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ted Lepton Energy Distributions in Top QuarkDe
ays t! bW+! b(`+�`) and t! bH+ ! b(�+�� ) and single
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aysAhmed Ali�Deuts
hes Elektronen-Syn
hrotron DESY, D-22607 Hamburg, GermanyEduard A. Kuraevy and Yury. M. BystritskiyzJINR-BLTP, 141980 Dubna, Mos
ow region, Russian FederationWe 
al
ulate the QED and QCD radiative 
orre
tions to the 
harged leptonenergy distributions in the dominant semileptoni
 de
ays of the top quark t !bW+ ! b(`+�`) (` = e; �; �) in the standard model (SM), and for the de
ayt ! bH+ ! b(�+�� ) in an extension of the SM having a 
harged Higgs bosonH� with mH� < mt �mb. The QCD 
orre
tions are 
al
ulated in the leading andnext-to-leading logarithmi
 approximations, but the QED 
orre
tions are 
onsideredin the leading logarithmi
 approximation only. These 
orre
tions are numeri
allyimportant for pre
isely testing the universality of the 
harged 
urrent weak inter-a
tions in t-quark de
ays. As the �+ leptons arising from the de
ays W+ ! �+��and H+ ! �+�� are predominantly left- and right-polarised, respe
tively, in
uen
-ing the energy distributions of the de
ay produ
ts in the subsequent de
ays of the�+, we work out the e�e
t of the radiative 
orre
tions on su
h distributions in thedominant (one-
harged prong) de
ay 
hannels �+ ! �+��� ; �+��� ; a+1 ��� and `+�`��� .The in
lusive �+ energy spe
tra in the de
ay 
hains t ! b(W+;H+) ! b(�+�� ) !b(�+�����+X) are 
al
ulated, whi
h 
an help in sear
hing for the indu
ed H� e�e
tsat the Tevatron and the LHC.�Ele
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2I. INTRODUCTIONTop quark is now �rmly established by the experiments CDF and D0 at the p�p 
olliderTevatron at Fermilab, with mt = 173:1� 1:4 GeV, de
aying dominantly through the modet! bW+ ! b(`+�`; q�q0) [1℄. At the Large Hadron Collider (LHC), expe
ted to be operationalshortly, one expe
ts a 
ross se
tion �(p p! t�tX) ' 1(nb) for the LHC 
entre of mass energyof 14 TeV [2℄. With the nominal LHC luminosity of 1033(
m)�2(se
)�1, one expe
ts a t�tpair produ
ed per se
ond. The t�t produ
tion 
ross se
tion for the 10 TeV run of the LHC isestimated as about 0:4 nb [2℄, still large enough to undertake dedi
ated top quark physi
s.Thus, LHC is potentially a top fa
tory, whi
h will allow to 
arry out pre
ision tests of the SMand enhan
e the sensitivity of beyond-the-SM e�e
ts in the top quark se
tor. Anti
ipatingthis, a lot of theoreti
al work has gone into �rming up the 
ross se
tions for the t�t-pair and thesingle-top produ
tion at the Tevatron and the LHC, undertaken in the form of higher orderQCD 
orre
tions [3, 4, 5, 6℄. Improved theoreti
al 
al
ulations of the top quark de
ay widthand distributions started a long time ago. The leading order perturbative QCD 
orre
tionsto the lepton energy spe
trum in the de
ays t! bW+ ! b(`+�`) were 
al
ulated some thirtyyears ago [7℄. Subsequent theoreti
al work leading to analyti
 derivations implementing theO(�s) 
orre
tions were published in [8, 9℄ and 
orre
ted in [10℄. The order �s 
ontribution tothe top quark de
ay width dominates the radiative 
orre
tions (typi
ally -8.5%). The O(�)ele
troweak 
orre
tions 
ontribute typi
ally +1.55% [11, 12℄, the �nite W -width e�e
t (-1.56%) almost 
an
els the ele
troweak 
orre
tion [13℄. The next-to-leading order (NLO)QCD 
orre
tions in �s (i.e., �2s) were 
omputed as an expansion in (MW=mt)2 in [14, 15℄.These results were 
on�rmed later by an independent analyti
 
al
ulation in [16, 17℄, and
ontribute about -2.25% to the top quark de
ay width.Our main 
on
ern in this paper are the lepton energy distributions from the de
ayst ! bW+ ! b(`+�`) (for `+ = e+; �+; �+), whi
h are modi�ed from their respe
tive Born-level distributions in a way spe
i�
 for ea
h 
harged lepton due to the QED 
orre
tions.These (QED and QCD) radiative e�e
ts have to be taken into a

ount to test the universalityof 
harged 
urrent weak intera
tions in the top quark se
tor. Another pro
ess whi
h breaksthe 
harged lepton universality in the de
ays t ! b`+�` is indu
ed by 
harged Higgses H�(for mH+ < mt � mb) in the intermediate state, t ! bH+ ! b(`+�`), whi
h is expe
tedto in
uen
e mainly the �nal state b�+�� due to the H+`+�` 
ouplings. The leading order



3in �s 
orre
tions to the polarized top quark de
ay into H+b have been 
al
ulated in [18℄.We study the e�e
ts of the radiative 
orre
tions on the �+-energy distribution in the de
ayt! bH+ ! b�+�� .Radiative (QED and QCD) 
orre
tions in the top quark de
ays, su
h as t ! bW+ !b`+�`, with `+ = e+; �+; �+, involve large logarithms due to the large fermion mass ratios.For example, in the leading logarithmi
 approximation (LLA), one en
ounters the logarith-mi
 terms Le = ln�m2tm2e� � 25:4; L� = ln�m2tm2�� � 14:8; (1)L� = ln�m2tm2� � � 9:1; Lb = ln�m2tm2b� � 7:4;in the partial de
ay widths. Hen
e, in the LLA, radiative 
orre
tions to the partial widthslead to typi
ally large e�e
ts��Le � 6:2 %; ��L� � 3:6 %; ��L� � 2:1 %; �s� Lb � 23 %: (2)They are in
luded together with the non-logarithmi
 terms in the estimates undertaken in the�xed order (in � or �s) 
al
ulations. However, to get perturbatively reliable results, all termsof the type (�� )n ln�m2tm2e�n in the de
ay t! be+�e, for example, have to be summed up (the re-summed leading log approximation LLA), as well as (�� )n ln�m2tm2e�n�1 (the next-to-leading logapproximation NLLA). Using the well-studied 
ase of the QED radiative 
orre
tions to thepurely leptoni
 de
ays �� ! ��e���e, we show that the stru
ture fun
tion (SF) approa
h [19,20℄ (based on the fa
torisation hypotheses [21℄) is the appropriate framework to resum su
hterms, enabling us to derive the ele
tron energy spe
trum with the radiative 
orre
tions takeninto a

ount to all orders of the large logarithms. As a warm-up exer
ise, and also to set ournotations, we reprodu
e the well-known results for the QED 
orre
tions to the muon de
ay�� ! e���e�� [22, 23, 24, 25℄ and generalise it to all orders of perturbation theory by summingup the leading logs (�� ln(m2�=m2e))n (see Se
tion II). In this 
ontext, we also dis
uss thepolarised muon de
ay 
ase. The SF approa
h is applied next to the semileptoni
 de
ays of thetop quark t! bW+ ! b(`+�`), where the QCD and QED radiative 
orre
tions to the Dalitz(double di�erential) and in
lusive lepton energy distributions are worked out. In this, theQCD-
orre
ted energy distributions are derived in the re-summed leading logarithmi
 andnext-to-leading logarithmi
 approximations, but the QED 
orre
tions to these distributions



4are 
al
ulated in the leading logarithmi
 approximation only. This is dis
ussed in detail inSe
tion IV.In many extension of the SM, the Higgs se
tor of the SM is enlarged, typi
ally by addingan extra doublet of 
omplex Higgs �elds. After spontaneous symmetry breaking, the twos
alar Higgs doublets �1 and �2 yield three physi
al neutral Higgs bosons (h;H;A) and apair of 
harged Higgs bosons (H�). If mH+ � mt � mb, one expe
ts measurable e�e
ts inthe top quark de
ay width and de
ay distributions due to the H�-propagator 
ontributions,whi
h are potentially large in the de
ay 
hain t ! bH+ ! b(�+�� ). The two parameterswhi
h determine the bran
hing ratio for this de
ay are mH� and the quantity 
alled tan �,de�ned as tan� � v2=v1, where v1 and v2 is the va
uum expe
tation value of �1 and �2,respe
tively. Of parti
ular interest is the parameter spa
e with large tan � (say, tan� > 20)and mH� � 150 GeV. This mass range is already ex
luded (for almost the entire tan �values of interest) in the so-
alled two-Higgs-doublet-models 2HDM due to the lower boundon mH� of 295 (230) GeV at the 95%(99%) C.L. from the experimental measurements ofthe bran
hing ratio B(B ! Xs
) [26℄, and the order �2s estimates of this quantity in theSM [27℄. However, this bound applies only to the 2HDM of type II, in whi
h the Higgsdoublets �1 and �2 
ouple only to the right-handed down-type fermions (diR; `iR) and theup-type fermions (uiR; �iR), respe
tively. In the minimal supersymmetri
 standard model(MSSM), one has a type II 2HDM se
tor in addition to the supersymmetri
 parti
les, inparti
ular the 
harginos, stops and gluinos. Their 
ontributions 
ould, in prin
iple, 
an
elthat of the 
harged Higgs bosons in the B ! Xs + 
 de
ay rate. Hen
e, the 2HDM-spe
i�

onstraint on mH� from B(B ! Xs
) is not appli
able in the MSSM. In our opinion, thenatural embedding of the extra Higgs doublet is in a supersymmetri
 theory, and hen
ewe will ignore the lower bound on mH� from B(B ! Xs
). A model-independent lowerbound on mH� exists from the non-observation of the 
harged Higgs pair produ
tion atLEPII, yielding mH� > 79:3 GeV at 95% C.L. [26℄, whi
h we shall use in our numeri
alanalysis. Thus, a 
harged Higgs having a mass in the range 80 GeV � mH� � 160 GeV isa logi
al possibility and its e�e
ts should be sear
hed for in the de
ays t ! bH+ ! �+�� .A beginning along these lines has already been made at the Tevatron [28, 29, 30℄, but ade�nitive sear
h will be 
arried out only at the LHC [31, 32℄. We work out the e�e
ts ofthe radiative 
orre
tions to the lepton energy spe
tra in the de
ays t! bH+ ! b(�+�� ) inSe
tion V.



5The �+ leptons arising from the de
ays W+ ! �+�� and H+ ! �+�� are predomi-nantly left- and right-polarised, respe
tively. Polarisation of the �� in
uen
es the energydistributions in the subsequent de
ays of the ��. Strategies to enhan
e the H�-indu
ede�e
ts in the de
ay t ! bW+ ! b(�+�� ), based on the polarisation of the �+ have beendis
ussed at length in the existing literature [33, 34, 35, 36, 37℄. We work out the ef-fe
t of the radiative 
orre
tions on su
h distributions in the dominant (one-
harged prong)de
ay 
hannels �+ ! �+�� ; �+�� ; a+1 �� and `+��`�� . To implement this, we again use theSF approa
h [38℄. In parti
ular, the in
lusive �+ energy spe
trum in the de
ay 
haint ! b(W+; H+) ! b(�+�� ) ! b(�+����� + X), and likewise for the de
ay 
hain of the �tquark, 
an be used to sear
h for the indu
ed e�e
ts of the H� at the LHC and Tevatron.Details are given in Se
tion VI and in Appendix A.To get the relative normalisation of the de
ay width t ! bH+ with respe
t to the SMde
ay width t ! bW+, one has to take into a

ount the loop 
orre
tions (quantum softSUSY-breaking e�e
ts). These quantum e�e
ts on t ! bH+ have been worked out in the
ontext of the minimal supersymmetri
 standard model MSSM in a number of detailedstudies (see, for example [39, 40℄), and the bulk of them 
an be implemented by modifyingthe b-quark mass, m
orre
tedb = mb=(1 + �b). The spe
i�
 values of �b depend on the super-symmetri
 mass spe
trum, and 
an be 
al
ulated using FeynHiggs [41℄, given this spe
trum.The in
uen
e of these 
orre
tions on the bran
hing ratio for the de
ay t! bH+ have beenre
ently updated in [42℄, predi
ting BR(t ! bH+) � 0:1 for mH+ � 110 GeV in the large-tan � region (tan� > 40). We shall pi
k a point in the (tan��mH+) plane from this study,allowed by all 
urrent sear
hes, for the sake of illustration. We summarise our results inSe
tion VII. II. MUON DECAY: A WARM-UP EXERCISEWe start by dis
ussing the ele
tron energy spe
trum in � ! e��e�� de
ay. In the Bornapproximation, this spe
trum is given by the following formula [43℄:d�Bdx = 6�� �2x2 (1� x)� 49�x2 (3� 4x)� ; (3)



6where x = 2Ee=m� is the energy fra
tion of �nal ele
tron, � is the well-known Mi
helparameter [44℄ and � is the total de
ay width:�� = G2Fm5�192�3 ; (4)where GF is the Fermi 
oupling 
onstant. Using the SF approa
h [19, 20℄, we 
an derive theele
tron-energy spe
trum with the radiative 
orre
tions taken into a

ount to all orders ofthe large logarithm: d�RCdx = 1Zx dyy D�xy ; �� d�Bdy �1 + �2�K (y)� ; (5)� = �2� (L� 1) ; L = ln�m2�m2e� � 10;where �Bdx is the ele
tron spe
trum in the Born approximation (3) whi
h is 
onsidered as thehard sub-pro
ess. D (x; �) is the so-
alled stru
ture fun
tion, whi
h des
ribes the virtualand real photon emission in the leading logarithmi
 approximation and has the form [38℄:D (x; �) = Æ (1� x) + �P (1) (x) + 12!�2P (2) (x) + � � � : (6)The quantities P (n) (x) are the kernels of the evolution equations whi
h are de�ned by thefollowing relations:P (1) (x) = �1 + x21� x �+ = lim�!0 �1 + x21� x � (1� x��) + �2 ln (�) + 32� Æ (1� x)� ; (7)P (n) (x) = 1Zx dyy P (1) (y)P (n�1)�xy� :The stru
ture fun
tion D (x; �) de�ned in this way automati
ally satis�es the Kinoshita-Lee-Nauenberg (KLN) theorem [45, 46℄ on the 
an
ellation of the mass singularities in thetotal de
ay width 1Z0 dxD (x; �) = 1: (8)There also exists a smoothed form for the stru
ture fun
tion D (x; �):D (z; �) = 2� (1� z)2��1 �1 + 32��� � (1 + z) +O ��2� ; (9)



7whi
h sums radiative 
orre
tions in all orders of perturbation theory whi
h are enhan
ed bythe large logarithmi
 fa
tor L (in �) and is more 
onvenient for numeri
al evaluation.The quantity K (x) in (5) is the so-
alled K-fa
tor whi
h takes into a

ount the 
on-tributions of the radiative 
orre
tions whi
h are not enhan
ed by the large logarithms andhave rather 
ompli
ated form (see [22℄ or [47℄, x147). We note that, 
ontrary to the singularbehaviour (� ln (1� x)) of K (x) in the limit as x! 1, the quantity1Zx dyy D�xy ; ��K (y) (10)has a �nite limit as x! 1 [48℄.Thus, applying the general form of the 
orre
ted spe
trum (5), we obtain the followingform of the ele
tron energy spe
trum in the leading logarithmi
 approximation (LLA):16� d�dx = 2x2 �1� x� 29� (3� 4x)�+ �L2� �4F1 (x)� 89�F2 (x)� ; (11)where the fun
tions F1;2 (x) are the results of the appli
ation of the stru
ture fun
tion tothe spe
trum in the Born approximation:F1 (x) = 1Zx dyy y2 (1� y)P (1) �xy� == 2x2 (1� x) ln�1� xx �+ 16 (1� x) �1 + 4x� 8x2� ; (12)F2 (x) = 1Zx dyy y2 (3� 4y)P (1) �xy�= 2x2 (3� 4x) ln�1� xx �+ 163 x3 � 8x2 + x + 16 ; (13)whi
h satisfy the following property: 1Z0 dxF1;2 (x) = 0: (14)This is a spe
i�
 form of the general KLN theorem [45, 46℄.In 
on
luding this se
tion, we give the double di�erential distribution for the 
ase of thepolarised muon de
ay with the radiative 
orre
tions in LLA (here we put � = 3=4):d��dxd 
os � (�! e����e) = x2 [3� 2x� P�(1� 2x) 
os �℄ ++ �L2� [F3(x)� P� 
os �F4(x)℄ ; (15)



8with P� and � being the degree of muon polarisation and the angle between the muon polar-isation ve
tor and the ele
tron momentum (in the rest frame of the muon). The fun
tionsF3 = 2 (6F1 � F2) ; F4 = 2 (�2F1 + F2) ; (16)have the expli
it expressions:F3(x) = 4x2 (3� 2x) ln 1� xx + 53 + 4x� 8x2 + 163 x3;F4(x) = 4x2 (1� 2x) ln 1� xx � 16 � 4x2 + 8x3:III. TOP QUARK DECAYS t! b(W+;H+) IN THE BORN APPROXIMATIONTop-quark de
ays within the Standard Model are 
ompletely dominated by the modet! b +W+ ; (17)due to Vtb = 1 to a very high a

ura
y. In beyond-the-SM theories with an extended Higgsse
tor, if allowed kinemati
ally, one may also have the de
ay modet! b +H+ (18)where H+ is the 
harged Higgs boson, whi
h we will 
onsider within the MSSM. The relevantpart of the intera
tion Lagrangian is [49℄:LI = g2p2MW VtbH+ [�ut (pt) fA (1 + 
5) +B (1� 
5)gub (pb)℄ ++ gC2p2MW H+ [�u�l (p�) (1� 
5)ul (pl)℄ ; (19)where A, B and C are model-dependent parameters whi
h depend on the fermion massesand tan�: A = mt 
ot �; B = mb tan�; C = m� tan�: (20)The de
ay widths of pro
esses (17) and (18) in the Born approximation are well known [49℄:�t!bW = g264�M2Wmt� 12 �1; m2bm2t ; M2Wm2t �hM2W �m2t +m2b�+ �m2t �m2b�2 � 2M4Wi ; (21)�t!bH = g264�M2Wmt� 12 �1; m2bm2t ; M2Hm2t ��� ��m2t 
ot2 � +m2b tan2 �� �m2t +m2b �M2H�� 4m2tm2b� ; (22)



9where � (x; y; z) = x2 + y2 + z2 � 2xy � 2xz � 2yz is the triangle fun
tion. The total topquark de
ay width then reads as:�tott = �t!bW + �t!bH : (23)We now dis
uss the total top quark de
ay width in
luding the radiative 
orre
tions. In thetotal de
ay width the 
ontribution of the QED 
orre
tions 
ontaining the large logarithms Lis 
an
elled (see (8)). The non-enhan
ed QED 
orre
tions are small. The QCD 
orre
tionswere 
al
ulated in [50, 51℄ and have the form:�tott;RC = �Born+QCDt!bW + �Born+QCDt!bH ; (24)�Born+QCDt!b(W;H) = �t!b(W;H) (1 + fW;H) ; fW;H = �s3� �5� 4�23 � :IV. THE TOP QUARK DECAY t! bW+ ! b(`+�`) IN THE BORNAPPROXIMATIONThe formalism illustrated in Se
tion II 
an be used to dis
uss the in
lusive semileptoni
de
ays of the 
harm, beauty and top quarks. However, the de
ay distributions from thethe 
harm and beauty hadrons have in addition important non-perturbative e�e
ts, whi
husually are modelled in terms of the shape fun
tions. In the 
ase of the top quark de
ay, sin
ethe top quark lifetime is mu
h shorter than the typi
al strong intera
tion time, the de
aydynami
s is 
ontrolled by perturbation theory. Thus, in
orporating the (QED and QCD)perturbative 
orre
tions, one has pre
ise theoreti
al predi
tions for the energy spe
tra ofthe de
ay produ
ts to be 
onfronted with data. We start by working out the 
harged leptonenergy spe
tra in the de
ays t ! bW+ ! b(`+�`), where `+ = e+; �+; �+. To that end, letus 
onsider the dominant de
ay in the SM (see Fig. 1, a.)):t (pt)! b (pb) +W+ (q)! b (pb) + �`+ (p`) + �` (p�)� ; (25)and to be spe
i�
, we 
on
entrate on the 
ase with `+�` = e+�e. The matrix element of thispro
ess in the Born approximation is given by:M t!bW+!b(e+�e)Born = ig2Vtb4p2 1q2 �M2W �g�� � q�q�M2W ��� [�ub (pb) 
� (1 + 
5) ut (pt)℄ [�ue (pe) 
� (1� 
5) u�e (p�)℄ ; (26)



10
t(pt)

W+(q)

νe(pe)

e+(pe)

b(pb)

t(pt)

H+(q)

ντ(pτ)

τ+(pτ)

b(pb)

a.) b.)Fig. 1: Lowest order Feynman diagrams des
ribing the semileptoni
 de
ays of the top quark a)SM, mediated by W+, b) BSM, mediated by H+.where g2 = 4��sin2 �W = 8�M2WGF=p2 is the ele
troweak 
oupling 
onstant, �W is the weakmixing angle, MW is the W�-boson mass, and Vtb is an element of the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix [52, 53℄. We note that the 
ontribution of the se
ondterm in the parenthesis is proportional to the ele
tron mass due to the 
onservation of thelepton 
urrent and 
an be omitted. The matrix element squared then reads as:���M t!bW+!b(e+�e)Born ���2 = � g2Vtb4p2 (q2 �M2W )�2 28 (pbp�) (ptpe) : (27)Let us introdu
e the following notation for the kinemati
 variables:xb = 2Ebmt ; xe = 2Eemt ; x� = 2E�mt ;
 = �WMW ; � = m2tM2W ; � = m2bm2t ;where Eb, Ee and E� are the energies of the b-quark, positron and neutrino in the t-quarkrest frame, respe
tively. �W is the total de
ay width of the W -boson. In terms of thesevariables, the various s
alar produ
ts 
an be expressed as:2 (pbpe) = m2t (1� x� � �) ; 2 (pbp�) = m2t (1� xe � �) ; 2 (pep�) = m2t (1 + � � xb) ;2 (ptpe) = m2txe; 2 (ptp�) = m2tx� ; 2 (ptpb) = m2txb:Sin
e the main 
ontribution to this de
ay 
omes from the kinemati
 region where W -bosonis near its mass-shell we have to take into a

ount its de
ay width. We use the Breit-Wignerform of the propagator:1jq2 �M2W j2 ! 1jq2 �M2W + iMW�W j2 = 1M4W 1(1� � (1 + � � xb))2 + 
2 : (28)



11Thus, the matrix element squared (27) then reads���M t!bW+!b(e+�e)Born ���2 = 2 (g2Vtb)2 xe (1� xe � �)(1� � (1 + � � xb))2 + 
2 �2: (29)The phase spa
e volume element with three-parti
le �nal state has the standard form:d�3 = (2�)�5 Æ (pt � pb � pe � p�) d~pb2Eb d~pe2Ee d~p�2E� = m2t27�3dxedx� : (30)The kinemati
 restri
tions are: 0 � xe � 1� �;1� x� � xb � 1;1� xe � � � x� � 1� �1� xe ;and the b-quark mass-shell 
ondition �xes the 
osine of the angle between the positron andthe neutrino momenta dire
tions Ce� = 
os (�e�) = ~pe:~p�j~pejj~p� j ,Ce� = 1 + 2xex� (1� xe � x� � �) : (31)On using the standard formulae for the de
ay widthd� = 12 � 2mt jM j2 d�3; (32)we obtain for the 
ase of the unpolarised top quark de
ay t ! bW+ ! b(`+�`) the de
aywidth: d�t!bW+!b(l+�l)Borndxbdxl = �t xl (1� xl � �)(1� � (1 + � � xb))2 + 
2 = �t xl (xmaxl � xl)�1� yy0�2 + 
2 ; (33)where y = 1 + � � xb, xmaxe = 1� � and y0 = 1=�. �t is the dimensional fa
tor:�t = G2Fm5tV 2tb16�3 : (34)Now, we 
al
ulate the bran
hing ratios of the de
ays 
onsidered above. The bran
hingratio of the de
ay t ! bW+ ! b(`+�`) is obtained from (33) by dividing it by the totalwidth of top quark �tott (see (23)):dBrt!bW+!b(l+�l)Borndxbdxl = Bt xl (xmaxl � xl)�1� yy0�2 + 
2 ; Bt = �t�tott ; (35)



12Let us 
onsider the ele
tron energy spe
trum. In the Born approximations it has the follow-ing expression: dBr(0)dxe � dBrt!bW+!b(e+�e)Borndxe = 1Z1�xe dxbdBrt!bW+!b(e+��e)Bdxbdxe == Bt � xe (xmaxe � xe)�W (xe) ; (36)where �W (x) = xZ0 dy�1� yy0�2 + 
2 == 1
� "ar
tan � �1�p��2 � 1
 !+ ar
tan�� (� + x)� 1
 �# : (37)A. QCD radiative 
orre
tionsThe in
lusive ele
tron energy spe
trum in
luding the lowest order QCD 
orre
tions isdBrt!bW+!b(e+�e)Born+QCDdxe = 1�tott;RC  d�(0)dxe + d�(1)QCDdxe ! ; (38)where �tott;RC is the radiatively 
orre
ted total de
ay width of top quark from (24). Thisexpression is free from the b-quark mass singularities, hen
e we 
an put � = 0, whi
h yields:d�(1)QCDdxe = ��t 2�s3� xeZ0 dy(1� �y)2 + 
2FW (xe; y) ; (39)where the fun
tion FW (x; y) is �nite in the limit mb ! 0 and has the form [10℄:FW (x; y) = 2x (1� x) ��2 + Li2 (x) + Li2 �yx� + 12 ln2�1� y=x1� x ��++ x h�2 + Li2 (y)� Li2 (x)� Li2 �yx�i ++ 12 ln (1� y) �� (3 + 2x) + 2y (1 + x) + y2�++ 12 ln�1� yx� �x (9� 4x)� 2y (1 + x)� y2�++ 5 (1� x)2 ln (1� x) + 12y (1� x)�yx + 4� : (40)This formula is valid for xe < 1. For xe � 1, 
lose to the boundary of the phase spa
e, thereare Sudakov Logarithms due to the limited phase spa
e, and this result be
omes unstable
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s depi
ting the appli
ation of the stru
ture fun
tion method, whi
h involvesfa
torisation of the amplitude in the "hard sub-pro
ess" (�lled 
ir
le) and the "long-distan
e"
ontributions (empty 
ir
le) taken into a

ount by the 
onvolution with the stru
ture fun
tionDl(x; �) (see (42).but remains integrable. The ele
tron energy spe
trum with the QCD 
orre
tions is givenby: dBrt!bW+!b(e+�e)Born+QCDdxe = �t�tott;RC xeZ0 dy(1� �y)2 + 
2 �xe (xmaxe � xe)� 2�s3� FW (xe; y)� : (41)B. QED radiative 
orre
tions in the leading logarithmi
 approximationTo 
al
ulate the QED radiative 
orre
tions in the leading logarithmi
 approximation wewill use the SF method whi
h was illustrated in Se
tion II (see kinemati
 s
heme in Fig. 2,a).The QED radiative 
orre
ted spe
trum is:dBrt!bW+!b(e+��e)Born+QEDdxe = 1�tott;RC 1Zxe dyeye D� xye ; �e� d�t!bW+!b(e+��e)B dye ; (42)where the stru
ture fun
tion D (x; �e) was de�ned in (6).The �rst order QED radiative 
orre
tion reads as (using the ele
tron energy spe
trum in



14the Born approximation (36)):dBrt!bW+!b(e+��e)QEDLLAdxe = �2� (Le � 1) 1�tott;RC 1Zxe dyeye P (1)�xeye� d�t!bW+!b(e+��e)B dye= �2� (Le � 1) �t�tott;RC 1Zxe dyeye P (1)�xeye� ye (ymaxe � ye)�W (ye)= �2� (Le � 1) �t�tott;RC I (xe) ; (43)where ymaxe = 1� �, andI (x) = 1Zx dyy P (1)�xy� y (ymax � y)�W (y) == �W (x)�x (1� x) �2 ln�1� xx �+ 32�+ x ln (x) + (1� x)2 � 12 �1� x2��++ 1Zx dy (1� y) (y2 + x2)y (y � x) [�W (y)� �W (x)℄ ; (44)where �W (x) is given in (37). The 
ontribution of the QCD 
orre
tion dBr(1)QCDdxe from (38) isshown in Fig. 3, and is the same for ` = e; �; � . The 
ontributions of the QED 
orre
tionsis spe
i�
 to the 
harged lepton e; �; � and shown in Fig. 3. The input parameters usedin this �gure and subsequently are given in a table in the Appendix. In Fig. 4, we showthe ele
tron energy spe
trum in the Born approximation and 
ompare it with the (QED +QCD) radiatively 
orre
ted ones.It is obvious from the foregoing that the QED radiative 
orre
tions break the leptonuniversality, en
oded at the Lagrangian level for the de
ays t ! bW+ ! b`+�`. It is also
lear that the radiative 
orre
tions are not overall multipli
ative renormalizations and theydistort the Born level distributions in a non-trivial way. To quantify this, we plot the ratiosRe� (x) and R�� (x), de�ned below, in Fig. 5.
Re�(x) = ��t!bW+!b(�+�� )(x = x� )�Born+QCD+QEDLLA(�t!bW+!b(e+�e)(x = xe))Born+QCD+QEDLLAR��(x) = ��t!bW+!b(�+�� )(x = x� )�Born+QCD+QEDLLA(�t!bW+!b(�+�e)(x = x�))Born+QCD+QEDLLA (45)
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Fig. 3: QCD and QED 
orre
tions to the lepton energy spe
trum in the de
ays t ! bW+ !b(e+�e; �+�� ). The solid 
urve is the QCD-
orre
tion term dBr(1)QCDdxe (i.e. se
ond term from from(41)), the dashed and dotted 
urves are the QED-
orre
tions dBrt!bW+!b(�+�� ;e+�e)QEDLLAdx�;e from (43) forthe �+ and e+ in the �nal state, respe
tivelyAs 
an be seen, the e�e
t of the radiative 
orre
tions is very marked for the low-x valuesof the lepton-energy spe
tra (x � 0:3) and it is non-neglible also near the end-point of thespe
tra (x � 0:7). This is numeri
ally an important e�e
t and in the pre
ision tests ofthe SM in the top-quark se
tor, whi
h we anti
ipate will be 
arried out at the LHC, it ismandatory to take the radiative distortions of the spe
tra into a

ount.V. THE TOP QUARK DECAY t! bH+ ! b(l+��l) IN THE BORNAPPROXIMATIONLet us 
onsider now the top quark de
ay indu
ed by a 
harged Higgs boson:t (pt)! b (pb) +H+ (q)! b (pb) + �`+ (p`) + ��` (p�)� (46)
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Fig. 4: Lepton energy spe
tra from the de
ays t! bW+ ! b(`+�`) versus the lepton energy fra
tionx = xe;�;� . The spe
trum in the Born approximation (solid 
urve) is the same for `+ = e+; �+; �+(see (33)). The dotted 
urve is the e+-energy spe
trum (dBr=dxe) in
luding the (QCD+QED)radiative 
orre
tions for the de
ay t ! bW+ ! b (e�e) (i.e. the 
ontributions from (41) plus theQED 
orre
tion term from (43)). The dashed 
urve is the �+-energy spe
trum (dBr=dx� ) in
ludingthe (QCD+QED) radiative 
orre
tions for the de
ay t! bW+ ! b (��� ).where we will 
on
entrate on `+ = �+ (see Fig. 1, b). Using the 
ouplings from the La-grangian (19) we 
an write the matrix element of the pro
ess (46) in the following formM t!bH+!b(�+�l)B = i g2Vtb8M2W Cq2 �M2H + iMH�H [�u�� (p�) (1 + 
5)u� (p� )℄�� [�ut (pt) fA (1� 
5) +B (1 + 
5)gub (pb)℄ : (47)The model parameters A, B, C are given in (20). Squaring this matrix element yields���M t!bH+!b(�+�� )B ���2 = (g2Vtb)2(q2 �M2H)2 +M2H�2H (ptpb) (p�p�) C2 (A2 +B2)M4W : (48)Introdu
ing the kinemati
 variables:x� = 2E�mt ; x� = 2E��mt ; y = q2m2t = 1 + � � xb;
H = �HMH ; y0 = M2Hm2t ; xmaxb = 1 + �;
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Fig. 5: Ratios of the lepton-energy spe
tra in the de
ays t ! bW+ ! b(`+�`): Re� (x) =d�t!bW+!b(��� )dx� =d�t!bW+!b(e�e)dxe (solid 
urve), and R�� (x) = d�t!bW+!b(��� )dx� =d�t!bW+!b(���)dx� (dashed
urve), quantifying the leading order (QCD and QED) 
orre
tions to the lepton universality insemileptoni
 top quark de
ays.where E� and E�� are the energies of the �nal � lepton and the neutrino in the t-quarkrest frame, respe
tively. �H is the total de
ay width of the 
harged Higgs boson, and theBreit-Wigner form of the propagator reads as1jq2 �M2H + iMH�H j2 = 1(q2 �M2H)2 +M2H�2H = 1M4H 1�1� yy0�2 + 
2H : (49)Thus the matrix element squared (48) takes the form:���M t!bH+!b(�+�� )B ���2 = �g2Vtb�2 C2 (A2 +B2)M4W xb (xmax � xb)�1� yy0�2 + 
2H 14y20 : (50)The de
ay width of the unpolarised top quark de
ay t ! bH+ ! b(�+��� ) then takes theform: d�t!bH+!b(�+�� )B dxbdx� = �Ht xb (xmax � xb)�1� yy0�2 + 
2H ; (51)�Ht = 1211�3 �C2 (A2 +B2)M4W � (gVtb)2 m5tM4H : (52)



18The bran
hing ratio of this de
ay is:dBrt!bH+!b(�+�� )Bdxbdx� = BHt BH� xb (xmax � xb)�1� yy0�2 + 
2H ; BHt = �Ht�tott ; (53)where BH� is the bran
hing of the de
ay H+ ! �+�� [49℄:BH� = �H!����H!��� + �H!
�s ; (54)�H!��� = g2MH32�M2Wm2� tan2 �;�H!
�s = 3g2MH32�M2W �M2C 
ot2 � +M2S tan2 �� :For the numeri
al values of tan� that we entertain in this paper, the bran
hing ratioBH� = 1,to a very high a

ura
y. The dependen
e of the bran
hing ratio of the de
ay t ! bH+ ontan � is plotted in Fig. 6. We emphasize that in plotting this �gure, radiative 
orre
tions
oming from the supersymmetri
 se
tor are not in
luded. They have been 
al
ulated in greatdetail in the literature, in parti
ular for the MSSM s
enario in [40℄, and 
an be e�e
tivelyin
orporated by repla
ing the b-quark mass mb in the Lagrangian for the de
ay t! bH+ bythe SUSY-
orre
ted mass m
orre
tedb = mb=[1 + �b℄. The 
orre
tion �b is a fun
tion of thesupersymmetri
 parameters and, for given MSSM s
enarios, this 
an be 
al
ulated using theFeynHiggs programme [41℄, whi
h makes use of the results in [40℄. In parti
ular, for largevalues of tan� (say, tan� > 20)), the MSSM 
orre
tions in
rease the bran
hing ratio fort ! bH+ signi�
antly though this is numeri
ally not important for tan � = 22, whi
h weuse to numeri
ally 
al
ulate the bran
hing ratio for t ! bH+. We emphasize that in theanalysis of data in the MSSM 
ontext, the bran
hing ratio shown here in Fig. 6 has to be
orre
ted to in
lude the SUSY 
orre
tions. This, for example, 
an be seen in a parti
ularMSSM s
enario in a re
ent update [42℄, based on the version FeynHiggs v2.6.2.The lepton energy spe
trum in the Born approximations has the following expressiondBrt!bH+!b(�+��� )B dx� = 1Z1�x� dxbdBrt!bH+!b(�+�� )Bdxbdx� = BHt BH� � �H (x� ) ; (55)
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tan Fig. 6: Lowest order bran
hing ratio for the de
ay t! bH+ as a fun
tion of tan� for MH+ = 120GeV.where �H (x) = xZ0 dy y (1� y)�1� yy0�2 + 
2= y20 �1� y0
H �ar
tan� 1
H�+ ar
tan�x� y0y0
 �� ++ (2y0 � 1) ln� y0y0 � x�� x� : (56)A. QCD radiative 
orre
tionsThe leading order QCD 
orre
tions to the de
ay t ! bH+ ! b(�+�� ) is 
al
ulated ina similar way as for the 
ase of t ! bW+ ! b(�+�� ). The derivations for the Dalitzdistribution dBr=dxbdx� and the � -energy spe
trum dBr=dx� are given in Appendix B.



20B. QED radiative 
orre
tions in the leading logarithmi
 approximationTo 
al
ulate the QED radiative 
orre
tions in the leading logarithmi
 approximation wewill again use the stru
ture fun
tion method, whi
h gives:dBrt!bH+!b(�+�� )Born+QEDdx� = BH��tott;RC 1Zx� dyy D�x�y ; ��� d�t!bH+!b(�+�� )B dy : (57)where the large QED logarithm now is �� (see (3)). The �rst order QED radiative 
orre
tionreads as dBrt!bH+!b(l+�l)QEDLLdxl = �2� (Ll � 1) BH��tott;RC 1Zxl dyy P (1) �xly � d�t!bH+!b(l+�l)B dy= �2� (Ll � 1) �Ht�tott;RCBH� 1Zxl dyy P (1)�xly ��H (yl)= �2� (Ll � 1) �Ht�tott;RCBH� IH (xl) ; (58)where �H (x) is the Born spe
trum de�ned in (56) andIH (x) = 1Zx dyy P (1)�xy��H (y)= �H (x)�x+ 12 + ln (x) + 2 ln�1� xx ��+ 1Zx dy (y2 + x2)y2 (y � x) [�H (y)� �H (x)℄ : (59)The 
ontribution of the QED 
orre
tions (58) is shown in Fig. 7 and 
ompared with theQCD 
orre
tions from (B23). In Fig. 8 we show the lepton energy spe
trum in the Bornapproximation and 
ompare it with the radiatively 
orre
ted one. Contrasting the � -energyspe
tra in this �gure with the 
orresponding spe
tra in Fig. 4 shows that the � -leptons fromthe de
ay t ! bH+ ! b�+�� are distin
tly more energeti
. This feature is well known inthe literature. We have 
al
ulated here the (QCD + QED) 
orre
tions to these spe
tra and
he
ked their perturbative stability.
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Fig. 7: QCD and QED 
orre
tions to the lepton energy spe
trum in the de
ays t! bH+ ! b�+�� .The solid 
urve is the QCD 
orre
tions, i.e. the se
ond term on the r.h.s. of the �rst line ofEq. (B24) divided by the total de
ay width �tott;RC , and the dashed 
urve is the QED 
orre
tionsdBrt!bH+!b�+��QEDLLAdx� from Eq. (58) for the �+ in the �nal state.VI. TOP DECAY CHANNELS INVOLVING THE � LEPTONThe radiatively 
orre
ted 
harged lepton energy spe
tra from the de
ays t ! bW+ !b`+�` (for `+ = e+; �+; �+) and t ! bH+ ! b(�+�� ) presented here will be helpful inundertaking pre
ision tests of the SM and in the sear
hes for the H�-indu
ed e�e
ts in thesemileptoni
 de
ays of the top quark. Integrating these spe
tra from some experimentalthreshold lepton energy, the anti
ipated enhan
ement in the bran
hing ratio for the t !b(�+�� ) mode over the other two semileptoni
 modes t ! b(� + ��; e+�e) provides theexperimental handle on the H� sear
hes. This is the strategy whi
h is being used at theTevatron, where sear
hes have also been made in the de
ays H+ ! 
�s (and in the 
harge
onjugate modes), but this �nal state is of interest only in the region tan� < 1, whi
h wedo not entertain here. However, as already mentioned in the introdu
tion, the 
hara
teristi
polarisation of the �� produ
ed in the de
ays W� ! ���� and H� ! ���� , whi
h re
e
tsitself in the energy distributions of the ��-de
ay produ
ts, 
an be used to dis
riminate the
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Fig. 8: Lepton energy spe
tra from the de
ays t ! bH+ ! b(�+�� ) versus the � energy fra
tionx = x� for MH+ = 120 GeV and tan � = 22. The solid 
urve shows the Born spe
trum (see (55))and the dashed 
urve is the spe
trum in
luding the (QED + QCD) radiative 
orre
tions fromFig. 7 (i.e. QCD 
orre
tions are taken from Eq. (B24) and the QED 
orre
tions are taken from(58)).W�-indu
ed and H�-indu
ed �nal states. In this se
tion, we 
al
ulate the energy spe
traof the so-
alled single 
harged-prong events in � -de
ays. The ��-polarisation e�e
ts on the�� de
ay produ
ts have already been investigated in the literature, in parti
ular in [36, 37℄,whi
h we shall make use of, 
onvoluting these spe
tra with the �+-energy spe
trum fromthe de
ay 
hain t! b(W+; H+)! b(�+�� ) 
al
ulated by us here. To that end, we 
onsiderthe following �� de
ay 
hainst ! b(W+; H+)� ��� ! jet(b) + ��� + �� + ��l + l; l = e+; �+; (60)t ! b(W+; H+)� ��� ! jet(b) + ��� + �� + �+;t ! b(W+; H+)� ��� ! jet(b) + ��� + �� + �+ + �0;t ! b(W+; H+)� ��� ! jet(b) + ��� + �� + �+ + 2�0;t ! b(W+; H+)� ��� ! jet(b) + ��� + �� + 2�+ + ��;



23involving the leptons e+, �+, the �+, the ve
tor and the axial-ve
tor mesons �+ and a+1 ,respe
tively, with the subsequent de
ays of the �+ and a+1 , as indi
ated. Keeping in mind thelong-distan
e nature of the QED intera
tions, providing the "large logarithms", one mustin
lude the stru
ture fun
tion asso
iated fa
tors only with the �nal 
harged parti
les-leptonsor pions (see Fig. 2, b and Fig. 11, a, b). In the rest frame of the top quark, the � -leptons fromthe de
ays t! b(W+; H+)! b(�+�� ) have mu
h larger energy and 3-momentum 
omparedto the� - mass, i.e. E� � m� . The energy spe
trum of the � -lepton de
ay produ
ts must bemodi�ed to take this into a

ount [36℄. For example for the de
ay � ! ��� of the � -leptonwith energy E� , the E�-energy spe
trum 
an be obtained from (15) (see also Eq. (2.8) in[36℄): dBr�!���Bdz = Z d 
os � 1Zz dBrBd 
os �dxÆ �z � x2 (1� 
os �)� dx= �l (z) = Bl3 (1� z) �5 + 5z � 4z2 � P� �1 + z � 8z2�� ; (61)where z is the energy fra
tion of the � in the indi
ated de
ay:z = EaE� = x2(1� 
os �) = xax� ; (62)x = 2E�=m� , and � is the angle between the dire
tions of the � and the � 3-momenta. Theindex a in Ea shows the �nal parti
le involved. Here, a = � (the expression above holdsalso for the e+-energy spe
trum). We also need the energy spe
tra for other parti
les in the� -lepton de
ay, i.e. for a = �+; �; a1. The 
orresponding distributions were obtained in [36℄:for �� (z) see Eq. (2.4) and for ��;a1 (z) see Eq. (2.22) in the 
ited paper.A. Leptons in �nal stateFor the �+-de
ay with the leptons in the �nal state (i.e. a = e+; �+), the �nal expressionfor the lepton energy spe
trum in the Born approximation isdBrt!b+���+��+�l+`+B dx` = 1Zxl dy�y� dBrt!b(�+�� )Borndy� �l �xly� � (63)where the t-quark de
ay width dBrt!b(�+�� )Borndx� is taken from (36) or (55) and �l (z) was de�nedin (61). To take into a

ount the QED radiative 
orre
tions in LLA we again use the SF
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Fig. 9: Di�erential bran
hing ratio dBrt!bW+!b((�+!�+����� )��B dx� (see (63)) as a fun
tion of the �+energy fra
tion x� in the Born approximation (solid 
urve) and with the QED and QCD radiative
orre
tions (dashed 
urve) (see (64)).approa
h illustrated in Se
tion II (see formula (5) and Fig. 2, b). The radiatively 
orre
tedspe
trum is then given bydBrt!b+���+��+�`+`+QEDLLA+QCDdxl = �1; BH� 	�tott;RC 1Zxl dyy Dl�xly ; �l� 1Z2p� dxb �� d�t!b+���+��+�`+`+Borndxbdy �1� �s� �23 FW (y; xb)y (ymax � y) ; FH (y; xb)�� ; (64)where the �rst entry in the 
urly bra
es is for the de
ay 
hannels whi
h go via the W+bintermediate state, and the se
ond entry is for the de
ays whi
h go via the intermediatestate H+b. The fun
tion FW (xl; xb) represents the non-leading 
ontributions of the QCD
orre
tions and was de�ned in (40). The de�nition of the fun
tion FH (xl; xb) is givenin (B24). The di�erential bran
hing ratios from the de
ay 
hain t ! bW+ ! b(�+ !�+����� )�� are shown in Fig. 9 and from the de
ay 
hain t! bH+ ! b(�+ ! �+����� )�� inFig. 10.
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Fig. 10: Di�erential bran
hing ratio dBrt!bH+!b((�+!�+����� )��B dx� as a fun
tion of the �+ energy fra
tionx� in the Born approximation (solid 
urve) and with the QED and QCD radiative 
orre
tions(dashed 
urve), involving the bH+ intermediate state.B. Hadrons in the �nal stateIn this 
ase, we have to take into a

ount the de
ay 
hain involving the �nal de
ays�+ ! (�+; �+; a+1 )�� with the subsequent de
ays of the �+- and the a+1 -mesons into pions.The � -energy spe
trum is already given above. Consider �rst the de
ay �+ ! �+��� , in whi
h
ase the �+-energy spe
trum is given bydBrt!b+��+(�+!�++��� )B dx� = 1Zx� dx�x� dBrt!b+���+�Bdx� ���x�x� � ; (65)where the fun
tion ��(x) des
ribes the 
onversion of the energeti
 � -lepton into the energeti
�-meson. This fun
tion was 
al
ulated in Ref. [36℄, whi
h we in
orporated in our numeri
al
al
ulations. The distribution in the pion energy fra
tion x� resulting from the �+ ! �+�0de
ay takes the form:dBrt!b+��+(�!���+(�!�+::: ))Born dx� = 1Zx� dx�x� dBrt!b+��+(�!�+��� )Borndx� R��x�x�� ; (66)



26where the fun
tion R�(x) des
ribes the 
onversion of the energeti
 � meson into energeti
pions (i.e. �� ! ���0): R� (x) = 1� d�dx; x = E��E� = x��x� ; (67)This fun
tion was investigated in [37℄ (see Fig. 1 in [37℄).The radiative 
orre
tions ("large distan
e 
ontributions") 
an be obtained by using thestru
ture fun
tion approa
h as:dBrt!b+��+(�!���+(�!�+::: ))RC dx� = �1; BH� 	�tott;RC 1Zx� dy�y� �� d�t!b+��+(�!���+(�!�+::: ))Born dy� D� �x�y� ; ��� ; (68)where D�(z) is the stru
ture fun
tion of the 
harged pion [54℄:D� (x; ��) = Æ (1� x) + �P (1)� (x) + 12!�2P (2)� (x) + � � � ; (69)�� = �2� �ln m2tM2� � 1� ;and the quantities P (n)� (x) have the form:P (1)� (x) = � 2x1� x�+ = lim�!0 � 2x1� x� (1� x��) + (2 ln (�) + 2) Æ (1� x)� ; (70)The formula similar to (59) in the 
ase of pions reads as:1Zx dyy P (1)� �xy�� (y) = � (x) f2 ln (1� x) + 2g+ 1Zx dyy 2xy � x [� (y)� � (x)℄ ; (71)where �(x) is any arbitrary fun
tion we want to 
onvolute with the stru
ture fun
tionD� (x; ��) in the leading order perturbation theory. The smoothed form of the stru
turefun
tion D� (x; ��) takes the form:D� (x; ��) = 2�� (1� z)2���1 (1 + ��)� �� +O ��2�� : (72)The energy distribution of the 
harged pion obtaining from the de
ay a+1 ! �+::: fromthe parent � de
ay 
an be derived analogously.
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tion method for the de
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Fig. 12: Di�erential bran
hing ratio dBrt!bW+!b((�+!�+��� )��B dx� (see (63) as a fun
tion of the �+energy fra
tion x� in the Born approximation (solid 
urve) and with the QED and QCD radiative
orre
tions taken into a

ount (dashed 
urve) (see (64)).VII. SUMMARYIn the �rst part of our paper, we have 
al
ulated the QCD and QED radiative 
orre
tionsto the semileptoni
 de
ays t! bW+ ! b`+�` (` = e; �; �) in the SM. Of parti
ular interestare the 
harged lepton energy spe
tra, whi
h we have 
al
ulated using the SF approa
h toresum the leading order (in QED) and leading and next-to-leading order (in QCD) 
ontri-
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Fig. 13: Di�erential bran
hing ratio dBrt!bH+!b((�+!�+��� )��B dx� as a fun
tion of the �+ energy fra
tionx� in the Born approximation (solid 
urve), and with the QED and QCD radiative 
orre
tionstaken into a

ount (dashed 
urve), involving the bH+ intermediate state.butions. These spe
tra will be measured a

urately at the LHC and will be 
ru
ial to 
he
kthe lepton (e; �; �) universality in the semileptoni
 de
ays of the top quarks in SM. In doingthis, it will be 
ru
ial to take into a

ount the QED and QCD radiative 
orre
tions in theenergy spe
tra. The numeri
al extent of su
h 
orre
tions is shown in Fig. 5 for the ratiosRe� and R�� , whi
h is one of our prin
ipal results in this paper. The rest of our paper isaddressed to the possible e�e
ts of a 
harged Higgs boson H� with MH� < mt � mb inthe semileptoni
 de
ays of the top quark. To avoid the 
onstraints on MH� 
oming fromthe B ! Xs
 de
ay, we assume that the Higgs se
tor is part of a supersymmetri
 theory.Ex
ept for the SUSY radiative 
orre
tions, whi
h 
an be e�e
tively taken into a

ount bythe supersymmetri
 renormalisation of the b-quark mass, there are no other e�e
ts of thesupersymmetri
 se
tor on the de
ay widths and distributions. We have 
onsidered only thelarge-tan� parameter spa
e of this model, in whi
h 
ase the de
ays of the H� are dominatedby the �nal state H� ! ���� . In Figs. 4 and 8, we have 
ontrasted the Born and radiatively
orre
ted � -lepton energy spe
tra from the de
ays t ! b(W+; H+) ! �+�� for a spe
i�
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Fig. 14: Di�erential bran
hing ratio dBrt!bW+!b((�+!�+�0)��� )B dx� as a fun
tion of the pion energyfra
tion x� in the Born approximation (solid 
urves) and in
luding the QED and QCD radiative
orre
tions (dashed 
urves). The upper 
urves are for the transverse polarisation of the � and thelower 
urves 
orrespond to the 
ase where the � is longitudinally polarised.
hoi
e of the parameters MH� = 120 GeV and tan � = 22. While the Born level spe
tra arewell do
umented in the literature, e�e
ts of the radiative 
orre
tions on the spe
tra are, tothe best of our knowledge, new results.The 
ontribution of an H� in t (�t) de
ays, if allowed kinemati
ally, will enhan
e the de
ayrate for t ! b�+�� (�t ! �b����� ), whi
h is the main H�-sear
h strategy at the Tevatron.However, with a mu
h larger t�t 
ross se
tion and the luminosity anti
ipated at the LHC,this sear
h strategy 
an be further strengthened by taking into a

ount the di�erent ��-polarisations in the de
ays W� ! ���� and H� ! ���� . As the polarisation informationof the �� is transmitted to the de
ay produ
ts of the ��, we have 
al
ulated the energydistributions of the 
harged parti
les (e�; ��; ��; ��; a�1 ) in the single-
harge-prong de
ays ofthe ��, as well as the in
lusive 
harged pion spe
tra from the de
ay 
hains t! b(W�; H�)!b(��; �� )! b��+X. The results at the Born level are well known in the literature. We have
al
ulated the perturbative stability of these distributions. The entire e�e
ts of the radiative
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Fig. 15: Di�erential bran
hing ratio dBrt!bH+!b((�+!�+�0)��� )B dx� as a fun
tion of the pion energy fra
-tion x� in the Born approximation (solid 
urves) and in
luding the QED and QCD radiative
orre
tions (dashed 
urves), involving the bH+ intermediate state. The upper 
urves are for thelongitudinal polarisation of the � and the lower 
urves 
orrespond to the 
ase where the � istransversely polarised.
orre
tions presented here 
an be implemented in existing Monte Carlos, su
h as PYTHIAand HERWIG, to provide an improved theoreti
al pro�le of the semileptoni
 de
ays of thetop quark in the SM and 
an be 
ombined with FeynHiggs to in
lude the SUSY-related
orre
tions spe
i�
 to parti
ular MSSM s
enarios.A
knowledgmentsThe work presented here is partially supported by the Heisenberg-Landau Program. Wethank Gustav Kramer for reading the manus
ript and helpful 
omments, and Sven Mo
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ommuni
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tion 
ross se
tion at the LHC.APPENDIX A: NUMERICAL VALUES OF THE INPUT PARAMETERSFor our numeri
al 
al
ulations we used the following values of the parameters:
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Fig. 16: Di�erential bran
hing ratio dBrt!bW+!b((a+1 !(3�)+)��� )B dx� as a fun
tion of the pion energyfra
tion x� in the Born approximation (solid 
urves) and in
luding the QED and QCD radiative
orre
tions (dashed 
urves). The upper 
urves are for the transverse polarisation of the a1 and thelower 
urves 
orrespond to the 
ase where the a1 is longitudinally polarised.Parameter Value Parameter Value Parameter Value��1 137:035999679 mt 171:2 GeV tan � 40�s 0:1176 mb 4:20 GeV Br (� ! ��� ���) 17:36� 10�2me 0:510998910 MeV M� 0:13957018 GeV Br (� ! ��� ) 10:91� 10�2m� 105:6583668 MeV M� 0:775 GeV Br (� ! ��� ) 25:52� 10�2m� 1:77684 GeV �� 0:1462 GeV Br (� ! a1�� ) 1:859� 10�1MW 80:398 GeV Ma1 1:230 GeV�W 2:141 GeV �a1 0:420 GeVMH 120 GeV GF 1:16637� 10�5 GeV�2�H 2 GeV g 0:653057
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Fig. 17: Di�erential bran
hing ratio dBrt!bH+!b((a+1 !(3�)+)��� )B dx� as a fun
tion of the pion energy fra
-tion x� in the Born approximation (solid 
urves) and in
luding the QED and QCD radiative
orre
tions (dashed 
urves), involving the bH+ intermediate state. The polarisation of the a+1 isindi
ated in the �gure.APPENDIX B: RADIATIVE CORRECTIONS TO TOP QUARK DECAY VIACHARGED HIGGSHere we give details of the QCD radiative 
orre
tions to the width of t-quark de
ayt(p)! b(pb) + �(p� ) + ��(p�) with the 
harged Higgs boson in the intermediate state.The lowest order QCD 
orre
tions 
an be 
al
ulated in a similar way as in QED and inthe �nal result one must do the repla
ements�! �sCF ; CF = N2
 � 12N
 = 43 ; (B1)where N
 = 3 is the number of quark 
olours.We start from the 
ounter-terms asso
iated with the t and b quarks. Taking them intoa

ount yields a multipli
ative renormalisation fa
tor in the expression for the di�erentialwidth d�! d�Zbt; (B2)
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Fig. 18: Normalised in
lusive pion energy spe
tra from the de
ays t! b(W+;H+)! b(�++X)���as a fun
tion of the pion energy fra
tion x� in the Born approximation (solid 
urves) and in
ludingthe QED and QCD radiative 
orre
tions (dashed 
urves).Zbt = 1� �2� �ln �2m2t + 32 ln m2tm2b + 92 � 2 lnm2t�2 � ; (B3)where mt andmb are the masses of top and bottom quark. The auxiliary parameters � and �are introdu
ed to regularise the ultraviolet (UV) and infrared (IR) singularities, respe
tively.Sometimes � is also dubbed as a �
titious "photon (gluon) mass". The dependen
e of thede
ay width on these parameters will disappear from the �nal result. The UV-
uto� � willbe absorbed by the 
oupling 
onstant renormalisation and the IR-
uto� � will be 
an
elledby taking into a

ount the emission of the virtual and real gluons.Virtual 
orre
tions asso
iated with the vertex type Feynman diagram require the 
al
u-lation of the following integral involving the loop 4-momentumV = Z d4ki�2 
�(p̂b � k̂ +mb)(p̂� k̂ +mt)
�(k2 � �2)((pb � k)2 �m2b)((p� k)2 �m2t ) : (B4)Using the Feynman pres
ription of 
ombining the denominators and performing the loop



34momentum integration (here we must impose the ultraviolet 
ut-o�) we arrive atV = 4 ln �2mtmb � 2 (ppb) 1Z0 dxp2x ln p2x�2 � 2 (mt +mb) 1Z0 dxp2x (xmb + (1� x)mt) ; (B5)with p2x = x2m2b + (1 � x)2m2t + 2(ppb)x(1 � x) and the unit matrix in the Dira
 spa
e isimplied. Below we use the expli
it form of the 1-fold integrals1Z0 dxp2x �1; (1� x); ln p2xm2t � = � 2m2ty ln�ymtmb � ;1m2t (1� y) ln y; 1m2t y �ln2 y � 12 ln2 m2tm2b � 2Li2�1� 1y��� : (B6)The next step 
onsists of the 
al
ulation of the 
ontribution arising from emission of realgluons - soft and hard ones. Standard 
al
ulation for the 
ase of soft gluon emission ! <�Eb � mt (we work in the rest frame of top quark) leads tod�softd�B = � �4�2 Z d3k! � ppk � pbpbk�2= �� �2(l � 1) ln 2�E� + 1 + l � l2 � �26 � ; l = ln ymtmb : (B7)Extra
ting the fa
tor Z = 1+ 3�2� ln �2mt�t2 and using the ultraviolet-regularised quantities we
an write Zd�unren = d�: (B8)Colle
ting the 
ontributions of the Born level and the virtual and soft real 
orre
tions, weobtain:d� = d�B[1 + �2� (L� 1)(2 ln� + 32) + �� [� ln�� 52 + 12 ln2 y � 52 ln y + Li2(1� 1y )�� �26 � 11� y ln y℄℄ (B9)with � = �Eb=Eb, L = ln m2t y2m2b� .Note that the term 
ontaining ln� are 
onne
ted with the emission from the "light"b-quark and the heavy top-quark.Let us now 
onsider the emission of the hard gluon with momenta k = (!;~k); k0 > �E.The relevant phase volumed�4 = (2�)4(2�)12 d3pb2Eb d3p�2E� d3p�2E� d3k2! Æ4(p� pb � p� � p� � k);
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an be transformed asd�4 = m4t213�6dyx�dx�dxdzdO�Æ�1� x� � x� y + z + 2p� (k + pb)m2t � ; (B10)where x = 2!mt ; z = 2 (kpb)m2t ; (B11)and dO� = 2d
1d
2p1� 
21 � 
22 � 
2 + 2
1
2
; (B12)is the angular phase volume of the � lepton, and
 = 
os(~k; ~pb); 
1 = 
os(~k; ~p� ); 
2 = 
os(~p� ; ~pb): (B13)Expli
it 
al
ulation yieldsZ dO�Æ�1� x� � x� y + z + 2p� (k + pb)m2t � = 4�x�R ; R =p(x+ y)2 � 4z: (B14)and the variable z is bounded byzm < z < xy; zm = xm2bym2t � 1: (B15)Summed over the �nal spin states, the matrix element squared leads tod�un
olldx�dy = �2� Z dxx xyZ� dzd� (x+ y � z)dx�dy 1(x+ y � z)R (F1 + F2 + F3) ; (B16)where F1 = y2 + (y + x)2xz � 2m2bm2t x + yz2 ;F2 = �2yx2 ;F3 = �2x (1 + y + x) + zx2 (2 + x) :It is 
onvenient to introdu
e the small auxiliary parameter � (zm � � � xy � 1) andextra
t the 
ontribution of the 
ollinear kinemati
s ~kjj~pb.Only F1 gives the 
ontribution in the 
ollinear region (z < �):d�
oll = �2� 1Zy(1+�) dtt d� (t)"1 + y2t21� yt (L� � 1) + 1� yt # ; (B17)



36with L� = lnm2t y�xm2b ; � = 2�Emty :Contribution of F1 from the non-
ollinear region 
an be put in the form:�2� 1Zy(1+�) dtt d� (t)241 + y2t21� yt [ln xy� + y(t�y)Z0 dzz �(t; z)℄35 ; (B18)with �(t; z) = d�(t� z)t2(t� z)d�(t)pt2 � 4z � 1: (B19)Note that the se
ond term 
ontaining �(t; z) is �nite in the limit mb ! 0.The 
ontribution of the se
ond term (F2) 
an be 
ast in the form:� �� 1Zy(1+�) dtt� y y2d�(t)t2 � �� 1Zy dtd�(t)(t� y)2 y(t�y)Z0 dz �(t; z): (B20)The �rst term above 
ombined with the term ���d�(y) ln� (see (B9)) gives a quantity whi
his �nite in the limit � ! 0. Emission from the light quark has a form predi
ted by theStru
ture Fun
tion approa
h. Combining all the 
ontributions, we arrive at the followingexpression for the QCD 
orre
ted double (Dalitz) distribution in the variables x� , y:d� (y; x� )dx�dy = 1Zy dtt D �yt ; ~�(y)� d� (t; x� )dtdx� n1 + �s� FHo ; (B21)where FH is the K-fa
tor whi
h 
ontains all the non-enhan
ed terms. On integrating theb-quark energy fra
tion, the mass singularities ( ~�(y) = �s2� (ln(y2m2t =m2b) � 1)) for mb ! 0will disappears due to the relation1Z0 dy 1Zy dtt D �yt ; ��F (t) = 1Z0 F (t)dt: (B22)Thus, in an experimental setup involving an averaging over the b-jet produ
tion, the resulting



37� -meson energy spe
trum fra
tion is des
ribed by the following expression:d�dx� = 1Z1�x� dxb d�dxbdx� ; (B23)d�dtdx� = d�Bdtdx� � �sCF� 1Zt(1+�) dy d�Bdydx� y2t2 1t� y ++ �sCF� d�Bdtdx� ��52 + 12 ln2 t� 52 ln t� ln t1� t � �2 + Li2�1� 1t�� t2 � ln��= d�Bdtdx� �1� �s� FH (x� ; t)� :As anti
ipated, this expression does not depend on the small auxiliary parameter � � 1.Thus fun
tion FH (x� ; xb) is de�ned asFH (x� ; t) = CF �52 � 12 ln2 t+ 52 ln t + ln t1� t + �2 � Li2�1� 1t� + t2 + ln�+ � d�Bdtdx� ��1 � 1Zt(1+�) dy d�Bdydx� y2t2 1t� y9>=>; : (B24)
[1℄ Tevatron Ele
troweak Working Group, (2009), 0903.2503.[2℄ U. Langenfeld, S. Mo
h, and P. Uwer, arXiv:0907.2527 [hep-ph℄.[3℄ S. Mo
h and P. Uwer, Nu
l. Phys. Pro
. Suppl. 183, 75 (2008) [arXiv:0807.2794 [hep-ph℄℄.[4℄ S. Mo
h and P. Uwer, Phys. Rev. D 78 (2008) 034003 [arXiv:0804.1476 [hep-ph℄℄.[5℄ N. Kidonakis and R. Vogt, Phys. Rev. D 78, 074005 (2008) [arXiv:0805.3844 [hep-ph℄℄.[6℄ M. Ca

iari, S. Frixione, M. L. Mangano, P. Nason and G. Ridol�, JHEP 0809, 127 (2008)[arXiv:0804.2800 [hep-ph℄℄.[7℄ A. Ali and E. Pietarinen, Nu
l. Phys. B 154, 519 (1979).[8℄ G. Corbo, Nu
l. Phys. B 212, 99 (1983).[9℄ G. Altarelli, N. Cabibbo, G. Corbo, L. Maiani and G. Martinelli, Nu
l. Phys. B 208, 365(1982).[10℄ M. Jezabek and J. H. K�uhn, Nu
l. Phys. B 320, 20 (1989).[11℄ A. Denner and T. Sa
k, Nu
l. Phys. B 358, 46 (1991).[12℄ G. Eilam, R. R. Mendel, R. Migneron and A. Soni, Phys. Rev. Lett. 66, 3105 (1991).

http://arxiv.org/abs/0907.2527
http://arxiv.org/abs/0807.2794
http://arxiv.org/abs/0804.1476
http://arxiv.org/abs/0805.3844
http://arxiv.org/abs/0804.2800


38[13℄ M. Jezabek and J. H. K�uhn, Phys. Rev. D 48, 1910 (1993) [Erratum-ibid. D 49, 4970 (1994)℄[arXiv:hep-ph/9302295℄.[14℄ A. Czarne
ki and K. Melnikov, Nu
l. Phys. B 544, 520 (1999) [arXiv:hep-ph/9806244℄.[15℄ K. G. Chetyrkin, R. Harlander, T. Seidensti
ker and M. Steinhauser, Phys. Rev. D 60, 114015(1999) [arXiv:hep-ph/9906273℄.[16℄ I. R. Blokland, A. Czarne
ki, M. Slusar
zyk and F. Tka
hov, Phys. Rev. Lett. 93, 062001(2004) [arXiv:hep-ph/0403221℄.[17℄ I. R. Blokland, A. Czarne
ki, M. Slusar
zyk and F. Tka
hov, Phys. Rev. D 71, 054004 (2005)[Erratum-ibid. D 79, 019901 (2009)℄ [arXiv:hep-ph/0503039℄.[18℄ J. G. K�orner and M. C. Mauser, Eur. Phys. J. C 54, 175 (2008) [arXiv:hep-ph/0211098℄.[19℄ L. N. Lipatov, Sov. J. Nu
l. Phys. 20 (1975) 94 [Yad. Fiz. 20 (1974) 181℄.[20℄[20℄ G. Altarelli and G. Parisi, Nu
l. Phys. B 126, 298 (1977).[21℄ J. C. Collins, D. E. Soper and G. Sterman, Nu
l. Phys. B 250, 199 (1985).[22℄ S. M. Berman, Phys. Rev. 112, 267 (1958).[23℄ T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957).[24℄ A. Arbuzov, A. Czarne
ki and A. Gaponenko, Phys. Rev. D 65, 113006 (2002)[arXiv:hep-ph/0202102℄.[25℄ A. Arbuzov and K. Melnikov, Phys. Rev. D 66, 093003 (2002) [arXiv:hep-ph/0205172℄.[26℄ Parti
le Data Group, C. Amsler et al., Phys. Lett. B667, 1 (2008).[27℄ M. Misiak et al., Phys. Rev. Lett. 98, 022002 (2007) [arXiv:hep-ph/0609232℄.[28℄ B. Abbott et al. [D0 Collaboration and The D0 Collaboration℄, Phys. Rev. Lett. 82, 4975(1999) [arXiv:hep-ex/9902028℄.[29℄ V. M. Abazov et al. [D0 Collaboration℄, Phys. Rev. Lett. 88, 151803 (2002)[arXiv:hep-ex/0102039℄.[30℄ A. Abulen
ia et al. [CDF Collaboration℄, Phys. Rev. Lett. 96, 042003 (2006)[arXiv:hep-ex/0510065℄.[31℄ ATLAS, G. Aad et al., JINST 3, S08003 (2008).[32℄ CMS, G. L. Bayatian et al., CERN-LHCC-2006-001.[33℄ K. Hagiwara, A. D. Martin and D. Zeppenfeld, Phys. Lett. B 235, 198 (1990).[34℄ B. K. Bullo
k, K. Hagiwara and A. D. Martin, Phys. Rev. Lett. 67, 3055 (1991).

http://arxiv.org/abs/hep-ph/9302295
http://arxiv.org/abs/hep-ph/9806244
http://arxiv.org/abs/hep-ph/9906273
http://arxiv.org/abs/hep-ph/0403221
http://arxiv.org/abs/hep-ph/0503039
http://arxiv.org/abs/hep-ph/0211098
http://arxiv.org/abs/hep-ph/0202102
http://arxiv.org/abs/hep-ph/0205172
http://arxiv.org/abs/hep-ph/0609232
http://arxiv.org/abs/hep-ex/9902028
http://arxiv.org/abs/hep-ex/0102039
http://arxiv.org/abs/hep-ex/0510065


39[35℄ A. Rouge, Z. Phys. C 48, 75 (1990).[36℄ B. K. Bullo
k, K. Hagiwara and A. D. Martin, Nu
l. Phys. B 395, 499 (1993).[37℄ S. Ray
haudhuri and D. P. Roy, Phys. Rev. D 53, 4902 (1996) [arXiv:hep-ph/9507388℄.[38℄ E. A. Kuraev and V. S. Fadin, Sov. J. Nu
l. Phys. 41 (1985) 466 [Yad. Fiz. 41 (1985) 733℄.[39℄ J. A. Coarasa, D. Gar
ia, J. Guas
h, R. A. Jimenez and J. Sola, Eur. Phys. J. C 2, 373 (1998)[arXiv:hep-ph/9607485℄.[40℄ M. S. Carena, D. Gar
ia, U. Nierste and C. E. M. Wagner, Nu
l. Phys. B 577, 88 (2000)[arXiv:hep-ph/9912516℄.[41℄ T. Hahn, S. Heinemeyer, W. Hollik, H. Rzehak and G. Weiglein, Nu
l. Phys. Pro
. Suppl.183, 202 (2008).[42℄ A. Sop
zak, arXiv:0907.1498 [hep-ph℄.[43℄ L. B. Okun, Amsterdam, Netherlands: North-Holland ( 1982) 361p[44℄ L. Mi
hel, Pro
. Phys. So
. A 63, 514 (1950).[45℄ T. Kinoshita, J. Math. Phys. 3, 650 (1962).[46℄ T. D. Lee and M. Nauenberg, Phys. Rev. 133, B1549 (1964).[47℄ V. B. Berestetsky, E. M. Lifshitz, and L. P. Pitaevsky, Oxford, Uk: Pergamon (1982) 652 P.(Course Of Theoreti
al Physi
s, 4).[48℄ E. Bartos, E. A. Kuraev and M. Se
ansky, Phys. Part. Nu
l. Lett. 6, 365 (2009)[arXiv:0811.4242 [hep-ph℄℄.[49℄ S. Ray
haudhuri and D. P. Roy, Phys. Rev. D 52, 1556 (1995) [arXiv:hep-ph/9503251℄.[50℄ A. Czarne
ki and S. Davidson, Phys. Rev. D 47, 3063 (1993) [arXiv:hep-ph/9208240℄.[51℄ A. Czarne
ki and S. Davidson, Phys. Rev. D 48, 4183 (1993) [arXiv:hep-ph/9301237℄.[52℄ N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963).[53℄ M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).[54℄ E. A. Kuraev and Yu. M. Bystritsky, JETP Lett. 83, 439 (2006) [Pisma Zh. Eksp. Teor. Fiz.83, 510 (2006)℄.

http://arxiv.org/abs/hep-ph/9507388
http://arxiv.org/abs/hep-ph/9607485
http://arxiv.org/abs/hep-ph/9912516
http://arxiv.org/abs/0907.1498
http://arxiv.org/abs/0811.4242
http://arxiv.org/abs/hep-ph/9503251
http://arxiv.org/abs/hep-ph/9208240
http://arxiv.org/abs/hep-ph/9301237

	Introduction
	Muon decay: A warm-up Exercise
	Top quark decays tb (W+,H+) in the Born approximation
	The top quark decay tb W+ b (+ ) in the Born approximation
	QCD radiative corrections
	QED radiative corrections in the leading logarithmic approximation

	The top quark decay tb H+ b (l+ l) in the Born approximation
	QCD radiative corrections
	QED radiative corrections in the leading logarithmic approximation

	Top decay channels involving the  lepton
	Leptons in final state
	Hadrons in the final state

	Summary
	Numerical values of the input parameters
	Radiative corrections to top quark decay via charged Higgs
	References

