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ione�desy.de,galaverni�iasf.bo.it, liberati�sissa.it, guenter.sigl�desy.deAbstra
t. We study, within an e�e
tive �eld theory framework, O(E2=M2Pl) Plan
k-s
ale suppressed Lorentz invarian
e violation (LV) e�e
ts in the neutrino se
tor, whosesize we parameterize by a dimensionless parameter �� . We �nd deviations frompredi
tions of Lorentz invariant physi
s in the 
osmogeni
 neutrino spe
trum. Forpositive O(1) 
oeÆ
ients no neutrino will survive above 1019 eV. The existen
eof this 
uto� generates a bump in the neutrino spe
trum at energies of 1017 eV.Although at present no 
onstraint 
an be 
ast, as 
urrent experiments do not haveenough sensitivity to dete
t ultra-high-energy neutrinos, we show that experiments in
onstru
tion or being planned have the potential to 
ast limits as strong as �� . 10�4on the neutrino LV parameter, depending on how LV is distributed among neutrinomass states. Constraints on �� < 0 
an in prin
iple be obtained with this strategy, butthey require a more detailed modeling of how LV a�e
ts the neutrino se
tor.1. Introdu
tionOver the last �fteen years there has been 
onsistent theoreti
al interest in possible smalldeviations from the exa
t lo
al Lorentz Invarian
e (LI) of general relativity as well as a
ourishing of observational tests. The theoreti
al interest is driven primarily by ideasin the Quantum Gravity (QG) 
ommunity that Lorentz invarian
e may not be an exa
tlo
al symmetry of the va
uum. The possibility of outright Lorentz symmetry violation(LV) or a di�erent realization of the symmetry than in spe
ial relativity has arisen instring theory [1, 2℄, Loop QG [3, 4, 5℄, non-
ommutative geometry [6, 7, 8, 9℄, spa
e-time foam [10℄, some brane-world ba
kgrounds [11℄, and 
ondensed matter analoguesof \emergent gravity" [12℄. As well, allowing the fundamental theory of gravity to benon-relativisti
 in the ultraviolet 
an make gravity renormalizable while avoiding some
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tions with higherderivative terms [13℄.Constru
ting useful tests for the various a
tive models and ideas is therefore vital.Sin
e there are so many theoreti
al models around, a good approa
h is to work withina 
al
ulable framework where all possible LV terms are parameterized. Ea
h theorythen pi
ks out a 
ertain 
ombination of terms whi
h 
an be 
onstrained. In this vein,a standard method is to simply analyze a Lagrangian 
ontaining the standard model�elds and all LV operators of interest that 
an be 
onstru
ted by 
oupling the standardmodel �elds to new LV tensor �elds that have non-zero va
uum expe
tation valuesz.All renormalizable LV operators that 
an be added to the standard model in thisway are known as the Standard Model Extension (SME) [16℄. These operators all havemass dimension three or four and 
an be further 
lassi�ed by their behavior under CPT.Higher mass dimension operators 
an be systemati
ally explored as well, whi
h is usefulin 
ase the naive EFT hierar
hy breaks down due to other new physi
s (e.g. SUSY) orquantum gravity introdu
ing a 
ustodial me
hanism for the renormalizable operators inthe infrared.The CPT odd dimension �ve kineti
 terms for QED 
oupled to a non-zero ve
tor�eld were written down in [17℄ while the full set of dimension �ve operators with ave
tor were analyzed in [18℄. The dimension �ve and six CPT even kineti
 terms forQED for parti
les 
oupled to a non-zero ba
kground ve
tor, whi
h we are primarilyinterested in here, were partially analyzed in [19℄. The full set of dimension �ve and sixoperators for QED has re
ently been introdu
ed in [20℄. It is notable that SUSY forbidsrenormalizable operators for matter 
oupled to non-zero ve
tors [21℄ but permits 
ertainnonrenormalizable operators at mass dimension �ve and six.Many of the parameterized LV operators have been very tightly 
onstrained viadire
t observations (see [22, 23, 14, 24℄ for reviews). In parti
ular, the dimension�ve and six CPT even operators for LV with a ve
tor �eld have been re
entlydire
tlyx 
onstrained in the hadroni
 se
tor by exploiting ultra-high energy 
osmi
-ray observations [26℄ performed by the Pierre Auger Observatory (PAO). Indeed, the
onstru
tion and su

essful operation of this instrument has brought UHECRs to theinterest of a wide 
ommunity of s
ientists and it is expe
ted to allow, in the near future,the assessment of several problems of UHECR physi
s and also to test fundamentalphysi
s (in parti
ular Lorentz invarian
e in the QED se
tor) with unpre
edentedz There are other approa
hes to either violate or modify Lorentz invarian
e, that do not ne
essarilyyield a low energy EFT (see [14℄ and refs therein). However, these models do not easily lend themselvesto parti
le physi
s 
onstraints as the dynami
s of parti
les is less well understood and hen
e we do not
onsider them here. In parti
ular, we remark here that ideas of deformation, rather than breaking, ofthe Lorentz symmetry (see, e.g., [15℄) do not have an ordinary-EFT formulation, hen
e they 
annot betested with the arguments presented in this work.x Noti
e that all these operators 
an be indire
tly 
onstrained by EFT arguments [25℄, as higherdimension LV operators indu
e large renormalizable ones if we assume no other relevant physi
s entersbetween the TeV and MPl energies. SUSY, however, is an example of new relevant physi
s that 
an
hange this.
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ision [27, 28, 29℄.The UHECR 
onstraints [30, 31, 32, 33, 34, 35, 26, 36℄ rely on the behaviorof parti
le rea
tion thresholds with LV, whi
h are one of the best methods in theEFT approa
h to 
onstrain nonrenormalizable LV operators. Many LV operatorsgive modi�ed dispersion relations for free parti
les, where the energy as a fun
tion ofmomentum deviates slightly from the spe
ial relativisti
 form. For threshold rea
tionswhat matters is not the size of the LV 
orre
tion to the energy 
ompared to the absoluteenergy of the parti
le, but instead the size of the LV 
orre
tion to the mass of theparti
les in the rea
tion. Hen
e the LV terms usually be
ome important when their sizebe
omes 
omparable to the mass of the heaviest parti
le. If the LV term s
ales withenergy as En, then this 
riti
al energy is E
r � �m2Mn�2Pl �1=n [37℄. A

ording to thisreasoning, the larger the parti
le mass the higher is the energy at whi
h threshold LVe�e
ts 
ome into play. This is why & TeV ele
trons and positrons, but not protons,
an be used to 
onstrain n = 3 LV [38℄, and why UHE protons are needed to obtain
onstraints on hadroni
 LV with n = 4 s
aling (whi
h 
orresponds to CPT even massdimension �ve and six operators).From this point of view, neutrinos, with their tiny mass of order m� ' 0:01 eV[39℄, are in prin
iple the most suited parti
les to provide strong 
onstraints on LV,at least for rea
tions involving only neutrinos. One su
h rea
tion is that of neutrinoos
illation. Indeed, for a de
ade neutrino os
illations have proven to be ex
ellent testsof the SME and other LV models [40, 20, 41, 42, 43℄ as when the LV 
orre
tions arenear the neutrino mass, the os
illation pattern 
an 
hange as a fun
tion of energy,dire
tion and mass. ICECUBE may even be able to probe dimension six operatorswith time of 
ight te
hniques with TeV neutrinos from distant Gamma Ray Bursts [44℄.UHECR experiments have also the 
apability of pla
ing 
onstraints on SME parametersby exploiting neutrino os
illations [45℄k. One 
an 
onstru
t 
omplementary and in somemeasures even more sensitive neutrino tests of higher dimension operators by leveragingobservables whi
h deviate more strongly from their spe
ial relativisti
 values as theneutrino travel distan
e in
reases. One su
h observable is found to be related to UHEneutrino spe
trum observations.Despite the threshold being low for LV e�e
ts to ki
k in, neutrinos with ultra-highenergy are ne
essary to a
hieve a signal, as they intera
t so weakly that the phasespa
e for a LV rea
tion must be huge to generate an appre
iable rate. This requirementimplies that, sin
e the LV terms and hen
e the phase spa
e grow with energy, verylarge energies are needed. Indeed, for renormalizable operators, where the phase spa
edoes not grow qui
kly enough, rea
tions of the type we 
onsider here never a
hievethe ne
essary rate given 
urrent bounds on their 
oeÆ
ients, even for UHE neutrinosover 
osmologi
al distan
es [46, 40℄. However, for the CPT even non-renormalizableoperators the situation is di�erent, and we �nd that for energies of order 1017 eV there
an be a signi�
ant modi�
ation of the spe
trum. Next generation neutrino dete
torsk We noti
e that in the same work [45℄ the pro
ess of neutrino de
ay is dis
ussed, but in a di�erent
ontext than what we 
onsider here.
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h as ANITA [47℄ and SuperEUSO [48, 49℄ are sensitive to neutrinos of energies> 1019 eV. Further experiments, like the planned ARIANNA [50, 51℄ and I
eRay [52℄,will 
over the range 1017 � 1020 eV.In the present work we study how limits on the absolute s
ale of non-renormalizableCPT even LV neutrino parameters 
an be obtained from UHE neutrino observations. Inparti
ular we will determine the energy s
ale where the neutrino spe
trum might beginto deviate as a fun
tion of the size of the LV 
oeÆ
ients. With three neutrino spe
iesas well as assorted light leptons possibly involved, the spe
trum as a fun
tion of variousLV parameters 
an only be 
omputed by a detailed parameterized numeri
al sear
h.At this stage, where LV in this se
tor is only spe
ulative, we feel that su
h a sear
h isunwarranted. However, we will show the \best 
ase" s
enario for a LV neutrino signalwith dimension six operators as well as a s
enario where a signal in the UHE spe
trumis mu
h more subtle even though LV is still relatively strong.This paper is stru
tured as follows. In se
tion 2 we des
ribe the theoreti
al LVframework in whi
h we will derive the LV e�e
ts on the UHE neutrino spe
trum. Inse
tions 3 and 4 we will give general information on the standard understanding ofUHE neutrino generation by UHECRs, and we will present and detail the main LVrea
tions possibly a�e
ting their spe
trum. Se
tion 5 is devoted to present results inour test 
ases. In Se
tion 6 we dis
uss the possible role of other pro
esses than neutrinosplitting. In se
tion 7 we will report our �nal remarks and 
on
lusions.2. Theoreti
al frameworkIn order to study the phenomenologi
al 
onsequen
es of LV indu
ed by QG, the existen
eof a dynami
al framework in whi
h to 
ompute rea
tion thresholds and rates is essential.We assume that the low energy e�e
ts of LV 
an be parameterized in terms of a lo
alEFT. Furthermore, for simpli
ity we assume that only boost invarian
e is broken, whilerotations are preserved (see [22℄ for further 
omments on rotation breaking in this
ontext). Therefore we introdu
e LV by 
oupling standard model �elds to a non-zerove
tor. More 
ompli
ated forms 
ould of 
ourse be 
hosen, however this would introdu
esigni�
ant dire
tion dependen
e. With low statisti
s already for neutrino observatories,disentangling dire
tion dependen
e would be a diÆ
ult task.We fo
us on the CPT even mass dimension �ve and six operators involving a ve
tor�eld ua (whi
h we assume to des
ribe the preferred referen
e frame in whi
h the CMB isseen as isotropi
) 
oupled to a Dira
 neutrino  in a mass eigenstate with mass m thatare quadrati
 in matter �elds and hen
e modify the free �eld equations. Negle
ting theleft-handed heli
ity of neutrinos for a moment, the Lagrangian for a generi
 fermion isthe usual Dira
 term plus [19℄ h� 1MPl (u �D)2(�(5)L PL + �(5)R PR) (1)� iM2Pl (u �D)3(u � 
)(�(6)L PL + �(6)R PR)
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)(~�(6)L PL + ~�(6)R PR)i ;where ua is a timelike unit ve
tor des
ribing the preferred frame, PR and PL are theusual right and left proje
tion operators, PR;L = (1�
5)=2, and D is the gauge 
ovariantderivative. The � 
oeÆ
ients are dimensionless.For fermions, at E � m the heli
ity eigenstates are almost 
hiral, with mixing dueto the parti
le mass and the dimension �ve operators. Sin
e we will be interested inhigh energy states, we re-label the � 
oeÆ
ients by heli
ity, i.e. �(d)+ = �(d)R ; �(d)� = �(d)L .The resulting high energy dispersion relation for positive and negative heli
ity parti
les
an easily be seen from (1) to involve only the appropriate �(d)+ or �(d)� terms. For
ompa
tness, we denote the heli
ity based dispersion by �(d)� . Therefore at high energieswe have the dispersion relationE2 = p2 +m2 + f (4)� p2 + f (6)� p4M2Pl ; (2)where f (4)� = mMPl (�(5)� + �(5)+ ) and f (6)� = 2�(6)� + �(5)� �(5)+ . We have dropped the ~�(6)R;Lterms as the � operator present in these terms makes the 
orre
tion to the equationsof motion proportional to m2 and hen
e tiny.The dimension �ve fermion operators indu
e two 
orre
tions, one proportional toE4 and one 
orresponding to a 
hange in the limiting speed of the fermion away from
. The se
ond e�e
t, generated by f (4) is naturally of order 10�30 due to the masssuppression for neutrinos and hen
e 
an also be disregarded. Furthermore, we 
androp the positive heli
ity 
oeÆ
ients, as the dominant signal will be from left-handedneutrinos produ
ed by standard model 
ouplings. Finally, sin
e CPT is 
onserved, andneutrinos and antineutrinos exist only in opposite states of heli
ity, f (6)� � �� = f (6)�� .All these lovely properties of neutrinos mean we have just one LV 
oeÆ
ient, while inother 
ases [26℄ further assumptions, su
h as parity preservation, are needed to redu
ethe number of free parameters. The �nal dispersion relation we assume in this work forea
h mass eigenstate neutrinos and antineutrinos isE2� = p2 +m2� + ��I p4M2Pl ; (3)where I denotes the mass eigenstate of the neutrino. There is no reason why ea
h masseigenstate needs have the same 
oeÆ
ient, and indeed whether or not they do makes adramati
 di�eren
e in the observed spe
trum. In parti
ular, we will study two 
ases: inthe \
avor blind" 
ase all the ��I have roughly the same magnitude, whi
h translatesin all the LV e�e
ts being essentially independent of 
avor; in the \
avor dependent"
ase the ��I are instead di�erent for di�erent mass states, whi
h makes the LV e�e
tsdepend upon 
avor states. Among the \
avor blind" 
ases we 
an �nd a \best 
ase"s
enario, in whi
h the e�e
ts of LV are maximal, as well as a \worst 
ase" s
enario, inwhi
h LV is present but is ine�e
tive in the 
ontext of UHE neutrinos we are dis
ussingnow.A fairly a

urate general estimate of the minimum energy in whi
h LV 
orre
tions inequation (3) is relevant is obtained, as stated previously, by 
omparing the largest mass
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les entering in the LV rea
tion with the magnitude of the LV 
orre
tionin these equations [37℄. In our 
ase, assuming ��I � 1, the typi
al energy at whi
hLV 
ontributions start to be relevant is of order Eth � pm�MPl ' 1013 eV, assumingm� ' 10�2 eV. This energy of 10 TeV allows observatories su
h as ICECUBE to possibly
onstrain these operators in the future using neutrino os
illations. We instead fo
us on
hanges to the UHE neutrino spe
trum indu
ed by these operators.3. UHE neutrinos and LVIf we negle
t exoti
 sour
es of UHE neutrinos (as suggested in many top-down modelsfor the produ
tion of UHECRs, now disfavored by the 
urrent experimental photonlimits), the \
osmogeni
" neutrino 
ux is 
reated [53, 54, 55, 56℄ via the de
ay of
harged pions produ
ed by the intera
tion of primary nu
leons with CMB photons aboveEpr ' 5 � 1019 eV, the Greisen-Zatsepin-Kuz'min (GZK) e�e
t [57℄. HiRes [58℄ andAUGER [59℄ spe
tral observations seem to 
on�rm the presen
e of a GZK suppressionin the UHECR spe
trum. Although the suppression of the UHECR spe
trum 
ould bealso due to the maximal a

elerating power of UHECR sour
es, the fa
t that it o

ursat just the right energy for being GZK taking pla
e during propagation, and the results[60℄ on the 
orrelation of the UHECR arrival dire
tions with the large s
ale distributionof matter within � 75 Mp
, seem to favor the GZK explanation. Motivated by these
onsiderations, we make here the hypothesis that the GZK rea
tion is at work duringUHECR propagation.We have 
he
ked numeri
ally that the pro
ess of pion de
ay is not strongly a�e
tedby the above LV if only neutrinos are LV. One might ask in general if LV e�e
ts inthe hadroni
 se
tor, whi
h we have so far negle
ted, 
an matter in the produ
tion ofUHE neutrinos. We 
an negle
t the hadroni
 se
tor be
ause of the tight 
onstraintsalready pla
ed on su
h LV operators [27, 28, 29, 26℄, whi
h are stronger than what willbe 
onsidered here.Violation of Lorentz invarian
e however introdu
es new phenomena in thepropagation of UHE neutrinos. A partial list of these e�e
ts in
ludes:Modi�ed � os
illations Sin
e the LV is parameterized in the mass eigenstate, theLV terms a
t as 
ontributions to an e�e
tive mass and 
ontribute to neutrinoos
illations. Cosmogeni
 neutrinos are not the right phenomena with whi
h tostudy modi�ed os
illations as they have os
illated many times during their 
ightfrom an unknown sour
e, making it extremely hard to derive os
illation 
onstraints.ICECUBE and other neutrino observatories may be sensitive to these operators foratmospheri
 neutrinos.�-�Cerenkov �Cerenkov radiation in va
uum via 
harge-radius 
oupling or gravity:� ! �
. This possibility has been already investigated for renormalizableoperators [46, 40℄. The rate is too small for both renormalizable operators (at
urrent limits) or non-renormalizable operators, even for 
osmogeni
 neutrinos. Italso involves additional LV 
oeÆ
ients for photon emission and perhaps new modes
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ompli
ating the analysis and, at best, yieldingless de�nitive limits.�-splitting : � ! ����. This e�e
t is what we fo
us on in the following, as it ex
lusivelyinvolves the neutrino se
tor and has a high enough rate to be seen at UH energies.�-pair emission : � ! �Z ! �f �f . Here, f represents some other fermion spe
iesbesides neutrinos. Ele
trons are the only fermion spe
ies light enough to have ane�e
t 
ompared to �-splitting at UH energies. We initially will ignore this rea
tion,but we will 
onsider the possible e�e
ts of ele
tron pair and hadroni
 emission inse
tion 6.4. Neutrino SplittingTo understand how a neutrino 
an split into three, it suÆ
es to 
al
ulate the thresholdenergy for this rea
tion to o

ur, whi
h in a Lorentz invariant s
enario would be in�nite.Let us 
ompute the threshold for the de
ay �A(p)! �A(p0)�B(q)��B(q0), where �A, �B areneutrinos of massmA,mB and p; p0; q; q0 are the momenta. In the threshold 
on�gurationthe momenta of the outgoing parti
les are all aligned and parallel to the dire
tion of thein
oming neutrino momentum [62℄, hen
e we 
hoose all momenta to be in the z-dire
tion.Let x,y and t be the fra
tion of initial momentum 
arried respe
tively by the outgoing�A, by �B, and by ��B, t = 1�x�y and 0 < x; y; t < 1. For a general dispersion relationwith LV term �(n)pn=Mn�2Pl the threshold equation (the energy 
onservation equationimposing momentum 
onservation) 
an then be written aspnMn�2Pl ��(n)�A (1� xn�1)� ��B(yn�1 + tn�1)� = m2�A 1� xx +m2�B �1y + 1t� :(4)When LI is exa
t, the left hand side vanishes and there is no solution. With LV, inthe simple 
ase where n = 4 and A = B, we obtain the equationp4M2Plm2�A �(4)�A = 13xyt : (5)The minimum of the right-hand side in the equation above is 9 and is attained atx = y = t = 1=3, hen
e the threshold energy is given byp�!����th(4) =vuut3MPlm�A��(4)�A�1=2 ' 20 TeVvuut m�A10�2 eV ��(4)�A�1=2 : (6)Note that ��A must be positive in order for there to be splitting, i.e. we mustdeal with superluminal neutrinos. If A 6= B then the threshold energy must be solvedfor numeri
ally as the LV parameter and mass are generi
ally di�erent. However, theexisten
e of a �nite threshold 
an still be shown for appropriate values of ��A and ��B . Inthe latter 
ase, the 
oeÆ
ients do not need to be all positive for there to be a threshold,however it is ne
essary that ��B < ��A � K(p), where K(p) is a positive number thatdepends on the in
oming momentum. Thresholds for negative 
oeÆ
ients have been
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oeÆ
ients.{However, for UHE neutrinos it is more diÆ
ult to extra
t 
onstraints, as we shall dis
ussin Se
tion 5.2.4.1. The best 
ase s
enario: 
avor blind LVNeutrinos 
reated in a 
avor eigenstate are, of 
ourse, a 
ombination of mass eigenstates.In order to maximize the neutrino splitting signal one would want all mass eigenstatesto split (\
avor blind" s
enario). The best 
ase s
enario is therefore when ��I > 0 forea
h I and ea
h ��I is of the same order of magnitude (so all states begin to de
ay atthe same energy). As our best 
ase s
enario then we take ��I equal and positive for allI.4.1.1. De
ay time 
omputation Let us now 
onsider, within the above \
avor blinds
enario", energies well above threshold so that neutrinos do e�e
tively split, and thebest 
ase 
ombination of the ��I . The splitting rate 
an be 
al
ulated from the neutrinowidth �tot;A =XB �AB ; (7)where the sum runs over the open splitting 
hannels and �AB represents the partialwidth for the 
hannel �A ! �A�B��B. �AB is simply�AB = 12Ep � Z jMABj2 � d�AB ; (8)where �AB represents the phase spa
e of the �nal states and MAB the matrix elementfor the pro
ess. The dominant 
hannel for neutrino splitting is via the tree level neutral
urrent intera
tion. The matrix element for this intera
tion isMAB / g24 
os2 �w �uA(p0)
�PLuA(p) g��r2 �M2Z + iMZ�Z �uB(q0)
�PLvB(q) ; (9)where g is the 
harged 
urrent ele
tro-weak 
oupling 
onstant, PL is the usual spinproje
tor, �w is the Weinberg angle and r� represent the 4-momentum 
omponents ofthe Z boson. u and v are the spinors asso
iated with �A and �B, their fun
tional form
an be found in [19℄. r2 is at most the order of p4=M2P l and hen
e for any in
omingmomenta p < 1019:5 eV r2 �M2Z . After some brute for
e algebra, we end withMAB / g24M2Z 
os2 �wp16EpEp0EqEq0 � F (�) ; (10)where � is the angle between in
oming and outgoing �A and F (�) is a 
ompli
atedfun
tion of �.{ We noti
e here that a

ording to our eq. (4) neutrino splitting is forbidden for superluminal neutrinosin the 
ase n = 1 studied e.g. in [64℄. Although the model presented in [64℄ does not have an EFTdes
ription, a simple threshold 
omputation under the assumption of energy-momentum 
onservationand equal values of masses and LV parameters for neutrinos and antineutrinos shows that if neutrinosplitting is possible also in that framework, values �(1)� � �10�51 
an be probed by � 1019 eV neutrinos.
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e, d�AB is given byd�AB = (2�)4Æ(4)(pin �X pout) d3p0(2�)32Ep0 d3q0(2�)32Eq0 d3q(2�)32Eq : (11)We integrate over q0 and we are left withd�AB = 18(2�)5 Æ(Ep � Ep0 � Eq � Eq0) d3p0d3qEp0EqEq0 : (12)Substituting MAB and d�AB ba
k into (8) we have�AB = g416(2�)5M4Z
os4�w Z Æ(Ep � E 0p � Eq � E 0q)d3p0d3qF 2 : (13)We now turn to estimating the size of the remaining integral well above threshold,as UHE neutrinos are far in ex
ess of the neutrino splitting threshold around 20 TeV.Temporarily, we will set �� = 1 and re-insert it at the end. We �rst assume that theopening angle for all three neutrinos is roughly equal, as is true over most of phase spa
e.In this 
ase, F (�) 
an be approximated as (1� 
os�). The opening angle � vanishes asMP l ! 1, and is small even for UHE neutrinos. F (�) then redu
es to F (�) = �2=2.Indeed, � is given by the typi
al transverse momenta p? divided by the longitudinalmomenta pk. The 
hara
teristi
 size of p? 
an be estimated by energy 
onservation,re
ognizing that when energy is 
onserved any \ex
ess" energy from LV goes into theenergy needed to 
reate transverse momenta. Formally this implies thatp3kM2Pl � p2?p k; (14)i.e. p? � p2k=MPl. pk itself for any parti
le 
an range from almost 0 to almost the initialenergy Ep well above threshold. The available phase spa
e volume for the remainingoutgoing parti
les 
an therefore be approximated (although somewhat overestimated)as a 
ylinder with length Ep and radius E2p=MPl, whi
h has a total volume of �E5p=M2Pl.Similarly, � 
an be estimated as � � pk=MPl � Ep=MPl. The Æ-fun
tion in energysimply removes one fa
tor of energy from our equation. Putting these expressions ba
kinto (13) we �nd�AB � g416(2�)5M4Z
os4�w 1Ep ��E5pM2Pl�2 E4p4M4Pl ; (15)or, simpli�ed �AB � G2F64�3M8PlE13 ; (16)where we used GF=p2 = g2=(8M2Z 
os2 �w). If we now want to restore the �� fa
tor, wenoti
e that we must put one �� for ea
h M�2Pl . In the end, the total rate is 
omputedby adding the partial rates for ea
h neutrino 
avor, whi
h is equivalent to multiply by3. Hen
e, we have����� � 3G2F64�3 �4�E13M8Pl : (17)
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an be turned into a de
ay length asL���� = 
����� � 1:7� 10�3 Mp
 ��4� � E1019 eV��13 : (18)This makes 
lear we need to push the required energies above 1018:5 eV (with �� = 1)for the rate to be appre
iable. As a �nal remark, we noti
e that the de
ay length inEq. (18) strongly depends on both the energy and ��. Therefore, the error about itsa
tual magnitude we might have made in our estimate will re
e
t in very small errorsin the determination of the energy at whi
h LV e�e
ts start to be relevant as well as ofthe 
onstraint on ��.4.1.2. Z boson resonan
e At su
h high energies the Z 
ould be real - i.e. there is aresonan
e in the matrix element. Even in this regime, however, the neutrino de
aytime 
an be 
omputed easily, as the only hypothesis one has to relax is that the Z 4-momentum r satis�es r2 �M2Z . The magnitude of r2 
an be easily 
omputed exploitingthe kinemati
 equations. We obtain r2 = 16=27��E4�=M2Pl. The �nal de
ay length is thenL���� � 1:7� 10�3 Mp
 ��4� � E�1019 eV��13 � "�1� 1627�� E4M2PlM2Z�2 + � �ZMZ�2# : (19)A 
omparison between the two di�erent de
ay lengths, Eq. (18) and Eq. (19), 
an befound in Fig. 1. The Z resonan
e is hit at E4 = 27=16 (��1� M2PlM2Z). We noti
e that even
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Figure 1. Comparison between 
omputations of the de
ay length without(Eq. (18)/red dashed line), and with (Eq. (19)/bla
k solid line) the Z boson resonan
e.though the two 
omputations lead to very di�erent results above the resonan
e, theywill not lead to any appre
iable e�e
t in the neutrino spe
tra, as at su
h energies thede
ay lengths are anyway mu
h smaller than the propagation distan
e of 
osmologi
alneutrinos.
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ase: 
avor dependent LVIn the 
avor blind 
ase above every mass eigenstate undergoes splitting. It is easyto 
onstru
t a s
enario where only one mass eigenstate de
ays - one eigenstate has apositive � LV 
oeÆ
ient while the other two have no LV. While this is unnatural insome sense, it serves as a ni
e example to illuminate a method to easily hide LV.The neutrino spe
trum produ
ed by the GZK pro
ess has a distin
t distribution in
avor states of 1/3 �e and 2/3 ��. Therefore, in order to 
al
ulate a spe
trum with LVwe need to 
onvert this 
avor spe
trum into a mass spe
trum, i.e. we need to 
hoose aneutrino mixing model. For our purposes we 
hoose tribimaximal mixing [73, 39℄, whi
hsatis�es 
urrent experimental 
onstraints and provides a simple mixing matrix. Withtribimaximal mixing the GZK neutrino spe
trum has equal distribution over all masseigenstates.Now that we have spelled out out test models we shall pro
eed dis
ussing the resultsfor both s
enarios.5. ResultsThe net e�e
t of neutrino splitting is very simple. It kills one neutrino of energy Eand 
reates 3 neutrinos of average energy E=3, provided the parent neutrino is abovethreshold and has a reasonable life time. As we showed in se
. 4.1.1, for a life timeshorter than the age of the Universe, the neutrino energy has to be above 1018:5 eV,i.e. we need to probe UHE neutrinos.The e�e
ts of neutrino splitting on the UHE neutrino spe
trum are twofold and
an be understood qualitatively as follows.Flux suppression at UH energies The splitting is e�e
tively an energy loss pro
essfor UHE neutrinos. If the rate is suÆ
iently high, the energy loss length 
an bebelow 1 Mp
. Let us 
all �E(��) the energy at whi
h this happens. Then, beingGZK neutrinos produ
ed mainly at distan
es larger than 1 Mp
, we do not expe
tany neutrino to be dete
ted at Earth with E > �E.The mere observation of neutrinos up to a 
ertain energy Eobs would imply a
onstraint, a

ording to Eq. 18�(4)� . � Eobs6� 1018 eV��13=4 : (20)Flux enhan
ement at sub-UH energies Neutrinos lose energy by produ
ing lowerenergy neutrinos. Eventually these neutrinos will be
ome stable, either be
ausetheir energy is below threshold, or be
ause their lifetime is larger than theirpropagation time. A

ordingly, we expe
t an enhan
ement of the neutrino 
uxat energies below few � 1018 eV.In spite of being qualitatively straightforward, however, this analysis is not powerfulenough to provide us with 
onstraints on LV. In order to obtain meaningful 
onstraints,
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ale Lorentz violation 12we have to resort to full MonteCarlo simulations of the UHECR propagation fromsour
es to the Earth.We simulated then the propagation of UHECR protons in the Inter Gala
ti
Medium using the Monte Carlo pa
kage CRPropa [65℄, suitably modi�ed to take intoa

ount LV in the neutrino se
tor. The simulation parameters are the following: wesimulated unidimensional UHECR proton propagation, with sour
e energy spe
trumdN=dE / E�2:2, from a spatially uniform distribution of sour
es lo
ated at redshiftz < 3 a

ording to the Waxman & Bah
all (WB) distribution used in [66℄. The inje
tionproton spe
trum was tuned to �t AUGER data [59℄.5.1. Results for 
avor bind LV s
enarioFigure 2 shows the out
ome of the simulations for di�erent values of the LV parameter ��in the best 
ase s
enario, together with experimental sensitivities from some existing andplanned observatories, as well as the Waxman & Bah
all bound [68, 69℄ for referen
e.+Results are in agreement with qualitative expe
tations previously dis
ussed: Above a
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Figure 2. Evolution of the predi
ted LV neutrino spe
tra varying �� in the \best 
ases
enario". Sensitivities of main UHE neutrino operating and planned experiments areshown, as found in [51, 47, 67℄. The Waxman & Bah
all limit [68, 69℄ in the interestingenergy range is shown for referen
e.+ This limit is in fa
t an estimate of the neutrino luminosity of sour
es of UHE Cosmi
 Rays and
-rays, in the hypothesis that the sour
es are opti
ally thin to the es
ape of UHE parti
les and thatboth 
-rays and neutrinos are originated from UHECR intera
tions with radiation ba
kgrounds. It isworth mentioning that this bound might be strongly a�e
ted by QG e�e
ts, as shown in [70℄.
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ertain energy the neutrino spe
trum displays a sharp 
ut o�, while at lower energy apeak appears. The peak position and strength, as well as the position of the 
ut o�,depend on the value of the LV parameter �� . If �� = 1 the peak is found at . 1018 eVand overwhelms the LI spe
trum by a fa
tor of roughly 10, while the 
ut o� energy isat � 1018:7 eV. Also the evolution of the neutrino spe
tra with �� 
an be seen in thesame Fig. 2.Although at present it is not possible to draw �rm 
on
lusions for the 
onstraintson LV in the neutrino se
tor, we noti
e that future experiments, if not already AUGER,will be able to probe the 
uxes we predi
t, hen
e they will be able to 
ast 
onstraintson ��. In the future, the ARIANNA experiment [50℄ will be able to probe 
uxes downto � 3 eV 
m�2 s�1 sr�1 in the energy range 1017 � 1020 eV in the full 
on�guration[51℄. If su
h a sensitivity will be a
hieved, a 
onstraint of order �� . 10�4 will be 
ast,a

ording to Fig. 2. Moreover, the I
eRay experiment [52℄ planned at the South poleis expe
ted to observe roughly 4 neutrino events per year of data taking for the WBmodel preferentially studied here, in the range 1017 � 1019:5 eV [52℄. Hen
e, 
onstraintsof order � . 10�3 are expe
ted after few years of data taking by this experiment. We�nally noti
e here that by exploiting this strategy nothing 
an be said about the 
ase�� < 0.5.2. Results for 
avor dependent LV s
enarioIf only one mass eigenstate de
ays, the energy momentum 
onservation equations, rates,and lifetimes all remain the same. We therefore 
an apply our MonteCarlo spe
trumfor this s
enario to just any one of the mass eigenstates (given our assumption oftribimaximal mixing no neutrino mass eigenstate is preferred). The only di�eren
eis that only 1/3 of the total 
ux undergoes neutrino splitting. The resulting spe
trumis shown in Fig. 3. Note that even for � = 1 the departure from the LI spe
trum issigni�
antly redu
ed, as one would expe
t, with the magnitude of the deviation at thepeak being lowered to a � 50% ex
ess over the LI 
ux. Hen
e, with present sensitivity,absen
e of a signal in the neutrino spe
trum does not mean that LV is ruled out forneutrinos, even for O(1) positive 
oeÆ
ients. We noti
e that the 
uto� feature presentin the 
avor blind 
ase has now e�e
tively disappeared. Then, observations of a UHEneutrino 
ux up to some maximal energy do not allow to draw 
on
lusions about LV inthis 
ase s
enario.We now return to the question of negative 
oeÆ
ients and neutrino splitting. Sofar, in both our 
avor blind and 
avor dependent s
enarios all the 
oeÆ
ients have beenpositive. As argued in se
tion 4, neutrinos 
an split even with negative 
oeÆ
ients whenthe relation ��B < ��A �K(p) holds. However, one 
an immediately see that thereforeat least one of the mass eigenstates is always stable if the 
oeÆ
ients are negative. Thisimplies that no equivalent of the \best 
ase s
enario" (all the mass eigenstates de
ay) ispossible for negative ��I and that, 
onsequently, the deviation from the LI spe
trum willbe suppressed by at least 1/3. Therefore 
osmogeni
 neutrinos are not e�e
tive probes
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Figure 3. Observed UHE neutrino spe
tra for di�erent values of the LV 
oeÆ
ientof the only mass eigenstate undergoing splitting in the non-optimal s
enario. The 
uxsuppression at UH energies has e�e
tively disappeared (for what 
on
erns observationalrelevan
e) and the ex
ess at lower energies is signi�
ant only for O(1) LV 
oeÆ
ient.of the ��I < 0 region of parameter spa
e.5.3. Dependen
e on model un
ertaintiesPredi
tions of 
osmogeni
 neutrino spe
tra are known to be plagued by severalun
ertainties, as they depend strongly on the evolution of UHECR sour
es with redshift,whi
h 
annot be dire
tly probed with UHECRs due to the GZK attenuation e�e
t. Asa 
onsequen
e, also our predi
tions for the UHE neutrino 
ux in the presen
e of LV 
anbe a�e
ted.We 
he
k this by simulating di�erent UHECR sour
es evolution models for the \best
ase s
enario". In Fig. 4 we show the results for the model outlined in [56℄, whi
h isexpe
ted to give the largest 
ux. As a result, the presen
e and the strength of the bumpfeature are demonstrated to be weakly dependent on the underlying UHECR sour
edistribution, with the 
hoi
e of the sour
e distribution a�e
ting by a fa
tor of 2 theheight of the bump. This was somewhat expe
ted from our qualitative 
onsiderations:as long as UHECR sour
es are lo
ated at distan
es mu
h larger than 1 Mp
 fromEarth, the magnitude of the bump depends only on how many neutrinos were originallyprodu
ed at energy larger than the LV 
uto� energy. On the other hand, the 
uto�feature is de�nitely model independent, as long as the unknown maximal energy at
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Figure 4. Evolution of the predi
ted LV neutrino spe
tra varying �� for the maximalmodel [56℄.whi
h UHECRs are a

elerated is enough to produ
e neutrinos at energy larger than� 6� 1018 � ��4=13 eV.6. Other pro
essesAs we mentioned in the previous se
tions, there are other pro
esses, besides splitting,leading to neutrinos losing energy in the inter-gala
ti
 medium. In parti
ular, thehadroni
 de
ay modes of the Z0 
ould lead to the produ
tion of UHE protons, therebymimi
king a \Z-burst" e�e
t [71℄. Although this model was 
on
eived for other purposesthan 
onstraining LV, and has now lost most of its attra
tion due to experimental resultson proton spe
tra above the GZK threshold, it is notable that the same me
hanism 
ouldin prin
iple help 
onstrain LV in the neutrino se
tor. However, we 
an argue with avery simple argument that this is not the 
ase.Let us 
onsider the LI neutrino 
ux, whi
h 
orresponds in Fig. 2 to the � = 0 
ase.The minimal pro
ess leading to proton produ
tion in this 
ontext is � ! �Z� ! �p�p,whose threshold energy, if �� = 1, is at � 1018:7 eV. Pro
esses involving more parti
lesare naturally suppressed, however they represent the majority of the allowed 
hannelsand hen
e they might be relevant to our 
ase. Even if we do not know the energyspe
trum of the produ
ed protons, we know that their mean energy is roughly 1/80 timesthe energy of the parent neutrino [71℄. We 
an then 
ompute the maximal expe
ted 
ux
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ed by this Z-burst-like me
hanism by 
onverting all the neutrinoswith energy E� above threshold into 2 protons of energy 1=80 � E�. The result isshown in Fig. 5. This me
hanism would indeed 
ontribute to the UHECR spe
trum at
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Figure 5. Observed UHE proton spe
trum 
ompared with predi
tions for just primary(yellow) and \Z-burst"-like originated protons (blue). The latter might produ
e anex
ess in the UHECR spe
trum at 1018 eV, no larger than 5%, and hen
e below thesystemati
 un
ertainties of UHECR experiments. Note that, in order to speed up
omputation, we swit
hed o� pair produ
tion, whi
h is known to play an importantrôle in reprodu
ing the ankle feature [72℄. This is why our UHECR spe
trum is abovedata between 1018:5 eV and 1019 eV.1018 eV, produ
ing an ex
ess no larger than 5%, whi
h however is below the systemati
un
ertainties of UHECR experiments. Therefore, no 
onstraints on LV 
an be impliedusing this te
hnique.Ele
tron/positron pair produ
tion would also 
ontribute to the 
uto� in theneutrino spe
trum. The threshold for pair produ
tion of ele
trons is at roughlypmeMPl = 1017 eV. At energies near the existing neutrino splitting 
uto�, 1018:5 eV weare well above threshold. The mass of the ele
trons is therefore irrelevant in 
al
ulatingthe de
ay rate (just as the neutrino mass was) and hen
e the ele
tron pair produ
tionpro
ess has nearly the same rate as the neutrino splitting pro
ess. If neutrinos produ
eele
tron/positron pairs (whi
h after all depends on LV in the ele
tron se
tor) it 
an onlyin
rease the steepness of the 
uto�. It will not 
ontribute to the ex
ess neutrino 
uxat 1017:5 eV and hen
e one needs to probe energies one order of magnitude larger than1017:5 eV to derive 
onstraints exploiting the presen
e or the absen
e of a 
uto� feature.



Possible 
osmogeni
 neutrino 
onstraints on Plan
k-s
ale Lorentz violation 177. Con
lusionsIn this work we have investigated possible signals of higher dimension LV CPT evenoperators in the UHE neutrino spe
trum, in parti
ular the e�e
t of the neutrino splittingon the UHE neutrino spe
trum. This pro
ess provides a 
lean test as it does not involveother LV operators apart from the neutrinos' ones. In addition, sin
e the dominantneutrino �eld is left-handed, there are no 
ompli
ations due to di�erent LV for di�erent
hirality of fermion, as there are in the UHECR 
ase, and one ends up with one LV
oeÆ
ient for ea
h neutrino mass eigenstate. In the 
avor blind s
enario, where everymass eigenstate undergoes splitting approximately at the same energy, there is both apre
o
ious fall o� of the neutrino 
ux at UHE as well as a signi�
ant ex
ess in the UHEneutrino 
ux at energies as low as 1017:5 eV. Noti
eably, this kind of energies are wellwithin rea
h of 
urrent and future UHECR experiments and about order of magnitudebelow those so far used for LV tests with hadroni
 and ele
tromagneti
 UHECRs.A

ording to our study, existing or planned UHE neutrino experiments have thepotential to probe LV in the neutrino se
tor for 
oeÆ
ients � & 10�4. However, we havedis
overed a serious diÆ
ulty with deriving 
onstraints in the absen
e of a positive LVsignal event. The distribution in mass eigenstates is roughly equal for UHE neutrinosin realisti
 mixing s
enarios. Although it might seem somewhat unnatural that LV hasdi�erent e�e
ts on di�erent mass states of the same parti
le �eld, if this is the 
ase thenit is possible that LV 
an exist/be strong for one mass eigenstate yet be almost invisiblefor UHE neutrino dete
tors. In parti
ular, the observation of a neutrino 
ux up to somemaximal energy does not imply a �rm 
on
lusion on LV, at least with present a

ura
y.However, let us note that if a neutrino is ever dete
ted at energy E�, we 
an rule outa 
avor blind �� & (E�=1018:8 eV)�13=4 a

ording to Eq. (20). On the other hand, thebump feature 
an lead to 
onstraints on �� > 0, as this bump should be observable inany su
h s
enario of LV in the neutrino se
tor. In this 
ase, to obtain a O(1) 
onstrainton LV requires at least a 50% a

ura
y in the determination of the neutrino spe
trumin the energy range 1017 � 1019 eV, whi
h 
an be a
hieved by future experiments.A
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