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Constraining SUSY models with Fittino using measurementsbefore, with and beyond the LHCPhilip Behtle1, Klaus Desh2, Mathias Uhlenbrok2, and Peter Wienemann21 Deutshes Elektronen-Synhrotron, Notkestr. 85, D-22607 Hamburg, Germany2 Universit�at Bonn, Physikalishes Institut, Nussallee 12, D-53115 Bonn, GermanyAbstrat. We investigate the onstraints on Supersymmetry (SUSY) arising from available preision mea-surements using a global �t approah. When interpreted within minimal supergravity (mSUGRA), the dataprovide signi�ant onstraints on the masses of supersymmetri partiles (spartiles), whih are preditedto be light enough for an early disovery at the Large Hadron Collider (LHC). We provide predited massspetra inluding, for the �rst time, full unertainty bands. The most stringent onstraint is from the mea-surement of the anomalous magneti moment of the muon. Using the results of these �ts, we investigate towhih preision mSUGRA and more general MSSM parameters an be measured by the LHC experimentswith three di�erent integrated luminosities for a parameter point whih approximately lies in the regionpreferred by urrent data. The impat of the already available measurements on these preisions, whenombined with LHC data, is also studied. We develop a method to treat ambiguities arising from di�erentinterpretations of the data within one model and provide a way to di�erentiate between values of di�erentdigital parameters of a model (e. g. sign(�) within mSUGRA). Finally, we show how measurements ata linear ollider with up to 1 TeV entre-of-mass energy will help to improve preision by an order ofmagnitude.PACS. 11.30.Pb Supersymmetry { 12.60.Jv Supersymmetri models { 14.80.Ly Supersymmetri partnersof known partiles1 IntrodutionThe Large Hadron Collider (LHC) will be the �rst ol-lider to diretly probe physis at the TeV energy sale,the Terasale. The LHC is supposed to provide �rst beamollisions in autumn 2009. Despite its tremendous suess,the Standard Model (SM) of partile physis exhibits anumber of shortomings whih { aording to the belief ofmany { might be remedied by new physis showing up atthe Terasale. One very popular extension of the SM is Su-persymmetry (SUSY) [1℄. Among the virtues of SUSY arethe elimination of the hierarhy problem, it an providenatural andidates to explain dark matter in the Universeand it allows for the uni�ation of the gauge ouplings atthe sale of grand uni�ation. Sine no supersymmetripartiles (spartiles) have been disovered to date, SUSYannot be an exat symmetry of Nature at experimen-tally aessible energies. Unfortunately, the mehanism ofSUSY breaking is unknown. This ignorane is eÆientlyparametrised in the Minimal Supersymmetri StandardModel (MSSM) [2,3℄ by the introdution of all possiblesoft SUSY-breaking terms into the Lagrangian with min-imal spartile ontent in a phenomenologial way. Whilethe most general MSSM Lagrangian introdues around100 new parameters, mild assumptions on the absene ofavour-non-diagonal and CP-violating terms (motivated

by the absene of strong avour-hanging neutral urrentsand eletri dipole moments of the eletron and neutron)and on the (e�etive) universality of the �rst two genera-tions redue the number of parameters to 18 (MSSM18).Still, it is a formidable experimental hallenge to reon-strut 18 parameters simultaneously from future measure-ments. An alternative but less rigorous approah is to on-front spei� theoretial models of SUSY breaking (whihtypially redue the number of free parameters signi�-antly) diretly with data. Among the most prominentof suh models are minimal Supergravity (mSUGRA) [4,5,6,7,8℄ and Gauge Mediated SUSY Breaking (GMSB) [9,10,11,12℄.If new phenomena whih are ompatible with SUSYare disovered at the LHC { whih we assume in thiswork { one of the major hallenges will be to �nd outthe underlying model and to measure its parameters aspreisely as possible. Several studies have already beenperformed to investigate the preision with whih SUSYmodel parameters an be derived from measurements atthe LHC and how muh is gained by ombining them withdata from the International Linear Collider (ILC) (seee. g. [13,14,15,16℄). So far these studies assume an au-ray for the used observables whih will only be attainablewith a fairly large integrated luminosity. Thus they reetthe situation in whih we might be in several years from
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2 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCnow or { for studies inluding ILC measurements { evenlater.In this paper we test the ompatibility of various SUSYmodels with presently available data and onstrain theorresponding parameters. Subsequently a projetion ofthe present situation to the LHC era and beyond is per-formed to obtain a possible time evolution of the preisionon SUSY parameters for mSUGRA and MSSM18. The �tsare performed using Fittino [17℄ version 1.5.0. The spar-tile properties for a given set of Lagrangian parametersare alulated using SPheno version 3.0beta [18℄ whih isinterfaed with Fittino via the SUSY Les Houhes A-ord [19,20℄. Previous work into this diretion is found in[14℄,[21℄-[45℄.In this paper, presently measured \low energy" (LE)observables are subjeted to a global �t of the mSUGRAand GMSB model based on Markov Chain Monte Carlotehniques. To aomplish this, we take advantage of areent ompilation of up-to-date theoretial alulationsof preision observables within the MSSM [44℄. Also, forthe �rst time, we ombine future LHC measurements withLE observables to determine their impat in partiular inthe early phase of LHC data taking and within modelswith a large number of parameters suh as the MSSM18.This paper is organised as follows: in Setion 2 wede�ne and disuss the present and future measurementswhih serve as input to the global �t. We also desribebriey the omputer odes employed to obtain preise the-oretial preditions as a funtion of the SUSY parametersthe data are onfronted with. In Setion 3, we outline insome detail the di�erent methods used to estimate theSUSY parameters from a global �2 variable. The advan-tages and disadvantages of the two main methods, MarkovChains and Toy Fits with Simulated Annealing, are dis-ussed. We desribe an approah to disriminate betweendi�erent values for disrete parameters of the models andillustrate this approah for the parameter sign(�) of themSUGRA model. Also, a new method to deal with am-biguities arising from di�erent interpretations of the datawithin the same model is disussed. In Setion 4, the re-sults of the di�erent �ts are presented. In Setion 4.1, theonstraints on mSUGRA and GMSB parameters are de-rived from available measurements, inluding observablesfrom K- and B-deays, the anomalous magneti momentof the muon (g � 2)�, preision eletro-weak data fromolliders and the value of the reli density of old darkmatter of the Universe, 
CDMh2. We also determine themost sensitive observables, (g�2)� and 
CDMh2 and showthe e�et of their exlusion from the �t. For the best �tpoint, we alulate the orresponding mass spetra of allspartiles. For the �rst time, the unertainties on the pa-rameters are onverted into error bands on the spartilemasses. In Setion 4.2, the results from �ts to LHC datawith integrated luminosities of 1, 10, 300 fb�1 are dis-played for an mSUGRA model point (SPS1a) whih leadsto a ollider phenomenology similar to that of the best �tpoint. In Setion 4.3, we LE data with future LHC data.We also show that by this, a stable �t of the MSSM18 anbe ahieved and the masses of most spartiles an be pre-

dited. Finally, in Setion 4.4 we investigate how preisionmeasurements of spartiles at a linear eletron-positronollider like the ILC with up to 1 TeV of entre-of-massenergy will turn SUSY into preision physis. The paperends with onlusions in Setion 5.2 Measurements and PreditionsIn this setion, we desribe the present and future experi-mental data whih we onfront with the SUSY parameterspae. We use three di�erent sets of measurements in aninremental way. These three sets are1. "Low energy" observables: existing experimental datawhih have the potential to onstrain the allowedSUSY parameter spae;2. Simulated LHC measurements: expeted SUSY mea-surements for the parameter set SPS1a at the LHCexperiments ATLAS and CMS for three di�erent inte-grated luminosities;3. Simulated ILC measurements: expeted SUSY mea-surements at the ILC running at ps = 500 GeV andps = 1000 GeV.These measurements are briey disussed in the fol-lowing setions. Finally, the odes used for the theoretialalulations are desribed in Setion 2.4.2.1 Low Energy ObservablesWhile no diret evidene for SUSY partiles has beenfound to date, these partiles ontribute to higher orderorretions to measured physial observables in a well-de�ned and alulable way if SUSY is realised in Nature.The measurements whih are exploited to obtain on-straints on the allowed SUSY parameter spae, an begrouped in four lasses:1. Rare deays of B- and K-mesons;2. The anomalous magneti moment of the muon;3. Preision measurements and the Higgs boson masslimit from high energy olliders: LEP, SLC, and Teva-tron;4. The reli density of old dark matter in the Universe.For reasons of omparability, the same measured val-ues have been used for the �t as in [44℄ although someof them, e. g. the mass of the top quark have been up-dated meanwhile. The exploited measurements and theirvalues are summarised in Table 1. In the next setionsthese measurements are briey desribed and limitationson their interpretation in terms of SUSY are disussed.2.1.1 Rare Deays of B and K mesonsA strong onstraint on new physis an be derived fromavour physis experiments, espeially at the B-fatories.



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 3Table 1: Available measurements from B-fatories, kaon experiments, LEP, SLC and the Tevatron, as well as themeasurement of (g � 2)� and the old dark matter reli density. Correlations amongst the eletro-weak preisionobservables as given in [46℄ are studied for the �t to the existing measurements. No e�et of the orrelations on theallowed parameter regions is found.Observable Experimental Unertainty Exp. RefereneValue stat systB(B ! s)=B(B ! s)SM 1.117 0.076 0.096 [47℄B(Bs ! ��) < 4.7�10�8 [47℄B(Bd ! ``) < 2.3�10�8 [47℄B(B ! ��)=B(B ! ��)SM 1.15 0.40 [48℄B(Bs ! Xs``)=B(Bs ! Xs``)SM 0.99 0.32 [47℄�mBs=�mSMBs 1.11 0.01 0.32 [49℄�mBs=�mSMBs�mBd=�mSMBd 1.09 0.01 0.16 [47,49℄��K=��SMK 0.92 0.14 [49℄B(K ! ��)=B(K ! ��)SM 1.008 0.014 [50℄B(K ! ����)=B(K ! ����)SM < 4.5 [51℄aexp� � aSM� 30.2�10�10 8.8�10�10 2.0�10�10 [52,53℄sin2 �e� 0.2324 0.0012 [46℄�Z 2.4952 GeV 0.0023 GeV 0.001 GeV [46℄Rl 20.767 0.025 [46℄Rb 0.21629 0.00066 [46℄R 0.1721 0.003 [46℄Afb(b) 0.0992 0.0016 [46℄Afb() 0.0707 0.0035 [46℄Ab 0.923 0.020 [46℄A 0.670 0.027 [46℄Al 0.1513 0.0021 [46℄A� 0.1465 0.0032 [46℄Afb(l) 0.01714 0.00095 [46℄�had 41.540 nb 0.037 nb [46℄mh > 114.4 GeV 3.0 GeV [54,55,56℄
CDMh2 0.1099 0.0062 0.012 [57℄1=�em 127.925 0.016 [58℄GF 1.16637�10�5GeV�2 0.00001�10�5GeV�2 [58℄�s 0.1176 0.0020 [58℄mZ 91.1875 GeV 0.0021 GeV [46℄mW 80.399 GeV 0.025 GeV 0.010 GeV [58℄mb 4.20 GeV 0.17 GeV [58℄mt 172.4 GeV 1.2 GeV [59℄m� 1.77684 GeV 0.00017 GeV [58℄m 1.27 GeV 0.11 GeV [46℄The reasons for that are two-fold: First, the avour stru-ture of the SM is remarkably exatly realised in Na-ture [60℄. The apparent absene of CP-violation or avourhanging neutral urrents beyond the SM severely on-strains models of new physis with additional avour mix-ing. In this paper, we only study avour-diagonal SUSYmodels whih by onstrution ful�l these onstraints. Se-ond, the exat knowledge of branhing frations of raredeays, whih are heliity suppressed or our only at looplevel with heavy partiles in the loop, strongly onstrainsalso avour-diagonal models of new physis.While the observables used here an be preisely mea-sured (within the statistial limitations of the experi-ment), their predition in the SM or in SUSY is often

aompanied with theoretial unertainties. The assumedsystematial unertainties on the theoretial preditionsare listed in Table 1. They are added in quadrature to theexperimental unertainties. Amongst the most importantonstraints are the reent measurements of Bs osillationsat the Tevatron, the branhing fration B(B ! ��) andthe inlusive branhing fration of radiative penguin de-ays, B ! s of the B meson.2.1.2 Anomalous Magneti Moment of the MuonAlthough the anomalous magneti moment of the ele-tron (g � 2)e = 2ae is measured approximately a fatorof 200 more preisely than the anomalous magneti mo-



4 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCment of the muon (g � 2)� = 2a�, the sensitivity to newphysis of the anomalous magneti moment of the muonis typially enhaned by a fator of (m�=me)2 � 43 000,and represents a muh stronger onstraint. While its mea-surement is undisputed, there is ongoing debate about theexat value of the SM predition for (g�2)�. The reason isthe fat that the non-perturbative ontribution from thehadroni vauum polarisation has to be extrated fromother experiments suh as low-energy e+e� sattering atBES [61℄ or from � lepton deays [62,63,64℄. Due to theseunertainties, the �t in Setion 2.1 is performed with andwithout using (g � 2)� as an observable.2.1.3 Measurements from High Energy CollidersThe measurements of the Z boson mass and width and ofits ouplings to left- and right-handed fermions in produ-tion and deay, the hadroni ross-setion on the Z pole,and the W boson and top quark mass serve to onstrainthe properties of partiles ontributing at loop level. Dueto their high preision and due the absene of any ambi-guity in the interpretation of the measurement (as e. g. inthe ase of the reli density of old dark matter) thesemeasurements represent an important input to the �t.As outlined in [46℄, there are orrelations within theLEP and SLD asymmetry measurements in the heavyavour setor, respetively, and within the Z pole observ-ables. The e�et of these orrelations on the SUSY �tresults have been tested for the baseline �t to the mea-surements from Table 1 as outlined in Setion 4.1.1.In addition and for ompleteness, we also use the mea-surements of the bottom and harm quark and tau leptonmasses and the measurement of the strong oupling on-stant �s as input to the �t.2.1.4 Limit on the SM Higgs Boson MassThe exlusion of a Higgs boson with SM-like propertiesbelow mh = 114:4GeV at 95% C.L. represents an im-portant onstraint on SUSY sine at leading order, thelightest CP-even Higgs boson has a mass below mZ . Onlydue to radiative orretions, its mass an be raised up toat most approximately 135-140 GeV [65℄.For a �t of the general MSSM to the existing data, theSM limit on the Higgs boson mass annot be employedsine for a given mh the gauge and Yukawa ouplings ofthe lightest CP-even SUSY Higgs boson an deviate sig-ni�antly from their SM values. Furthermore, additionaldeay hannels, e. g. h! AA may our.As shown in [55℄, the experimental limits obtained forspei� parameter hoies an be as low as mh � 90 GeVwithin the general CP-onserving and even lower for theCP-violating ase.In mSUGRA, however, it has been shown that suhdeviations annot be realised [66℄. For GMSB, suh a gen-eral analysis is not available, but it has been heked thatthe model points seleted by the �ts in Setion 4.1 do al-ways maintain sin2(� � �) � 1, where tan� is the ratio

of the two Higgs vauum expetation values and � themixing angle of the two CP-even neutral Higgs bosons.This ensures a SM-like prodution of the lightest Higgsboson and the absene of additional deay modes suh ash ! AA. Therefore, we an safely employ the SM limiton the Higgs boson mass in this study.In priniple, the full statistial information,i. e. CLs+b(mh) on the ompatibility of the searhresult with a SM Higgs boson of mass mh ould beexploited and onverted into a ontribution to the �2funtion of the global �t. However, due to the theoretialunertainty of 3 GeV on the predition of the Higgs bosonmass within SUSY, the use of this information would nothave a signi�ant impat on the results.The reent exlusion of the SM Higgs in a small massregion around 160 GeV by the Tevatron experiments [67℄is not onsidered sine the SUSY models under study donot allow mh above approximately 135GeV [65℄.2.1.5 Cold Dark Matter Reli DensityThe results from the WMAP satellite on temperature u-tuations of the osmi mirowave bakground togetherwith various other osmologial onstraints have estab-lished a osmologial standard model, in whih approxi-mately 23% of the total energy of the Universe is on-tained in old dark matter (CDM). This is expressed inthe �t in terms of 
CDMh2. While the presene of darkmatter is relatively undisputed, its nature is still unknown.If SUSY is R-parity onserving and the lightest SUSY par-tile (LSP) is neutral and suÆiently heavy to ontributeto old dark matter (or if a metastable neutral spartileexists with a lifetime omparable to the lifetime of theUniverse), it ontributes to dark matter through its relidensity, and it an make up all or part of the osmolog-ially observed dark matter. Therefore, in the �ts shownlater (see Setion 2.1), the observable 
CDMh2 is used indi�erent ways or not at all as a onstraint.2.2 LHC ObservablesAs a ase study, we assume that SUSY is realised withparameters as spei�ed in the SPS1a parameter set of [68℄.In Setion 4.1), it will be shown that this bulk regionpoint leads to a ollider phenomenology rather similar tothe best �t point obtained from low energy measurements.For the SPS1a point, SUSY partiles will be opiouslyprodued at the LHC and a rather rih set of independentobservables related to the masses and branhing frationsof SUSY partiles an be reonstruted. Many detailedexperimental studies for this point (or phenomenologiallysimilar points) exist.A diret reonstrution of SUSY partile masses atthe LHC is diÆult due to the esaping LSPs. Therefore,where ever possible, we use observables whih an be di-retly measured as input to the global �t. Suh observ-ables are the positions of kinemati edges and endpoint



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 5of invariant mass spetra. Where mass peaks an be re-onstruted, those are used as well. Also, two ratios ofbranhing frations are employed.Measured prodution rates are not onsidered in thisstudy for two reasons: First, the predition of rates hasrather large theoretial unertainties, in partiular if theprodution mehanism involves the strong fore. Seond,the alulation of the theoretial predition { if realistiexperimental uts are taken into aount { is very timeonsuming sine usually Monte Carlo tehniques have tobe used to obtain these preditions. Furthermore, the in-herent statistial utuations of Monte Carlo preditionseasily ause osillations during the �2 minimisation whihdestabilise the result.Three di�erent integrated luminosities are onsideredseparately to de�ne the sets of aessible observables andtheir statistial and systemati errors: 1 fb�1, 10 fb�1and 300 fb�1. A entre-of-mass energy of 14 TeV is as-sumed throughout. Most of the statistial unertaintiesare taken from [13℄. Where ever results for the spei�edintegrated luminosities are not available, reasonable inter-polations/extrapolations are used. Dominant experimen-tal systemati errors are expeted to arise from the uner-tainty of the lepton energy sale (LES) and the jet energysale (JES). The LES unertainty is assumed to be 0.2%for an integrated luminosity of 1 fb�1 and 0.1% for higherintegrated luminosity. For the JES unertainty, 5% (1%)are assumed for 1 fb�1 (> 1 fb�1). We assume that theenergy sale unertainties diretly translate into equallylarge relative unertainties on the positions of endpointsin mass spetra in ase of fully leptoni or fully hadroni�nal states. Following [69℄, half of the relative JES un-ertainty is assumed as unertainty on the endpoint forinvariant mass spetra involving both leptons and jets.Unertainties on the endpoints related to the JES andthe LES are onsidered 100 % orrelated between di�er-ent measurements. Table 2 summarises all employed LHCobservables together with their assumed unertainties.For the SPS1a point, it is possible to reonstrut suÆ-iently long deay hains of subsequent two-body deays,suh that mass information an be extrated in a modelindependent way. However, it is neessary to assign theobserved deay produts to the orret SUSY partilesfrom whih they originate. The full ombinatoris for de-ay hain ambiguities is not yet onsidered in this analy-sis. We assume that all deay hains are orretly identi-�ed. As a new approah to hek the possible impat ofmisidenti�ations, we study the impat of a wrong assign-ment of an endpoint to its SUSY partiles on the global �tas a ase study. A more omprehensive analysis of thesee�ets remains to be done.Most information on SUSY partile masses within theSPS1a point an be obtained from the deay hain~q2 ! q ~�02 ! q`� ~̀�R ! q`+`� ~�01; (1)where ` denotes either eletrons or muons. In total thereare �ve di�erent measurable invariant mass ombinationspossible for this deay hain: mmax`` , mmax``q , mthr``q , mmax`q(low)and mmax`q(high) (for their de�nition see e. g. [69℄).

Similar to mmax`` , it is also possible to measure the end-point m�� where the eletrons/muons are replaed by tauleptons. The ratio of the total number of events in the m``and the m�� distributions (orreted for eÆieny di�er-enes) provides a measurement ofB(~�02 ! ~̀R`)� B(~̀R ! ~�01`)B(~�02 ! ~�1�) � B(~�1 ! ~�01�) : (2)Apart from the m`` endpoint there is also one addi-tional m`` measurement inluded. It originates from ~�04deays instead of ~�02. Deays of ~�03 do not provide a visi-ble m`` endpoint sine it is mostly Higgsino for the on-sidered benhmark point and therefore the ouplings aretoo small. There are several ~�04 deay hains providing twooppositely harged leptons. Of all possibilities, the hain ishosen whih provides the largestm`` endpoint within theSPS1a senario. This is the ase for ~�04 ! `� ~̀�L ! `+`� ~�01.The other endpoints are unlikely to be measurable due tothe superimposed spetra from the other di-lepton deayhannels.Similar to the ` ! � replaement it is also possibleto exhange light-avoured jets q with b-avoured jets b.This yields a separate mthres``b measurement.Jets whih arry b-avour also play an important rolein obtaining information about the gluino mass. In SPS1a,the gluino deays via ~g ! ~qq where q an be any quarkavour. Due to ombinatorial bakground, gluinos an bereonstruted best, if one fouses on~g ! b~b1;2 ! bb~�02 ! bb`� ~̀�R ! bb`+`� ~�01 (3)From this deay hain, the gluino mass an be reon-struted by alulating the invariant mass of the ~�02bb sys-tem, provided that the ~�02 momentum is known. Due tothe invisible ~�01, the ~�02 momentum annot be measureddiretly, but in the hosen senario it an be approximatedreasonably well by [13℄p(~�02) � �1� m~�01m`` �p``: (4)It turns out that the gluino mass estimate from this ap-proah is highly orrelated with the assumed ~�01 mass,suh that e�etively m~g � m~�01 is measured. Similarlym~g �m~b1 and m~g �m~b2 an be determined by measuringthe di�erene between the invariant mass of the ~�02bb andthe ~�02b system. The ratio of the total number of events inthe ~b1 and ~b2 mass peaks an be used to determineB(~g ! ~b2b)� B(~b2 ! ~�02b)B(~g ! ~b1b)� B(~b1 ! ~�02b) : (5)The \stransverse mass" mT2 [70,71℄ is used to extratinformation on the ~qR and the ~̀L mass. The exploiteddeay hains are ~qR ! q ~�01 and ~̀L ! `~�01, respetively.~̀L is studied in diret eletro-weak di-slepton produ-tion via an s-hannel Z/ exhange. It turns out that theendpoint of the mT2 spetrum depends on the assumed



6 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC~�01 mass in suh a way that roughly qm2~qR � 2m2~�01 andqm2~̀L � 2m2~�01 are measured, respetively.Stop and sbottom setor information is obtained by ameasurement of the endpoint of the invariant mass spe-trum of the tb system from the deay hains~g ! t~t1 ! tb~��1 (6)~g ! b~b1 ! tb~��1 : (7)The variable mwtb used in our �ts is a branhing frationweighted averagemtb endpoint for deay (6) and (7) to a-ount for the possibility that the two endpoints might betoo lose to eah other to be experimentally distinguish-able.To reonstrut harginos, the deay hain~qL ! q ~��1 ! qW ~�01 ! qqq ~�01 (8)is exploited. The hargino mass is obtained from the in-variant mass of the qq ~�01 system where the two quarksome from the W deay. The momentum of ~�01 is reon-struted (up to a two-fold ambiguity) using a tehniquedesribed in detail in [72℄.The most preise determination of the Higgs bosonmass for the onsidered mass range is obtained from mea-surements of the invariant mass of the four-lepton systemin the deay h ! ZZ ! `+`�`+0`�0 and the di-photonmass of the deay h ! . The top mass is measuredfrom a ombination of several di�erent �nal states andtehniques, the most preise of whih is a kinemati �t forthe semi-leptoni �nal state, where oneW deays hadron-ially and the other W leptonially.2.3 ILC ObservablesAt a future linear eletron positron ollider like the ILC,a huge variety of preise measurements of SUSY parti-le properties from their eletro-weak pair-prodution pro-esses.In this paper, in order to illustrate the potential of alinear ollider, a subset of the observables used in [15℄is used. All expeted mass measurements of [13℄ areused together with the expeted measurements of ab-solute Higgs branhing frations and a large variety ofross-setions times branhing fration measurements ofall kinematially and statistially aessible SUSY �nalstates. In ontrast to [15℄, only measurements at ps =500 and 1000GeV and at polarisations (Pe� ; Pe+) =(�80%;�60%) are used, assuming a long running timeof the ILC with Lint = 500 fb�1 on eah polarisation atps = 500GeV and atps = 1TeV, respetively. The rite-ria used for the seletion of expeted ross-setions timesbranhing fration measurements is outlined in [15℄.2.4 Theoretial PreditionsDi�erent theoretial odes have been used for the predi-tion of the observables. The low energy observables are

alulated by a seletion of odes ombined in the so-alled Masterode [44℄. The RGE running of the parame-ters of the high-sale models down to the SUSY breakingsale are aomplished with SoftSUSY [73℄. Subsequently,the observables of the Higgs setor and for (g � 2)� areaomplished with FeynHiggs [74,65,56℄. The avour ob-servables are alulated with SuperIso and other odesbased on [75,76℄. The eletro-weak preision observablesare derived in [77,78℄ and the old dark matter reli den-sity is alulated by Miromegas [79℄.The SUSY mass spetrum for the LHC measurements,all diret spartile deay branhing frations and the ross-setions for ILC are alulated with SPheno [18℄.The known systemati unertainties for the presentlyavailable observables are inluded and listed in in Table 1.Systemati unertainties for the LHC preditions areestimated from the di�erene of the preditions betweendi�erent RGE odes and from sale variations. The di�er-enes between RGE odes like SoftSUSY and SPheno aregenerally within the statistial and systematial measure-ments of the LHC measurements for Lint = 1 and 10 fb�1,e�etively making the LHC �ts relatively robust againsttheoretial unertainties on the order of 10� 20GeV [80,81℄, whih is in the order of magnitude of the jet energysale unertainties. For Lint = 300 fb�1 the experimentalsystemati unertainties are expeted to be smaller thanthe estimate of the theoretial unertainties, espeially inase of mh, however improvements on the preision of thepreditions an be expeted until the LHC has aquiredLint = 300 fb�1. Theoretial unertainties will be inludedfor all luminosities into the �t at a later stage. Neverthe-less we ross-heked the inuene of an additional 3 GeVunertainty on mh due to unknown higher-order orre-tions for some of our results and found that it does nothave a signi�ant e�et on the �t results for high-salemodels.A speial ase is the predition of 
CDMh2 in GMSBmodels. Sine the gravitino is typially a very light LSP inGMSB with a mass in the order of several MeV, it repre-sents more hot than old dark matter. Therefore 
CDMh2is not used as an observable for GMSB.For the �ts with ILC, theoretial unertainties ouldplay a major role, beause the experimental preision as-sumed in [15℄ is smaller than the urrent theoretial un-ertainties even in the gaugino and squark setor, whereunertainties of around 1 GeV are expeted [80℄. How-ever, the possible inrease in theoretial preision untilthe existene of the ILC is yet unknown, hene theoretialunertainties will be introdued into the �ts with ILC ata later time.Fittino and the alulator programs for the preditionsare interfaed using the SUSY Les Houhes Aord [19℄.3 Parameter EstimationIn order to asses the onsisteny of a theoretial predition(de�ned by a set of parameters within a spei� SUSYmodel) for a given set of measurements the following �2



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 7Table 2: LHC observables whih serve as input to the �ts. The shown nominal SPS1a values have been alulatedwith SPheno. Most of the statistial unertainties are taken from [13℄. Where numbers for the spei�ed luminositiesare not available, some interpolations/extrapolations are used. Unertainties on the endpoints related to the jet energysale (JES) and the lepton energy sale (LES) are onsidered 100 % orrelated among di�erent measurements.Observable Nominal UnertaintyValue 1 fb�1 10 fb�1 300 fb�1 LES1 LES10;300 JES1 JES10;300 syst.mh 109:6 1:4 0:1 0:1mt 172:4 1:1 0:05 0:01 1:5 1:0m~��1 180:2 11:4 1:8qm2~̀L � 2m2~�01 148:8 1:7 0:1 6:0m~g �m~�01 507:7 13:7 2:5 5:1 10:0qm2~qR � 2m2~�01 531:0 19:6 6:2 1:1 22:7 4:5 10:0m~g �m~b1 88:7 1:5 0:9m~g �m~b2 56:8 2:5 0:6mmax`` (m~�01 ;m~�02 ;m~̀R) 80:4 1:7 0:5 0:03 0:16 0:08mmax`` (m~�01 ;m~�04 ;m~̀L) 280:6 12:6 2:3 0:28mmax�� (m~�01 ;m~�02 ;m~�1) 83:4 12:6 4:0 0:73 4:2 0:8 5:7mmax``q (m~�01 ;m~qL ; m~�02) 452:1 13:9 4:2 1:4 22:7 4:5mlow`q (m~̀R ;m~qL ;m~�02) 318:6 7:6 3:5 0:9 16:2 3:2mhigh`q (m~�01 ;m~�02 ;m~̀R ; m~qL) 396:0 5:2 4:5 1:0 19:9 4:0mthres``q (m~�01 ;m~�02 ;m~̀R ;m~qL ) 215:6 26:5 4:8 1:6 10:8 2:2mthres``b (m~�01 ;m~�02 ;m~̀R ;m~b1) 195:9 19:7 3:6 2:0mwtb(mt;m~t1 ;m~��1 ; m~g; m~b1) 359:5 43:0 13:6 2:5 18:0 3:6B(~�02!~̀R`)�B(~̀R!~�01`)B(~�02!~�1�)�B(~�1!~�01�) 0:076 0:009 0:003 0:001 0:008B(~g!~b2b)�B(~b2!~�02b)B(~g!~b1b)�B(~b1!~�02b) 0:168 0:078is used:�2 = (M �O(P ))T ov�1M (M �O(P )) + limits: (9)Here M is a vetor ontaining the list of measurements,O(P ) a vetor with the theoretial preditions for theseobservables for a given point in parameter spae P . ovMis the ovariane matrix speifying the unertainties andorrelations of the measurements M . In addition to theatual measurements M , limits on observables an bespei�ed (e. g. the limit on the SM Higgs mass in aseof the �t of a model whih ensures the presene of a SM-like Higgs boson). This is inorporated for m lower (LL)or upper (UL) limits LUL=LLi in the following waylimits = mXi=18<: (Oi(P )� LULi )2=�2i for Oi(P ) > LULi(LLLi �Oi(P ))2=�2i for Oi(P ) < LLLi0 for LULi > Oi(P ) > LLLi (10)where �i spei�es how steeply the limit is rising one it isreahed.Being measurementsM and ov�1M are independent ofthe theoretial model they are onfronted with. Contraryto that O(P ) depends on the model and it even dependson the interpretation of the data within a given modeldue to ambiguities in the mapping of an observed �nalstate to its physial origin within the model (e. g. the

assignment of kinemati edges in LHC mass spetra to thedeays of the respetive SUSY partiles). The ovarianematrix ovM is the sum of the statistial, systematialand theoretial ovariane matries, where the former isdiagonal for independent measurements and the latter twoan ontain o�-diagonal elements desribing orrelations.Using the �2 expression of Equation 9, the following tasksan be addressed:{ �nd the absolute minimum �2, i. e. the parameterpoint of a given model whih �ts the data best;{ determine the P-value of the data given a best �t pa-rameter point of a model;{ �nd seondary minima whih ould be onfused withthe absolute minimum;{ derive the probability that a seondary minimum ofthe �2 surfae of the exat observables in a given modelturns into the absolute minimum of the experimentallyobserved �2 surfae due to statistial and systematialunertainties of the experimental observables;{ derive the parameter unertainties and orrelationsaround the absolute minimum, with and without tak-ing ambiguities in the interpretation of the data intoaount;{ derive the probability that due to the statistial andsystematial unertainties of the experimental data thetrue model of new physis is yielding a worse P-valuethan an alternative, wrong model of new physis;



8 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC{ derive preditions for most probable values of observ-ables (and their expeted variations) whih are notused in the �t.In the following, the statistial tehniques used for thesetasks are introdued. Their appliation is desribed andtheir advantages and shortomings are disussed. We alsopropose an approah to estimate the unertainties on pa-rameters in the presene of di�erent ambiguous interpre-tations of the data within the same model.In this paper, Gaussian unertainties are assumed bothfor statistial and systemati unertainties. For system-ati and theoretial unertainties, there are other possi-ble hoies. For example, box-shaped ontributions to the�2 (instead of a quadrati funtion) are investigated else-where [45℄. Given the general unertainty on systematiand theoretial errors, we assume here that the �nal re-sult does not depend on suh subtle di�erenes. In fat, alarger e�et an arise from unknown orrelations amongthe systemati and theoretial errors.The �2 hyper-surfae for all onsidered SUSY modelsis highly non-trivial. As already shown in [17℄, gradient-based algorithms for global minimisation like MINUIT [82℄are insuÆient for most of the problems under study.Rather more elaborate methods, based on Markov ChainMonte Carlo and Toy Fits algorithms are exploited to ef-�iently san the multi-dimensional parameter spae.3.1 Minimisation and Sanning TehniquesTwo di�erent parameter estimation tehniques are usedin the following, a Markov Chain Monte Carlo and ToyFits. These are briey desribed in the following setions.Strong emphasis is laid on ensuring that the global mini-mum is found, that the errors are aurate, that the resultis stable against di�erent starting values, and that thesampling of the parameter spae is �ne-grained enough.This means that as many N -dimensional parameter om-binations (where N is the number of parameters of theproblem) as possible are atually sanned at least withinthe range of �2 � �2min < 6 (approximately orrespondingto the two-dimensional 95% unertainty interval aroundthe best �t point). These two tehniques are hosen be-ause they are omplementary in the way the unertaintiesare de�ned and in the assumptions made for the de�nitionof the unertainties. An agreement in the unertainties be-tween the two methods provides a further strong evidenefor the validity of the result.3.1.1 Markov Chain Monte CarloThe advantage of the Markov Chain Monte Carlo methodis that it allows to obtain an eÆient san of the �2 surfaearound its minima. Furthermore, it an be easily arrangedthat the sampling density in parameter spae diretly pro-vides a likelihood distribution for the SUSY parameters inthe Bayesian approah (see e. g. [39℄, [41℄).

A Markov hain is a sequene of points xi (i = 1; : : : ; n)in parameter spae. Eah of these points xi has an asso-iated likelihood L(xi). For our study we useL = exp���22 � : (11)Using the Metropolis algorithm [83℄, a new point xn+1whih is randomly hosen aording to a proposal proba-bility density is added to the hain if L(xn+1) > L(xn).Otherwise it is aepted with probability L(xn+1)=L(xn).If the new point xn+1 is not aepted, the old point xnis added to the end of the hain again and the proessontinues. The result is { under weak assumptions { inde-pendent of the spei� hoie of the proposal probabilitydensity funtion in the limit of in�nite statistis. However,for �nite statistis (even for order of 10 million parame-ter points for a typial 9-parameter model) the eÆienyof the sampling strongly depends on the proposal distri-bution. Fittino implements the hoie of box-shaped orGaussian proposal distributions, where the width of thebox or Gaussian an be adapted for eah parameter. Foreah model and observable set, a set of pre-runs with sev-eral thousand points per hain is used to adapt the widthparameters of eah parameter individually suh that theratio of aepted and rejeted points in the hain lies be-tween 0:8 and 1:2, for whih the best sanning eÆieny isexpeted. This proedure takes the initial unertainties oneah parameter from the pre-run into aount and is re-peated manually until the result onverges. For the resultspresented in this paper, only Gaussian proposal distribu-tions are used.The resulting Markov Chain an be interpreted in twodi�erent ways. In the Bayesian interpretation, it an beshown [84℄ that, if the proposal probability density is prop-erly hosen, the sampling density of points xi is propor-tional to the likelihood distribution L, whih in turn isproportional to the posterior probability in the ase of atpriors (as assumed in this paper). Therefore, the best �t isobtained at the parameter point with the highest samplingdensity / Lmax. The error on an individual parameter(or a subset of D parameters) is derived by integrating(\marginalising") the sampling density over all parame-ters apart from the parameter(s) under study. The result-ing D-dimensional distribution an then be interpreted interms of �2 lnL+2 lnLmax, where Lmax is the likelihoodfor the parameter point with the highest likelihood. The1� unertainty of a one-dimensional parameter distribu-tion is de�ned by the region within �2 lnL+2 lnLmax = 1.In this interpretation, the marginalised L is the proba-bility distribution of the true parameter value given themeasurement. 68% of this distribution is ontained within1�.The Bayesian interpretation has to be handled withare for two independent reasons. First, the outome anhave a strong dependene on the hosen prior probability.This is e. g. exempli�ed in [85℄. Seond, for very omplexparameter spaes with many parameters (typially 8 to 18in the ase of the �ts presented here) one needs to hek
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Fig. 1: tan� sampling behaviour of Markov hain using LE and LHC measurements for an integrated luminosity of1 fb�1 within mSUGRA for two di�erent starting points.arefully that the sampling has not only reahed all rel-evant areas of the parameter spae, but that in additionthe sampling is ompletely in equilibrium, i. e. that thelikelihood is really proportional to the sampling density.This problem is exempli�ed in Fig. 1, whih shows the ini-tial behaviour of two Markov Chains sanning same modelspae (mSUGRA) and the same measurements but withdi�erent starting points in the parameter tan�. Whileabove n � 3000 no dependene on the starting point anbe observed in this example, below n � 3000 the pointdensity is obviously not proportional to the likelihood.Therefore inluding this region into the alulation of thepoint density would distort the result unless the MarkovChain length is so large that this region has negligible im-pat. For all results presented in this paper whih employthe Bayesian interpretation of the Markov Chain, two dif-ferent starting values have been hosen. Only points forlarge enough n are inluded in the hain analysis suh thatthe projetions of eah parameter distribution are onsis-tent within statistis.While this is possible for ases with well-measured andthus strongly onstraining observables and a small num-ber of parameters (e. g. �ts of a high-sale SUSY modellike mSUGRA using LE and LHC measurements), this

approah fails for more hallenging problems like �ts ofan 18-dimensional more general MSSM. There are around20 million points in a ombination of several MarkovChains with di�erent starting points. These an not beheked eÆiently for the e�et shown in Figure 1. Neitheris it tehnially possible to provide suÆiently long hainsdue to omputing limitations. Therefore, the Bayesian in-terpretation is used in this paper only in the ase of �tsof the mSUGRA model to the LHC data for illustration.The Frequentist interpretation of the Markov Chain isused as a default in this paper. It does not make use ofthe sampling density diretly, but employs only the ob-tained �2 values found in the hain for eah parameterpoint. The best �t point is diretly de�ned by the pa-rameter point with the lowest �2 = �2min (or equivalentlythe point with the largest likelihood L = Lmax). To ob-tain unertainties for a subset of parameters this approahsans over all parameters exept for those under studyand hooses the sanned parameters suh that L is max-imised for eah point in the studied parameter subspae.This proedure yields a pro�le likelihood. The 1� (2�)unertainties in the one-dimensional ase are de�ned by��2 = �2 � �2min = 1 (4) and, in the two-dimensionalase, by ��2 = �2 � �2min = 2:3 (5:99) [86℄. In the limit
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Fig. 2: Frequentist interpretation of Markov hain �ttingmSUGRA using only LE measurements for two di�erentstarting points.of Gaussian parameter distributions, i. e. a loally linearrelation between measurements and parameters, the 1�environment for a given set of measurements overs anarea whih ontains the true parameter point in 68% ofall possible experimental outomes.This approah has several advantages over theBayesian interpretation. First, it does not depend on priordistributions, sine the likelihood in the hidden dimen-sions is not integrated. Instead the Markov Chain is sim-ply used an eÆient sanning tehnique for the parameterspae: for eah bin in the histogram of the parameter(s)under study the point with the lowest �2 is hosen. Se-ond, it is suÆient to san di�erent regions in parameterspae with di�erent granularity, as long as the obtainedpoint density is �ne enough to derive a smooth surfae.This approah requires signi�antly less points than theBayesian approah.In order to test if the sampling density is suÆientto derive a smooth �2 surfae, the following proedureis used. For eah result presented in this paper, at leasttwo di�erent parameter points in the parameter spae arehosen as starting point. These starting points are hosenindividually for eah �t after an initial Markov Chain runsuh that they lie approximately 2� away from the esti-mated best �t point. Then, Markov Chains are omputedfor eah of the two starting points. An example for theomparison of the two results an be found in Figure 2.For a �t to be aepted, it is required that the di�erenesin the shape and area of the 1� and 2� regions are withinthe di�erenes of the binning, whih is derived for eahhain separately by dividing the observed 2� region into25 � 25 bins. This proedure to ensure the robustness ofthe results turned out to be very important, in partiularin the ase of more omplex �ts, e. g. the MSSM �t to LEand LHC measurements and the mSUGRA �t to LE mea-surements. In these ases, several million sampling pointsturned out to be required.

The results of the Bayesian and Frequentist interpreta-tions are ompared for the ase of mSUGRA �tted to LHCmeasurements. For more omplex �ts there is not enoughon�dene in the results of Bayesian interpretation for thereasons explained above (see also [85℄).As desribed above, the unertainties on the modelparameters an be derived from the ��2 values of eahparameter point. It is important to note that the identi�-ation of��2 = 1 with the 68% unertainty region is teh-nially only true for problems with Gaussian unertaintiesof the observables and linear dependenies between pa-rameters and observables, hene for Gaussian parameterdistributions. As visible already from Figure 2, this as-sumption is not ful�lled for all �ts. Furthermore, for theinterpretation of the �t result and espeially for the deriva-tion of onlusions on RGE running of parameters or thepredition of other observables whih are not yet used inthe �t, it is important to also derive orrelations betweenthe model parameters. The derivation of linear orrela-tion oeÆients an be ahieved by interpreting the ob-tained �2 surfae of eah ombination of two parametersof the model as a numerial version of the Hesse-matrix ofthe problem. Normally, e. g. in MINUIT, the Hesse ma-trix is of ourse an approximation of the true �2 surfae.Hene the orrelation oeÆient an be alulated fromthe two-dimensional histogram of ���2 for eah param-eter ombination. For pratial reasons the histogram isonstrained to the region of ��2 < 5:99, orresponding tothe two-dimensional 95% unertainty region around thebest �t point. This is justi�ed beause the linear orrela-tion oeÆient are an approximation of the full non-linearorrelations and are dominated by the area around theminimum.The Frequentist analysis of the parameter spae usingMarkov Chains ould be further re�ned using MINUITaround the �2 minimum found in the Markov Chains inorder to better determine the position of the absolute min-imum, independent of binning e�ets. However, in pra-tie eah set of Markov Chains with suÆient sampling ofthe ��2 < 5:99 region, as required above, ensures a suÆ-iently �ne sampling around the absolute minimum, suhthat no signi�ant improvement of a further re�nement ofthe minimum in a MINUIT minimisation an be seen.While Markov Chains provide a powerful tool for thestudy of omplex parameter �ts, there are a few short-omings whih make it desirable to ross-hek the resultswith an alternative tehnique and to provide solutions fortasks whih annot be solved by Markov Chain MonteCarlos. First, it would be desirable to use a method whihis independent of both the problem of priors (as the asein the Bayesian interpretation) or assumptions on (loal)linearity of measurements and parameters (as the ase inthe Frequentist interpretation).Seond, the Markov Chains annot be used to studyhow well a ertain model an be distinguished from an-other model by the data, or how one interpretation of theobservables is distinguished from another interpretationwithin the same model. Markov Chains just supply theP-value of the best �t point of eah model or eah inter-



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 11pretation. They do not provide the probability to get abetter P-value for the \wrong" model than for the \or-ret" model under the assumption that one of the modelsis realised.3.1.2 Toy Fits and Simulated AnnealingIn addition to the Markov Chain analysis, Toy Fits areused to obtain an independent estimate of the parame-ter unertainties and to ompare di�erent models or datainterpretations quantitatively. The Toy Fit analysis on-sists of two steps. First, Markov Chains or minimisationthrough Simulated Annealing (for a desription of the im-plemented algorithm of Simulated Annealing see [17℄) isused to �nd the absolute �2 minimum of a given problem.Seond, Monte Carlo Toy data are reated around the ob-servables orresponding to best �t point. In the �rst step,the best �t parameters P o are determined. Then the setof observablesMo orresponding to this set is alulated.This set is then used to reate N di�erent MC Toy sets ofpseudo-measurementsM i (i. e. other possible experimen-tal outomes whih are onsistent with that parameterset) by smearing around Mo aording to the Gaussianunertainties and orrelations as de�ned in ovM . For eahof the N MC Toy sets M i a �t is performed using Sim-ulated Annealing followed by a MINUIT minimisation atthe minimum of the Simulated Annealing �t. This proe-dure yields a set of N \best �t" parameter points P i. Thedistributions and orrelations of P i are then interpretedas the expeted distributions of all possible experimentaloutomes given the best �t parameter set P o.In ontrast to the Frequentist interpretation of theMarkov Chain Monte Carlo, the unertainties and orre-lations an be diretly alulated from the (o-)varianesof P i. Therefore, the results represent an estimate for theexpeted distribution of all possible results (inluding allpossible non-Gaussianities). They even inlude possibleseondary �2 minima, whih are turned into the absoluteminimum for a subset of the observable setM i, where sta-tistial and systemati unertainties of the measurementsan invert the order of the di�erent �2 minima.Toy Fits allow for a robust ross-hek of the validityof the results: For problems whih are suÆiently Gaus-sian the distribution of the �2min values has to be onsis-tent with a �2 distribution for n�m degrees of freedom,where n is the number of observables and m is the num-ber of parameters. This riterion is heked by �tting the�2 distribution to eah �2min histogram and requiring thatthe �tted number of degrees of freedom agrees with theexpetation for the problem within 2� for a �t to be a-epted.In addition, as for Markov Chains, starting values forthe parameters have been varied and the result is requiredto be independent of the starting value up to statistialutuations.However, there is also a disadvantage of the Toy Fitswith respet to the Markov Chains. In ase of two di�erent�2 minima very far apart from eah other (with respetto the parameter unertainties, and with a very high �2

barrier in between) whih both have almost idential min-imal �2, one set of Toy Fits with one given starting pointP s1 of the �ts would not neessarily �nd both minima, re-quiring possibly more than two di�erent starting points.In the limit of in�nite omputing power this an be over-ome by starting the individual Toy Fits from randomisedpositions within the parameter spae in order to san foradditional minima. If additional minima with aeptableP-values are found and if the �2 barriers between them aretoo high to be traversed within one minimisation, di�erentsets of Toy Fits with starting values around the di�erentminima an be diretly treated as di�erent models usingthe presription proposed in Setion 3.2. This also allowsto assign a numerial value to the parameter unertaintiesstemming from the di�erent minima.3.2 Model Disrimination and AmbiguitiesAll tehniques disussed above are direted towards deter-mining the unertainties of the parameters of one model inthe presene of a given set of data with one �xed interpre-tation of the data. In this paper a new method is proposedto use Toy Fits to solve the two remaining tasks, namely tomeasure how often utuations of the data lead to wronglyidentifying a di�erent model than the true model as themodel with the best P-value, and determining how ambi-guities in the mapping between measurements (i.e. edgesin LHC mass spetra) and predited observables, translateinto the unertainties of the model parameters.The �rst of these problems annot be answered di-retly by using the P-value. It represents the probabilitythat the given experimental data are observed given a er-tain model with ertain best �t parameters, and hene anbe used to determine whih models (or whih interpreta-tions of the data in a given model) are aeptable andwhih models are rejeted by the data due to their lowP-value. However, it annot be used to determine howlikely it is to obtain a ertain P-value for a given modelif the data are atually aused by another model. Suha situation an our often for not very well onstrainedproblems, as e. g. visible in Setions 4.1.1, 4.1.3 and 4.3.1.This question an be answered by the Toy Fits diretly by�tting an arbitrary number of di�erent models (or di�er-ent interpretations of the data in the same model) j withdi�erent preditions O(P ji ) to the same set of smearedmeasurementsM i. Then the probability pw to prefer the\wrong" models over the \orret" model, from whih theobservable set Mo is derived, an be diretly determinedby ounting how often one of the \wrong" models ahieveda better �2min than the \orret" model. Sine in realitythe \orret" model is not known, this interpretation anbe repeated for eah model whih yields a reasonable P-value. Examples using this proedure are presented in Se-tion 4.3.1.The seond problem an be solved diretly using thesimultaneous Toy Fit method proposed above. The uner-tainty of a model parameter is de�ned and measured as thesquare root of the variane of the parameter distribution.



12 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCEah entry P i in the Toy Fit parameter distributions or-responds to one individual best �t point for one model,one interpretation of the data and one individual set ofsmeared measurementsM i.In the presene of several interpretations of the data(or e. g. di�erent possible values of a disrete parameterof the model, i. e. in all ases where di�erent model/dataombination an be �tted with the same parameters andthe same measurements) the distributions of the P i anbe exhanged against the distribution of the P ji , wherefor eah smeared simulated Toy measurement i the modelor interpretation j yielding the best �t is hosen whihyields the best �2. This is the natural extension of themethod exploited usually in Toy Fits and desribed inSetion 3.1.2, sine in the presene of one given set ofmeasurementsM i all remaining ambiguities of the inter-pretation of the data would be tested and for the �nalresult the interpretation with the lowest �2 (i. e. highestP-value) would be hosen. The unertainty stemming fromthe ambiguities is then taken into aount by not itingthe parameter unertainties of the best �t interpretation ofthe data only, but by iting the unertainty inluding thepossibility that a di�erent interpretation would have beenhosen as the one with the best P-value, as proposed here.Note that this interpretation naturally leaves the parame-ter distribution P i unhanged if only one model is alwaysyielding the best P-value, i. e. if the method proposedabove determines that there is 0% probability to prefer a\wrong" model over the \orret" model. An appliationof this method is presented in Setion 4.3.1.4 ResultsIn this hapter, results are presented in terms of allowedareas in the SUSY parameter spae. Also, allowed regionsfor SUSY partile masses are alulated from the �ttedparameters.In Setion 4.1, the high-sale SUSY models mSUGRAand GMSB are tested against presently available mea-surements. Preditions for disovery at the LHC and theexpeted range of SUSY masses are presented. In Se-tion 4.2, the onstraint from LHC observables are stud-ied alone. In Setion 4.3, the expeted measurements atthe LHC are ombined with already available observables.Here both mSUGRA and a more general 18-parameterMSSM are studied. Finally, in Setion 4.4, the impat ofSUSY preision measurements at the ILC together withLint = 300 fb�1 of LHC data is studied, in partiular forthe general MSSM.4.1 Present Low-Energy ObservablesSeveral studies of the mSUGRA parameter spae in thelight of di�erent sets of available measurements have beenperformed reently [44,85℄. In this setion, parts of thesestudies are repeated and extended. Emphasis is laid onunderstanding the impat of the most important observ-ables on the parameter unertainties, and on the study

Table 3: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parametersto all measurements listed in Table 1. The minimum �2value is 20:6 for 22 degrees of freedom, orresponding toa P-value of 54.4%.Parameter Best Fit Unertaintysign(�) +1�s 0.1177 � 0.00201=�em 127.924 � 0.017mZ (GeV) 91.1871 � 0.0020mt (GeV) 172.4 � 1.09tan � 13.2 � 7.2M1=2 (GeV) 331.5 � 86.6M0 (GeV) 76.2 +79:2�29:1A0 (GeV) 383.8 � 647of the unertainties of SUSY partile mass preditions.The methods outlined in Setion 3 are used to extrat pa-rameter orrelations. The impat of the SM parameters isalso studied. In addition, a omparison of the preditedmSUGRA spartile spetrum with a GMSB spetrum ispresented.In order to study the e�et of the di�erent observ-ables, �rst a baseline �t with all observables from Table 1is performed. In order to aommodate the unertaintiesof the most important observables, (g�2)� in terms of itsSM predition, and 
CDMh2 in terms of its origin, severalother �ts are then shown. Additionally, these observablesare treated in di�erent ways, removed one by one or re-moved simultaneously.4.1.1 Fits of the mSUGRA ModelThe mSUGRA (or sometimes the CMSSM, whih has �as additional free ontinuous SUSY parameter) senariois the best studied SUSY senario at olliders. For thepurpose of this paper, it is appealing to study it in detailusing the low energy observables, sine experimental stud-ies of possible LHC measurements are available from AT-LAS [87℄ and CMS [88℄ for several well studied mSUGRAparameter points. Knowing the allowed parameter spaeusing the already existing observables allows the seletionof a mSUGRA senario studied at LHC whih is withinthe urrently experimentally allowed parameter region.The baseline �t is performed using all measurementsfrom Table 1, i. e. assuming that the urrent preditionsfor the SM ontribution to (g � 2)� are orret and thatthe old dark matter in the Universe is entirely aused bythe reli density of SUSY LSPs, whih in the mSUGRAsenario has to be the lightest neutralino ~�01. For all �tsin this paper, if not stated otherwise, all parameter pointswith harged stable LSPs are exluded from the �t. The �thas been performed using the Markov Chain Monte Carlo



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 13tehnique desribed in Setion 3.1.1 and applying the Fre-quentist interpretation. Using two di�erent starting valuesof the Markov Chains, approximately 20 million pointsper hain have been tested with onsistent results for thedi�erent starting points. The sampling density around theminimum is large enough suh that an additional MINUITminimisation is not neessary. The �2 minimum of 20:6for 22 degrees of freedom, orresponding to a P-value of54.4%, an be determined with good preision from thedistribution of the sampled points. The P-value is signi�-antly larger than the P-value of the SM �t [89℄ of around18%, whih does not inlude the limits from diret Higgssearhes. With the diret Higgs searh limit inluded, theP-value is 17% [45℄. However the analysis of the variablepulls explained below shows that this is not diretly due toa better desription of the SM preision variables, whihause the moderate to low P-value of the SM �t. It anbe seen that mSUGRA provides an exellent desriptionof the presently available preision data.Correlations among the observables of Table 1, as de-sribed in Setion 2.1.3, are studied in a separate �t. Whilethe minimal �2 is lowered by 1:1 due to the orrelations,the results of the allowed parameter regions for the �t in-luding orrelations are idential to those of the baseline�t without orrelations in the input observables. The rea-son for that lies in the fat that (g � 2)� and 
CDMh2(whih are unorrelated) onstrain the parameter spaemore strongly than any other ombination of variables(see Setion 4.1.2). Therefore there is no signi�ant im-pat of the orrelations among the eletroweak preisionobservables.The result of the baseline �t is given in Table 3. Dueto the deviation of (g � 2)� from the SM predition to-wards larger values, a positive sign of � is preferred, whihis hosen for this �t. A omparison with sign(�) = �1is shown below. It an be seen that moderate values oftan� between 5 and 20 are preferred. The gaugino massparameter M1=2 is expeted in the range of 200 GeV to400 GeV, while a low salar mass parameter M0 between50 GeV and 150 GeV is preferred. The universal trilinearoupling A0 is not very well onstrained and is expetedto be between �300 GeV and 1000 GeV. As it is shownbelow, this region of parameter spae is very favourablefor early disoveries at LHC and for a rih phenomenol-ogy at ILC. In Table 3, as well as in the following tables,we quote symmetrial unertainties whenever upper andlower unertainties agree within 20%, and asymmetrialunertainties are given otherwise. It should be noted thatthe probability densities for the �tted parameters are usu-ally not Gaussian, i. e. that the one-dimensional 2� un-ertainty at ��2 = 4 are not twie the 1� unertainty at��2 = 1.Note that the unertainty of the SM parameters ex-atly orresponds to the unertainties of the measure-ments to whih the given parameter is 100% orrelated(see Table 1). This means that the diret measurement ofthe parameters is so preise that the additional observ-ables from Table 1 do not play any role in their determi-

nation, whih has onsequenes for their orrelations withother parameters.It also has to be noted that GF is omitted from Ta-ble 3, sine GF is measured so preisely that virtually noe�et of the inlusion of GF into the �t an be observed.This has been heked using a seond baseline �t inludingGF , whih yields idential results for the other SM param-eters and the mSUGRA parameters. Hene GF has beenomitted from all subsequent �ts to save omputing e�ort.For ompleteness however, it is inluded in the disussionof the parameter orrelations.In addition to the parameter unertainties, it is im-portant to study the parameter orrelations. Calulatingunertainties of quantities derived from the parametersdoes not only depend on the absolute value of the un-ertainties, but also on the orrelations. The presriptionproposed for the alulation of orrelations from MarkovChain Monte Carlos in Setion 3.1.1 is used for the re-sults in Table 4. It is interesting to note that while thereare signi�ant orrelations among the mSUGRA parame-ters, there is no orrelation in exess of 10% between anySM parameter and any mSUGRA parameter. In addition,there are hardly any orrelations among the SM param-eters themselves. The reason for this is the fat that ev-ery SM parameter an be measured using an observableto whih the parameter is orrelated 100%. This ensuresthat eah SM parameter is �xed by itself to a strong pre-ision (due to the impressive suess of the SM preisionmeasurements) without any impat of any other param-eter. It should be noted however, that the orrelationsof Table 4 are the linear orrelations of the parameterswithin the two-dimensional 2� area. For some hoies ofobservables (e. g. without the use of (g � 2)�, see below)the preferred parameter spae exhibits strong non-linearorrelations, restriting the reliability of this method towell-onstrained �ts like the baseline �t desribed here.The individual pull of eah observable is shown in Fig-ure 3. Again it an be seen that the SM parameters anall be �tted individually exatly to the values of theirorresponding observables. When omparing the resultwith the SM �ts in [89,45℄, the main di�erene is thatmh is not a free parameter anymore, but a funtion ofthe SUSY parameters. This has the e�et that the ele-troweak preision observables an be satis�ed with a sig-ni�antly larger P -value than for the SM �t. The pre-ferred value of mh is 113.3 GeV and this is below the95% CL lower limit of the SM Higgs boson searhes, whihare appliable to mSUGRA, as outlined in Setion 2.1.4.The preferred value is within 1/3 of 1� of the theoreti-al unertainty with respet to the 95% CL lower limitat mh > 114:4GeV, and even within approximately 1�of the lowest mass point where the CLs of the ombinedsearhes is 0.5 at around mh = 116:5GeV. The latter isorresponding to the mean value of a \measurement" ofmh, if the searhes are interpreted as suh [54℄.It an be observed that apart from the hange in mh,the �t results are remarkably similar to the SM �t. Thisis due to the deoupling of the spartiles heavier than theeletro-weak sale from the proesses ontributing to the



14 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCTable 4: Correlations of the mSUGRA model and the SM parameters (with sign(�) = +1) using all measurementslisted in Table 1. Very small orrelations between SM and mSUGRA parameters is observed while there is signi�antorrelation among the mSUGRA parameters.Parameter �s GF 1=�em mZ mt tan � M1=2 M0 A0�s 1.000 �0.005 0.006 �0.003 �0.007 �0.003 �0.005 �0.013 �0.009GF 1.000 �0.003 �0.001 �0.003 �0.002 �0.022 0.007 �0.0061=�em 1.000 �0.008 0.006 �0.001 �0.003 0.009 0.007mZ 1.000 �0.0348 0.053 0.035 0.046 0.029mt 1.000 0.075 0.088 0.075 0.093tan � 1.000 0.358 0.833 0.457M1=2 1.000 0.449 0.236M0 1.000 0.632A0 1.000
mSUGRA fit to LE
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Fig. 3: Pull for low energy observables used in themSUGRA parameter �t using the observables from Ta-ble 1 and the best �t point from Table 3.preision measurements, hene rendering the result verySM-like. It an be seen that while rendering mh naturallyheavier, mSUGRA does not mitigate the tension in someof the SM preision observables.Apart from looking at the numerial results of thebaseline mSUGRA �t, it is interesting to study the allowedparameter regions in detailed two-dimensional projetionsof eah mSUGRA parameter against another parameter,

as shown in the pro�le likelihood plots obtained using theFrequentist interpretation of the Markov Chains in Fig-ure 4. The SM parameters have been suppressed due totheir negligible orrelations with themselves and with themSUGRA parameters (see Table 4). The plots show thetwo-dimensional 95% CL allowed region of the �ts in blue(orresponding to ��2 = 5:99) and the one-dimensional68% region in red (orresponding to ��2 = 1). Thereare two reasons why the unusual hoie of showing the��2 = 1 urve in a two-dimensional plot has been made.First beause by this the one-dimensional unertaintiesof the parameters an be diretly read o� from the plot,whih is not possible for the hoie of the two-dimensional68% CL area at ��2 = 2:3. Seond, the two-dimensional95% CL area gives a good indiation of the experimentallyallowed area, while two-dimensional 68% CL area leavesa large room for parameter points outside the 68% on-tour. The most ommon projetion is shown in the upperleft plot, whih ompares the allowed region in M0 andM1=2 between the baseline �t desribed above and a �trequiring only 
theoh2 � 
obsh2, as desribed below inSetion 4.1.2. It an be seen that on the upper left sidethe allowed region is diretly adjaent to the exluded re-gion where ~��1 is the LSP, whih is exluded from the �tbeause a stable harged LSP is in onit with osmo-logial measurements. The results also show that on the2� levelM1=2 < 800GeV and M0 < 600GeV is expeted,yielding relatively light spartiles and hene good disov-ery prospets for the LHC. The upper right plot showsthe projetion of tan� versus M0, showing that on the2� level tan� values are allowed between 3 and 50. Thismeans that in a full simultaneous �t of all parameterstan� is not onstrained strongly. This implies that a widevariety of di�erent signatures is possible, as outlined inmore detail below. In the middle plot on the right side itan be seen again that A0 is not onstrained very strongly,leaving a lot of room for the phenomenology of the thirdgeneration. However, this has only a small e�et on thedisovery prospets at LHC, sine both tan� and A0 havelimited e�ets on the �rst two generations and the gaugi-nos, whih are most important for the disovery modes atthe LHC.
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Fig. 4: mSUGRA parameter regions ompatible with reli density onstraint and with all low energy measurementsfor various parameter ombinations and sign(�) �xed to +1. For both ases two-dimensional 95 % on�dene leveland one-dimensional 68 % on�dene regions are shown. From the latter 1� unertainties for individual parametersan be derived from a projetion of the area to the respetive axis. The dashed lines represent the result when allobservables are inluded. For the full lines, the measured reli dark matter density is only regarded as an upper limitof the predited SUSY dark matter density. All other observables remain the same.
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Fig. 5: Allowed mSUGRA parameter spae from Table 3overlaid upon the expeted ATLAS disovery reah using1 fb�1 of data at ps = 14 TeV [87℄.The diret omparison of the allowed parameter spaeof the baseline �t with the expeted disovery reah ofthe ATLAS experiment is shown in Figure 5. The AT-LAS disovery reah plot is alulated for tan� = 10 andA0 = 0GeV. Although the entral values of the baseline�t of these parameters do not exatly agree with thesesettings, it is justi�ed to ompare the �t results with theATLAS disovery reah plot. This is the ase beause �rstthe �xed values in the disovery reah plot are within theunertainties of the �t and seond beause the disoveryreah depends mainly on the gluino and �rst generationsquark masses. These are very insensitive to A0 and notvery sensitive to tan� due to the absene of mixing on treelevel. The lines in Figure 5 orrespond to the boundariesof the 5� disovery region. The most sensitive searh isexpeted to be an inlusive measurement of the e�etivemass spetrum of 4 jets and missing transverse energy.It an be seen that almost the entire mSUGRA parame-ter spae allowed at 95% CL is observable already with1 fb�1 of well-understood data at ps = 14TeV of theATLAS experiment [87℄.From the Markov Chain results, also the probabil-ity densities for the spartile masses an be dedued. InFigure 6 the expeted masses of the Higgs bosons andspartiles are shown for the baseline �t. The red linesindiate the masses orresponding to the best �t pa-rameter point. The dark (light) blue regions denote theone-dimensional 68% (95%) CL area, orresponding tothe ��2 < 1 (��2 < 4) region around the absoluteminimum. The expeted spetrum shows several distintfeatures: The Higgs boson mass is well onstrained tomh = 113:3 � 2:5GeV, just above the LEP exlusionbound. The lightest SUSY partile (LSP) is the stable~�01 at m~�01 = 130 � 35GeV with a relatively small massdi�erene to the next-to-lightest SUSY partile (NLSP)
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Fig. 7: mSUGRA parameter regions ompatible with the reli density onstraint and with all low energy measurementsfor various parameter ombinations and sign(�) �xed to �1. For both ases two-dimensional 95 % on�dene leveland one-dimensional 68 % on�dene regions are shown. From the latter 1� unertainties for individual parametersan be derived from a projetion of the area to the respetive axis.Table 5: Result of the �t of the mSUGRA model withsign(�) = �1 inluding four additional SM parametersto all measurements listed in Table 1. The minimum �2value is 31:1 for 22 degrees of freedom, orresponding toa P-value of 9.4%.Parameter Best Fit Unertaintysign(�) �1�s 0.1177 � 0.00181=�em 127.924 � 0.014mZ (GeV) 91.188 � 0.0022mt (GeV) 172.5 � 1.02tan � 9.6 +17:8�4:5M1=2 (GeV) 125.1 +70:0�25:1M0 (GeV) 2313.5 +622�940A0 (GeV) �29.1 � 2048The two-dimensional projetions of the mSUGRA pa-rameters for sign(�) = �1 are given in Figure 7. Inontrast to the baseline �t, where one ontinuous two-dimensional 95% CL area is observed, two distint areasare found for sign(�) = �1. One is loated at large M1=2and small M0, while the other one exhibits the oppositesignature. The reason is that in both regions the negativeSUSY ontribution to (g� 2)� is redued, while a orretontribution to the old dark matter reli density is pre-served. The region of both largeM1=2 andM0 is thereforeut out by the onstraint of 
CDMh2.
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Fig. 8: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements with sign(�)�xed to �1.As before, the result an also be expressed in terms ofthe preferred spartile masses. Fig 8 shows the best �t andthe 68% and 95% CL areas of the observable masses forthe mSUGRA �t with sign(�) = �1. Sine large M0 andsmall M1=2 is preferred over large M1=2 and small M0, asvisible in Figure 7, the expeted gaugino masses in thissenario are small. With m~�01 = 55+15�10GeV a very lightLSP is predited just above the LEP mSUGRA limit ofm~�01 > 47GeV [90℄. In ontrast to the baseline �t, heavysleptons and squarks are expeted due to the large value ofM0. The gluino is predited to be lighter than all squarks



18 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCand sleptons suh that it deays via three-body deays totwo jets and the LSP.No tension between the predited lightest Higgs bosonmass with the LEP limits is present for sign(�) = �1.The obtained Higgs mass value is mh = 118:3 � 3GeVwell above the LEP bound at mh > 114:4;GeV and alsoabove the preferred LEP Higgs mass of mh � 116:5GeV.In addition to the mass spetrum and the importantmass di�erenes, the expeted dominant spartile deaymodes an be studied. A seletion of branhing frationsof the mSUGRA parameter points preferred by the base-line �t is shown in Table 6. The entral values orrespondto the best �t, the unertainties are given by ��2 < 1with respet to the best �t. It an be generally observedthat the unertainties of the expeted branhing frationsare very large, often lose to 100%. Also, there are onlyfew spartiles with only one relevant deay mode. There-fore a rih phenomenology with many ompeting deaymodes an be expeted at the LHC. Branhing frationsof the eletro-weak gauginos are typially largest for thethird generation, with smaller ontributions from the �rstand seond generation. In onnetion with the small massdi�erene betweenm~�1 andm~�01 , the larger branhing fra-tions into � leptons ompared to other leptons representa hallenge for the measurement of ratios of branhingfrations and di-tau mass endpoints.Following the expeted deay hains, the gluino deaysinto squarks with a slight but not dominant preferene for~b1=2. Generally, the branhing frations into the spartnersof the right-handed degrees of freedom are larger by al-most a fator of 2 than the branhing frations into theleft-handed ounterparts. The right squark ~qR deays into~�01q almost exlusively. As expeted, the deay of the ~qLis predited to be more omplex with deays into ~�02q and~��1 q0. The hargino has a preferene for deays into ~�1�� ,but inludes signi�ant ontributions of deays into sneu-trinos and into ~�01W�. The ~�02 has a similarly rih spe-trum of deays, with a dominane of ~�1� , but with smallontributions of sneutrinos, other leptons and ~�01h0 and~�01Z0. The sleptons exhibit branhing frations of lose to100% into ~�01 and the orresponding lepton.The results of the baseline mSUGRA �ts withsign(�) = +1 and �1 provide lear preditions for theexpeted measurements at the LHC. However, there areseveral interesting questions whih remain. First, it re-mains to be assessed whih measured observables on-strain the parameter spae and the regions of LHC ob-servables in whih way, i. e. whih features of the mea-surements dominate the predition of parameters and fu-ture observables. Seond, as outlined in Setion 2.1, theinterpretation of some of the measurements in terms ofmSUGRA is not neessarily unique. Third, alternativeSUSY breaking models may predit other features for theLHC. These questions are addressed in the next setions.

Table 6: Expeted branhing frations of the SUSY par-tiles in the mSUGRA model with sign(�) = +1. Theresults shown for the �rst generation are also valid for theseond generation.Deay Mode Expeted Branhing Fration Unertainty~�02 ! ~�1� 0.46 +0:38�0:44~�02 ! ~��1�� 0.076 +0:039�0:067~�02 ! ~eRe 0.040 +0:044�0:038~�02 ! ~�01h 0.036 +0:13�0:035~�02 ! ~�01Z 0.018 +0:0098�0:018~�02 ! ~eLe 0.00018 +0:14�0:00018~�02 ! ~�2� 0. +0:014�0~��1 ! ~�1�� 0.40 +0:42�0:39~��1 ! ~�eLe 0.15 +0:10�0:15~��1 ! ~��1� 0.15 +0:10�0:15~��1 ! ~�01W� 0.12 +0:079�0:12~��1 ! ~�2�� 0 +0:14�0~g ! ~uLu 0.052 +0:020�0:023~g ! ~uRu 0.094 +0:030�0:054~g ! ~dLd 0.051 +0:018�0:021~g ! ~dRd 0.093 +0:031�0:055~g ! ~t1t 0.090 +0:166�0:066~g ! ~t2t 0 +0:056�0~g ! ~b1b 0.179 +0:022�0:056~g ! ~b2b 0.11 +0:009�0:038~eR ! ~�01e 1 +0�0~eL ! ~�01e 1 +0�0:23~eL ! ~�02e 0 +0:085�0~�1 ! ~�01� 1 +0�0~�2 ! ~�01� 0.99 +0:011�0:42~�2 ! ~�02� 0.0007 +0:040�0:0007~�2 ! ~��1 �� 0.0044 +0:078�0:0043~uL ! ~�01u 0.008 +0:0049�0:0026~uL ! ~�02u 0.31 +0:013�0:0061~uL ! ~��1 d 0.64 +0:019�0:0094~uL ! ~��2 d 0.025 +0:0092�0:018~uR ! ~�01u 0.99 +0:012�0:0080~uR ! ~�02u 0.0078 +0:0064�0:0072~t1 ! ~�01t 0.18 +0:073�0:037~t1 ! ~�02t 0.15 +0:006�0:069~t1 ! ~��1 b 0.51 +0:21�0:28~t1 ! ~��2 b 0.15 +0:11�0:15~b1 ! ~��1 t 0.37 +0:13�0:039~b1 ! ~�02b 0.25 +0:12�0:068~b1 ! ~t1W� 0.043 +0:29�0:043



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 194.1.2 Fits of mSUGRA to Low-Energy Observables withredued Sets of ObservablesIn this setion, the baseline �t with sign(�) = +1 is mod-i�ed by �tting the same parameters to redued sets ofobservables. As desribed in Setion 2.1, both 
CDMh2and (g� 2)� su�er from unertainties onerning their in-terpretation in terms of SUSY. In this setion we showthat these observables provide the strongest onstraintsin the parameter spae, therefore the unertainty in theinterpretation of these observables has to be evaluated forthe predited parameter spae and ollider observables.For 
CDMh2 there is very little doubt about the mea-surement itself. However, the osmologial measurementof the old dark matter reli density does not imply thatthe SUSY LSP is solely responsible for the dark matter.Therefore, we study three di�erent possibility: First, astable neutral SUSY LSP in the ontext of a R-parityonserving model is the only soure of 
CDMh2, and theproess of the LSP prodution after the Big Bang andthe freeze-out of the LSP is ompletely understood, ase. g. implemented in [79℄. This is assumed for the baseline�t in Setion 4.1.1. Seond, the SUSY LSP ontributesto dark matter, but other unknown additional soures ofdark matter are not exluded. This senario is tested inthis setion by requiring that the LSP is stable and neu-tral and that the predited old dark matter reli density issmaller or equal than the observed one 
theoh2 � 
obsh2.This still inludes the assumptions that the mehanisms ofCDM reation are understood. Third, additional featureslike a CDM reation di�erent from the urrent under-standing, or a meta-stable LSP, ould ause di�erenes be-tween the measured CDM reli density and the preditedCDM reli density. The maximal e�et of suh unertain-ties are tested by removing 
CDMh2 from the observablesin the �t.Similarly, three di�erent senarios an be distinguishedonerning (g � 2)�, where there is an ongoing debateabout unertainties on the SM predition (see e. g. [91,92,93,94℄). Therefore, in addition to the baseline �t, whihuses the urrent mean value of measurements and the SMand SUSY predition from [53℄, deduing the hadroniorretions from e+e� ollision data, three other optionsare tested. First, in order to show the importane of the(g� 2)� measurement, it is removed from the observablesused in the �t. Seond, it is assumed for illustration thatthe urrent deviation between SM predition and measure-ment is a statistial deviation or a insuÆieny in the SMpredition, i. e. that there is no visible SUSY ontributionto (g � 2)�. Third, the predition deduing the hadroniorretions from � deay data [94℄ is used. Several om-binations of the above mentioned possibilities are studiedin the following.Sine the omposition of the osmos and its dynamisare a very dynami �eld of study, it is a strong assump-tion that only the LSP ontributes to old dark matter.Therefore, a �t of mSUGRA with the preferred hoie ofsign(�) = +1 is performed requiring 
theoh2 � 
obsh2and leaving all other observables unhanged. In this �t,
theoh2 does not ontribute to the �2 for 
theoh2 �

Table 7: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parameters toall measurements listed in Table 1 exept 
CDMh2, forwhih only 
theoh2 � 
obsh2 is required. The minimum�2 value is 20:4 for 21 degrees of freedom, orrespondingto a P-value of 49.3%.Parameter Best Fit Unertaintysign(�) +1�s 0.1176 � 0.00251=�em 127.925 � 0.020mZ (GeV) 91.1866 � 0.0021mt (GeV) 172.2 � 1.1tan � 9.0 +11:4�3:6M1=2 (GeV) 303.4 +133�59:0M0 (GeV) 27.6 +122�27:5A0 (GeV) 143.2 +850�478
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Fig. 9: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements, requiring
theoh2 � 
obsh2 with sign(�) �xed to +1.
obsh2 and ontributes (
theoh2 � 
obsh2)=�
CDMh2 for
theoh2 > 
obsh2. The result of this �t is shown in Ta-ble 7. The overall �2 of the �t improves marginally withrespet to the baseline �t. The preferred regions of tan�,M0 and A0 move to slightly smaller values, but the varia-tions are not large ompared to the unertainties. M0 re-mains almost unhanged. The unertainties inrease withrespet to the baseline �t, but the order of magnitude re-mains the same. The two-dimensional 95% CL areas of theparameter projetions are inreasing, but no qualitativelynew features are observed, as seen in the overlay of param-eter regions with the baseline �t in Figure 4. Therefore, forthis modi�ation of the baseline �t, the predited olliderobservables do not di�er signi�antly from the baseline �t.In Figure 9, the predited Higgs boson and spartilemass ranges are shown. The observed mass ranges are verysimilar to those observed in Figure 6. While the overall



20 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCTable 8: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parameters toall measurements listed in Table 1 exept 
CDMh2. Theminimum �2 value is 20:4 for 21 degrees of freedom, or-responding to a P-value of 49.3%.Parameter Best Fit Unertaintysign(�) +1�s 0.1177 � 0.00191=�em 127.924 � 0.014mZ (GeV) 91.1870 � 0.0022mt (GeV) 172.2 � 0.83tan � 10.9 +9:9�5:1M1=2 (GeV) 316.2 +122:9�69:7M0 (GeV) 45.1 +119:3�43:8A0 (GeV) 209.1 +973:5�494:1
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Fig. 10: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements exept 
CDMh2with sign(�) �xed to +1.range of masses remains similar, there are subtle hangesin the mass di�erenes, whih are explained below.Removing 
CDMh2 ompletely from the list of observ-ables does not hange the �t result signi�antly. The best�t point is idential within the 1� unertainty with thebest �t point for 
theoh2 � 
obsh2. The �t result is pre-sented in Table 8. Again the unertainties inrease with re-spet to the baseline �t and the �t with 
theoh2 � 
obsh2,but the order of magnitude of the results and single pa-rameter unertainties remain unhanged. This is exempli-�ed in Figure 11, whih shows the diret omparison ofthe �t results with and without 
CDMh2. The inrease inorrelation through the addition of 
CDMh2 is learly vis-ible. The predited mass ranges in Figure 10 are similarto Figure 9.While the overall range of the aessible parameterspae is not a�eted very strongly by inluding or exlud-ing the onstraint on 
CDMh2 in the presene of the other
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CDMh2. It exhibitsa wide range of mass di�erenes between LSP and NLSP,between 0 GeV and 450 GeV. The additional onstraintof 
theoh2 � 
obsh2 severely onstrains this mass di�er-ene. Only a small band lose to 
theoh2 = 
obsh2 re-mains, with m~�1 �m~�01 < 22GeV at 95% CL. As alreadyoutlined in the disussion of the baseline �t, this resulthas signi�ant impat on the expeted exlusive ollidermeasurements. This shows that the orrelations amongthe parameters hanges in a signi�ant way if 
CDMh2 isinluded into the �t, while the overall range of parameterunertainties remains similar.The result of a mSUGRA �t to the observables fromTable 1, but with aexp� = aSM� is shown in Table 9.This shows the allowed mSUGRA parameter spae forsign(�) = +1 in ase the di�erene between measurementand theoretial SM predition of a� = (g � 2)�=2 shouldvanish in the future, either due to statistial utuationsor due to systemati shifts in the predition beause of adi�erent treatment of the hadroni orretions. The pre-ferred parameter spae in this ase hanges dramatiallywith respet to the baseline �t, in ontrast to the �ts withdi�erent treatments of 
CDMh2. The best �t value ofM1=2moves to 903 GeV, but with large unertainties towardssmaller values. In ontrast, the preferred value of M0 re-mains small, but with very large unertainties towardslarger values. The parameter tan� does not hange dra-matially, and A0 is basially unonstrained.
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Fig. 11: Region in the spae of the mSUGRA senario allowed by �ts with and without 
CDMh2. It an be seen that
CDMh2 inreases the parameter orrelations, but leaves the one-dimensional projetions in a similar range.Table 9: Result of the Fit of the mSUGRA model withsign(�) = +1 inluding four additional SM parameters toall measurements listed in Table 1, but with aexp� = aSM� .The minimum �2 value is 19:7 for 22 degrees of freedom,orresponding to a P-value of 60.2%.Parameter Best Fit Unertaintysign(�) +1�s 0.1174 � 0.00211=�em 127.927 � 0.017mZ (GeV) 91.1874 � 0.0020mt (GeV) 172.50 � 1.19tan � 7.4 +9:1�4:6M1=2 (GeV) 903.6 +67:5�778:4M0 (GeV) 180.1 +1566:0�110:0A0 (GeV) 956.9 +1515:6�3048:3This has signi�ant onsequenes for the expetedspartile masses, as shown in Figure 13. In omparisonto the predition for the baseline �t, the situation hangesdramatially. The gluino and squarks tend towards massesbetween 500 GeV and 3500 GeV, severely reduing theexpeted prodution ross-setion of olour-harged spar-tiles. In ontrast to the heavy squarks, the slepton andeletro-weak gaugino masses remain in the range below500 GeV.The hange with respet to the baseline �t is also vis-ible in the allowed parameter spae in the detailed two-dimensional projetions, as shown in Figure 14. Two dis-tint parameter regions both for the 1� and the 2� en-vironment an be seen in several parameter projetions,together with a tendeny towards larger values of themass parameters M0 and M1=2 and hene higher valuesof the expeted spartile masses, espeially for the ase ofsign(�) = �1.
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Fig. 13: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements with aexp� =aSM� and with sign(�) �xed to +1.If the positive deviation of the measurement of a�from the SM predition is removed, there is no remaininglear preferene among the measured observables for ei-ther sign(�) = +1 or �1. The �t of the mSUGRA senariowith aexp� = aSM� and sign(�) = +1 yields a minimal �2 of19:7, while the �t with sign(�) = �1 yields �2min = 19:1for 22 degrees of freedom. The results of the latter �t areshown in Table 10. The best �t values ofM1=2 andM0 arestrongly di�erent between the two results, but the uner-tainties span similar areas. No signi�ant di�erenes areobtained for tan� and A0.The expeted spartile masses and unertainties forthe mSUGRA �t with aexp� = aSM� and sign(�) = �1are shown in Figure 15. In ontrast to the result forsign(�) = +1, very light gauginos are expeted due to thelow value of M0. The best �t result for the squark massesis at around 1800 GeV at a similar level, but the uner-tainty does not extend to muh higher values. Espeially
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Fig. 14: Expeted mSUGRA parameter regions for the �t to low energy measurements with aexp� = aSM� . Results forsign(�) = +1 and sign(�) = �1 are overlaid. The best �t point is shown for the result with sign(�) = +1Table 10: Result of the �t of the mSUGRA model withsign(�) = �1 inluding four additional SM parameters toall measurements listed in Table 1, but with aexp� = aSM� .The minimum �2 value is 19:1 for 22 degrees of freedom,orresponding to a P-value of 64.0%.Parameter Best Fit Unertaintysign(�) �1�s 0.1175 � 0.00181=�em 127.929 � 0.018mZ (GeV) 91.1872 � 0.0022mt (GeV) 172.25 � 1.14tan � 11.65 +8:03�7:92M1=2 (GeV) 129.9 +819:1�28:8M0 (GeV) 1760.1 +24:4�1654:7A0 (GeV) 62.1 +2000:9�2016:3for the sleptons there are two distint regions predited,whih is a onsequene of the prominent distint allowedregions in the M0 and M1=2 distributions shown in Fig-ure 14. Again, the gluino is expeted to be lighter thanthe squarks, leading to deay signatures strongly di�erentfrom the hain of several two-body deays expeted forthe baseline �t.In order to explore the signi�ane of (g � 2)� for the�t result, Table 11 shows the result of the mSUGRA �twith sign(�) = +1 to the observables from Table 1 ex-luding (g � 2)�. Due to the lower minimal �2 of 19:5than the �t with aexp� = aSM� , no seondary minima areobserved, therefore smaller allowed regions in M0 are ob-
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Fig. 15: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements with aexp� =aSM� and with sign(�) �xed to �1.tained for the �t without aexp� than with aexp� = aSM� . Theomparison of Table 11 with the results of the baseline �tin Table 3 shows that (g � 2)� represents an importantonstraint, but that the remaining observables still favourSUSY in the mass range below 1 TeV.For illustration of the di�erene between the SM pre-ditions of (g � 2)� from e+e� and � data, the �t ofmSUGRA using the predited SM value and unertain-ties from [94℄ is shown in Table 12 and the orrespondingmass spetrum in Figure 16. The mean value of the spar-tile masses and mSUGRA parameters is ompatible withthe result of the baseline �t within their unertainties, butthe 95% CL area of the predited spartile masses ranges



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 23Table 11: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parametersto all measurements listed in Table 1 exept (g � 2)�.The minimum �2 value is 19:47 for 21 degrees of freedom,orresponding to a P-value of 55.5%.Parameter Best Fit Unertaintysign(�) +1�s 0.1177 � 0.00191=�em 127.925 � 0.015mZ (GeV) 91.1875 � 0.0020mt (GeV) 172.5 � 1.1tan � 7.5 +8:9�4:6M1=2 (GeV) 389.2 +568:9�117:5M0 (GeV) 72.2 +145:0�22:1A0 (GeV) 270.0 +1492:5�1985:9Table 12: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parameters toall measurements listed in Table 1, using the preditedSM-value of (g � 2)� from [94℄. The minimum �2 valueis 19:6 for 22 degrees of freedom, orresponding to a P-value of 60.6%. The �t results of the SM parameters areonsistent with the other �ts in this setion.Parameter Best Fit Unertaintysign(�) +1tan � 7.9 +10:6�3:9M1=2 (GeV) 350.3 +331:06�79:0M0 (GeV) 65.9 +123:8�15:8A0 (GeV) 100.4 +1435:1�852:6
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Fig. 16: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements using the pre-dited SM-value of (g � 2)� from [94℄ with sign(�) �xedto +1.
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Fig. 18: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements exept (g�2)�with sign(�) �xed to +1.up to around 3 TeV, in ontrast to the baseline �t wit hitsupper limit at 1.6 TeV at 95% CL.The impat of the two most stringent observables
CDMh2 and (g � 2)� is ompared in Figure 17. Thedark blue areas indiate the two-dimensional 95% CL al-lowed parameter region for the �t without 
CDMh2, show-ing that the remaining observables onstrain the allowedmSUGRA parameter spae to regions below 700 GeV bothin M0 and M1=2, aesible at LHC. The light blue regionindiates the allowed parameter spae for the �t without(g� 2)�. It an be seen that the two onstraints are om-plementary. Without (g�2)� signi�antly larger values ofM0 and M1=2 are allowed, but there is a narrower allowedband at low M0 and M1=2, aused by the onstraint from
CDMh2 favouring the o-annihilation region.Sine the unertainties of the mSUGRA parametersfor the �t without (g � 2)� in Figure 17 extend to muhlarger values of the mass parameters, also the maximalvalues of the spartile masses allowed at 95% CL are in-reasing signi�antly with respet to the baseline �t orthe �t without 
CDMh2. This is visible in Figure 18. Thisresult shows again, similar to the result for aexp� = aSM� ,that (g�2)� plays a major role in onstraining the allowedmSUGRA spartile masses to values below 1.6 TeV in thebaseline �t.The previous results show that 
CDMh2 has a strongrole in onstraining the size of the unertainties, but doesnot a�et the best �t result or the shape of the preditedspartile mass spetrum. On the other hand, (g� 2)� hasa deisive impat on the shape of the allowed parameterregions, the best �t values of the parameters, their uner-tainties and hene on the predited partile spetrum. Thepredition of a rih spartile spetrum in the kinematirange aessible by the LHC however remains stable forall explored �ts inluding or exluding either 
CDMh2 or(g � 2)�, whih is a very enouraging result for the dis-overy potential of LHC. The question remains whetherthere are other observables among those shown in Table 1
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Fig. 17: mSUGRA parameter regions ompatible with all low energy measurements exept (a) (g � 2)� and (b)
CDMh2 for various parameter ombinations and sign(�) �xed to +1. For both ases two-dimensional 95 % on�denelevel and one-dimensional 68 % on�dene regions are shown. From the latter 1� unertainties for individual parametersan be derived from a projetion of the area to the respetive axis.whih onstrain the mSUGRA parameter spae. This isaddressed by removing both 
CDMh2 and (g � 2)� fromthe �t and looking for remaining onstraints. The resultof this �t with sign(�) = +1 is shown in Table 13. Theresults show that the unertainties inrease strongly withrespet to the baseline �t as well as with respet to the �tswithout either 
CDMh2 or (g � 2)�. This shows both theomplementarity of the 
CDMh2 and (g�2)� onstraints,respetively, and the lak of other strongly onstrainingobservables in Table 1. Sine no signi�ant onstraints onlow-energy SUSY an be plaed anymore without theseobservables, the orresponding �t with sign(�) = �1 isomitted.A omparison of the size of the allowed parameterspae in the M0 and M1=2 projetions, for the �ts with-out 
CDMh2, (g � 2)� and without both is shown in Fig-ure 19. For the �t without both observables the MarkovChains does not ompletely explore the two-dimensional2� unertainty spae, hene the unertainty region is tobe interpreted as a lower bound on the unertainties. Thisould be remedied by using signi�antly larger statistisin the Markov Chains. For the result shown here this is
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Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 25Table 13: Result of the �t of the mSUGRA model withsign(�) = +1 inluding four additional SM parameters toall measurements listed in Table 1 exept 
CDMh2 and(g � 2)�. The minimum �2 value is 19:5 for 20 degreesof freedom, orresponding to a P-value of 49.1%. Due tothe very weak remaining onstraint on the SUSY param-eter spae, in this �t a omplete overage of the possibletwo-dimensional 2� parameter spae an not be ensuredwithin the available statistis. Hene the unertainties areto be treated as lower boundaries on the unertainties.Parameter Best Fit Unertaintysign(�) +1�s 0.1179 � 0.00211=�em 127.925 � 0.015mZ (GeV) 91.1876 � 0.0022mt (GeV) 172.4 � 1.2tan � 7.4 +47:3�4:7M1=2 (GeV) 432.6 +4405:6�307:1M0 (GeV) 64.3 +6816:7�62:8A0 (GeV) 387.8 +6341:4�10364:9
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Fig. 20: SUSY mass spetrum as predited by mSUGRAparameter �t to low energy measurements exept (g�2)�and 
CDMh2 with sign(�) �xed to +1.not done, sine the results show learly that SUSY withinthe reah of the LHC or the ILC is not ensured withoutusing 
CDMh2 and (g � 2)�.A part of the allowed spartile mass spetrum is shownin Figure 20. The 1� allowed ranges of all partiles apartfrom the lightest Higgs boson, neutralino and harginoextend well beyond a mass of 4TeV. Hene no disoveryat LHC or ILC an be predited apart from the SM-likelightest SUSY Higgs boson, whih is diÆult to be dis-tinguished from the SM Higgs boson at the LHC [95℄.The allowed mass range of the lightest Higgs boson ismh = 114:0+14�3 GeV, showing that the preision data stillhas a tendeny to push the Higgs mass towards the lowest

values allowed by the diret searhes. At the same time,the push is not strong enough to exlude that the lightHiggs boson mass is lose to the theoretially allowed up-per limit at around mtheoh < 135GeV in this senario.No detailed e�et of other observables is tested dueto the failure of the remaining observables to onstrainthe mSUGRA parameter spae to the region aessiblewith the next generation of ollider experiments. How-ever, this does not mean that the preision observablesor the avour physis data will not have a deisive rolein helping to understand SUSY one spartiles are dis-overed. The reasons for the strong impat of the prei-sion data are demonstrated in Setion 4.3. If a Higgs bo-son is disovered, the preision of its mass measurementwill be muh better than the preision of �mh � �3GeVobtained from the low-energy, osmologial and preisiondata. Therefore a further improvement on the unertain-ties of the preision observables would be bene�ial for anultimate ross-hek of the ollider data below and abovethe eletro-weak sale.In addition, Figure 20 shows a very lear impat of thepreision and avour physis observables and espeially ofthe Higgs searhes at LEP in form of an impliit lowerbound on the spartile masses above or around the ur-rent diret searh limits (e. g. [90,96,97,98℄). The lightestneutralino mass is expeted above 45 GeV, the lightesthargino mass above 100 GeV, and the ~�1 mass above110 GeV. A small region with a hargino NLSP is allowedat the 2� level, with most points featuring a ~�1 NLSP.4.1.3 Fits of the GMSB ModelThe mSUGRA senario studied so far has the strong ad-vantage that it solves a very large amount of experimen-tal and theoretial hallenges of the SM. In addition, itis very well studied at olliders, making it an ideal test-ing ground. Therefore it is the main SUSY senario stud-ied in this paper. However, it is not the only way howSUSY an be broken at the expeted Grand Uni�ed The-ory sale of around �GUT � 1016GeV. As an example ofa di�erent SUSY breaking mehanism, Gauge MediatedSupersymmetry Breaking (GMSB) [11℄ is explored. It hasthe disadvantage that it inludes a very light gravitino inthe range of m ~G � O(1 � 10MeV) as LSP, whih leadsto hot dark matter. This is diÆult to be reoniled withstruture formation in the Universe [99,100℄. Therefore,
CDMh2 is not inluded in the analysis.In GMSB, there are four ontinuous variables: tan� =v2=v1 is the ratio of the Higgs vauum expetation val-ues, � is universal mass sale of SUSY partiles at theGUT sale, Mmess denotes the mass sale of the messen-ger gauge partiles between the SUSY breaking setor andthe visible setor, and Cgrav is the sale of the gravitinooupling. In addition, there are two disrete parameters,namely sign(�) and the number of messenger �elds N5. Asbefore, separate �ts are performed for di�erent values ofthe disrete parameters. A seletion of the results is shownin Table 14. It an be seen that there is a similar sensitivityto sign(�) through the positive value of aexp� �aSM� . There



26 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCTable 14: Result of the �t of the GMSB model with di�erent values of sign(�) and N5 inluding four additional SMparameters to all measurements listed in Table 1 exept 
CDMh2. The minimum �2 value is 19:30 for 21 degrees offreedom, orresponding to a P-value of 56.5%. The unertainties orrespond to the entry for sign(�) = +1 and N5 = 1.Parameter Best Fit Best Fit Best Fit Best Fit Best Fit Unertainty forN5 = 1; sign(�) = +1sign(�) +1 -1 +1 +1 +1N5 1 1 2 3 4tan � 19.2 19.4 17.9 18.3 18.5 +15:3�6:7� (GeV) 87050 307629 53284 40080 32643 +31970�17151Mmess (GeV) 431752 334662 688567 1:038 � 106 539328 +1:74�106�352952Cgrav 411.4 446.1 885.5 460.1 3368.1 +10042:5�411:3�2min 19.3 31.0 19.4 19.5 19.5is, however, no sensitivity to N5, sine all performed �tswith N5 = 1; 2; 3; 4 ahieve the same value of �2min = 19:5,orresponding to a P-value of 56.5%. It an be seen thatno sensitive limit an be plaed onMmess and Cgrav, whiletan� and � an be onstrained. Sine the predition fortan� and � is stable for di�erent areas inMmess and Cgrav,the remaining large unertainty does not a�et the on-strained regions for tan� and � given the existing mea-surements. This shows an interesting omplementarity tothe expeted LHC measurements, where onstraints an-not be set on tan� and Cgrav or Mmess alone, but onCgrav�Mmess [101℄ through the measurement of spartilemasses and gaugino lifetimes.The pull of the individual variables with respet to thebest �t result of the �t with sign(�) = +1 and N5 = 1 isshown in Figure 21. The obtained pattern is very simi-lar to the pattern for the mSUGRA senario, whih againon�rms that the tension of the SM with the eletro-weakpreision observables annot be remedied by Supersym-metry, apart from moving the Higgs boson mass lose toor above the experimental limit. The predition of GMSBis mh = (113:5� 2)GeV, very similar to mSUGRA.The allowed parameter range in tan� and � is shownin Figure 22 for di�erent values of N5. It is interesting toobserve that, as already visible in Table 14, the preditionsand hene �2min remains unhanged for di�erent values ofN5. There are di�erent preferred parameter regions in �,leaving � � N5 approximately unhanged. Intermediatevalues of tan� are preferred, but neither large nor highvalues an be exluded at the 2� level.The predited spartile spetrum is also insensitiveto N5 itself, as shown in Figures 23 to 26, where an al-most perfet agreement between the spetra for di�erentvalues of N5 is shown. Generally the expeted spetrumlooks similar to the expeted mSUGRA spetrum. This isa strong hint that given the existing measurements, Su-persymmetry generally provides for the predition of arih observable partile spetrum at the LHC, indepen-dent of the SUSY breaking mehanism. In GMSB, thereis a tendeny towards higher values of the squark and
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Fig. 21: Pull for the low energy observables used in theGMSB parameter �t with N5 = 1 and sign(�) = +1, usingthe observables from Table 1 and the best �t point fromTable 14.gluino masses with respet to mSUGRA, but the di�er-ene in the preditions is not deisive enough to base adistintion between the senarios on the mass hierarhiesfor senarios with similar visible parts of the deay hainsin GMSB and mSUGRA.
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Fig. 23: SUSY mass spetrum as predited by GMSB pa-rameter �t to low energy measurements exept 
CDMh2with N5 �xed to 1 and sign(�) = +1.
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Fig. 24: SUSY mass spetrum as predited by GMSB pa-rameter �t to low energy measurements exept 
CDMh2with N5 �xed to 2 and sign(�) = +1.
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Fig. 25: SUSY mass spetrum as predited by GMSB pa-rameter �t to low energy measurements exept 
CDMh2with N5 �xed to 3 and sign(�) = +1.
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Fig. 26: SUSY mass spetrum as predited by GMSB pa-rameter �t to low energy measurements exept 
CDMh2with N5 �xed to 4 and sign(�) = +1.4.1.4 Conlusions for SUSY Senarios at CollidersThe results show that Supersymmetry, broken at the GUTsale, o�ers several possibilities to �t the existing prei-sion data. In the mSUGRA breaking senario, all param-eters an be onstrained and the existing data from osmo-logial, low-energy, avour physis and preision ollidersoures learly prefer parameter ranges whih are aes-sible at the next generation of ollider experiments. It isshown that as expeted 
CDMh2 and (g� 2)� provide forthe most sensitive onstraints among the available mea-surements. Even if individual, very sensitive, variables areremoved, or if deviations between data and the SM pre-dition are assigned to unknown systemati unertainties,a lear onstraint in the aessible mass regions remains.Only voluntarily removing both 
CDMh2 and (g� 2)� si-multaneously from the list of observables used in the �t,removes the experimental onstraint to the parameter re-gion aessible at the LHC.



28 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCThe best �t parameter spetrum and the unertain-ties from present data learly prefers a SUSY senariowith a rih phenomenology both at the LHC and theILC. At the 1� level, all Higgs bosons, gauginos (apartfrom the gluino) and all sleptons are expeted belowm � 600GeV. The squarks and gluinos are expeted be-low m � 900GeV. While this provides for relatively earlydisovery at the LHC, the rih expeted spetrum withmany onurrent prodution and deay modes will on-tribute to a hallenging reonstrution of the LHC ob-servables sensitive to SUSY masses and branhing fra-tions. In partiular, a very small mass di�erene betweenthe neutralino LSP and the NLSP, whih is the ~�1 ofmNLSP � mLSP < 22GeV at the 95% CL level leads todominating deays of the gauginos into �nal states with� leptons. However, the exat branhing frations annotbe predited with strong preision.4.2 Expeted LHC MeasurementsBased on the results of the previous setion, we now in-vestigate the prospets for the determination of SUSYparameters from future LHC measurements. Within themSUGRA model, the preferred parameters from existingLE measurements and onstraints learly point towardsrather light spartile masses. In order to be onsistent withthe measured dark matter reli density, o-annihilation ofthe LSP and the NLSP has to ontribute to the dark mat-ter annihilation proess. For this proess to be eÆient,the mass di�erene between NLSP and LSP has to berather small. For the best �t point, within mSUGRA, thedi�erene m(~�1) � m(~�01) is only 8 GeV, and the di�er-ene m(~eR) � m(~�01) is 22 GeV. No detailed experimen-tal studies for LHC prospets are available for this spe-i� parameter point. However, detailed studies exist forthe SPS1a parameter point with parameters tan� = 10,A0 = �100 GeV, M1=2 = 250 GeV, M0 = 100 GeV,sign(�) = +1 [68℄. These parameters taken at fae valuelead to a signi�antly larger dark matter reli densitydue to mass di�erenes m(~�1) � m(~�01) = 37 GeV andm(~eR)�m(~�01) = 47 GeV. Apart from this di�erene, theollider phenomenology of SPS1a is very similar to thatof the best �t point. The smaller mass di�erenes lead tosofter spetra for the �nal state leptons, whih is a smallaveat to be kept in mind in the following analysis andshould serve to trigger more optimisation of soft leptonidenti�ation within the LHC experiments. We assume inthe following as a plausible senario that SUSY is realisedwith eletro-weak sale parameters derived from the high-sale SPS1a parameters and will be disovered by the LHCexperiments. As input measurements we use the observ-ables spei�ed in Setion 2.2 for three di�erent integratedluminosities. If taken at fae value, the lightest Higgs bo-son mass in SPS1a alulated with SPheno is 109 GeV,slightly below the LEP exlusion. Given the theoretialunertainty as well as the strong dependene of mh on thetop quark mass we do not onsider this as an inevitableonstraint. Tehnially, we set the LEP Higgs mass limitslightly below 109 GeV for the luminosity senarios where

Table 15: Result of the �t of the mSUGRA model to theexpeted LHC observables for 1 fb�1.Parameter Best Fit Unertaintysign(�) +1tan � 9.1 � 3.7A0 (GeV) �131.8 � 742.1M0 (GeV) 100.2 � 4.2M1=2 (GeV) 249.7 � 6.7no Higgs boson has been found yet at the LHC and weassume that a 109 GeV Higgs boson ould be disoveredat the LHC with similar sensitivity as for 115 GeV.4.2.1 mSUGRA Fit with �xed sign(�)The good agreement in ollider phenomenology be-tween SPS1a and the mSUGRA best �t point o�ers thepossibility to use the wealth of Monte Carlo studies per-formed for this benhmark point to attempt a projetionof the SUSY model disrimination power and parameteronstraints to the LHC era. This is done by performing�ts to Toy data whih have been obtained by smearingthe observable values aording to a Gaussian around thenominal SPS1a values as explained in Setion 3. In thetop four plots in Figure 27 the distributions for the �t-ted parameters from these Toy Fits are shown assuming� > 0 for integrated luminosities of 1 fb�1, 10 fb�1 and300 fb�1. The �tted entral values and their unertaintiesare obtained from a Gaussian �t to the parameter distri-butions. The orresponding values are listed in Table 15,16 and 17. The two bottom plots of Figure 27 display, asexamples, the �2 distributions from the Toy Fits for thesmallest and largest onsidered luminosity. The fat thatthe �2 distributions are in very good agreement with theexpetations for the respetive degrees of freedom provideson�dene that the �2 minimisation algorithm works re-liably.Already with 1 fb�1 of LHC data it is possible to on-strain the salar mass parameterM0 and the gaugino massparameter M1=2 to the level of a few perent due to thealready relatively preise measurements of the endpointsof the `q and the ``q invariant mass spetra. For the de-termination of M1=2 also the mT2 measurement in eventswith ~qR ! q ~�01 deays is important. tan� and A0 are morediÆult to determinee. For tan�, approximately 40 % pre-ision and for A0 only an order of magnitude estimate isobtained. With 1 fb�1 the best onstraints on these pa-rameters ome from measurements involving third gener-ation partiles, in partiular from mwtb.The inreased preision on M0 for an integrated lumi-nosity of 10 fb�1 mainly omes from more preise mea-surements of the endpoints of the `q spetra. For M1=2also new sensitive measurements beome available witha larger data sample, in partiular m~g �m~�01 . The mea-surement of mwtb still remains important to onstrain tan�
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30 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCTable 16: Result of the �t of the mSUGRA model to theexpeted LHC observables for 10 fb�1.Parameter Best Fit Unertaintysign(�) +1tan � 10.08 � 0.84A0 (GeV) �98.0 � 52.9M0 (GeV) 100.1 � 2.1M1=2 (GeV) 250.1 � 1.2Table 17: Result of the �t of the mSUGRA model to theexpeted LHC observables for 300 fb�1.Parameter Best Fit Unertaintysign(�) +1tan � 9.98 � 0.35A0 (GeV) �100.2 � 11.1M0 (GeV) 100.0 � 0.39M1=2 (GeV) 250.0 � 0.30and A0. In addition mmax`` from ~�04 deays provides valu-able additional information on tan� and A0 at 10 fb�1.For tan� also the ratio of branhing frations (2) startsto ontribute.With 300 fb�1 of LHC data it will �nally be possible toonstrainM0 andM1=2 down to (a few) permille level. Thedriving fator is an inreased preision onmhigh`q ,mlow`q and{ in ase of M1=2 { also on mmax``q . Similarly the improve-ment on A0 an be traed bak to better measurementsof those observables whih already provide the best on-straints for 10 fb�1, namelymmax`` from ~�04 deays andmwtb.tan� at 300 fb�1 is mainly ontrolled by measurementsof quantity (2) and the lightest Higgs mass mh. For tan�(A0) a relative preision of approximately 4 % (11 %) is�nally ahieved from the given list of observables.Conerning the most onstraining observables men-tioned above it should be noted that they might be verysensitive to small hanges of the input measurements.Therefore they ought to be taken with some are andshould not be generalised without further ross-heks.4.2.2 Determination of sign(�)For the LHC �t results desribed above, we have not yetdisussed how to �nd the orret sign of �. Using thetehnique desribed in Setion 3.2, we also heked howwell the sign of � an be determined from LHC data.This is done by performing Toy Fits for eah sign of �to the idential set of Toy data. Figure 28 shows the �2orrelations obtained from suh �ts. If we hoose thevalue for sign of � whih yields the best �2 for a given setof LHC measurements we an estimate the probabilityto make the wrong hoie by ounting the numberof Toy Fits below the red biseting line in Figure 28and normalise it to the total number of Toy Fits. The
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32 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCgeneralised to arbitrary ambiguities in the deay hains,the prinipal method an always be applied. Dependingon the result of the �2 omparison, the ambiguity anbe either translated into inreased parameter errorsor ertain hypotheses an be disarded if they yieldsigni�antly worse �2.4.3 Role of Low Energy Observables in the LHC EraNow we address the question to whih extent low en-ergy measurements still ontribute to the determinationof SUSY parameters one LHC results beome available.We perform this study for two di�erent SUSY models,namely mSUGRA and MSSM18. The input observablesfor these analyses omprise all the low energy observableslisted in Table 1 in addition to the LHC observables ofTable 2. To ensure a onsistent set of \measurements" forthese analyses, nominal SPS1a values are used for the lowenergy observables instead of the atually measured val-ues.4.3.1 mSUGRA FitThe �t results of the mSUGRA Toy Fits using low en-ergy and LHC observables for the three di�erent lumi-nosities are shown in Figure 32. The orresponding �ttedmSUGRA parameters and the orresponding orrelationoeÆients are summarised in Tables 18, 19, 20, 21, 22and 23. As desribed in Setion 4.2 tan� and A0 arerather weakly onstrained by LHC measurements aloneat low luminosity. For these parameters the addition oflow energy measurements learly improves the situation.At 1 fb�1, (g � 2)� is an important additional measure-ment onstraining tan� and A0. For M0, the old darkmatter reli density 
CDMh2 beomes the most sensitiveobservable followed by mhigh`q , the most important LHCquantity. The preision on M1=2 is still dominated by theLHC \measurements" listed in Setion 4.2. Neverthelesssome improvements are also ahieved for this parameter,mainly due to (g � 2)�.At 10 fb�1 and above the role of low energy measure-ments is largely repressed by LHC observables suh thatthe preision on the mSUGRA parameters for inreasingluminosity asymptotially approahes the preision ob-tained from LHC observables alone.These results an be used to derive the omplete SUSYpartile mass spetrum assuming the mSUGRA modeland the best �tting parameters. Figure 33 shows the massspetrum for an integrated LHC luminosity of 1 fb�1 asobtained from low energy and LHC observables. The re-spetive mean and most probable values are indiated inblak and red. 1�, 2� and 3� unertainties are indiatedby the blue bands. It should be noted that the massesderived in this way are model dependent statements andnot diret mass measurements. While the masses of thelight Higgs boson, the light gauginos and the sleptons analready be onstrained quite well, the masses of the heavyHiggs bosons, the heavy gauginos and the squarks are still

Table 18: Result of the �t of the mSUGRA model to lowenergy and LHC observables for 1 fb�1.Parameter Best Fit Unertaintysign(�) +1tan � 10.2 � 2.3A0 (GeV) �76.3 � 184M0 (GeV) 100.6 � 3.4M1=2 (GeV) 250.2 � 5.3Table 19: Correlation oeÆients for the �tted parame-ters of the mSUGRA model to the expeted low energyand LHC observables for 1 fb�1.tan � A0 M0 M1=2tan � 1.000 0.534 �0.405 0.793A0 0.534 1.000 �0.184 0.493M0 �0.405 �0.184 1.000 �0.077M1=2 0.793 0.493 �0.077 1.000quite impreise. The situation improves signi�antly if onegoes to a luminosity of 10 fb�1 (see Figure 34). Inreas-ing the luminosity to 300 fb�1 (Figure 35) again means alear inrease in preision with respet to the 10 fb�1 re-sult. This means that stringent spetrosopi tests of themSUGRA model will be possible using the experimentallyaessible spartiles and preise mass preditions are fea-sible for those SUSY partiles whih annot be diretlyprobed at the LHC.In addition to Toy Fits we also perform a MarkovChain analysis. Figure 36 shows the quantity ��2 =�2 ln(L) + 2 ln(Lmax) for all possible mSUGRA param-eter pairs for the three onsidered LHC luminosities of1 fb�1/10 fb�1/300 fb�1 (left/middle/right). L is the two-dimensional pro�le likelihood and Lmax the global maxi-mum of the likelihood. The blak dotted ontours repre-sent ��2 = 1 ontours. The results are in good agreementwith those obtained from the Toy Fits and niely show thepartly strong orrelation between the parameters whih isalso reeted in Tables 19, 21 and 23.For illustrative purposes Figure 37 shows the outomeof the same Markov Chain for the parameter pair A0-tan� using Bayesian statistis. The lines again indiate��2 = �2 ln(L)+2 ln(Lmax) ontours but this time L de-notes the marginalised posterior probability (using a atprior probability). Compared to the results derived fromthe pro�le likelihood the ontour lines are more jagged forthe same Markov Chain length. Apart from these utu-ations good agreement between the results derived fromthe marginalised posterior probability and those from thepro�le likelihood (shown in Figure 36) is found.4.3.2 MSSM18So far, we only onsidered SUSY models with spei�assumptions on the SUSY breaking mehanism, namely
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Fig. 36: ��2 = �2 ln(L) + 2 ln(Lmax) ontours from Markov Chain for the mSUGRA model using observables fromTables 1 and 2. L is the two-dimensional pro�le likelihood and Lmax the global maximum of the likelihood. The blakdotted ontours represent ��2 = 1 ontours. The plots are for integrated LHC luminosities of 1 fb�1/10 fb�1/300 fb�1(left/middle/right).
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Table 24: Result of the �t of the mSUGRA model to theexisting measurements and to the expeted results fromLHC with Lint = 300 fb�1 and ILC.Parameter Nominal value Fit Unertaintytan � 10 9.999 � 0.050M1=2 (GeV) 250 249.999 � 0.076M0 (GeV) 100 100.003 � 0.064A0 (GeV) �100 �100.0 � 2.4masses and ouplings. In addition to just inreasing theexperimental preision, the ILC is also expeted to de-liver a wealth of measurements of absolute branhing fra-tions and ross-setions, many ross-setion times branh-ing fration measurements, and many model-independentmeasurements of quantum numbers and CP-properties.This expeted wealth of data, espeially in a SUSY se-nario with a rih phenomenology below a mass sale of500 GeV, as predited by the present measurements inSetion 4.1, will strongly enhane the knowledge from theLHC due to the expeted omplementarity of ILC andLHC results [13℄.In this setion, �rst the expeted preision on the pa-rameters of the mSUGRA model is studied, followed by adetailed omparison of the results of the MSSM18 �t us-ing only LE and LHC data with those obtained using LE,LHC and ILC data. Finally, the inrease in preision isused to predit the osmi old dark matter reli density
CDMh2 from ollider data, from �ts exluding 
CDMh2itself from the list of observables.4.4.1 mSUGRAUsing the same available and expeted measurements asin the �t using Lint = 300 fb�1 of LHC luminosity in Se-tion 4.3.1, plus the expeted ILC measurements disussedin Setion 2.3, the �t of the mSUGRA model to the dataof the SPS1a senario is shown in Table 24. The ompari-son with the results without ILC in Table 22 shows the in-rease in preision by a fator of 5 to 10. However, the pureinrease in preision for the �t of a high sale senario isnot the only improvement using ILC. First, possible devi-ations of the SUSY breaking implemented in Nature froma given GUT-sale SUSY breaking senario, involving as-sumptions on uni�ation, are muh more visible using alsoILC data. Seond, the high auray and espeially thelarger variety (overing ouplings, mixings, masses, widthsand quantum numbers) and stronger model independeneof the measurements allow to �t more general models ofNew Physis. This makes it possible to study the SUSYbreaking mehanism using a bottom-up instead of a top-down approah.



38 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC4.4.2 MSSM18As disussed in Setion 4.3.2, the �t of the MSSM param-eters at the SUSY breaking sale allows a bottom-up testof SUSY breaking and is independent of any assumptionsabout physis at the GUT sale. Setion 4.3.2 showed thatfor the MSSM18 model, the parameter unertainties from�ts to existing data and expeted LHC data are larger byat least one order of magnitude with respet to the �ts ofthe mSUGRA senario.Table 25 shows a omparison of the parameter uner-tainties of the �ts of the MSSM18 model using LE datain ombination with Lint = 300 fb�1 of data at the LHC(LE+LHC300) and the latter plus the expeted ILC re-sults (LE+LHC300+ILC). The results of Markov ChainMonte Carlo sans and Toy Fits are in good agreement,therefore just the Markov Chain result is shown. For mostparameters, the unertainties derease by approximatelyone order of magnitude. Interestingly, the inrease in pre-ision is not only limited to those parameters whih arelinked diretly to observables at tree level. For exampleit is expeted that the unertainties of the gaugino massparametersM1 andM2 are signi�antly dereased at ILCdue to the inreased preision on the ~�01=2 and ~��1 massesand the additional information from preise measurementsof ross-setions times branhing frations for di�erent po-larisations. Also, the preision of the heavy Higgs setorparameter mA is expeted to inrease dramatially, sinethe heavy Higgs bosons A, H and H� are not expetedto be disovered at the LHC in this senario, but to bepreisely measured at the ILC [13℄. In ontrast to thosemeasurements, no additional experimental information isobtained on the gluino mass or the heavier squark massesat ILC. In any ase, with the exeption of M~qR , all pa-rameter unertainties improve dramatially. The reasonfor this behaviour is the strong derease of orrelations.For example, the ~b1=2 masses are determined by M~qL andM~bR , but also by the o�-diagonal elements mbXb withXb = Ab � � tan�. Due to the strong inrease in the de-termination of � and tan� from the measurements in theHiggs setor (where also Ab plays a role in loop e�ets)and the gaugino setor, also the preision of the param-eter M~bR is strongly improved, although no diret mea-surement in the sbottom setor is made at the ILC inthis senario. This example highlights the importane ofpreision measurements for the detailed unravelling of theSUSY spetrum, and it is an example of the omplemen-tarity of LHC and ILC.The resulting derived spetrum of spartile masses isshown in Figure 39. It represents a very strong improve-ment over the results without ILC in Figure 38. The Higgssetor exhibits the strongest improvement due to the di-ret observation of heavy Higgs states. Apart from thesquark mass m~qL , solely governed by the parameter M~qR ,the unertainties of all other derived masses inrease dra-matially.As a �nal test of the agreement between osmology andollider data, and as a showase for the preditive powerof preision ollider measurements, additional �ts with-out 
CDMh2 are performed with and without the use of
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Fig. 39: Derived mass distributions of the SUSY partilesusing existing measurements, expeted results from LHCwith Lint = 300 fb�1 and expeted results from ILC.
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CDMh2 as an observable.ILC using the Toy Fit tehnique. The resulting preditedvalues of 
CDMh2 are shown in Figure 40 and omparedwith the present and expeted experimental preision of
CDMh2 from the WMAP [57℄ and Plank [103℄ data. Thepredition of 
CDMh2 from ollider data without ILC inthe MSSM18 model shows a long non-Gaussian tail downto 
CDMh2 = 0. The Gaussian ore of the distribution isone order of magnitude wider than the expeted preisionfrom the Plank satellite. Therefore witout ILC, the relidensity onstraints inferable from partile physis withinthe MSSM18 model do not math the preision of osmo-logial measurements.



Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHC 39Table 25: Results of the Markov Chain MC analysis of the MSSM18 model using low energy observables, expetedLHC results for Lint = 300 fb�1 and ILC.Parameter Nominal value ILC Fit �LE+LHC300 �LE+LHC300+ILCM~̀L (GeV) 194.31 194.315 � 6.4 0.068M~̀R (GeV) 135.76 135.758 � 10.5 0.071M~�L (GeV) 193.52 193.46 � 43.0 0.33M~�R (GeV) 133.43 133.45 � 38.2 0.35M~qL (GeV) 527.57 527.61 � 3.4 0.64M~qR (GeV) 509.14 509.3 � 9.0 9.0M~bR (GeV) 504.01 504.2 � 33.3 2.4M~tL (GeV) 481.69 481.6 � 15.5 1.5M~tR (GeV) 409.12 409.2 � 103.8 1.6tan � 10 10.01 � 3.3 0.29� (GeV) 355.05 355.02 � 6.2 0.88X� (GeV) �3799.88 �3795.1 � 3053.5 46.6Xt (GeV) �526.62 �526.8 � 299.2 4.7Xb (GeV) �4314.33 �4252.1 � 5393.6 728.7M1 (GeV) 103.15 103.154 � 3.5 0.046M2 (GeV) 192.95 192.95 � 5.5 0.11M3 (GeV) 568.87 568.66 � 6.9 1.65mA (GeV) 359.63 360.07 � +1181�99:3 1.83In ontrast to that, the result inluding ILC forthe MSSM18 senario ahieves a relative preision on(
predCDMh2)=(
measCDMh2) of 0:2%, whih is an order of magni-tude more preise than the expeted Plank auray. Anagreement between the ollider result and the osmolog-ial measurement would provide strong hints that SUSYLSPs make up the vast majority of dark matter and wouldallow to make preditions for diret dark matter searhexperiments. For omparison, the ahievable auray onthe reli density is also shown assuming mSUGRA. Theunertainty is improved again by a fator of two.In summary, for a SUSY senario in agreement withthe present osmologial, low-energy and ollider data, theILC would tremendously improve the theoretial under-standing of a SUSY model by improving the preisionof bottom-up determinations of SUSY parameters with-out assumptions on uni�ation and breaking mehanismsat the GUT sale. The preision would ensure that os-mologial impliations of New Physis ould be preditedwith a preision signi�antly better than the urrent andexpeted osmologial measurements.5 ConlusionsWe have performed a omprehensive study of urrent andfuture unertainties and orrelations of the parameters ofsupersymmetri models, i. e. the mSUGRA and GMSBmodel as well as the MSSM18.For the ase of LE data presently available we on�rmthe results of [44℄ leading to the onlusion that withinthe mSUGRA model, spartiles are predited to be lightenough for an early disovery at the LHC. In partiular,the squark and gluino masses, whih determine the major

prodution ross-setions at the LHC are below 1 TeV at68% CL and below 1.6 TeV at 95% CL. The most sensi-tive measurements are the muon anomalous magneti mo-ment (g� 2)� and the old dark matter density 
CDMh2.For (g � 2)� the results rely on the alulation of thehadroni vauum orretions based on e+e� ross-setiondata. Spartile masses are less onstrained for senarioswhere the SM predition of (g � 2)� is loser to its mea-sured value. This is urrently the ase for the preditionbased on � -data for the hadroni vauum orretions [94℄,where the heaviest spartiles are expeted below 1.4 TeVat 68% CL and 3 TeV at 95% CL. With no deviation of(g � 2)�, spartiles are still onstrained to lie below ap-proximately 2 (3.5) TeV at 68 (95) % CL. A good �t ofthe data (exluding 
CDMh2) an also be ahieved withinGMSB yielding spartile masses approximately below 1.2(2.0) TeV at 68 (95) % CL. This result shows that thefeature of light spartiles is not exlusively true withinmSUGRA, although it may not be true within the gen-eral MSSM. Furthermore the LE data and the value of
CDMh2 in partiular point towards a small mass di�er-ene of the LSP and the NLSP whih is ~�1. The mass ofthe lightest Higgs boson is predited to be just above theexlusion of the LEP experiments.For the SPS1a parameter point, whih provides aphenomenology rather similar to the region preferred bythe LE �t we determined the prospets for parametermeasurements at the LHC for a omplete set of experi-mentally aessible and well-studied observables. WithinmSUGRA, a oarse determination of the parameters analready be ahieved with an integrated luminosity of 1fb�1. The preision an be signi�antly improved when LEdata are ombined with the early LHC measurements. For300 fb�1, a preision of better than 1 % an be ahieved



40 Philip Behtle et al.: Constraining SUSY models with Fittino using measurements before, with and beyond the LHCon M0 and M1=2. The parameter tan� (A0) an be de-termined to 3.5 (11) % preision. At high luminosity theimpat of LE data beomes small.For the MSSM18, parameter determination is signi�-antly more diÆult and requires larger integrated lumi-nosity. Nevertheless, for 300 fb�1 a deent determinationof all spartile masses an be ahieved to a few perentpreision with the exeption of ~t2, ~�2 and the heavy Higgsbosons. Here the inlusion of LE data still has signi�antimpat, in partiular in onstraining third generation spar-tiles. With a linear ollider like the ILC operating at upto 1 TeV, the MSSM18 an be reonstruted with a prei-sion inreased by approximately one order of magnitude.It should be noted that the bulk region of the MSSMas exempli�ed in the SPS1a parameter point is ertainlyfavourable for the prospets of parameter measurementsat both the LHC and the ILC. For the LHC, variousexperimental studies of di�erent parameter points exist,however no full analysis of more diÆult regions existsto date. In partiular in regions where long deay hainswith harged leptons are suppressed, the reonstrution ofSUSY parameters will be substantially more diÆult andimpreise. However, given the onstraints from LE data,suh senarios appear less likely. Given the smaller massdi�erene between sleptons and the lightest neutralino ob-served in the �t to the LE data when ompared withSPS1a, a more detailed omprehensive experimental studyof o-annihilation points at LHC would be bene�ial.In addition to these quantitative results we proposedsome new methodologial approahes to take are of am-biguities in the assignment of experimental observables tophysial �nal states. It was shown, that in some ases theseambiguities may be translated into the unertainty on theparameters when the ambiguities annot be resolved sta-tistially. We have also shown that the Bayesian and Fre-quentist interpretation of Markov Chain Monte Carlo leadto very similar results for �ts inluding LHC data whenat priors are used in the Bayesian approah. For �ts ofLE data only, however, the two interpretations do not ne-essarily agree. It is observed that the Bayesian approah,whih inludes marginalisation of the hidden parametersrequires a prohibitive amount of omputing power. In suhases, only the Frequentist interpretation is exploited.In the future, the tehnologies presented in this paperwill be applied to a larger variety of models and �nally toreal data from the LHC. In addition, the proposed treat-ment of the assignment ambiguities will be extended tofurther possible self-onsistent interpretations of the dataand the resulting e�et on parameter unertainties andpossible exlusions of assignments will be evaluated. Italso is expeted to be important to evaluate the e�etof theoretial unertainties stemming e. g. from missinghigher order e�ets and di�erenes between di�erent im-plementations of RGE running in more detail. In addi-tion to the unertainties itself, the evaluation of orrela-tions among theoretial unertainties ould be relevant.Finally, if SUSY is realised in Nature, spartiles ould bedisovered before the disovery of a SUSY Higgs boson.Therefore, the implementation of present and future lim-
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