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1 IntrodutionSupersymmetry (SUSY) is one of the most promising andidates for the theory of physis beyondthe Standard Model (SM). In the oming years, experiments at the Large Hadron Collider (LHC)will undertake searhes for new physial phenomena. A large part of this e�ort will be devotedto looking for signals of SUSY.One of the most studied SUSY models is the Minimal Supersymmetri Standard Model(MSSM) [1℄, haraterized by the minimal ontent of supersymmetri partiles and R-parityonservation. Within the MSSM, the dominant prodution proesses of spartiles at the LHCare those involving pairs of oloured partiles, i.e. squarks and gluinos, in the �nal state [2℄.The exat disovery reah of the LHC is model-dependent but it is expeted that the disoveryof squarks and gluinos should be possible for masses of up to around 2 TeV [3℄. Sine thehadroprodution ross setions for strongly-interating spartiles depend only on the massesof squarks and gluinos [4, 5, 6, 7℄, measurements of total ross setions for oloured spartileprodution may be used to determine values of the fundamental MSSM parameters, e.g. themasses of spartiles [4, 6, 7, 8℄, or to draw exlusion limits for the mass parameters [9, 10℄. Thepreision of the mass determination (exlusion limit) will ruially depend on the auray ofthe orresponding theoretial preditions. With the large prodution rates expeted at the LHCit is thus of utter importane to study the total ross setions for the hadroprodution of squarksand gluinos with the highest possible theoretial auray.The leading-order (LO) total ross setions of O(�2s ) were alulated long time ago [4, 5℄. Theorresponding next-to-leading order (NLO) SUSY-QCD orretions are known for all hadropro-dution proesses of pairs of squarks and gluinos [6, 7℄. The NLO eletroweak (EW) orre-tions [11℄ for the proesses involving squarks in the �nal state are also known, as well as the LOEW O(�2) total ross setions and the O(��s) LO EW-QCD interferene preditions [11, 12℄.The NLO SUSY-QCD orretions have been found to be positive and large. Among the pair-prodution proesses of oloured spartiles at the LHC, the gluino-pair (~g~g) prodution reeivesthe largest NLO SUSY-QCD orretion that may reah 100% for gluino mass m~g = 1 TeV and1:2TeV <� m~q <� 2TeV [7℄. The orretions to the squark-antisquark (~q�~q) total ross setionan be also sizable, of order of 30% for the squark mass m~q = 1 TeV, and are the seondlargest in a ertain range of mass parameters. The ourrene of large orretions indiatesthat omputation of higher order SUSY-QCD orretions is neessary in order to ahieve preisetheoretial preditions.A large part of the NLO SUSY-QCD orretions to the total ross setion for ~g~g and ~q�~qproesses omes from prodution lose to threshold [7℄. The threshold region is reahed whenthe square of the partoni enter-of-mass (.o.m.) energy, ŝ, approahes 4m2, where m is theaverage partile mass in the produed pair. The veloity of the produed heavy partiles in1



the partoni .o.m. system � � p1� 4m2=ŝ is then small, � � 1. In this region two types oforretions dominate: Coulomb orretions due to exhange of gluons between slowly movingmassive partiles and soft gluon orretions due to emission of low energy gluons o� the olouredinitial and �nal states. The soft gluon orretions are enhaned by powers of large logarithmsof �, i.e. at the NLO one �nds terms in the relative orretions proportional to �s log2(�2) thatbeome sizeable when �2 � exp(�1=p�s). At the n-th order of the perturbative expansion inthe strong oupling �s the total ross setions reeive orretions proportional to �ns logk(�2)where k = 2n; : : : ; 0. SuÆiently lose to the partoni threshold �xed-order expressions forthe ross setions are bound to fail. However, the logarithmi ontributions an be taken intoaount to all orders in �s by means of threshold resummation. Resummed preditions arepartiularly important for proesses with large masses in the �nal states sine then the bulk ofprodution omes from the threshold region. This is exatly the ase for prodution of spartileswhih are expeted to be heavier than the SM partiles. Additionally, if partoni subproessesinvolve gluons in the initial state, the soft-gluon e�ets, and thus the impat of resummation,are expeted to be signi�ant due to the high olour harge of the gluons.Cruially, alulation of the soft gluon orretions provides a reliable estimate of unknownhigher order terms beyond the NLO, what results in redution of the theoretial unertaintydue to sale variation. In a reent letter [13℄ we have presented results for threshold-resummedross setions at the next-to-leading logarithm (NLL) auray for hadroprodution of ~g~g and~q�~q pairs at the LHC. A dominant part of the next-to-next-to-leading (NNLO) orretion for the~q�~q prodution onsisting of terms oming from the expansion of the resummed exponent at thenext-to-next-to-leading logarithm (NNLL) level, Coulomb terms and the universal sale terms,was later alulated in [14℄. Moreover, threshold resummation for single olour-otet salar atthe LHC was also studied [15℄. Further work on resummation for prodution of oloured spartilepairs is to be found in [16, 17℄.The hadroni prodution proesses of ~g~g and ~q�~q pairs are sattering proesses with a non-trivial olour ow struture. At the NLL level resummation requires inluding ontributions fromsoft gluons emitted at wide angles. Suh emission is sensitive to the olour ow of the underlyinghard sattering and the evolution of the olour exhange is governed by the soft anomalousdimension matrix [18, 19, 20, 21, 22℄. The one-loop soft anomalous dimension matries were�rst alulated for heavy-quark and dijet prodution [18, 19, 21, 23℄. In [13℄ we have presentedthe expliit form of the one-loop soft anomalous dimension matries for partoni subproessesontributing to ~g~g hadroprodution. The general results for any 2 ! n QCD proess withmassless partiles in the �nal state were derived at one- [22℄, and two-loops [24℄. The two-loop anomalous dimension for the pair prodution of heavy quarks was also determined in thethreshold limit [25℄, and employed later in [14℄. Reently, the struture of the massive two-loopmatrix for any 2! n proess has been studied in [26℄.2



In this paper we disuss in detail the derivation of the analytial results presented in [13℄and arry out a thorough study of the numerial results as well as perform resummation of theleading Coulomb orretions for the ~q�~q and ~g~g prodution proesses.2 Leading order resultsThe hadroni ross setion for the proess h1h2 ! kl reads�h1h2!kl(S; fm2g) =Xi;j Z dx1 dx2 fi=h1(x1; �F ) fj=h2(x2; �F ) �̂ij!kl(ŝ; fm2g; �2F ; �2R) ; (1)where S (ŝ) is the square of the hadroni (partoni) enter-of-mass energy and fm2g stands forall masses entering the alulations. The parton distribution funtions (pdfs) fi=h are taken atthe fatorisation sale �F . We set �F equal to the renormalisation sale �R in our alulations.The expressions for the LO partoni ross setions �̂ij!kl(s; fm2g; �2F ; �2R) for all squark andgluino hadroprodution proesses an be found in [7℄. Here we present the ontributions to theLO ross setions for the ~q�~q and ~g~g prodution oming from di�erent olour hannels. For eahpartoni proess we de�ne the orresponding olour basis in the s-hannel.For the ~q�~q prodution we onsider the proessesqi(pi; �i) �q(pj; �j) ! ~q(pk; �k) �~q(pl; �l) (2)and g(pi; ai)g(pj ; aj) ! ~q(pk; �k) �~q(pl; �l) ; (3)where p are partile four-momenta and � and a are olour indies in the fundamental and adjointrepresentation of SU(3), orrespondingly. In the quark-hannel (2) we have only two possibleolour exhanges: the singlet and the otet, f1;8g, and the basis onsists of two olour tensorsq;~q1 = Æ�i�j Æ�k�l ;q;~q8 = �16Æ�i�jÆ�k�l + 12Æ�i�kÆ�j�l : (4)In the gluon hannel, the basis is built out of three tensors orresponding to f1;8S;8Ag repre-sentations g;~q1 = Æaiaj Æ�k�l ;g;~q8S = T b�l�kdbaiaj ;g;~q8A = iT b�l�kf baiaj : (5)where T b matries are the SU(3) generators. 3



At the leading order, two partoni hannels ontribute to the ~g~g prodution:q(pi; �i) �q(pj; �j)! ~g(pk; ak) ~g(pl; al) ; (6)and g(pi; ai) g(pj ; aj)! ~g(pk; ak) ~g(pl; al) : (7)For the proess (6) the olour basis is the same as for the ~q�~q prodution in the gluon-hannel (3)and is given by (5) after interhanging the indies (ij)$ (kl). For the gg hannel there are eightindependent olour tensors. Following [21℄ we hoose an orthogonal basis, fg;~gI g; I = 1; 2; : : : ; 8,onsisting of �ve tensors g;~g1 , g;~g2 , g;~g3 , g;~g4 and g;~g5 orresponding to the 1, 8S, 8A, 10 � 10and 27 representations in the s-hannel, and three additional tensors, g;~g6 , g;~g7 , and g;~g8 . Thebase tensors are g;~g1 = 18ÆaiajÆakal ;g;~g2 = 35daiajbdbakal ;g;~g3 = 13faiajbf bakal ;g;~g4 = 12 (ÆaiakÆajal � ÆaialÆajak)� 13faiajbf bakal ;g;~g5 = 12 (ÆaiakÆajal + ÆaialÆajak)� 18Æaiaj Æakal� 35daiajbdbakal ;g;~g6 = i4 �faiajbdbakal + daiajbf bakal� ;g;~g7 = i4 �faiajbdbakal � daiajbf bakal� ;g;~g8 = i4 �daiakbf bajal + faiakbdbajal� : (8)In the set of basis de�ned above, we obtain the following olour-hannel ontributions to thetotal ross setion for qi�qj ! ~q�~q:�(0)qi�qj!~q�~q;1 = 89 ��̂2sŝ "�~q  �49 � 4m4�9(m2~g ŝ+m4�)! �  49 + 8m2�9ŝ ! L1 # ; (9)�(0)qi�qj!~q�~q;8 = Æij nf��2sŝ 427 �3~q+ Æij ��s�̂sŝ "�~q  427 + 8m2�27ŝ ! +  8m2~g27ŝ + 8m4�27ŝ2 ! L1#+ 19 ��̂2sŝ "�~q  �49 � 4m4�9(m2~g ŝ+m4�)! �  49 + 8m2�9ŝ ! L1 # ; (10)for gg ! ~q�~q: �(0)gg!~q�~q;1 = nf��2sŝ "�~q  124 + m2~q6ŝ ! +  m2~q6ŝ � m4~q3ŝ2! log 1� �~q1 + �~q!# ; (11)4



�(0)gg!~q�~q;8S + �(0)gg!~q�~q;8A = nf��2sŝ "�~q  16 + 29m2~q12ŝ ! +  7m2~q6ŝ + 2m4~q3ŝ2 ! log 1� �~q1 + �~q!# ; (12)for q�q ! ~g~g:�(0)q�q!~g~g;1 = ��̂2sŝ " �~g  427 + 4m4�27(m2~q ŝ+m4�)! �  8m2�27ŝ � 8m2~g27(ŝ� 2m2�)! L2 # ; (13)�(0)q�q!~g~g;8S + �(0)q�q!~g~g;8A = ��2sŝ �~g  89 + 16m2~g9ŝ !+ ��s�̂sŝ " �~g  �43 � 8m2�3ŝ ! +  8m2~g3ŝ + 8m4�3ŝ2 ! L2#+ ��̂2sŝ " �~g  2827 + 28m4�27(m2~q ŝ+m4�)! �  56m2�27ŝ + 16m2~g27(ŝ� 2m2�)! L2 # ; (14)and for gg ! ~g~g: �(0)gg!~g~g;1 = 12 �sym ; (15)�(0)gg!~g~g;8S + �(0)gg!~g~g;8A = �sym + �asym ; (16)�(0)gg!~g~g;10 = 0 ; (17)�(0)gg!~g~g;27 = 32 �sym ; (18)�(0)gg!~g~g;I = 0 for I = 6 : : : 8 ; (19)with �asym = ��2sŝ " �~g  �2116 � 6m2~gŝ ! (20)�  916 + 9m2~g4ŝ + 9m4~g2ŝ2 ! log 1� �~g1 + �~g!# ;�sym = ��2sŝ " �~g  � 916 � 9m2~g4ŝ ! (21)�  916 + 9m2~g4ŝ � 9m4~g2ŝ2 ! log 1� �~g1 + �~g!# ;and �~q = s1� 4m2~qŝ ; �~g = s1� 4m2~gŝ ; m2� = m2~g �m2~q;L1 = log ŝ(1� �~q) + 2m2�ŝ(1 + �~q) + 2m2�! ; L2 = log ŝ(1� �~g)� 2m2�ŝ(1 + �~g)� 2m2�! ;where �̂s is the SUSY Yukawa oupling.3 Threshold resummation { general frameworkThe resummation for 2 ! 2 proesses with all four external legs arrying olour was studiedextensively in the literature. The resummed ross setion for the heavy-quark prodution was5



onstruted in [19, 23℄, and for the dijet (multiple jet) prodution in [20, 21, 22℄. Here we brieyreview the derivation of the resummed ross setions for the prodution of two oloured �nalstate partiles of equal mass m, in the form presented in [23℄. In our alulations me make useof the framework of [19, 20, 21℄.Using the hadroni threshold variable � � 4m2=S we rewrite the ross setion (1)�h1h2!kl(�; fm2g)=Xi;j XI Z dx1dx2 d�̂ Æ ��̂� �x1x2� fi=h1(x1; �)fj=h2(x2; �)�ij!kl;I(�̂; fm2g; �2);(22)where the index I sums over all possible olour states of the hard sattering.At higher orders in perturbation theory, the partoni ross setion �̂ ontains terms of generalstruture �ns logm �2, m � 2n, with � = p1� �̂. These terms are singular in the threshold limit�̂ ! 1. The singularities an be systematially treated by taking Mellin moments of the rosssetion ~�h1h2!kl(N; fm2g) � Z 10 d� �N�1 �h1h2!kl(�; fm2g) (23)= Xi;j ~fi=h1(N + 1; �2) ~fj=h2(N + 1; �2) ~�ij!kl(N; fm2g; �2) :The moments of the parton distributions fi=h(xi; �2) are de�ned in the standard way, 1~fi=h(N;�2) � Z 10 dxxN�1 fi=h(x; �2) ; (24)and the moments of the partoni ross setion ab! kl are given by~�ij!kl(N; fm2g; �2) � Z 10 d�̂ �̂N�1 �ij!kl(�̂; fm2g; �2) : (25)Taking the Mellin moments transforms the logarithms in �2 into the logarithms of the Mellinvariable N whih are then resummed to all orders in �s.Following [27℄ we de�ne the di�erential distributiond�h1h2!kld� (�; fm2g) = (26)= Xi;j XI Z dx1 dx2 fi=h1(x1; �) fj=h2(x2; �) Æ(� � x1x2)�ij!kl;I(�=�; fm2g; �2)= Xi;j XI �ij!kl;I(�=�; fm2g; �2) Z C+i1C�i1 dN ��N ~fi=h1(N;�2) ~fj=h2(N;�2) :Sine soft radiation arries olour harge, it an hange the olour state of the underlying hardsattering for hadroni proesses with two or more oloured partons in the �nal state. This1Note that from now on we will use the tilde sign to mark symbols for N -spae quantities.6



has to be taken into aount while writing the form of the ross setion with long-distane andshort-distane e�ets fatorised, and leads to [20, 23℄d�(res)h1h2!kld� (�; fm2g) = Xi;j XI;J h�ij!kl;I(�=�; fm2g; �2)hij!kl;J(�=�; fm2g; �2) (27)� 12�i Z C+i1C�i1 dN��N ~fi=h1(N;�2) ~fj=h2(N;�2) ~!(res)ij!kl;IJ(N;Q; �) ;with Q2 = 4m2. The funtion hij!kl;I ( h�ij!kl;J) is a olour-dependent hard-sattering ampli-tude (onjugate of) absorbing the far, i.e. of the order of the sale of the proess Q, o�-shelle�ets. All the logarithmi dependene on N , originating from soft and ollinear radiation, isontained in the funtion ~!(res)ij!kl;IJ(N;Q; �).In the approah of [19, 20, 21, 28℄, resummation follows from refatorisation of partoni rosssetions. In the ase of threshold resummation, the ross setions are fatorised w.r.t. �xedfrations of energy as opposed to frations of momenta in the standard ollinear fatorisation.Using the refatorised form of the ross setion for the prodution of two massive olouredpartiles in the �nal state [19℄, we have, up to orretions of O(1=N),d�(res)h1h2!kld� (�; fm2g) = Xi;j XI;J h�ij!kl;I(�=�; fm2g; �2)hij!kl;J(�=�; fm2g; �2) (28)� 12�i Z C+i1C�i1 dN��N ~fi=h1(N;�2) ~fj=h2(N;�2)� ~ i=i(N;Q=�; �s(�2)) ~ j=j(N;Q=�; �s(�2))~fi=i(N;�2) ~fj=j(N;�2) ~Sij!kl;IJ(Q=(N�); �s(�2)) :Following [19, 20℄ the soft eikonal funtion ~S represents oupling of the soft gluons to the initialand �nal state partiles. Consequently, the soft funtion arries dependene on the possibleolour exhanges and we sum over all possible olour strutures I; J at hard verties. As anobjet of purely eikonal harater [19, 28, 29℄ the soft funtion an depend on the sales onlythrough their ratio. The parton-in-parton distributions i=i are de�ned at �xed fration of energyof parton i in the partoni enter-of-mass frame as opposed to the light-one distributions fi=iwhih are de�ned at �xed momentum fration. The parton distribution funtions and the softfuntion an be de�ned expliitly in terms of operator matrix elements [20℄.As a onsequene of refatorisation, the soft funtion ~Sij;IJ and the distributions funtions~ i=i; ~fi=i obey the orresponding renormalisation group equations (RGEs) [19, 20, 21, 28℄. So-lutions of these RGEs give funtions whih resum the large logarithms in question. In fat forthe 2! 2 prodution proess involving oloured massive partiles only the solution of the RGEfor the soft funtion�� ��� + �(g) ��g� ~Sij!kl;IJ = ��yij!kl;IK ~Sij!kl;KJ � ~Sij!kl;IL�ij!kl;LJ (29)7



is needed. As shown in [19℄, the resummed initial-state jet fators for the ratio of ~ i=i to ~fi=ifuntions in Eq. (28) an be obtained diretly from the resummed ross setion for produtionof a olour singlet state through the Drell-Yan mehanism, for whih results are known [28, 30℄.We write this ratio in the form~ i=i(N;Q=�; �s(�2))~fi=i(N;�2) = Ri(�s(�2))�i(N;Q2; �2) h ~Ui�i(Q=(N�); �s(�2))i�1=2 ; (30)where the funtion Ri(�s(�2)) is an N -independent and infrared-safe funtion of the oupling.The soft eikonal funtion ~Ui�i desribes soft gluon emission and exhange by the annihilatinginitial state partons in the Drell-Yan proess. The radiative fator �i represents both the softand ollinear radiation from an inoming parton. Inserting the expression for the ratio of  tof funtions, Eq. (30), into Eq. (28) leads tod�(res)h1h2!kld� (�; fm2g) = Xi;j XI;J h�ij!kl;I(�=�; fm2g; �2)hij!kl;J(�=�; fm2g; �2)� 12�i Z C+i1C�i1 dN��N ~fi=h1(N;�2) ~fj=h2(N;�2)Ri(�s(�2))Rj(�s(�2))� �i(N;Q2; �2)�j(N;Q2; �2)�~Sij!kl;IJ(Q=(N�); �s(�2)) ; (31)where we introdue �~Sij!kl;IJ � ~Sij!kl;IJ= ~Ui�i. Consequently, the soft anomalous dimensionmatrix ��ij!kl orresponding to the funtion �~Sij!kl;IJ is given by��ij!kl;IJ(�s) = �ij!kl;IJ(�s)� ÆIJ�i�i(�s) ; (32)where �i�i is the anomalous dimension assoiated with the Drell-Yan soft funtion ~Ui�i. Theresults for �i�i an be found in the literature [21, 28℄.In general, for a given olour basis, the soft anomalous dimension matrix �IJ is not diago-nal, leading to resummed expressions in terms of path-ordered exponentials [20℄. Through thediagonalisation of the soft anomalous dimension matrix a simpler form for the resummed rosssetions, involving a sum of exponentials, an be obtained. However, the diagonalisation proe-dure an be avoided if from the beginning the alulations are performed in the olour basis inwhih the the soft anomalous dimension matrix is diagonal, i.e.�ij!kl(�s) = diag(: : : ; �ij!kl;I(�s); : : :) : (33)The soft funtion then reads, up to NLL,~Sij!kl;IJ(Q=(N�); �s(�2)) = ~S(0)ij!kl;IJ� exp "Z Q=N� dqq h��ij!kl;I(�s(q2)) + �ij!kl;J(�s(q2))i# ; (34)8



with the 0-th order term in the perturbative expansion of ~Sij!kl;IJ(1; �s(Q2=N2)) straightfor-wardly related to the olour struture, i.e.~S(0)ij!kl;IJ = Tr(yIJ) ; (35)where fIg is the orresponding olour basis for the proess ij ! kl, see Setion 2. If additionallythe olour basis is orthogonal then the soft funtion matrix beomes diagonal~Sij!kl;IJ(Q=(N�); �s(�2)) = ÆIJ ~S(0)ij!kl;II exp "Z Q=N� dqq 2Re(�ij!kl;I(�s(q2)))# : (36)In this ase inserting the solution (36) into Eq. (31) leads to the following NLL expressiond�(res)h1h2!kld� (�; fm2g) = Xi;j XI 12�i Z C+i1C�i1 dN��N (37)� �̂(0)ij!kl;I(�=�; fm2g; �2) Cij!kl;I(�=�;N; fm2g; �2)� ~fi=h1(N;�2) ~fj=h2(N;�2)�i(N;Q2; �2)�j(N;Q2; �2)�(s)ij!kl;I(N;Q2; �2) ;where we identify jhij!kl;Ij2RiRj ~S(0)ij!kl;II � �(0)ij!kl;ICij!kl;I : (38)The funtions Cij!kl;I are of perturbative nature and ontain information about higher-orderorretions whih are non-logarithmi in N . All the information on the soft non-ollinear log-arithmi orretions is inluded in the radiative fator �(s)ij!kl;I. After performing integrationover � we obtain�(res)h1h2!kl(�; fm2g) = Xi;j XI 12�i Z C+i1C�i1 dN��N+1 ~fi=h1(N;�2) ~fj=h2(N;�2)� ~�(0)ij!kl;I(N � 1; fm2g; �2) �Cij!kl;I(N � 1; fm2g; �2)� �i(N;Q2; �2)�j(N;Q2; �2)�(s)ij!kl;I(N;Q2; �2) : (39)The funtions �Cij!kl;I are related to the Cij!kl;I funtions in Eq. (37) and have a perturbativeexpansion of the form �Cij!kl;I = 1 +Pn=1 �ns �C(n)ij!kl;I . In general, the values of the oeÆients�C(n)ij!kl;I are obtained by omparing the resummed ross setion expanded in �s with the ex-pression for the full higher-order ross setion in N spae. The expression for the resummedhadroni ross setion in the Mellin-moment spae an be easily derived from Eq. (39) and reads�(res)h1h2!kl(N; fm2g) =Xi;j XI ~fi=h1(N + 1; �2) ~fj=h2(N + 1; �2) ~�(0)ij!kl;I(N; fm2g; �2)� �Cij!kl;I(N; fm2g; �2)�i(N + 1; Q2; �2)�j(N + 1; Q2; �2)�(s)ij!kl;I(N + 1; Q2; �2): (40)The expressions for the radiative fators �i; �(s)ij!kl;I are presented below. Sine after expansionof the exponentials the non-trivial terms ontained in �Cij!kl;I generate ontributions of the9



NNLL and higher orders, we keep �Cij!kl;I = 1 for the rest of the alulations. Additionally,in Appendix A we list the results for the Mellin moments of the olour-hannel ontributions~�(0)ij!kl;I to the leading-order partoni ross setions.3.1 Soft radiation fatorsThe expressions for the radiative fators in the MS fatorisation sheme read, up to the NLLlevel [19, 20, 23℄,log�i(N;Q2; �2) = Z 10 dz zN�1 � 11� z Z Q2(1�z)2�2 dq2q2 Ai(�s(q2)) ;log�(s)ij!kl;I(N;Q2; �2) = Z 10 dz zN�1 � 11� z �s((1� z)2Q2)� D(1)ij!kl;I : (41)As already noted, the radiative fator �i represents the soft and ollinear gluon radiation fromthe inoming partons, whereas the funtion �(s)ij!kl;I takes into aount soft and large-anglegluon radiation. The oeÆient Ai is a power series in the oupling onstant �s, Ai(�s) =�s� Ai(1)+ ��s� �2Ai(2)+ : : : The universal leading logarithm (LL) and NLL oeÆients A(1)i , A(2)iare well known [31, 32℄ and given byA(1)i = Ci; A(2)i = 12 Ci  6718 � �26 !CA � 59nf! ; (42)with Cg = CA = 3 for radiation o� gluon lines and Cq = CF = 4=3 for radiation o� quark lines.In the ase the soft anomalous dimension matrix �ij!kl is diagonal in the orthogonal olour basis,the relation between the D(1)ij!kl;I oeÆients and the ��ij!kl eigenvalues, ��ij!kl;I, reads [19, 20,21℄ �s� D(1)ij!kl; I = 2Re (��ij!kl;I(�s)) : (43)The ustomary NLL expansions of the radiative fators (41) are presented in Appendix B.4 Soft anomalous dimension matriesDue to the same olour struture the soft anomalous dimension matries for the ~q�~q produtionand for the heavy quark prodution are the same. The results for the heavy quark produtionare available in the literature [19℄. For the ~g~g prodution, however, a separate alulation isneeded.In order to obtain resummed ross setions up to the NLL auray we need the one-loopO(�s) result for the soft anomalous dimension matrix, �(1)ij!kl;IJ . The �ij!kl;IJ matries aregiven in terms of matries of renormalisation onstants Zij!kl;IJ for the soft funtion [18℄-[21℄,[29℄. In the MS sheme in the d = 4� � dimensions we have�(1)ij!kl;IJ(gs) = �gs2 ��gsRes�!0Z(1)ij!kl;IJ(gs; �) : (44)10
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4.1 Gluino-pair produtionWe introdue the notation �T � log m2 � t̂pm2ŝ ! � 1� i�2 ;�U � log m2 � ûpm2ŝ ! � 1� i�2 ;�S � �L� + 12 ; (45)where the Mandelstam variables are given byŝ = (p1 + p2)2; t̂ = (p1 � p3)2; û = (p1 � p4)2;and L� = 1� (1� 2m2=ŝ)�log 1��1+� + i��. We also de�ne �� �T + �U , 
� �T � �U .In the basis (5) we obtain the one-loop soft anomalous dimension matrix of the form��(1)q�q!~g~g(�s) = �s� 26666640BBBBB� 6 �S 0 �
0 3 �S + 32� �32
� 2
 �56
 3 �S + 32�
1CCCCCA � 43 i� Î 3777775 : (46)The one-loop soft anomalous dimension matrix for the gg hannel, alulated in the basis (8)has the blok form ��(1)gg!~g~g(�s) = �s� 240� ��5 0̂0̂ ��3 1A � 3i� Î 35 ; (47)where the �ve-dimensional matrix ��5 reads

��5 = 0BBBBBBBBBBBB�
6 �S 0 6
 0 00 3 �S + 32� 32
 3
 034
 32
 3 �S + 32� 0 94
0 65
 0 3� 95
0 0 23
 43
 4�� 2 �S

1CCCCCCCCCCCCA (48)
and the three-dimensional matrix ��3 is diagonal,��3 = diag ( 3( �S + �U) ; 3( �S + �T ) ; 3( �T + �U) ): (49)Although both ~Sij!kl;IJ and ~Ui�i are gauge-dependent funtions, results for the one-loop��(1)ij!kl;IJ matries presented here are gauge-invariant. The gauge dependene in the sum of ver-tex and self-energy orretions anels against the gauge dependene of the Drell-Yan anomalousdimension [19, 36℄. The ~Ui�i soft funtion, in turn, arries the same gauge dependene as the12



ratio of the inoming jet funtions ( ~ i=i= ~fi=i)2 [21, 29℄. In pratie, we �x the gauge A0 = 0 toalulate �(1)ij!kl;IJ and use �(1)i�i (�s) = Ci�s=� in Eq. (32).At the prodution threshold �~g ! 0 the soft anomalous dimension matries ��q�q!~g~g and��q�q!~g~g approah the diagonal form. The o�-diagonal terms, proportional to 
, vanish like �~gfor �~g ! 0 and thus may be negleted. Using Eq. (43) we obtainfD(1)q�q!~g~g; Ig = f0;�3;�3g (50)fD(1)gg!~g~g; Ig = f0;�3;�3;�6;�8;�3;�3;�6g ; (51)where the index I indiates a olour hannel, de�ned by the base tensor q;~gI and g;~gI as in (5)and (8), orrespondingly. Note that the values of the D(1)-oeÆients are the negative valuesof the quadrati Casimir operators for the SU(3) representations for the outgoing state. Thisagrees with the physial piture of the soft gluon radiation from the total olour harge of theheavy-partile pair produed at threshold [23℄.4.2 Squark-antisquark produtionFor ompleteness, we also list here the NLL oeÆients D(1)ij!~q�~q; I whih we need for our numerialalulations. They have been �rst obtained in the alulation of resummed ross setions forthe heavy quark prodution and read [19, 23℄fD(1)q�q!~q�~q;Ig = f0;�3g (52)fD(1)gg!~q�~q;Ig = f0;�3;�3g (53)with the index I indiating the orresponding tensors in the s-hannel olour basis q;~qI and g;~qI ,given in (4) and (5).4.3 Cheks of analytial resultsThe omputational framework applied here has been tested by re-deriving the known resultsfor the one-loop soft anomalous matries for the pair-prodution of massive partiles. We havereprodued the results for the heavy quark prodution [19℄ both in the q�q and in the gg hannel.Another test of our alulations has been based on a omparison between expansion of theresummed ross setion, Eq. (40), and the Mellin moments of the NLO orretions taken in thethreshold limit. The analyti form of the NLO orretions in the threshold limit in momentumspae is known for all squark and gluino prodution proesses [6℄. More preisely, for eah of thepartoni proesses, qi�qj ! ~q�~q, gg ! ~q�~q, q�q ! ~g~g, and gg ! ~g~g, we have extrated terms withlog2N and logN from the O(�s) expansion of the orresponding resummed formula. In eahase the result has been ompared with the olletion of terms logarithmi in N in the Mellin13



transform of the O(�s) orretion taken in the large N limit. The ontributions enhaned bydouble logarithms, i.e. O(�s log2N), depend only on the olour harges of the inoming partonsand thus do not provide a hek of the soft anomalous dimension matries. A non-trivial ross-hek is, however, provided by the ontributions to the NLO orretion with single logarithms,O(�s logN), that are sensitive to the eigenvalues of the �� matries. Our result for the resummedross setion, Eq. (40), agree in this way with results of Ref. [6℄.5 Resummation of leading Coulomb orretionsImportant higher order orretions to ross setions for prodution of oloured partiles omefrom multiple exhanges of Coulomb gluons between the produed partiles. This type of or-retions should be then taken into aount to all orders [17, 37, 38℄. In the threshold limit, theCoulomb orretions are enhaned by the inverse powers of �. At n-th order in perturbationtheory the leading orretions are of the form C(n)Coul�ns =�n. These leading ontributions an besummed to all orders using [37℄�̂(C)ij!kl; I = �(0)ij!kl; I �(C)�� �s� �ij!kl; I � ; (54)where �(C)(z) = zexp(z)� 1 ; (55)and � = �~q for ~q�~q prodution, � = �~g for ~g~g prodution. For the proesses of interest, the �oeÆients, alulated in the set of olour basis introdued in Setion 2, are given by�q�q!~q�~q; I = ��43 ; 16 � ;�gg!~q�~q; I = ��43 ; 16 ; 16 � ;�q�q!~g~g; I = ��3 ; �32 ; �32 � ;�gg!~g~g; I = ��3 ; �32 ; �32 ; 0 ; 1 ; �32 ; �32 ; 0� :The O(�s) Coulomb orretion is a part of the full NLO result. Sine we are interestedin orretions above NLO, we subtrat it from �̂(C)ij!kl; I . In this way we de�ne the orretionÆ�̂(C)ij!kl; I due to leading (in terms of powers of 1=�) Coulomb ontributions above NLOÆ�̂(C)ij!kl; I = �̂(C)ij!kl; I � �̂(C)ij!kl; I ���(NLO) : (56)The orresponding Coulomb orretion at the hadroni level then readsÆ�(C)h1h2!kl(�; fm2g) = Xi;j; I Z dx1 dx2 d�̂ Æ ��̂� �x1x2� fi(x1; �) fj(x2; �) Æ�̂(C)ij!kl;I(�̂; fm2g; �2) :(57)14



6 Preditions for squarks and gluino prodution at the LHCWe investigate in detail the e�et of the soft gluon orretions on the ross setions for twospartile prodution proesses at the LHC, pp ! ~g~g and pp ! ~q�~q, at pS = 14TeV. Themain results obtained in this setion are the resummation-improved total ross setions. Wealso study the e�et of the resummed leading Coulomb orretions to the total ross setions.Moreover, we present a detailed analysis of the soft gluon orretions in partoni hannels ofhadroni proesses, inluding also the dependene of soft gluon e�ets on the olour strutureof the hard matrix element. All numerial alulations were performed using two independentomputer odes.6.1 Inversion and mathingThe resummation-improved ross setions are obtained through mathing the NLL resummedexpressions with the full NLO ross setions,�(math)h1h2!kl(�; fm2g) = �(NLO)h1h2!kl(�; fm2g) (58)+ Xi;j=q;�q;g ZCT ��N ~fi=h1(N + 1; �2) ~fj=h2(N + 1; �2)� h~�(res)ij!kl(N; fm2g) � ~�(res)ij!kl(N; fm2g) j(NLO) i ;where ~�(res)ij!kl is given through Eq. (40) together with Eq. (23), and ~�(res)ij!kl j(NLO) represents itsperturbative expansion trunated at the order of �s assoiated with the NLO orretion.The inverse Mellin transform (58) is evaluated numerially using a ontour CT in theomplex-N spae aording to the \Minimal Presription" method developed in Ref. [27℄. Morespei�ally, we use a ontour parameterised by a parameter �, N = C0+� exp(�i�), as desribedin [39, 40℄. In order to be able to use available parameterisations of parton distribution funtionsin x-spae we apply the method introdued in [39℄. The NLO ross setions are evaluated usingProspino [41℄, the numerial pakage based on alulations employing the MS renormalisationand fatorisation shemes.6.2 Numerial resultsIn the phenomenologial analysis we onsider a wide range of gluino and squark masses. Left- andright-handed squarks of all avours are assumed to be mass degenerate. For the ~g~g produtionwe vary the gluino mass, m~g, between 200 GeV and 2 TeV. Similarly, for the ~q�~q produtionwe take 2 200 GeV< m~q < 2 TeV. We present the results for a �xed ratio of gluino and squark2For the highest masses onsidered here, the experimental exploration at the LHC will require luminosities ofO(100 fb�1). 15



masses, r = m~gm~q , and hoose the following values r = 0:5; 0:8 1:2 1:6; 2:0. The ~q�~q rosssetion aounts for prodution of all ~q�~q avour ombinations apart from the ones with salartop partiles.For most of the phenomenologial results, we use the CTEQ6M [42℄ parameterisation ofparton distribution funtions (pdfs). In addition, we give the total ross setions and study theirsale dependene for the MSTW parameterisation [43℄ of the pdfs. Unless expliitly spei�edotherwise, the CTEQ6 pdfs are applied. In both sets of pdfs the usual assumption of �vemassless quark avours ative at large sales is made. Consequently, in the NLO and NLLalulations we use the two-loop MS QCD running oupling onstant �s with nf = 5. Wealso show some results obtained at the LO auray using CTEQ6L1 parameterisation of thepdfs and the one-loop running oupling onstant with 5 avors. For all parameterisations weonsistently use the orresponding default values of �(5). The e�ets due to virtual top quarksand virtual spartiles in the running of �s and in the evolution of pdfs are thus not inludedin our preditions. However, the value of the top mass mt = 175GeV enters the mathed NLLross setions through the NLO orretions.
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The NLO CTEQ6M pdfs are used. KNLL grows with the �nal-state mass and depends on themass ratio r in a moderate way. The relative orretion KNLL � 1 reahes 16% (8%) for the~g~g prodution with r = 1:2 and m~g = 2 TeV (1 TeV), and 4% (2%) for the ~q�~q prodution withr = 2 and m~q = 2 TeV (1 TeV). The stronger e�et found in the ~g~g prodution follows fromthe dominane of the gg ! ~g~g hannel and hene larger olour fators. It omes from the fatthat the size of the soft-ollinear radiative fator �i inreases with higher olour harge of theinoming parton. Similarly, the size of the soft non-ollinear gluon orretions inreases withthe total olour harge of the �nal state, whih may be the highest in the gg ! ~g~g ase.

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 0.2  0.5  1  1.5  2

σ(
ξµ

0)
 / 

σ(
µ 0

)

mg  [ TeV ]~

ξ = 1/2

ξ = 2

NLO
NLL matched

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 0.2  0.5  1  1.5  2

σ(
ξµ

0)
 / 

σ(
µ 0

)

mq  [ TeV ]

ξ = 1/2

ξ = 2

~

NLO
NLL matched

a) b)Figure 3: Sale dependene of the total ~g~g (a) and ~q�~q (b) prodution ross setion at the LHC(see the text for explanation).We also investigate the dependene of the mathed NLL ross setion on the values offatorisation and renormalisation sales, in omparison to the NLO ross setion. To illustrateour results we hoose � = �F = �R and r = 1:2. In Fig. 3a and Fig. 3b we plot the ratios�NLO(� = ��0)=�NLO(� = �0) and �(math)(� = ��0)=�(math)(� = �0), obtained by varying �between � = 1=2 and � = 2. Due to resummation the sale sensitivity of the ~g~g produtionross setion redues signi�antly, by a fator of � 3 (� 2) at m~g = 2 TeV (m~g = 1 TeV). Atm~g > 1 TeV the theoretial error of the mathed NLL ~g~g ross setion, de�ned by hangingthe sale � = �F = �R around �0 = m~g by a fator of 2, is around 5%. In the ase of the ~q�~qprodution the redution of the sale dependene due to inluding soft gluon orretions in thetheoretial preditions is moderate.The dependene on the pdf parameterisation of the NLL K-fators for ~g~g and ~q�~q prodution17
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absolute di�erene between the CTEQ6 urves and the MSTW urves is rather similar at theNLO and at the NLL auray. It is learly visible in Fig. 5 that the unertainty introdued bythe pdfs grows with the inreasing gluino mass. In partiular, for m~g = 0:5 TeV this unertaintyis smaller than 3%, for m~g = 1 TeV it is smaller than 5%, and for m~g = 2 TeV it reahesalready about 25%. We rephrase that the probable reason for the strong dependene of theross setions on the pdfs at large gluino mass is the fat that the urrently available pdfs arepoorly onstrained at large sales and at large parton x. This unertainty should be, however,substantially redued after high pT jet measurements are perfomed at the LHC. As seen in Fig.5, the variation of the pp ! ~g~g ross setion with the sale � = �m~g is substantially reduedafter inlusion of the soft gluon resummation over the whole � range.The ase of squark-antisquark prodution is illustrated in Fig. 6. Clearly, for ~q�~q prodution,the soft gluon resummation introdues muh smaller redution in the sale dependene over thewhole � range than it was in the ase of the ~g~g prodution. The relative unertainty of thepp ! ~q�~q ross setion due to the hoie of the pdfs varies from about 3% at m~q = 1 TeV byabout 5% at m~q = 0:5 TeV to about 8% at m~q = 2 TeV. Again, this unertainty should beredued after suitable measurements at the LHC are performed.We also study the orretions to the ross setions for pp! ~g~g and pp! ~q�~q oming from theleading Coulomb exhanges beyond the NLO auray. We de�ne the orresponding CoulombK-fator KCoul = �(NLO)h1h2!kl(�; fm2g) + Æ�(C)h1h2!kl(�; fm2g)�(NLO)h1h2!kl(�; fm2g) ; (59)where we use Eq. (57) to alulate Æ�(C)h1h2!kl(�; fm2g) with the two-loop �s taken at the sale�2. The obtained numerial results for the relative Coulomb orretion, KCoul � 1, to the ~g~gand ~q�~q ross setions are shown in Fig. 7a and Fig. 7b, respetively, and ompared to theorresponding relative soft gluon orretion, KNLL � 1. For the gluino pair-prodution we �ndthat the Coulomb K-fator exhibits only weak dependene on the gluino and squark masses. Inmore detail, KCoul�1 takes values between 5% and 6%. In fat, the Coulomb orretions exeedthe soft gluon orretions for m~g < 0:5 TeV and are relatively important up to m~g = 2 TeV. Forthe ~q�~q prodution KCoul � 1 takes the values between 2% and 3.5%, depending on m~q and m~g.The importane of the leading Coulomb orretions in ~q�~q prodution an be seen in Fig. 7b.The NLL soft gluon orretions and the Coulomb orretions beyond the NLO approxima-tion (57) an be ombined additively. We de�ne the K-fator that aounts for both types oforretions in the following way:KNLL+Coul = �(math)h1h2!kl(�;m2; f�2g) + Æ�(C)h1h2!kl(�;m2; f�2g)�(NLO)h1h2!kl(�;m2; f�2g) : (60)
20
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The obtained K-fators, KNLL+Coul, in the ~g~g and ~q�~q prodution at the LHC are shown in Fig.8a and Fig. 8b, respetively. The results shown in Fig. 8 are our most omplete estimates of thehigher order QCD orretions in these proesses.
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ontribution enters only beyond the LO where the simple probabilisti interpretation of the pdfsis lost.It is interesting to hek what fration of the NLO orretions is generated by the soft gluonontributions. In order to answer this question we trunate at the NLO the expansion of theresummed hadroni ross setions �(res)pp!ij!kl mediated by the partoni subhannel ij and de�ne:�(exp)pp!ij!kl = �(res)pp!ij!kl���(NLO) . In Fig. 13 and in Fig. 14 we plot the obtained values of theratio, �(exp)pp!ij!kl = �(NLO)pp!ij!kl, for the ~g~g prodution (kl = ~g~g) and the ~q�~q (kl = ~q�~q) prodution,respetively. It follows from the �gures that the soft gluon orretion provides the dominant part(more than 2/3 in the studied ases) of the NLO orretion in both the q�q and gg subhannels,and both for the ~g~g and ~q�~q prodution. The usps visible in the urves in Fig. 13 originate fromthe NLO supersymmetri QCD orretion to the pp ! ~g~g ross setion. In more detail, thestop-top loop ontribution to the gluino self-energy exhibits the singular behaviour in viinityof threshold for the deay of gluino into the top quark and its superpartner, the stop.Finally, we analyse the e�et of soft gluon resummation in the partoni olour hannels.Reall that the soft gluon orretions at threshold do not lead to mixing of the s-hannel olourrepresentations. Let us denote by �(LO)pp!ij!kl; I the ontribution to the pp! kl ross setion atthe LO oming from the partoni hannels ij in the s-hannel olour representation I, and by�(res)pp!ij!kl; I the analogous ontribution to the resummed hadroni ross setion (not mathedto the NLO). Furthermore, we de�ne ratiosRIolor = �pp!ij!kl; IPI �pp!ij!kl; I (61)that orrespond to the relative ontribution of the olour representation I to the partoni hannelij of the hadroni ross setion (we suppress here the indies of the initial, intermediate and�nal state partiles in RIolor). In Fig. 15 and in Fig. 16 we show the ratios RIolor for ~g~g and ~q�~qprodution, respetively, both for the LO ross setions and the resummed ross setions withr = 1:2. In general we �nd that the dependene of RIolor on the mass of produed partile isweak. We �nd that the olour singlet s-hannel representation dominates in the q�q hannel ofpp! ~q�~q, and the olour otet s-hannel representation dominates in the q�q hannel of pp! ~g~gand in the gg hannel of pp! ~q�~q. In all these hannels the soft gluon e�ets only weakly a�etRIolor. In the ase of the gg hannel of pp! ~g~g, the pattern is more interesting. We observe thefollowing hierarhy of the ontributions from the three olour hannels, R27olor > R8olor > R1olor.The largest ontribution oming from the 27 s-hannel representation is most strongly enhaneddue to soft gluon e�ets.In Fig. 17 and Fig. 18 we show the e�et of soft gluon orretions on the ross setions inpartoni-olour hannels for the ~g~g and ~q�~q prodution, respetively. We plot the K-fators, K =�(res)I = �(LO)I � �(res)ij!kl;I=�(0)ij!kl;I in these hannels. The pattern is quite lear: the enhanementfrom soft gluon resummation for the gg partoni hannels is strong and steeply rising with mass25
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of the produed partiles. This is not the ase for the q�q hannel, where the soft gluons e�etsare small and weakly depending on the mass of the produed partiles. Note that the K-fatorsin the q�q hannels are smaller than 1 for most values of the masses. In these hannels, thesize of the enhanement oming from soft gluon emission does not suÆiently ompensate thesuppresion due to hanging from the LO to the NLO approximation of the pdfs and running�s. For all onsidered hannels we observe larger soft gluon enhanement for higher s-hannelolour representations.7 ConlusionsIn this work we have studied the e�et of soft gluon emission on the prodution of gluino-gluinoand squark-antiquark pairs in the proton{proton ollisions at the LHC. A detailed desriptionof the derivation of the soft anomalous dimension matries for the q�q ! ~g~g and gg ! ~g~gsattering proesses [13℄ has been given. It should be stressed that these matries govern thesoft non-ollinear gluon radiation in the hadroni pair prodution of any heavy partiles in theolour otet representation, like for instane the supersymmetri heavy olour salar partilesonsidered in [44℄. In the threshold limit the obtained soft anomalous dimension matries beomediagonal in the s-hannel olour basis. The diagonal elements of the soft matries have beenfound to orrespond to values of the quadrati Casimir operators of the SU(3) group for theoutgoing pair of heavy partiles. This observation on�rms simple physial piture of the diretdependene of the soft gluon radiation at threshold on the total olour harge of the �nal state.The NLL resummation of the soft gluon orretions to the hadroprodution proesses, pp!~q�~q and pp! ~g~g at the LHC has been expliitly performed for the values of masses of the produedpartiles between 0.2 TeV and 2 TeV and for the gluino-to-squark mass ratio 0:5 < r < 2.The obtained results have been mathed to the orresponding ross setions omputed at theNLO auray. We have determined the NLO K-fators, KNLL, for the squark{antisquark andgluino pair-prodution for these proesses and studied their sale dependene. Futhermore, wehave investigated the dependene of the NLL K-fators on the hoie of the parton distributionfuntions. Additionally, the e�et of the leading Coulomb orretions on the onsidered hadroniross setions has been disussed. We have also analysed the partoni hannel deomposition ofthe pp ! ~g~g and pp ! ~q�~q total ross setions. In partiular, we have studied the e�et of theNLO and NLL orretions on the total ross setions in the partoni hannels. Finally, we havedeomposed the LO and NLL hadroni ross setions for the partoni subhannels in the olourbasis and observed that the soft gluon enhanement grows with the the total olour harge ofthe pair of the produed partiles.Aknowledgments A. K. thanks W. Beenakker, S. Brensing, M. Kr�amer, E. Laenen andI. Niessen for many disussions. L.M. is grateful to J. Bartels for stimulating onversations. The29
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~�sym = �s2�BNm~g2 9 �N3 + 9N2 + 20N + 14�64 (2N4 + 15N3 + 40N2 + 45N + 18) ; (67)~�asym = �s2�BNm~g2 9 �N3 + 11N2 + 30N + 26�64 (4N5 + 40N4 + 155N3 + 290N2 + 261N + 90) ; (68)where we put �̂s = �s. For the numerial evaluation of JN we separately use two forms of itsexpansion JN = 2r21 + r2 1Xm=0 1� r21 + r2!m 1Xk=0 1� �1�r21+r2�2k+1k + 1=2 �(N + 2; k +m+ 3=2) ; (69)andJN = 2r21 + r2 1Xm=0 1� r21 + r2!m 11 +m mXk=0 (�1)k� (k + 1;m� k + 1) (70)�24� (k +N + 2; 1=2)k +N + 2 � 2 1� r21 + r2!� (k +N + 2; 3=2) 2F10�1; 1=2; k +N + 7=2; 1� r21 + r2!21A35 :B LL and NLL funtionsThe expressions for the resummed fators, expanded up to NLL, arelog�i(N; 4m2; �2) NLL= g(1)i �b0 �s(�2) logN� logN + g(2)i �b0 �s(�2) logN; 4m2; �2� ; (71)log�(s)ij!kl; I(N; 4m2; �2) NLL= h(2)ij!kl; I �b0 �s(�2) logN� (72)with g(1)i (�) = A(1)i2�b0� [2�+ (1� 2�) log(1� 2�)℄ ; (73)g(2)i (�; 4m2; �2) = �A(1)i E�b0 log(1� 2�) + A(1)i b12�b30 �2�+ log(1� 2�) + 12 log2(1� 2�)�� A(2)i2�2b20 [ 2�+ log(1� 2�) ℄ � A(1)i2�b0 log(1� 2�) log �24m2! ; (74)h(2)ij!kl; I(�) = log(1� 2�)2�b0 D(1)ij!kl; I ; (75)where we took � = �F = �R and b0 and b1 are the �rst two oeÆients of the QCD �-funtion,b0 = 11CA � 4TRnf12� ; b1 = 17C2A � 10CATRnf � 6CFTRnf24�2 : (76)The values of the oeÆients A(1)i ; A(2)i , D(1)ij!kl; I are de�ned in Setion 3.1.
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