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DESY-09-100Pion transition form fator in kT fatorizationHsiang-nan Li1 and Satoshi Mishima21Institute of Physis, Aademia Sinia, Taipei, Taiwan 115, Republi of China,1Department of Physis, Tsing-Hua University, Hsinhu, Taiwan 300, Republi of China,1Department of Physis, National Cheng-Kung University, Tainan, Taiwan 701, Republi of China1Institute of Applied Physis, National Cheng-Chi University, Taipei, Taiwan 116, Republi of China and2Theory Group, Deutshes Elektronen-Synhrotron DESY, 22607 Hamburg, GermanyIt has been pointed out that the reent BaBar data on the �� !  transition form fatorF�(Q2) at low (high) momentum transfer squaredQ2 indiate an asymptoti (at) pion distributionamplitude. These seemingly ontraditory observations an be reoniled in the kT fatorizationtheorem: the inrease of the measured Q2F�(Q2) for Q2 > 10 GeV2 is explained by onvolutinga kT dependent hard kernel with a at pion distribution amplitude, kT being a parton transversemomentum. The low Q2 data are aommodated by inluding the resummation of �s ln2 x, x beinga parton momentum fration, whih provides a stronger suppression at the endpoints of x. Thenext-to-leading-order orretion to the pion transition form fator is found to be less than 20% inthe onsidered range of Q2.PACS numbers: 12.38.Bx, 12.39.St, 13.40.GpThe asymptoti and soft behaviors of the pion transition form fator F�(Q2) involved in the proess �� ! have been derived [1℄: limQ2!1Q2F�(Q2) = p2f� = 0:185 ; (1)limQ2!0F�(Q2) = p24�2f� ; (2)Q2 being the momentum transfer squared arried by the virtual photon, and f� = 0:131 GeV the pion deayonstant. The former is predited by perturbative QCD (PQCD) in the ollinear fatorization theorem [2, 3, 4,5, 6, 7℄, while the latter is determined from the axial anomaly in the hiral limit. However, the reent BaBardata on F�(Q2) exhibits an intriguing dependene on Q2 [8℄: Q2F�(Q2) exeeds Eq. (1) for Q2 > 10 GeV2,and ontinues to grow up to Q2 � 40 GeV2 as shown in Fig. 1. It has been ommented [9℄ that this behaviorannot be explained by perturbative e�ets, like higher-order or higher-twist ontributions.It is known that one an extrat nonperturbative information on the shape of the leading-twist pion distribu-tion amplitude (DA) from the measurement of F�(Q2) [2℄. Inspired by the BaBar data, a model for the pionDA, di�ering from those investigated in [9℄, has been proposed [10℄,��(x; �0) = N + (1�N)6x(1� x); (3)with N being a free onstant. This model remains �nite at the endpoints of the momentum fration x ! 0; 1for the normalization point �0 = 0:6 � 0:8 GeV. It was argued [10℄ that the pion DAs from the instantontheory of QCD vauum [11, 12℄, from the the Nambu-Jona-Lasinio model [13℄, from the hiral quark model[14℄, and from the large-N Regge model [15℄ are expeted to be rather at. At the same time, the hard kernel,proportional to the internal quark propagator, was modi�ed by introduing an infrared regulator m2 [10℄. Notethat an endpoint singularity would be developed for the model in Eq. (3) without the infrared regulator. Thenthe fatorization formula Q2F�(Q2) = p2f�3 Z 10 dx ��(x;Q)x+m2=Q2 ; (4)leading to a logarithmi inrease lnQ2, explains the growth of Q2F�(Q2) observed by BaBar with the tunedparameters N = 1:3� 0:2 and m = 0:65� 0:05 GeV. The regulator m2 was interpreted as the inverse instantonsize, whih sets the sale for nonperturbative e�ets in a quark propagator [10℄.
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2A similar onlusion on the shape of the leading-twist pion DA has been drawn from the BaBar data in [16℄,but with the di�erene in the formalism that the parton transverse momentum kT was taken into aount. Thehard kernel is the same as in the ollinear fatorization, and the lnQ2 dependene omes from the integrationof the pion wave funtion over the intrinsi parton kT up to xQ [16℄:Q2F�(Q2) = p2f�6� Z 10 dxx Z xQ0 kT dkT  �(x; kT ) ; (5)with the model  �(x; kT ) = 2���(x)x(1� x)� exp �� k2T2�x(1� x)� : (6)The uto� of kT at xQ guarantees that the integration over x down to 0 is �nite even for a at distribution��(x), with whih the BaBar data are aommodated by hoosing the parameter � = 0:53 GeV2. A onernwas raised for a broad pion DA in the onventional ollinear fatorization [16℄: the next-to-leading-order (NLO)orretion to the hard kernel [17℄ is huge for the renormalization sale � � Q, or � has to be muh smaller thanthe sale �QCD in order to diminish the NLO orretion. For the alulation of the next-to-next-to-leading-orderorretion to the pion transition form fator in the ollinear fatorization, refer to [18℄.The BaBar data are onsistent with those of CELLO [19℄ and CLEO [20℄ below Q2 � 9 GeV2, from whihan endpoint suppressed shape of the pion DA has been extrated [21, 22℄. Taking into aount high-powerorretions, the asymptoti pion DA an also explain the CLEO data [23℄. The QCD sum rule analyses of thepion DA and of the pion transition form fator led to an endpoint suppressed model [9, 21, 24, 25, 26, 27, 28℄.It has been notied [29℄ that the CLEO data favor the asymptoti form rather than the Chernyak-Zhitnitskyone [5℄, whih emphasizes the endpoint region. The E791 di-jets data support the nearly asymptoti pion DAabove M2J = 10 GeV2 [30℄, M2J being the mass squared of the di-jets. A review on the determination of theleading-twist pion DA an be found in [31℄. It seems that the measurements of the pion transition form fatorat low and high Q2 imply di�erent shapes of the pion DA, whih are ontraditory to eah other.In this letter we shall study the proess �� !  using the kT fatorization theorem [32, 33, 34, 35, 36, 37℄.If a at pion DA is favored, it will enhane the ontribution from the region with small momentum fration x.One the small x region is important, the parton transverse momentum squared k2T , being of the same order asxQ2 in the internal quark propagator, is not negligible. The regulator m2 in Eq. (4) an be interpreted as k2Tat LO, whose inlusion smears the endpoint singularity from x! 0. Besides, the loop orretion to the virtualphoton vertex generates the large double logarithms �s ln2(Q2=k2T ) and �s ln2 x in the small x region [38℄. Theformer is absorbed into the kT dependent wave funtion, and organized to all orders by the kT resummation[35, 39, 40℄. The latter is absorbed into a jet funtion, and organized to all orders by the threshold resummation[41, 42, 43℄. With the above resummation fators, a at pion DA does not develop an endpoint singularity.The NLO orretion to the hard kernel of the pion transition form fator has been omputed in the kTfatorization [38℄. Fourier transforming Eq. (44) in [38℄ into the impat parameter bT spae, we deriveF�(Q2) = p2f�3 Z 10 dx Z 10 bT dbT ��(x) exp[�S(x; bT ; Q; �)℄St(x;Q)K0 �pxQbT �� �1� �s(�)4� CF �ln �2bT2pxQ + E + 2 lnx+ 3� �23 �� ; (7)where CF = 4=3 is a olor fator and E the Euler onstant. The NLO term in the square brakets impliesthat the renormalization sale � should be hosen as �2 � O(pxQ=bT ) in order to minimize the logarithm.However, we have always set � = max(pxQ; 1=bT ) in our previous analysis of exlusive proesses [36℄, so weshall ontinue to adopt this hoie here. It has been on�rmed that the above two hoies of � produe almostidential results. The Sudakov exponent from the kT resummation is given byS(x; bT ; Q; �) = s�x Qp2 ; bT�+ s�(1� x) Qp2 ; bT�+ 2 Z �1=bT d���� q(�s(��)); (8)where the expliit expression of the funtion s and the quark anomalous dimension q an be found in [44, 45℄.



3Q (GeV) 2 3 4 5 6 1.7 0.75 0.47 0.32 0.25TABLE I: The power  in the threshold resummation at di�erent Q2.The power  � 0:3 in the parametrization St(x;Q) for the threshold resummation [46℄St(x;Q) = 21+2 �(3=2 + )p� �(1 + ) [x(1� x)℄; (9)was derived at the sale of the B meson mass mB = 5:28 GeV. The power-law behavior should be modi�edas Q2 runs within a large range in the present ase. We determine the Q2 dependene of the parameter  byrepeating the proedure in Appendix D of [46℄, whih involves the best �t of Eq. (9) to the exat resummationformula in the Mellin spae NSt(N;Q) = exp"12 Z 1�1=N0 dz1� z Z (1�z)2(1�z) d�� K ��s �p�Q2=2��# ; (10)with the anomalous dimensionK = �s� CF + ��s� �2 CF �CA�6736 � �212�� 518nf� ; (11)nf being the number of quark avors and CA = 3 a olor fator. The outome is listed in Table I, where therapid inrease of  with dereasing Q arises from the exponentiated radiative orretion proportional to �s(Q2).It beomes more diÆult to determine  for Q < 3 GeV, beause the allowed interval of N shrinks. Therefore,we freeze  at  = 1, when it exeeds unity. To simplify the analysis, we propose a paraboli parametrization! (Q2) = 0:04Q2 � 0:51Q+ 1:87 ; (12)if  � 1. A large value  � 1, resulting in a quik fallo� as x! 0, will improve the agreement of our preditionwith the low Q2 data, when the at model is adopted. That is, a areful treatment of the threshold resummatione�et with a running (Q2) is ruial for aommodating the BaBar data in both the low and high Q2 regions.We adopt Eq. (6) for the pion wave funtion, whih is written as��(x; bT ) = ��(x) exp ��12�x(1� x)b2T � (13)in the impat parameter spae. The Gaussian form in b2T is the same as proposed in [29℄, and onsistent withthat from [47℄. For the asymptoti model, ��(x) = 6x(1�x), the parameter � an be �xed by the normalizationondition [48℄ Z 10 dx Z d2bT ��(x; bT ) = 3�f2� ; (14)giving � = 4�2f2� = 0:677 GeV2. For the at model, ��(x) = 1, the above normalization ondition does notapply, and the parameter � will be tuned to �t the BaBar data. In the analysis below we hoose � = 2:5 GeV2.Note that the renormalization-group evolution of the Gegenbauer expansion starting with the asymptoti formhas been known. However, the evolution starting with the at form has not yet been studied. Hene, the modelsadopted here should be regarded as being de�ned at a low normalization point �0.The LO and NLO preditions for the pion transition form fator from the kT fatorization are presented inFig. 1. It is observed that the urves for Q2F�(Q2) from the asymptoti pion DA saturates quikly for Q2 > 5GeV2. That is, it is diÆult to explain the ontinuous growth of Q2F�(Q2) above Q2 � 10 GeV2 using theasymptoti model. The overshoot in the low Q2 region is expeted, sine this portion of data favors an endpointsuppressed shape [21, 22℄. Note that the overshoot an be resolved within the theoretial unertainty from



4

]2 [GeV2Q
0 10 20 30 40 50

) 
[G

eV
]

2
(Q  γπ

F
2

Q

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

 Asymptotic DA, LO

 Asymptotic DA, NLO

 Flat DA, LO

 Flat DA, NLO

FIG. 1: Q2 dependene of Q2F�(Q2) up to LO and NLO from the kT fatorization for the asymptoti (red, dotted anddot-dashed lines, respetively) and at (blue, dashed and solid lines, respetively) pion DAs. The points with errors arethe data from CELLO [19℄, CLEO [20℄, and BaBar [8℄.
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FIG. 2: Q2 dependene of Q2F�(Q2) up to NLO with the power  = 0:3 (red, dashed line) and (Q2) (blue, solid line)in Eq. (12).varying parameters in our formalism. For example, multiplying the arguments xQ=p2 and (1� x)Q=p2 by afator 2 in Eq. (8) [35℄ leads to stronger suppression at x ! 0, and better agreement with the data at low Q2.The urves from the at pion DA show a good �t to the BaBar data, whose logarithmi inrease with Q2 is aombined onsequene of the inlusion of the parton kT and the employment of the at model. We stress thatthe �t would deteriorate in the low Q2 region without a areful treatment of the threshold resummation e�et.To highlight this e�et, we ompare the results from the at model with a onstant power  = 0:3 and with a
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6insensitive to the variation of � espeially in the high Q2 region. If inluding the higher Gegenbauer term intothe asymptoti model ��(x) = 6x(1� x) h1 + a2 C3=22 (2x� 1)i ; (15)with the Gegenbauer polynomial C3=22 (t) = (3=2)(5t2 � 1), the slope of the urves hanges signi�antly with a2as shown in Fig. 3(b). The predition is enhaned by 10% for a2 = 0:2 in the high Q2 region, and saturatesaround Q2 � 10 GeV2. Only with an extremely large a2 � 0:8, whih also emphasizes the endpoint regions,the predition beomes lose to that from the at pion DA. It has been mentioned [10℄ that a very broad pionDA, vanishing at the endpoints, but with a rapid inrease (�0�(0)=6� 1), serves the purpose of aommodatingthe BaBar data. However, the big value a2 � 0:8 may render the Gegenbauer expansion starting with theasymptoti model questionable, as laimed in [10℄. In summary, the preise measurement of the pion transitionform fator in the high Q2 region will settle down the issue on the shape of the leading-twist pion DA: if thegrowth with Q2 observed urrently persists, the at model is favored. If the growth beomes milder in thefuture, the asymptoti model with nonvanishing higher Gegenbauer terms will be still allowed.Finally, we omment on the kT fatorization formalism developed in [42℄, whih involves on-shell partons inthe alulation of hard kernels. The usual proedure of fatorizing a kT dependent wave funtion is to negletthe minus omponent k� in a hard kernel, and then to integrate out k� in the general wave funtion thatdepends on the four omponents k+ = xp+, k�, and kT , (x; kT ) � Z dk�	(x; k�; kT ): (16)This is the reason why a parton, partiipating in the hard sattering, arries an o�-shell momentum (k+; 0; kT )in our formalism [49℄. The presription for alulating a kT dependent hard kernel, the de�nition for a kTdependent wave funtion, and the gauge invariane of the kT fatorization have been arefully addressed in[38, 49℄, whih onfront the ritiism from [50, 51℄1. The transverse momentum squared k2T appears in the hardkernel for the pion transition form fator through the internal quark invariant mass, (k � P)2 = �xQ2 � k2T ,for the �nal-state photon momentum P = (0; P� ; 0T ) and k2 = �k2T . Assuming on-shell partons, the hardkernel is independent of k2T beause of (k � P)2 = �xQ2 for k2 = 0. Therefore, it will be diÆult to explainthe BaBar data using the formalism of [42℄.We thank Ahmed Ali for useful omments. This work was supported by the National Center for TheoretialSienes and National Siene Counil of R.O.C. under Grant No. NSC-95-2112-M-050-MY3.[1℄ S.J. Brodsky and G.P. Lepage, Phys. Rev. D 24, 1808 (1981).[2℄ G.P. Lepage and S.J. Brodsky, Phys. Lett. B 87, 359 (1979); Phys. Rev. D 22, 2157 (1980).[3℄ A.V. Efremov and A.V. Radyushkin, Phys. Lett. B 94, 245 (1980).[4℄ V.L. Chernyak, A.R. Zhitnitsky, and V.G. Serbo, JETP Lett. 26, 594 (1977).[5℄ V.L. Chernyak and A.R. Zhitnitsky, Sov. J. Nul. Phys. 31, 544 (1980); Nul. Phys. B 201, 492 (1982); ibid. B 214,547(E) (1983); Phys. Rept. 112, 173 (1984).1 The authors of [51℄ rebutted our omments addressed in [49℄ on [50℄. They laimed that the kT fatorization theorem for exlusiveproesses violates gauge invariane for the reasons: 1) Our method for the one-loop alulation of Fig. 2(b) in [49℄ leads to awave funtion nonvanishing for x > 1, and violates the translation invariane, sine the ontribution from q+ < 0 is non-zero, qbeing the loop momentum. 2) Our method depends on the ontour hosen in the q� integration. We disagree with both of them.In our method, the q+ < 0 ontribution omes only from the limit q+ ! 0 from the left, whih orresponds to x! 1, and doesnot violate the translational invariane. As for the latter, the authors of [51℄ missed the point of inluding the semiirles, whosepurpose is to avoid the ambiguity from q+ ! 0, when the double pole q� = (q2?� i")=(2q+) moves to the in�nity. If hoosing thelower semiirle, the poles will ross the semiirle as q+ ! 0, and the ambiguity omes bak. Besides, the authors of [51℄ reliedon the laim that all ontributions from the semiirles in the q� ontour integration vanish in the limit of the semiirle radiusR!1, but it is inorret. As explained in [49℄, these ontributions do not vanish as q+ ! 0. Note that the same problem hasbeen disussed in literature, e.g. in [52℄. Moreover, the reply in [51℄ is seletive; e.g. there was no answer to our question raisedin [49℄: why is the singularity from a highly o�-shell gluon with q2 !1 a light-one singularity?



7[6℄ H-n. Li, Phys. Rev. D 64, 014019 (2001).[7℄ M. Nagashima and H-n. Li, Phys. Rev. D 67, 034001 (2003).[8℄ B. Aubert et al. [BABAR Collaboration℄, arXiv:0905.4778 [hep-ex℄.[9℄ S.V. Mikhailov and N.G. Stefanis, arXiv:0905.4004 [hep-ph℄.[10℄ M.V. Polyakov, arXiv:0906.0538 [hep-ph℄.[11℄ D. Diakonov and V. Y. Petrov, Sov. Phys. JETP 62, 204 (1985) [Zh. Eksp. Teor. Fiz. 89, 361 (1985)℄; D. Diakonovand V. Y. Petrov, Nul. Phys. B 272, 457 (1986); D. Diakonov, M.V. Polyakov, and C. Weiss, Nul. Phys. B 461,539 (1996).[12℄ V.Y. Petrov, M.V. Polyakov, R. Ruskov, C. Weiss, and K. Goeke, Phys. Rev. D 59, 114018 (1999); V.Y. Petrov andP.V. Pobylitsa, arXiv:hep-ph/9712203.[13℄ E. Ruiz Arriola, Ata Phys. Polon. B 33, 4443 (2002); E. Ruiz Arriola and W. Broniowski, Phys. Rev. D 66, 094016(2002).[14℄ A. Bzdak and M. Praszalowiz, Ata Phys. Polon. B 34, 3401 (2003).[15℄ E. Ruiz Arriola and W. Broniowski, Phys. Rev. D 74, 034008 (2006).[16℄ A.V. Radyushkin, arXiv:0906.0323 [hep-ph℄.[17℄ F. del Aguila and M.K. Chase, Nul. Phys. B 193, 517 (1981); E. Braaten, Phys. Rev. D 28, 524 (1983); E.P.Kadantseva, S.V. Mikhailov, and A.V. Radyushkin, Yad. Fiz. 44, 507 (1986) [Sov. J. Nul. Phys. 44, 326 (1986)℄.[18℄ B. Meli, B. Nizi, and K. Passek, Phys. Rev. D 65, 053020 (2002); B. Meli, D. Mueller, and K. Passek-Kumeriki,Phys. Rev. D 68, 014013 (2003).[19℄ H.J. Behrend et al. [CELLO Collaboration℄, Z. Phys. C 49, 401 (1991).[20℄ J. Gronberg et al. [CLEO Collaboration℄, Phys. Rev. D 57, 33 (1998).[21℄ A.P. Bakulev, S.V. Mikhailov, and N.G. Stefanis, Phys. Rev. D 67, 074012 (2003); Phys. Lett. B 578, 91 (2004).[22℄ Z.K. Guo and J. Liu, Phys. Rev. D 78, 076006 (2008).[23℄ S.S. Agaev, Phys. Rev. D 69, 094010 (2004).[24℄ A.V. Radyushkin and R.T. Ruskov, Nul. Phys. B 481, 625 (1996).[25℄ A. Khodjamirian, Eur. Phys. J. C 6, 477 (1999).[26℄ A. Shmedding and O.I. Yakovlev, Phys. Rev. D 62, 116002 (2000).[27℄ S.S. Agaev, Phys. Rev. D 72, 114010 (2005); ibid. D 73, 059902(E) (2006).[28℄ A.P. Bakulev, S.V. Mikhailov, and N.G. Stefanis, Phys. Lett. B 508, 279 (2001); ibid. B 590, 309(E) (2004).[29℄ R. Jakob, P. Kroll, and M. Raulfs, J. Phys. G 22, 45 (1996); P. Kroll and M. Raulfs, Phys. Lett. B 387, 848 (1996).[30℄ E.M. Aitala et al. [E791 Collaboration℄, Phys. Rev. Lett. 86, 4768 (2001).[31℄ A.P. Bakulev, S.V. Mikhailov, and N.G. Stefanis, Phys. Rev. D 73, 056002 (2006); N.G. Stefanis, Nul. Phys. Pro.Suppl. 181-182, 199 (2008).[32℄ S. Catani, M. Ciafaloni, and F. Hautmann, Phys. Lett. B 242, 97 (1990); Nul. Phys. B 366, 135 (1991).[33℄ J.C. Collins and R.K. Ellis, Nul. Phys. B 360, 3 (1991).[34℄ E.M. Levin, M.G. Ryskin, Yu.M. Shabelski, and A.G. Shuvaev, Sov. J. Nul. Phys. 53, 657 (1991) [Yad. Fiz. 53,1059 (1991)℄.[35℄ J. Botts and G. Sterman, Nul. Phys. B 325, 62 (1989).[36℄ H-n. Li and G. Sterman, Nul. Phys. B 381, 129 (1992).[37℄ T. Huang, Q.x. Shen, and P. Kroll, Z. Phys. C 50, 139 (1991); J.P. Ralston and B. Pire, Phys. Rev. Lett. 65, 2343(1990); R. Jakob and P. Kroll, Phys. Lett. B 315, 463 (1993); ibid. B 319, 545(E) (1993).[38℄ S. Nandi and H-n. Li, Phys. Rev. D 76, 034008 (2007).[39℄ J.C. Collins and D.E. Soper, Nul. Phys. B 193, 381 (1981).[40℄ I.V. Musatov and A.V. Radyushkin, Phys. Rev. D 56, 2713 (1997).[41℄ H-n. Li, Phys. Rev. D 66, 094010 (2002); H-n. Li and K. Ukai, Phys. Lett. B 555, 197 (2003).[42℄ J.P. Ma and Q. Wang, Phys. Rev. D 75, 014014 (2007).[43℄ F. Feng, J.P. Ma, and Q.Wang, JHEP 0706, 039 (2007).[44℄ H-n. Li and H.L. Yu, Phys. Rev. Lett. 74, 4388 (1995); Phys. Lett. B 353, 301 (1995); Phys. Rev. D 53, 2480(1996).[45℄ Y.Y. Keum, H-n. Li, and A.I. Sanda, Phys. Lett. B 504, 6 (2001); Phys. Rev. D 63, 054008 (2001); Y.Y. Keum andH-n. Li, Phys. Rev. D 63, 074006 (2001).[46℄ T. Kurimoto, H-n. Li, and A.I. Sanda, Phys. Rev D 65, 014007 (2002).[47℄ S.J. Brodsky and G.F. de Teramond, Phys. Rev. D 77, 056007 (2008); S.S. Agaev and M.A. Gomshi Nobary,Phys. Rev. D 77, 074014 (2008); A. Vega, I. Shmidt, T. Branz, T. Gutshe, and V. Lyubovitskij, arXiv:0906.1220[hep-ph℄.[48℄ S.J. Brodsky, T. Huang, and G.P. Lepage, in Partiles and Fields 2, proeedings of Ban� Summer Institute onPartiles and Fields, Ban�, Canada, 1981, edited by A.Z. Capri and A.N. Kamal (Plenum Press, 1983), p. 143.[49℄ H-n. Li and S. Mishima, Phys. Lett. B 674, 182 (2009).[50℄ F. Feng, J.P. Ma, and Q. Wang, Phys. Lett. B 674, 176 (2009).[51℄ F. Feng, J.P. Ma, and Q. Wang, Phys. Lett. B 677, 121 (2009).[52℄ T.M. Yan, Phys. Rev. D 7, 1780 (1973).

http://arxiv.org/abs/0905.4778
http://arxiv.org/abs/0905.4004
http://arxiv.org/abs/0906.0538
http://arxiv.org/abs/hep-ph/9712203
http://arxiv.org/abs/0906.0323
http://arxiv.org/abs/0906.1220

	References

