukawa and Higgs self 
ouplings [9℄. The un
ertainty of �MH = �1:0 GeVquoted in eq. (1) re
e
ts the theoreti
al un
ertainty on the Higgs mass bound whi
h, toa good approximation, 
orresponds to the di�eren
e between the results obtained when
al
ulating the bound at next-to-leading order (NLO) and NNLO.The va
uum stability 
ondition eq. (1) 
riti
ally depends on three basi
 inputs.A �rst parameter is the Higgs boson mass MH whi
h, from the 
urrent ex
ess of data,seems to be in the (wide) range of MH � 124-128 GeV [1℄.A se
ond one is the strong 
oupling 
onstant �s evaluated at the s
ale of the Z bosonmass, with a world average value of [10℄�s(MZ) = 0:1184� 0:0007 : (2)The 
ombined theoreti
al and experimental un
ertainty of ��s = �0:0007 generates, atthe 2� level, an un
ertainty of �MH � 1 GeV on the Higgs mass bound1.The most 
riti
al ingredient in eq. (1) is the top quark pole mass, identi�ed with theone measured at the Tevatron by the CDF and D0 
ollaborations2 [12℄,mexpt = 173:2� 0:9 GeV : (3)1This value of �s is obtained from a large set of measurements with signi�
ant spreads between them.This issue will be dis
ussed later.2In 
ontrast to Ref. [6℄, we do not average the mt value determined at the Tevatron with that obtainedat the LHC by the ATLAS and CMS 
ollaborations whi
h presently have mu
h larger un
ertainties [11℄.2



Indeed, a 
hange of the input mt value by 1 GeV will lead to a �MH � �2 GeV variationof the Higgs mass bound. Allowing for a 2� variation of the top quark mass value alone,one obtains the upper bound MH � 125:6 GeV. Hen
e, if the Higgs mass were exa
tlyMH = 125 GeV, the absolute stability of the ele
troweak va
uum up to the Plan
k s
alewould be ex
luded at the 95% 
on�den
e level, while the value MH = 126 GeV wouldinstead allow for the stability of the va
uum at the same 
on�den
e level.Thus, the \fate of the universe" [5℄, i.e. whether the ele
troweak va
uum is stable ornot up to the largest possible high-energy s
ale, 
riti
ally relies on a pre
ise determinationof the Higgs boson and top quark masses (besides the strong 
oupling 
onstant). While itis expe
ted that the 
lean H ! 

 and H ! ZZ ! 4`� (with ` = e; �) de
ay 
hannels andthe ex
ellent energy resolution for photons and 
harged leptons should allow to ultimatelymeasure the Higgs boson mass with a pre
ision of O(100) MeV [13℄, severe theoreti
al andexperimental problems o

ur in the 
ase of the top quark mass3.An immediate problem is that the top quark mass parameter measured at the Tevatron(and to be measured at the LHC) via kinemati
al re
onstru
tion from the top quark de-
ay produ
ts and 
omparison to Monte Carlo simulations, is not ne
essarily the pole masswhi
h should enter the stability bound eq. (1). Besides the fa
t that the re
onstru
tionof the 
oloured top quark four momentum from its un
olored de
ay produ
ts introdu
esan intrinsi
 un
ertainty due to the non-perturbative me
hanism of hadronisation that 
anbe hardly quanti�ed, there is an important 
on
eptual problem. Stri
tly speaking, a the-oreti
al predi
tion of a given measured observable is required to extra
t a parameter of amodel in a meaningful way and this predi
tion should be made beyond the leading-orderapproximation for whi
h a renormalisation s
heme 
an be �xed. Obviously, this is not the
ase for the mass 
urrently measured at the Tevatron whi
h is merely the mass parameterin a Monte Carlo program with whi
h the kinemati
al �t of the top de
ay produ
ts isperformed and whi
h does resort to any given renormalisation s
heme.Furthermore, it is well known that the 
on
ept of an \on-shell" or \pole" quark masshas intrinsi
 theoreti
al limitations as quarks are 
olored obje
ts and, as su
h, do notappear as asymptoti
 states of the S-matrix be
ause of 
olor 
on�nement [15℄. In addition,be
ause of the so-
alled infrared renormalons, su
h a pole mass is plagued with an intrinsi
non-perturbative ambiguity of the order of �QCD amounting to a few hundred MeV, andit 
annot be \measured" with an a

ura
y better4 than O(�QCD) [15℄.So-
alled short distan
e top quark masses, su
h as the one de�ned in the modi�edminimal substra
tion (MS) s
heme at a s
ale �, mMSt (�), o�er remedy to these problems.3This situation is similar to that o

urring in the 
ontext of the ele
troweak pre
ision tests and theindire
t determination of the Higgs mass, where the de�nition of the top mass also plays a key role.However, while the impa
t of mt is relatively modest in the global ele
troweak �ts as the resulting Higgsmass value has a large un
ertainty, �MH�30 GeV [14℄, it is extremely strong for the stability bound.4A pre
ise quantitative statement is rather hard to make and more work in this dire
tion is needed. Veryfew studies have been devoted to the relations between the \Monte Carlo", the experimentally measuredand the \pole" quark mass. In Ref. [16℄, the un
ertainties due to non-perturbative 
olor re
onne
tion e�e
tsin the hadronisation pro
ess and from the ambiguities in the top quark mass de�nition were estimated tobe of order �0:5 GeV ea
h. In Ref. [17℄, the 
ombined e�e
t of 
olor-re
onne
tion, underlying events andshower in the Monte Carlo programs was estimated in a toy model to generate an un
ertainty of �1:5 GeVon the re
onstru
ted top quark mass at the Tevatron. These e�e
ts are not in
luded in the 
entral valueand error for the top quark mass quoted in eq. (3). 3



The MS mass realizes the 
on
ept of a running mass whi
h depends on the hard s
ale � ofthe pro
ess in 
omplete analogy to the running 
oupling �s(�). A determination ofmMSt (�)is then possible from the mass dependen
e of any observable whi
h is rather pre
iselymeasured and, at the same time, theoreti
ally predi
ted beyond the leading order (LO)approximation in QCD perturbation theory. An immediate 
hoi
e for the determinationof mMSt (�) is the total produ
tion 
ross se
tion for top quark pairs, �(t�t+X). It has beenmeasured both at the Tevatron and the LHC with an a

ura
y of better than 10% and it isknown to very good approximation at NNLO in QCD in the 
onvenient MS renormalisations
heme [18{21℄. The most re
ent 
ombinations of in
lusive 
ross se
tion measurements atthe Tevatron performed by the CDF and D0 
ollaborations yield a value [22, 23℄,�(p�p! t�t+X) = 7:56 +0:63�0:56 pb (D0) and 7:50 +0:48�0:48 pb (CDF) : (4)At the LHC in the run with a 
enter-of-mass energy of ps=7 TeV the ATLAS and CMS
ollaborations have ea
h measured a 
ombined 
ross se
tion [24, 25℄ of�(pp! t�t+X) = 177+11�10 pb (ATLAS) and 165:8+13:3�13:3 pb (CMS) : (5)The �rst issue that we will address in the present paper is the 
omparison of the 
rossse
tion measurements above with the theory predi
tions, whi
h will allow us to extra
tthe MS top quark mass mMSt and use it subsequently to derive the pole top quark massand, hen
e, the va
uum stability bound eq. (1) in an unambiguous way. To that end weupdate the analyses of Refs. [19, 26℄ using the latest sets of parton distribution fun
tions(PDFs) at NNLO [27{30℄ and, most importantly, the new NNLO QCD 
ontributions to�(p�p! t�t +X) in the high-energy limit [20℄ and for the q�q ! t�t +X 
hannel [21℄.In a se
ond part of this paper, we re
all that a self-
onsistent and pre
ise determinationof the top quark mass 
an best be performed at a high-energy ele
tron-positron 
ollider,espe
ially when s
anning the kinemati
al threshold for t�t pair produ
tion. The a

ura
ythat 
an be a
hieved on short distan
e masses su
h as the 1S-threshold mass amounts to�m1St � 100 MeV [31, 32℄. Together with a Higgs mass measurement with a 
omparablea

ura
y or less and a more pre
ise determination of the strong 
oupling �s this wouldultimately allow to verify the stability bound in the SM at the few per mille level.Let us brie
y summarize how to obtain the top quark pole mass mpolet from the totalprodu
tion 
ross se
tion �(p�p=pp! t�t+X) at hadron 
olliders. This observable has been
omputed to very good approximation at NNLO in QCD based on the large thresholdlogarithms [18, 19℄ whi
h provide suÆ
iently pre
ise phenomenologi
al predi
tions in theparton kinemati
 range 
overed by the Tevatron and the LHC with a 
enter-of-mass energyof ps = 7 TeV. Most re
ently, the exa
t NNLO result for 
ontributions to the q�q !t�t+X 
hannel [21℄ and the 
onstraints imposed by the high-energy fa
torization have beenderived [20℄. This knowledge suÆ
es to predi
t �(p�p! t�t+X) at Tevatron in eq. (4) and�(pp! t�t+X) at the LHC in eq. (5) with a few per
ent a

ura
y5.5We do not a

ount here for the ele
troweak radiative 
orre
tions at NLO [33℄. For light Higgs bosonswith MH � 126 GeV, these are vanishingly small at the Tevatron and give a negative 
ontribution ofO(2%) at the LHC. Bound state e�e
ts and the resummation of Coulomb type 
orre
tions have beenshown to be small at the Tevatron as well [34℄. Likewise, we do not in
lude the ele
troweak radiative
orre
tions derived in Ref. [35℄ in the 
onversion of the pole mass mpolet to the running mass mMSt (�).4



Conventionally, higher order 
omputations in QCD employ the pole mass s
heme forheavy quarks. It is straightforward though, to apply the well-known 
onversion rela-tions [36℄ whi
h are known even beyond NNLO in QCD to derive the total 
ross se
tionas a fun
tion of the MS mass [19,37℄. As a bene�t of su
h a pro
edure, one arrives at the-oreti
al predi
tions for hard s
attering 
ross se
tions with better 
onvergen
e propertiesand greater perturbative stability at higher orders in the 
ase of the MS mass. We use the
ross se
tion predi
tions obtained with the program HATHOR (version 1.3) [37℄ at NNLOa

ura
y with the latest improvements of Refs. [20, 21℄. These are 
ombined with modernsets of PDFs, ABM11 [27℄, JR09 [28℄, MSTW08 [29℄, and NN21 [30℄ and a

ount for thefull theoreti
al un
ertainties, i.e., the s
ale variation as well as the (
ombined) PDF and�s un
ertainty. From eq. (4), we obtain the values given in Table 1 when the CDF and D0
ross se
tion measurements are 
ombined.CDF&D0 ABM11 JR09 MSTW08 NN21mMSt (mt) 162.0 +2:3�2:3 +0:7�0:6 163.5 +2:2�2:2 +0:6�0:2 163.2 +2:2�2:2 +0:7�0:8 164.4 +2:2�2:2 +0:8�0:2mpolet 171.7 +2:4�2:4 +0:7�0:6 173.3 +2:3�2:3 +0:7�0:2 173.4 +2:3�2:3 +0:8�0:8 174.9 +2:3�2:3 +0:8�0:3(mpolet ) (169.9 +2:4�2:4 +1:2�1:6) (171.4 +2:3�2:3 +1:2�1:1) (171.3 +2:3�2:3 +1:4�1:8) (172.7 +2:3�2:3 +1:4�1:2)Table 1: The value of the top quark mass mMSt (mt) in GeV at NNLO in QCD determined withfour sets of NNLO PDFs from the measurement of �(p�p ! t�t + X) at the Tevatron when theCDF and D0 results quoted in eq. (4) are 
ombined. The set of un
ertainties originate from theexperimental error on �(p�p ! t�t + X) (�rst error) and from the variation of the fa
torizationand renormalization s
ales from 12mt � �F = �R � 2mt (se
ond error). The resulting pole massmpolet in the se
ond line is obtained from a s
heme transformation to NNLO a

ura
y, using theprogram RunDe
 and the value of �s(MZ) of the given PDF set. For 
omparison, in the third linein parentheses, (mpolet ) is also given as extra
ted dire
tly from the measured 
ross se
tion.The values for mMSt (mt) in Table 1 determined from the 
ombined Tevatron 
ross se
-tions 
arry an un
ertainty of �expmMSt (mt) � �2:3 GeV due to the experimental errorsin eq. (4). The residual s
ale dependen
e of the theory predi
tion for �(p�p ! t�t + X),whi
h is determined in the interval 12mt � �F = �R � 2mt as e�e
ts due to �F 6= �R aresmall at NNLO [19, 37℄, results in an error of �s
alemMSt (mt)��0:7 GeV illustrating thegreat stability of the perturbative expansion at NNLO in QCD when using the runningMS mass.The se
ond line in Table 1 lists the pole mass values mpolet at NNLO obtained fromthe values for the MS mass mMSt (mt) using the s
heme transformation given in Ref. [36℄as implemented in the program RunDe
 [38℄ together with the �s(MZ) value of the givenPDF set. For 
omparison, the third line in Table 1 quotes in parentheses the value of mpoletdetermined by a dire
t extra
tion from the NNLO theory predi
tion using the on-shells
heme. The di�eren
es of O(+2) GeV with the values in the se
ond line obtained from
onverting the MS mass indi
ate the importan
e of higher order 
orre
tions beyond NNLOin QCD if using the pole mass s
heme. This is to be 
ontrasted with the observed verygood apparent 
onvergen
e of the perturbative predi
tions already at NNLO in the runningmass mMSt (mt) s
heme, see Ref. [19℄. 5



There is one parti
ular aspe
t in the 
hosen pro
edure, though, whi
h requires attention.The Tevatron 
ross se
tion data [22,23℄ a
quire a weak dependen
e on the top quark mass inthe extrapolation from the re
orded events in the �du
ial volume to the total 
ross se
tion.This is indu
ed by 
omparison to Monte Carlo simulations and the values quoted in eq. (4)assume a mass of mt = 172:5 GeV. This systemati
 un
ertainty of �(p�p! t�t+X) has beenpublished by the D0 
ollaboration [23℄ as a parametrization inmt. For CDF, it has not beenpublished for the value in eq. (4) based on the 
ombination of data at 4.6 fb�1 luminosityin [22℄. It has, however, been quoted as a shift for �(p�p ! t�t + X) of approximately��=� � �0:01�mt/GeV in a previous 
ombination of data at 760 pb�1 luminosity [39℄.In order to a

ount for this additional sour
e of systemati
 un
ertainty one 
an identify thisparameter mt with the on-shell mass and 
he
k that the pole mass values in Table 1 are
onsisted withmt = 172:5 GeV within �sysmt � �1 GeV. This assumption is motivated bythe fa
t, that the NLO 
omputations applied in the experimental analysis, e.g., MC�NLO [40℄or MCFM [41℄ 
ontain perturbative matrix elements at NLO in QCD using the pole masss
heme for the top quark. At the moment however, we are la
king further quantitativeinformation. Therefore it is reassuring to see that the potential shifts of �sysmt � �1 GeVare 
ontained well within the experimental error on mpolet in Table 1.The largest residual un
ertainty in the extra
tion of mMSt (mt) in Table 1 resides inthe dependen
e on the PDFs as 
an be seen by 
omparing the 
entral values for thesets ABM11, JR09, MSTW and NN21. Although the q�q parton luminosity is quite well
onstrained in the kinemati
al range of interest at the Tevatron, the di�eren
es in theindividual global �ts (value of �s(MZ) et
.) lead to a spread in the 
entral value ofmMSt (mt) � 162:0 GeV to 164:4 GeV. This is larger than the 
ombined PDF and �sun
ertainty of any individual set not quoted in Table 1 whi
h amounts to an additionalerror of �PDFmMSt (mt) � �0:7 GeV, ex
ept for JR09, where one �nds �PDFmMSt (mt) ��1:4 GeV. Yet, within the PDF un
ertainty the values of mMSt (mt) in Table 1 are largely
onsistent at the level of 1�.Combining the mMSt (mt) values in Table 1 from the 
ombined Tevatron measurements,we obtain the 
entral value of the MS mass and its asso
iated un
ertainty at NNLOmMSt (mt) = 163:3� 2:7 GeV ; (6)whi
h is equivalent to the top quark pole mass value ofmpolet = 173:3� 2:8 GeV ; (7)where all errors were added in quadrature in
luding the �sysmt��1 GeV dis
ussed above.Note that, although the total error is a fa
tor of four larger, the 
entral value is remarkably
lose to that of mexpt in eq. (3) determined from the top de
ay produ
ts at the Tevatron.When inje
ted in eq. (1), the value of the top pole mass above6 leads to the upperbound for va
uum stability to be realized (ignoring the theoreti
al and the experimental6One 
ould write dire
tly eq. (1) in terms of the MS top quark mass whi
h is in fa
t the basi
 inputentering the top Yukawa 
oupling whi
h is de�ned in the MS s
heme. This will prevent the unne
essarytranslation to the pole mass both in the stability bound and in the p�p! t�t 
ross se
tion. Su
h a formulawill be soon provided by the authors of Ref. [6℄. We thank Gino Isidori for a dis
ussion on this point.6



un
ertainties on the Higgs mass and on �s)MH � 129:4� 5:6 GeV ; (8)in whi
h the Higgs mass values MH � 124-127 GeV, indi
ated by the ATLAS and CMSsear
hes, 
omply in 
ontrast to the 
ase where the mass value of eq. (3) from kinemati
alre
onstru
tion at the Tevatron is used instead. Note also that the un
ertainties are mu
hlarger, a fa
tor of approximately 3, than if eq. (3) were used.Let us now turn to the LHC. The top quark mass extra
ted from the 
ombined AT-LAS and CMS measurements in eq. (5) is given in Table 2. While the un
ertainty�expmMSt (mt) � �2:3 GeV due to the experimental errors is similar to the Tevatronmeasurement the theoreti
al un
ertainty due to the s
ale variation is mostly larger, i.e.,�s
alemMSt (mt) � �1:1 GeV. The most striking observation in Table 2 is 
ertainly the verylarge spread in the 
entral value of mMSt (mt) � 159:0 GeV to 166:7 GeV depending on the
hosen PDF set. The 
ombined PDF and �s un
ertainty of the individual sets in Table 2is in the range �PDFmMSt (mt) � �1:0 GeV to 1:4 GeV and �PDFmMSt (mt) � �2:4 GeVfor JR09. This leads to 
onsisten
y between the 
entral values for mMSt (mt) for ea
h PDFset (
omparing Tevatron in Table 1 and LHC in Table 2) but the ones obtained for thedi�erent PDF sets at the LHC are not 
ompatible with ea
h other within the errors.ATLAS&CMS ABM11 JR09 MSTW08 NN21mMSt (mt) 159.0+2:1�2:0 +0:7�1:4 165.3+2:3�2:2 +0:6�1:2 166.0+2:3�2:2 +0:7�1:5 166.7+2:3�2:2 +0:8�1:3mpolet 168.6+2:3�2:2 +0:7�1:5 175.1+2:4�2:3 +0:6�1:3 176.4+2:4�2:3 +0:8�1:6 177.4+2:4�2:3 +0:8�1:4(mpolet ) (166.1+2:2�2:1 +1:7�2:3) (172.6+2:4�2:3 +1:6�2:1) (173.5+2:4�2:3 +1:8�2:5) (174.5+2:4�2:3 +2:0�2:3)Table 2: Same as Table 1 for the measurement of �(pp! t�t+X) at the LHC with ps = 7 TeVwhen the ATLAS and CMS results in eq. (5) are 
ombined.Also the LHC experiments assume in eq. (5) a mass of mt = 172:5 GeV when extrap-olating the number of measured events with top quark pairs to the in
lusive 
ross se
tion�(pp! t�t+X). However, no information on the mt dependen
e of this pro
edure is givenin Refs. [24,25℄ and the same self-
onsisten
y 
he
k applied above by 
omparing to the polemass value mpolet in the se
ond line of Table 2 shows that one should expe
t a signi�
antlylarger systemati
 un
ertainty. Thus, at present the determination of mMSt (mt) from the in-
lusive 
ross se
tion at LHC is very diÆ
ult, predominantly be
ause of la
king informationon the experimental systemati
s and be
ause of the strong 
orrelation of the top quarkmass with the value of �s and the gg parton luminosity in the theory predi
tions. Thelatter problem 
ould be addressed by 
ombining measurements of di�erent observables, forinstan
e, by using a novel method for the top quark mass determination from the ratio ofrates for pro
ess t�t+jets [42℄.The ultimate pre
ision on the top quark mass to be rea
hed at the LHC, however, ishard to predi
t at the moment. A total un
ertainty that is a fa
tor of two smaller thanthe present un
ertainty from the Tevatron measurements,�mpolet jLHC�expe
ted � 1:5 GeV ; (9)does not seem to be ex
luded at present, but more work is needed to rea
h this level.7



A very pre
ise and unambiguous determination of the top quark mass and, hen
e, thepossibility to derive a reliable upper bound on the Higgs mass for whi
h the ele
troweakva
uum would be stable, 
an only be performed at an e+e� 
ollider ILC with an energyabove ps= 350 GeV [43℄. Indeed, as a 
onsequen
e of its large total de
ay width, �t �1:5 GeV, the top quark will de
ay before it hadronises making non-perturbative e�e
tsrather small and allowing to 
al
ulate quite reliably the energy dependen
e of the e+e� !t�t produ
tion 
ross se
tion when an energy s
an is performed near the t�t kinemati
althreshold. The lo
ation of the 
ross se
tion rise allows to extra
t the value of the 1S-threshold top quark mass, while the shape and normalization provide information on thetotal width �t and on the strong 
oupling �s [48℄.The 
ross se
tion �(e+e� ! t�t) at threshold is known up to the next-to-next-to-leading-logarithm (NNLL) using renormalization group improvements and the next-to-next-to-next-to-leading order(N3LO) in the QCD 
oupling is almost 
omplete [31, 32℄. It 
ouldultimately be determined with a theoreti
al un
ertainty of ��(e+e� ! t�t) � 3% (theexperimental un
ertainties are mu
h smaller) but, as the impa
t on the threshold topquark mass determination is rather modest, an a

ura
y on mt mu
h below 100 MeV 
anbe a
hieved. This threshold mass 
an then be translated into the MS top quark massmMSt (whi
h 
an be dire
tly used as input in the Higgs mass stability bound equivalent toeq. (1) but in the MS s
heme) or the one in the on-shell s
heme, mpolet . The 
ombined ex-perimental and theoreti
al un
ertainty on the mass parameter mpolet at the ILC determinedin this way, i.e., by 
onversion form a short-distan
e mass, is estimated to be [31, 32℄mpolet jILC <� 200 MeV ; (10)i.e., an order of magnitude better than what 
an be a
hieved at the Tevatron and the LHC.In other words, the un
ertainty in the top quark mass determination will be so small atthe ILC that its impa
t on the stability bound eq. (1) will be
ome very mild. At su
h levelof a

ura
y, the two parameters whi
h will then be of 
on
ern are MH and �s.At a high-energy e+e� 
ollider, the Higgs mass 
an be measured with an a

ura
ybelow 100 MeV, and most probably �MH � 50 MeV, from the re
oil of the Z boson in theHiggs-strahlung pro
ess e+e� ! HZ ! H`+`� independently of the Higgs de
ays [43℄.At the e+e� 
ollider, �s 
an be determined with an a

ura
y 
lose to or better than theone 
urrently adopted (whi
h 
annot be 
onsidered to be 
onservative7) ��s = 0:0007 [10℄,7The world average �s(MZ) value quoted in eq. (2) is based on a 
omparison of QCD theory predi
tionsat least to NNLO a

ura
y with data on a variety of measurements in
luding jet rates and event shapesin e+e�-
ollisions, deep-inelasti
 s
attering (DIS), Z- and � -de
ays as well as entirely non-perturbativepredi
tions based on latti
e simulations. The very small un
ertainty of ��s =�0:0007 is remarkable asre
ent high pre
ision determinations of �s(MZ) have lead to results whi
h are only marginally 
ompatiblewithin their quoted errors. This is the 
ase for �s extra
tions from e+e�-annihilation, see e.g., [44℄or those based on DIS data [45℄. These di�eren
es 
an arise from theory assumptions su
h as power
orre
tions, hadronisation 
orre
tions and so on and, likewise, on the treatment of data, see e.g., Ref. [27℄for a 
omparative study in the 
ase of DIS. In Ref. [46℄ they have simply been averaged in an arithmeti
manner. Therefore, the un
ertainty due to �s atta
hed to MH in eq. (1), should be 
onsidered at presentas a lower bound at most. If instead, one adopts the value �s(MZ) = 0:1189� 0:0026 of Ref. [47℄ that hasbeen determined from Z ! q�q data and predi
ted to N3LO a

ura
y in QCD (and whi
h 
an be 
onsideredto be safe from short-
omings of other analyses) one would have an un
ertainty that is � 4 times largerthan in the 
ase of the world average eq. (2), generating an un
ertainty �MH � 2 GeV on the Higgs massbound eq. (1) at the 1� level. 8



in a single measurement; a statisti
al a

ura
y of ��s = 0:0004 is for instan
e quoted inRef. [49℄. This 
an be done either in e+e� ! q�q events on the Z-resonan
e (the so-
alledGigaZ option) or at high energies [43℄ or in a 
ombined �t with the top quark mass andtotal width in a s
an around the t�t threshold [48℄.Assuming for instan
e that a

ura
ies of about �mt � 200 MeV and ��s � 0:0004 
anbe a
hieved at the ILC, a (quadrati
ally) 
ombined un
ertainty of less than �MH � 0:5GeV on the Higgs mass bound eq. (1) 
ould be rea
hed. This would be of the same orderas the experimental un
ertainty, �MH <� 100 MeV, that is expe
ted on the Higgs mass.At this stage we will be then mostly limited by the theoreti
al un
ertainty in thedetermination of the stability bound eq. (1) whi
h is about �1 GeV. The major part ofthis un
ertainty originates from the the QCD threshold 
orre
tions to the 
oupling � whi
hare known at the two-loop a

ura
y [6, 7℄. It is 
on
eivable that, by the time the ILC willbe operating, the theoreti
al un
ertainty will de
rease provided more re�ned 
al
ulationsof these threshold 
orre
tions beyond NNLO are performed.The situation is illustrated in Fig. 1 where the areas for absolute stability, metastability8and instability of the ele
troweak va
uum are displayed in the [MH ; mpolet ℄ plane at the 95%
on�den
e level. The boundaries are taken from Ref. [6℄ but we do not in
lude additionallines to a

ount for the theoreti
al un
ertainty of �MH = �1 GeV (whi
h 
ould be redu
edin the future) and ignore for simpli
ity the additional error from the �s 
oupling.
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164Figure 1: The 2� ellipses in the [MH ;mpolet ℄ plane that one obtains from the 
urrent top quarkand Higgs mass measurements at the Tevatron and LHC and whi
h 
an be expe
ted in futuremeasurements at the LHC and at the ILC, when 
onfronted with the areas in whi
h the SMva
uum is absolutely stable, metastable and unstable up to the Plan
k s
ale.As 
an be seen, the 2� blue{dashed ellipse for the present situation with the 
urrentHiggs and top quark masses of MH = 126 � 2 GeV and mpolet = 173:3� 2:8 GeV, and in8This situation o

urs when the true minimum of the s
alar potential is deeper than the standardele
troweak minimum but the latter has a lifetime that is larger than the age of the universe [5℄. Theboundary for this region is also taken from Ref. [6℄. 9



whi
h the errors are added in quadrature, is large enough to 
over the three possibilitiesof absolute stability, metastability and also instability. Assuming the same 
entral valuesas above, the green{dashed 
ontour shows the impa
t of an improved a

ura
y on thetop quark and Higgs masses of �mpolet = �1:5 GeV and �MH = �100 MeV whi
h isexpe
ted to be a
hieved at the LHC with more a

umulated data. With the present
entral values (whi
h might of 
ourse 
hange with more a

urate measurements), only themetastability and a small area of the stability regions would be 
overed. The red{solid
ontour represents the expe
ted situation at the ILC where one 
ould rea
h a

ura
ies ofthe order of �MH = �50 MeV on the Higgs mass and �mpolet = �200 MeV on the topquark mass, if obtained from a short-distan
e mass, 
f., eq. (10). In this 
ase, only oneregion, the metastability region with the above assumed 
entral values, is 
overed (evenwhen the theoreti
al un
ertainty on the bound is in
luded).In 
on
lusion, the present values of the Higgs boson mass as measured at the LHC andthe top quark pole mass as determined through a measurement of the 
ross se
tion fortop-quark pair produ
tion at the Tevatron, and that we have 
al
ulated in this paper tobe mpolet = 173:3 � 2:8 GeV, are a�e
ted with too large un
ertainties whi
h do not allowto draw a �rm 
on
lusion on the important question whether the ele
troweak va
uum isindeed stable or not when the Standard Model is extrapolated up to the Plan
k s
ale. Thesituation will not dramati
ally improve with a more a

urate measurement of the Higgsboson mass at the LHC as the top quark mass, whi
h plays the dominant role in this issue,is not expe
ted to be measured to better than �1:5 GeV a

ura
y even after a signi�
antamount of LHC data. In parti
ular, if the 
entral mpolet value slightly moves downwards, itwill be still unde
ided if we are in the stable or metastable region. It is only at a linear e+e�
ollider where one 
ould determine in a theoreti
ally unambiguous and experimentally verypre
ise way the top quark mass in a s
an near the e+e� ! t�t kinemati
al threshold, andeventually measure also more a

urately the Higgs boson mass and the strong 
oupling
onstant �s, that the \fate of the universe" 
ould be ultimately de
ided.If the measured 
entral top quark and Higgs boson mass values turn out to be su
h thatone is 
lose to the 
riti
al boundary for va
uum stability, whi
h implies that the Higgs self{
oupling � and its �� fun
tion are very 
lose to zero at the Plan
k s
ale, it would open a widerange of interesting possibilities for new physi
s model building su
h as asymptoti
ally safegravitational theories [50℄ or in
ation models that use the standard Higgs parti
le as thein
aton [51℄. It is therefore very important that the intriguing possibility �(MP ) � 0 for theHiggs self-
oupling is veri�ed experimentally in the most a

urate manner. This providesa very strong argument in favor of the most unambiguous and a

urate determination ofthe top quark mass whi
h plays a 
ru
ial role in this issue.A
knowledgments: Dis
ussions with Gian Giudi
e and Gino Isidori on Ref. [6℄ and thismanus
ript are gratefully a
knowledged. We also thank J�er�emie Quevillon for helping todraw the �gure. AD thanks the CERN TH Unit for hospitality and support. This work hasbeen supported in part by the Deuts
he Fors
hungsgemeins
haft in Sonderfors
hungsbe-rei
h/Transregio 9, by the European Commission through 
ontra
t PITN-GA-2010-264564(LHCPhenoNet) and by the Fren
h ANR 
ontra
t TAPDMS ANR-09-JCJC-0146.10



Referen
es[1℄ Talks given by the ATLAS and CMS 
ollaborations at the CERN meeting, \Latest update in thesear
h for the Higgs boson", 04/07/2012.[2℄ P. Higgs, Phys. Lett. 12 (1964) 132; Phys.Rev. Lett. 13 (1964) 506; F. Englert and R. Brout,Phys.Rev. Lett. 13 (1964) 321; G. Guralnik, C. Hagen, T. Kibble, Phys.Rev. Lett. 13 (1964) 585.[3℄ For a review of SM Higgs physi
s,see A. Djouadi, Phys. Rept. 457, 1 (2008), hep-ph/0503172.[4℄ N. Cabibbo, L. Maiani, G. Parisi and R. Petronzio, Nu
l. Phys. B158, 295 (1979);B. Grzadkowski and M. Lindner, Phys.Lett. B178, 81 (1986);M. Lindner, M. Sher, and H. W. Zaglauer, Phys.Lett. B228, 139 (1989);M. Sher, Phys.Rept. 179, 273 (1989);G. Altarelli and G. Isidori, Phys.Lett. B337, 141 (1994);J. Casas, J. Espinosa, and M. Quiros, Phys.Lett. B342, 171 (1995), hep-ph/9409458;J. Espinosa and M. Quiros, Phys.Lett. B353, 257 (1995), hep-ph/9504241;T. Hambye and K. Riesselmann, Phys.Rev. D55, 7255 (1997), hep-ph/9610272;J. Elias-Miro et al., Phys.Lett. B709, 222 (2012), arXiv:1112.3022.[5℄ Sidney R. Coleman, Phys.Rev. D15, 2929 (1977);G. Isidori, G. Ridol�, and A. Strumia, Nu
l.Phys. B609, 387 (2001), hep-ph/0104016;J. Ellis et al., Phys.Lett. B679, 369 (2009), arXiv:0906.0954.[6℄ G. Degrassi et al., arXiv:1205.6497.[7℄ F. Bezrukov, M. Kalmykov, B. Kniehl, and M. Shaposhnikov, arXiv:1205.2893.[8℄ K. Chetyrkin and M. Zoller, JHEP 1206, 033 (2012).[9℄ L. N. Mihaila, J. Salomon, and M. Steinhauser, Phys.Rev.Lett. 108, 151602 (2012).[10℄ Parti
le Data Group, K. Nakamura et al., J.Phys.G G37, 075021 (2010).[11℄ ATLAS Collaboration, CMS Collaboration, S. Blyweert, (2012), arXiv:1205.2175.[12℄ Tevatron Ele
troweak Working Group, (2011), arXiv:1107.5255.[13℄ ATLAS Collaboration, G. Aad et al., arXiv:0901.0512;CMS Collaboration, G. Bayatian et al., J.Phys.G G34, 995 (2007).[14℄ D. Y. .Bardin et al., Comput. Phys. Commun. 133, 229 (2001), hep-ph/9908433;A. B. Arbuzov et al., Comput. Phys. Commun. 174, 728 (2006), hep-ph/0507146;M. Baak et al., Eur. Phys. J. C 72, 2003 (2012), arXiv:1107.0975;LEP Ele
troweak Working Group, arXiv:1012.2367.[15℄ I. Bigi, M. Shifman, N. Uraltsev, and A. Vainshtein, Phys. Rev. D50, 2234 (1994), hep-ph/9402360;M. Beneke and V. M. Braun, Nu
l.Phys. B426, 301 (1994), hep-ph/9402364;M. C. Smith and S. S. Willenbro
k, Phys.Rev.Lett. 79, 3825 (1997), hep-ph/9612329.[16℄ A. H. Hoang and I. W. Stewart, Nu
l.Phys.Pro
.Suppl. 185, 220 (2008), arXiv:0808.0222.[17℄ P. Z. Skands and D. Wi
ke, Eur.Phys.J. C52, 133 (2007), hep-ph/0703081.[18℄ S. Mo
h and P. Uwer, Phys.Rev. D78, 034003 (2008), arXiv:0804.1476;M. Beneke et al., Phys.Lett. B690, 483 (2010), arXiv:0911.5166;V. Ahrens et al., JHEP 1009, 097 (2010), arXiv:1003.5827;N. Kidonakis, Phys.Rev. D82, 114030 (2010), arXiv:1009.4935;M. Ca

iari et al., (2011), arXiv:1111.5869; M. Beneke et al., (2012), arXiv:1206.2454.[19℄ U. Langenfeld, S. Mo
h, and P. Uwer, Phys.Rev. D80, 054009 (2009), arXiv:0906.5273.[20℄ S. Mo
h, P. Uwer, and A. Vogt, (2012), arXiv:1203.6282.[21℄ P. B�arnreuther, M. Czakon, and A. Mitov, (2012), arXiv:1204.5201.[22℄ CDF Collaboration, (2009), CDF-note-9913,http://www-
df.fnal.gov/physi
s/new/top/
onfNotes/
df9913 ttbarxs4invfb.ps.[23℄ D0 Collaboration, V. M. Abazov et al., Phys.Lett. B704, 403 (2011), arXiv:1105.5384.11



[24℄ ATLAS Collaboration, (2011), ATLAS-CONF-2012-024, http://
dsweb.
ern.
h/re
ord/1430733.[25℄ CMS Collaboration, (2011), CMS-PAS-TOP-11-024, http://
dsweb.
ern.
h/re
ord/1401250.[26℄ D0 Collaboration, V. M. Abazov et al., Phys.Lett. B703, 422 (2011), arXiv:1104.2887.[27℄ S. Alekhin, J. Bl�umlein, and S. Mo
h, (2012), arXiv:1202.2281.[28℄ P. Jimenez-Delgado and E. Reya, Phys.Rev. D80, 114011 (2009), arXiv:0909.1711.[29℄ A. Martin, W. Stirling, R. Thorne, and G. Watt, Eur.Phys.J. C63, 189 (2009), arXiv:0901.0002.[30℄ R. D. Ball et al., Nu
l.Phys. B855, 153 (2012), arXiv:1107.2652.[31℄ A. Hoang et al., Eur.Phys.J.dire
t C2, 1 (2000), hep-ph/0001286.[32℄ A. Hoang, A. Manohar, I. W. Stewart, and T. Teubner, Phys.Rev. D65, 014014 (2002),A. Pineda and A. Signer, Nu
l.Phys. B762, 67 (2007), hep-ph/0607239;M. Beneke, Y. Kiyo, and K. S
huller, PoS RADCOR2007, 051 (2007), arXiv:0801.3464;A. Hoang and M. Stahlhofen, (2011), arXiv:1111.4486.[33℄ W. Beenakker et al., Nu
l.Phys. B411, 343 (1994);W. Bernreuther, M. F�u
ker, and Z.-G. Si, Phys.Rev. D74, 113005 (2006), hep-ph/0610334;J. H. K�uhn, A. S
harf, and P. Uwer, Eur.Phys.J. C51, 37 (2007), hep-ph/0610335.[34℄ K. Hagiwara, Y. Sumino, and H. Yokoya, Phys.Lett. B666, 71 (2008), arXiv:0804.1014;Y. Kiyo et al., Eur.Phys.J. C60, 375 (2009), arXiv:0812.0919;M. Beneke, P. Falgari, S. Klein, and C. S
hwinn, Nu
l.Phys. B855, 695 (2012), arXiv:1109.1536.[35℄ F. Jegerlehner and M. Y. Kalmykov, Nu
l.Phys. B676, 365 (2004), hep-ph/0308216.[36℄ N. Gray, D. J. Broadhurst, W. Grafe, and K. S
hil
her, Z.Phys. C48, 673 (1990);K. Chetyrkin and M. Steinhauser, Nu
l.Phys. B573, 617 (2000), hep-ph/9911434;K. Melnikov and T. v. Ritbergen, Phys.Lett. B482, 99 (2000), hep-ph/9912391.[37℄ M. Aliev et al., Comput.Phys.Commun. 182, 1034 (2011), arXiv:1007.1327.[38℄ K. Chetyrkin, J. H. K�uhn, and M. Steinhauser, Comput.Phys.Commun. 133, 43 (2000).[39℄ CDF Collaboration, (2006), CDF-note-8148,http://www-
df.fnal.gov/physi
s/new/top/
onfNotes/
df8148 ttbar xs 
ombo.ps.[40℄ S. Frixione, P. Nason, and B. R. Webber, JHEP 0308, 007 (2003), hep-ph/0305252.[41℄ J. M. Campbell and R. K. Ellis, Phys.Rev. D65, 113007 (2002), hep-ph/0202176;J. M. Campbell and R. K. Ellis, (2012), arXiv:1204.1513.[42℄ S. Alioli et al., (2012), arXiv:1206.1750.[43℄ ECFA/DESY LC Physi
s WG, E. A

omando et al., Phys.Rept. 299, 1 (1998), hep-ph/9705442;ECFA/DESY LC Physi
s WG, J. Aguilar-Saavedra et al., (2001), hep-ph/0106315;Ameri
an Linear Collider WG, T. Abe et al., (2001), hep-ex/0106055{hep-ex/0106058;ACFA Linear Collider WG, K. Abe et al., (2001), hep-ph/0109166;ILC, G. Aarons et al., (2007), arXiv:0709.1893.[44℄ T. Gehrmann, M. Jaquier, and G. Luisoni, Eur.Phys.J. C67, 57 (2010), arXiv:0911.2422;R. Abbate et al., arXiv:1204.5746; J. S
hie
k et al., (2012), arXiv:1205.3714.[45℄ S. Alekhin, J. Bl�umlein, S. Klein, and S. Mo
h, Phys.Rev. D81, 014032 (2010), arXiv:0908.2766;P. Jimenez-Delgado and E. Reya, Phys.Rev. D79, 074023 (2009), arXiv:0810.4274;A. Martin, W. Stirling, R. Thorne, and G. Watt, Eur.Phys.J. C64, 653 (2009), arXiv:0905.3531;R. D. Ball et al., Phys.Lett. B707, 66 (2012), arXiv:1110.2483.[46℄ Parti
le Data Group, J. Beringer et al., Phys.Rev. D86, 010001 (2012).[47℄ P. Baikov, K. Chetyrkin, J. K�uhn, and J. Rittinger, Phys.Rev.Lett. 108, 222003 (2012).[48℄ M. Martinez and R. Miquel, Eur.Phys.J. C27, 49 (2003), hep-ph/0207315.[49℄ M. Winter, ILC note PHSM-2001-016;http://www-

.desy.de/l
notes/notes/LC-PHSM-2001-016.ps.gz.[50℄ See for instan
e, M. Shaposhnikov and C. Wetteri
h, Phys.Lett. B683, 196 (2010).[51℄ See for instan
e, F. Bezrukov and M. Shaposhnikov, Phys.Lett. B659, 703 (2008);I. Masina and A. Notari, Phys.Rev.Lett. 108, 191302 (2012).12


