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DESY 12-070May 2012Harmoni
 lasing in X-ray FELsE.A. S
hneidmiller and M.V. YurkovDeuts
hes Elektronen-Syn
hrotron (DESY), Notkestrasse 85, D-22607 Hamburg,GermanyAbstra
tHarmoni
 lasing in a free ele
tron laser with a planar undulator (under the 
onditionthat the fundamental frequen
y is suppressed) might be a 
heap and eÆ
ient wayof extension of wavelength ranges of existing and planned X-ray FEL fa
ilities.Contrary to nonlinear harmoni
 generation, harmoni
 lasing 
an provide mu
h moreintense, stable, and narrow-band FEL beam whi
h is easier to handle due to thesuppressed fundamental frequen
y. In this paper we perform a parametrization ofthe solution of the eigenvalue equation for lasing at odd harmoni
s, and present anexpli
it expression for FEL gain length, taking into a

ount all essential e�e
ts. Wepropose and dis
uss methods for suppression of the fundamental harmoni
. We alsosuggest a 
ombined use of harmoni
 lasing and lasing at the retuned fundamentalwavelength in order to redu
e bandwidth and to in
rease brillian
e of X-ray beamat saturation. Considering 3rd harmoni
 lasing as a pra
ti
al example, we 
ome tothe 
on
lusion that it is mu
h more robust than usually thought, and 
an be widelyused in the existing or planned X-ray FEL fa
ilities. In parti
ular, LCLS after aminor modi�
ation 
an lase to saturation at the 3rd harmoni
 up to the photonenergy of 25-30 keV providing multi-gigawatt power level and narrow bandwidth.As for the European XFEL, harmoni
 lasing would allow to extend operating range(ultimately up to 100 keV), to redu
e FEL bandwidth and to in
rease brillian
e, toenable two-
olor operation for pump-probe experiments, and to provide more 
exibleoperation at di�erent ele
tron energies. Similar improvements 
an be realized inother X-ray FEL fa
ilities with gap-tunable undulators like FLASH II, SACLA,LCLS II, et
. Harmoni
 lasing 
an be an attra
tive option for 
ompa
t X-ray FELs(driven by ele
tron beams with a relatively low energy), allowing the use of thestandard undulator te
hnology instead of small-gap in-va
uum devi
es. Finally, inthis paper we dis
over that in a part of the parameter spa
e, 
orresponding tothe operating range of soft X-ray beamlines of X-ray FEL fa
ilities (like SASE3beamline of the European XFEL), harmoni
s 
an grow faster than the fundamentalwavelength. This feature 
an be used in some experiments, but might also be anunwanted phenomenon, and we dis
uss possible measures to diminish it.
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1 Introdu
tionSu

essful operation of X-ray free ele
tron lasers (FELs) [1{3℄, based on self-ampli�edspontaneous emission (SASE) prin
iple [4℄, down to an �Angstr�om regime opens up newhorizons for photon s
ien
e. Even shorter wavelengths are requested by the s
ienti�
 
om-munity. A possible way to extend operating range of a high-gain FEL is to use nonlinearharmoni
 generation [1,5{10℄ when bun
hing at harmoni
s is driven by the fundamentalfrequen
y in the vi
inity of saturation. Then odd harmoni
s 
an be radiated in the same(planar) undulator. However, intensity of harmoni
s is rather small, for example the thirdone is typi
ally at the level of a per 
ent of the fundamental harmoni
 intensity [1,6{8,10℄,and higher harmoni
s are mu
h weaker. In addition, for a typi
al user experiment one hasto suppress the fundamental frequen
y by external �lters what might also result in anadditional suppression of the harmoni
 intensity. Note also that a relative bandwidth of aharmoni
 is approximately the same as that of the fundamental mode [8℄ 
ontrary to thein
oherent undulator radiation for whi
h it is inversely proportional to a harmoni
 num-ber. Finally, nonlinear harmoni
 generation in a SASE FEL is more strongly subje
ted to
u
tuations than lasing at the fundamental wavelength [7,8,11℄.An alternative option is a harmoni
 lasing that was �rst proposed for FEL os
illators [12℄,and was experimentally demonstrated in infrared and opti
al wavelength ranges for os-
illator 
on�gurations [13{16℄. Harmoni
 lasing in single-pass high-gain FELs [5,7,17,18℄,i.e. the radiative instability at an odd harmoni
 of the planar undulator developing inde-pendently from lasing at the fundamental wavelength, might have signi�
ant advantagesover nonlinear harmoni
 generation (mu
h higher power, mu
h better stability, smallerbandwidth and no ne
essity in �lters), provided that lasing at the fundamental frequen
yis suppressed (for lasing at the 3rd harmoni
) 1 .A possible method to suppress the fundamental harmoni
 without a�e
ting the thirdharmoni
 lasing was suggested in [18℄: one 
an use 2�=3 phase shifters between undulatormodules. We found out, however, that this method is ineÆ
ient in the 
ase of a SASEFEL (the simulations in [18℄ were done for the 
ase of a mono
hromati
 seed). In this1 If one is going to lase at the 5th harmoni
, then both the fundamental wavelength and the3rd harmoni
 must be suppressed, and so on. 2



paper we suggest a modi�
ation of the phase shifters method whi
h 
an also work in the
ase of a SASE FEL. We also propose suppression of the fundamental harmoni
 by usinga spe
tral �lter in a 
hi
ane installed between two parts of the undulator (one 
an alsouse a 
losed bump formed by movable quadrupoles of the undulator fo
using system).Su
h a 
hi
ane, for example, is used in Lina
 Coherent Light Sour
e (LCLS) [2℄ as a partof the self-seeding s
heme [19℄. In either 
ase only minor or no modi�
ations of existingor planned undulator systems are required so that harmoni
 lasing 
an be 
onsidered asa (pra
ti
ally) free option.The key question, however, is whether or not the harmoni
 lasing is suÆ
iently robustwith respe
t to the ele
tron beam and undulator quality. Undulators for X-ray FELs areusually designed and built with a suÆ
ient safety margin in terms of length and quality[20℄. As for the ele
tron beam quality, there is a general opinion that harmoni
 lasing is toosensitive to emittan
e and energy spread e�e
ts, so that it is not pra
ti
ally interesting.One of the main goals of this paper is to disprove this statement. We study a realisti
three-dimensional (3D) model of harmoni
 lasing and 
ompare its gain length with that ofthe fundamental mode. We �nd out that harmoni
 lasing is of interest in many pra
ti
al
ases.In order to 
al
ulate FEL gain length (and, therefore, saturation length) one has tosolve an eigenvalue equation. Eigenvalue equation for harmoni
 lasing was derived inthe framework of one-dimensional (1D) model in [5,17℄, and a thorough 1D analysis 
anbe found in [18℄. Usually, more realisti
 3D model is required to make 
on
lusions on apossibility of pra
ti
al realization of some option. Three-dimensional analysis was done in[7℄, where an eigenvalue equation was derived based on an approa
h developed in [21℄ forthe fundamental frequen
y. However, this eigenvalue equation is rather 
ompli
ated and
an be solved only numeri
ally. One 
an 
orre
tly 
al
ulate the gain length for a spe
i�
 setof parameters, but it is very diÆ
ult to tra
e general dependen
ies and perform analysisof the parameter spa
e.In this paper we perform a parametrization of the solution of the eigenvalue equationfor lasing at odd harmoni
s [7℄, and present expli
it (although approximate) expressionsfor FEL gain length, optimal beta-fun
tion, and saturation length taking into a

ountemittan
e, betatron motion, di�ra
tion of radiation, energy spread and its growth along3



the undulator length due to quantum 
u
tuations of the undulator radiation. Considering3rd harmoni
 lasing as a pra
ti
al example, we 
ome to the 
on
lusion that it is mu
h morerobust than usually thought, and 
an be widely used at the present level of a

elerator andFEL te
hnology. We surprisingly �nd out that in many 
ases the 3D model of harmoni
lasing gives more optimisti
 results than the 1D model. For instan
e, one of the resultsof our studies is that in a part of the parameter spa
e, 
orresponding to the operatingrange of soft X-ray beamlines of X-ray FEL fa
ilities, harmoni
s 
an grow faster than thefundamental mode.We brie
y dis
uss properties of saturated harmoni
 lasing, and 
on
lude that at a givenwavelength the brillian
e of a harmoni
 is approximately the same as that of the retunedfundamental mode. We suggest a 
ombined use of harmoni
 lasing and lasing at the samewavelength with the retuned fundamental mode in order to redu
e bandwidth and toin
rease brillian
e of X-ray beam at saturation.We 
onsider a possible appli
ation of harmoni
 lasing to di�erent X-ray FEL fa
ilities,and 
on
lude that they 
an strongly pro�t from this option. In parti
ular, LCLS [2℄ 
ansigni�
antly extend its operating range towards shorter wavelengths making use of thethird harmoni
 lasing with the help of the intra-undulator spe
tral �ltering and phaseshifters. In the 
ase of the European XFEL [22℄, the harmoni
 lasing 
an allow to extendthe operating range, to redu
e FEL bandwidth and in
rease brillian
e, to enable two-
oloroperation for pump-probe experiments, and to provide more 
exible operation at di�erentele
tron energies. Similar improvements 
an be realized in other X-ray FEL fa
ilities withgap-tunable undulators like FLASH II [23℄, SACLA [3℄, LCLS II [24℄, et
. Finally, let usmention that the results of this paper 
an also be used for high-gain FELs using externalseed (if, for example, the 3rd or the 5th harmoni
 of the undulator is tuned to the seedfrequen
y).2 Gain length of harmoni
 lasingThe results of this Se
tion are generalizations of the results of Ref. [25℄ for the fundamentalfrequen
y to the 
ase of harmoni
 lasing. The eigenvalue equation [7℄ and the approa
hto its parametrization are dis
ussed in Appendix A.4



Let us 
onsider an axisymmetri
 ele
tron beam with a 
urrent I, and a Gaussian distribu-tion in transverse phase spa
e and in energy. The resonan
e 
ondition for the fundamentalwavelength is written as:�1 = �w(1 +K2)2
2 : (1)More generally, lasing in a planar undulator 
an be a
hieved at the odd harmoni
s de�nedby the 
ondition�h = �1h ; h = 1; 3; 5; :::Here �w is the undulator period, 
 is relativisti
 fa
tor, and K is the rms undulatorparameter:K = 0:934 �w[
m℄ Brms[T℄ ; (2)Brms being the rms undulator �eld.In what follows we assume that the harmoni
 with a number h lases to saturation, whilelasing at harmoni
s with lower numbers and at the fundamental wavelength is suppressedwith the help of phase shifters or by other means (see Se
tion 4). We also assume that thebeta-fun
tion is optimized so that the FEL gain length at a 
onsidered harmoni
 a
hievesthe minimum for given wavelength, beam and undulator parameters. Under this 
onditionthe solution of the eigenvalue equation for the �eld gain length 2 of the TEM00 mode
an be approximated as follows (see Appendix A for details):Lg ' Lg0 (1 + Æ) ; (3)whereLg0 = 1:67�IAI �1=2 (�n�w)5=6�2=3h (1 +K2)1=3h5=6KAJJh ; (4)2 e-folding length for the �eld amplitude. There is also a notion of the power gain length whi
his twi
e shorter, see Appendix C. 5
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Fig. 1. Coupling fa
tors for the 1st, 3rd, and 5th harmoni
s (denoted with 1, 3, and 5, 
orre-spondingly) versus rms undulator parameter.and Æ = 131 IAI �5=4n�1=8h �9=8w h9=8�2
(KAJJh)2(1 +K2)1=8 : (5)The following notations are introdu
ed here: IA = 17 kA is the Alfven 
urrent, �n = 
�is the rms normalized emittan
e, �
 = �E=m
2 is the rms energy spread (in units of therest energy), andAJJh(K) = J(h�1)=2  hK22(1 +K2)!� J(h+1)=2  hK22(1 +K2)!is the usual 
oupling fa
tor for harmoni
s with Jn being Bessel fun
tions. The 
ouplingfa
tors for the 1st, 3rd, and 5th harmoni
s are shown in Fig. 1. When the rms undulatorparameter K is large, the 
oupling fa
tors are AJJ1 ' 0:696, AJJ3 ' 0:326, AJJ5 ' 0:230.Asymptoti
ally for large h we have AJJh ' 0:652 h�2=3. Also note that all the formulasof this Se
tion are valid in the 
ase of heli
al undulator and the fundamental wavelength(h = 1), in this 
ase the 
oupling fa
tor is equal to 1 [25℄.6



The formulas (3)-(5) provide an a

ura
y better than 5 % in the range of parameters1 < 2���h < 5 ; (6)Æ < 2:5 (1� exp "�12 �2���h �2#) (7)In fa
t, the formulas (3)-(5) 
an also be used well beyond this range, but the abovementioned a

ura
y is not guaranteed.We also present here an approximate expression for the optimal beta-fun
tion (an a

ura
yis about 10 % in the above mentioned parameter range):�opt ' 11:2�IAI �1=2 �3=2n �1=2w�hh1=2KAJJh (1 + 8Æ)�1=3 (8)To estimate the saturation length, one 
an use the result from Ref. [26℄, generalized tothe 
ase of harmoni
 lasing:Lsat ' 0:6 Lg ln�hN�h Lg�w� : (9)Here N�h is a number of ele
trons per wavelength of the 
onsidered harmoni
. For oper-ating VUV and X-ray SASE FELs one typi
ally has Lsat ' (10� 1)� Lg.Energy spread in the ele
tron beam grows along the undulator length due to the quantumdi�usion [27,28℄. In this 
ase an e�e
tive parameter Æ 
an be introdu
ed in order to des
ribean in
rease in saturation length due to this e�e
t, see Appendix B. Let us also note thatall the above presented results are redu
ed to those of Ref. [25℄ for the 
ase of the �rstharmoni
 (h = 1). All these results were obtained under the assumption that beta-fun
tionis optimal (i.e. it is given by Eq. (8)). However, for te
hni
al reasons this is not alwaysthe 
ase in real ma
hines, and it 
ould often be that � > �opt. In su
h a 
ase the gainlength 
an be approximated as follows:Lg(�) ' Lg(�opt) "1 + (� � �opt)2(1 + 8Æ)4�2opt #1=6 for � > �opt (10)Finally, let us note that widely used Ming Xie formulas [29,30℄ 
an be easily generalized to7



the 
ase of harmoni
 lasing, see Appendix C. Comparing two approa
hes to parametriza-tion of FEL gain length, we have found that they agree reasonably well, also for non-optimal beta-fun
tions and well beyond the range given by Eq. (6).3 Simultaneous lasingIn linear regime of a SASE FEL operation the fundamental frequen
y and harmoni
sgrow independently with gain lengths L(h)g (here and below in this paper the supers
riptindi
ates harmoni
 number). In 1D theory [18℄ the gain length of the fundamental mode isalways the shortest, i.e. the fundamental always rea
hes saturation �rst. When analyzingparameter spa
e in the frame of 3D theory, we realized that one 
an have an oppositesituation in the parameter range 2��=� � 1, whi
h is typi
al for soft X-ray beamlinesof X-ray FEL fa
ilities. This 
ase is dis
ussed in Se
tion 7. Here we 
onsider the 
ase2��=� ' 1, or 2��=�� 1, so we will use the results of the previous Se
tion. We will showthat in this regime the fundamental mode has always an advantage, i.e. its gain length isalways the shortest.Formulas of the previous Se
tion are obtained under the 
ondition that beta-fun
tion isoptimal for ea
h harmoni
. In this 
ase, as one 
an see from (4), the gain lengths forharmoni
s are signi�
antly larger than that for the fundamental mode (this is mainlydue to de
rease of the wavelength, i.e. an in
rease of parameter 2��=�, see Appendix Afor details). For example, when the undulator parameter K is large, one obtains thatL(1)g =L(3)g ' 0:56 if beta-fun
tion is optimized for ea
h 
ase. However, if we 
onsidersimultaneous lasing then the beta-fun
tion is, obviously, the same for the fundamentaland for harmoni
s. Thus, the ratio of gain lengths depends on the 
hoi
e of beta-fun
tion.Let us 
onsider the 
ase when an in
uen
e of the energy spread on FEL gain 
an benegle
ted. We �nd from (8) that optimal beta-fun
tion for harmoni
s is signi�
antlylarger than that for the fundamental frequen
y. If one optimizes � for the fundamentalmode, then there is pra
ti
ally no lasing at harmoni
s. Indeed, in addition to abovementioned tenden
y for optimal beta-fun
tions, the gain lengths of harmoni
s will bestrongly in
reased due to the longitudinal velo
ity spread 
aused by too tight fo
using.In this 
ase only nonlinear harmoni
 generation is possible.8



If one optimizes � for the lasing at a harmoni
, the situation 
an be mu
h improved. Forexample, in the 
ase of a large K value, we �nd from (8) that the optimal beta-fun
tionfor the third harmoni
 is larger by a fa
tor of 3.7 than that for the fundamental frequen
y.Then from (4) and (10) one 
an obtain that L(1)g =L(3)g ' 0:67.If one further in
reases � su
h that it is mu
h larger than the optimal one for the 
onsideredharmoni
, one 
an �nd from (4), (8), and (10) that the ratio of gain lengths 
an beapproximated byL(1)gL(h)g ' h1=6AJJhAJJ1 0��(h)opt�(1)opt1A1=3 '  hA2JJhA2JJ1 !1=3 : (11)The 
onsidered situation 
orresponds to the 1D 
old beam limit, and the Eq. (11) repro-du
es the result of 1D model [18℄. However, this should be 
onsidered as a 
oin
iden
esin
e we used the �tting formulas rather than asymptoti
al behavior of the exa
t solutionof 3D theory. As an example, let us 
onsider again the third harmoni
 and large valuesof the undulator parameter K. In this 
ase we get L(1)g =L(3)g ' 0:87, i.e. the fundamentalwavelength still has an advantage, although less pronoun
ed. Note that the in
lusion into
onsideration of the energy spread e�e
ts leads always to a de
rease of the 
onsideredratio sin
e harmoni
s are more sensitive to this parameter than the fundamental mode.We 
on
lude that in the 
ase of the simultaneous lasing in the parameter range 2��=� ' 1,or 2��=�� 1 the fundamental mode always has the shortest gain length, i.e. it saturates�rst.4 Suppression of the fundamental harmoni
When the saturation is a
hieved at the fundamental frequen
y, the nonlinear harmoni
generation o

urs, i.e. the radiation of the bun
hed beam at odd harmoni
s of the un-dulator [1,5{7,9,10℄. This radiation has a relatively low power (for the 3rd harmoni
 it ison the order of a per 
ent of the saturated power of the fundamental wavelength), andits relative bandwidth is about the same as that of the fundamental [8℄. Intensity of har-moni
s is subje
ted to mu
h stronger 
u
tuations than that of the fundamental frequen
y[7,8,11℄. Linear ampli�
ation of a harmoni
 does not pro
eed due to a strong impa
t of9



the saturation at the fundamental mode on the longitudinal phase spa
e of the ele
tronbeam.If, however, we disrupt the lasing at the fundamental frequen
y su
h that it stays wellbelow saturation, then the third harmoni
 lasing pro
eeds up to saturation resulting ina signi�
ant intensity (about 30 % of the saturated power of the fundamental modein 1D limit, see Appendix D), narrow relative bandwidth (also about 30 % of that atthe fundamental in 1D 
ase). In other words, the brillian
e 
an be by two orders ofmagnitude higher than in the 
ase of nonlinear harmoni
 generation (for the 5th harmoni
the improvement 
an rea
h three orders). Intensity 
u
tuations of a harmoni
 are aboutthe same as those at the fundamental wavelength of a SASE FEL sin
e statisti
s is thesame. Moreover, if the fundamental harmoni
 is strongly suppressed in the undulator, theusers of X-ray fa
ilities do not need �lters whi
h are in most 
ases required if one usesnonlinear harmoni
 generation. Note that the �lters suppress the fundamental wavelengthbut may also partially suppress harmoni
s. Thus, harmoni
 lasing up to its saturation hasde
isive advantages over nonlinear harmoni
 generation, so one should have good methodsto disrupt the fundamental mode.4.1 Phase shiftersA method to disrupt the fundamental harmoni
 (while keeping the lasing at the thirdharmoni
 undisturbed) was proposed in [18℄. The undulators for X-ray FELs 
onsist ofmany segments. In 
ase of gap-tunable undulators, phase shifters are foreseen betweenthe segments. If phase shifters are tuned su
h that the phase delay is 2�=3 (or 4�=3) forthe fundamental, then its ampli�
ation is disrupted. At the same time the phase shiftis equal to 2� for the third harmoni
, i.e. it 
ontinues to get ampli�ed without beinga�e
ted by phase shifters. However, the simulations in [18℄ were done for the 
ase of amono
hromati
 seed, and the results 
annot be applied for a SASE FEL. The reason isthat in the latter 
ase the ampli�ed frequen
ies are de�ned self-
onsistently, i.e. thereis frequen
y shift (red or blue) depending on positions and magnitudes of phase ki
ks.This leads to a signi�
antly weaker suppression e�e
t. In parti
ular, we found out (seeAppendix D) that a 
onse
utive use of phase shifters with the same phase ki
ks 2�=3 (as10



proposed in [18℄) is ineÆ
ient, i.e. it does not lead to a suÆ
iently strong suppression ofthe fundamental wavelength.We propose here a modi�
ation of phase shifters method that 
an work in the 
ase of aSASE FEL. We de�ne phase shift in the same way as it was done in [18℄ in order to makeour results 
ompatible with the previous studies. For example, the shift 2�=3 
orrespondsto the advan
e 3 of a modulated ele
tron beam with respe
t to ele
tromagneti
 �eld by�1=3. In the following we assume that a distan
e between phase shifters is shorter than the�eld gain length of the fundamental harmoni
. Our method of disrupting the fundamentalmode 
an be de�ned as a pie
ewise use of phase shifters with the strength 2�=3 and 4�=3.For example, in the �rst part of the undulator (
onsisting of several segments with phaseshifters between them) we introdu
e phase shifts 4�=3. A red-shifted (with respe
t to anominal 
ase without phase shifters) frequen
y band is ampli�ed starting up from shotnoise 4 . In the following se
ond part of the undulator we use 2�=3 phase shifts, so that thefrequen
y band, ampli�ed in the �rst part, is pra
ti
ally ex
luded from the ampli�
ationpro
ess. In a realisti
 3D 
ase, the radiation is di�ra
ted out of the ele
tron beam, and thedensity and energy modulations within this frequen
y band are partially suppressed dueto emittan
e and energy spread while the beam is passing the se
ond part of the undulator(although the suppression e�e
t is often small). Instead, a blue-shifted frequen
y band isampli�ed in the se
ond part of the undulator, starting up from shot noise. Then, in thethird part we 
hange ba
k to 4�=3 phase shifters, having the residual modulations in theele
tron beam and di�ra
ted radiation from the �rst part as initial 
onditions for the red-shifted frequen
y band. Then one 
an 
hange to the fourth part with 2�=3 phase shifts, andso on. A more thorough optimization 
an also in
lude a part (or parts) of the undulatorwith zero phase shifts. As a result of these manipulations, the bandwidth of the FELradiation strongly in
reases, while the saturation is signi�
antly delayed. The eÆ
ien
yof the method strongly depends on the ratio of the distan
e between phase shifters and3 In a phase shifter (like a small magneti
 
hi
ane) the beam is, obviously, delayed with respe
tto ele
tromagneti
 �eld. One 
an, however, always add or subtra
t 2�, so that the shift is keptbetween 0 and 2�. Therefore, a delay in the phase shifter by 2�=3 
orresponds to the phase shiftof 4�=3 a

ording to the de�nition in [18℄, and vi
e versa.4 A magnitude of the red shift is de�ned by the 
ondition that the phase shift, �2�=3 in the
onsidered 
ase, is 
ompensated by the following phase advan
e in the undulator se
tion betweenthe phase shifters. Also sidebands (with a smaller gain) 
an be ampli�ed for whi
h an additionalphase shift in the undulator se
tion is 2� or a multiple of it.11



the �eld gain length of the undisturbed fundamental mode. The smaller this ratio, thestronger suppression 
an be a
hieved after optimization of phase shifts distribution. Forexample, when the ratio is about 0.5, one 
an relatively easy in
rease the "e�e
tive" gainlength by a fa
tor of 2.An example of using this method is shown in Fig. 8, the FEL pro
ess is simulated with 3D
ode FAST [31℄ modi�ed in order to in
lude harmoni
 lasing. The des
ribed method alsoworks well in 1D 
old beam 
ase (see Appendix D). The main e�e
t here is an eÆ
ientin
rease of the bandwidth due to ampli�
ation of di�erent sub-bands in di�erent parts ofthe undulator.We 
an simply generalize the method to the 5th harmoni
 lasing (higher harmoni
 num-bers we do not dis
uss in this paper). One 
an introdu
e a pie
ewise 
ombination of someof the phase shifts 2�=5, 4�=5, 6�=5, or 8�=5 (for the fundamental frequen
y). In this 
asealso the third harmoni
 will see the disrupting shifts, while the �fth harmoni
 will not bea�e
ted. If the number of phase shifters is suÆ
ient, the fundamental mode and the thirdharmoni
 
an be strongly suppressed so that the �fth harmoni
 
an rea
h saturation.We have 
onsidered the 
ase when a distan
e between phase shifters is shorter than the�eld gain length of the fundamental frequen
y. If the distan
e is essentially larger, thephase shifts 
an still be used to delay the saturation of the fundamental but typi
ally thesuppression e�e
t is not suÆ
iently strong. However, a 
ombination of these rare phaseshifts with intra-undulator spe
tral �ltering 
an be eÆ
ient enough.4.2 Intra-undulator spe
tral �lteringIn some segmented undulator systems a number of phase shifters might not be suÆ
ientfor a required suppression of the fundamental harmoni
. Also, some undulator systems ofX-ray FELs have �xed gap, and therefore they have no phase shifters. In this 
ase one 
aneither install them (if spa
e is available) in order to have a possibility of harmoni
 lasing,or to use another method, that we would like to propose here, namely an intra-undulatorspe
tral �ltering.The idea of the method is simple: at a position in the undulator where the fundamental12



harmoni
 is in the high-gain linear regime (well below saturation), the ele
tron beamtraje
tory deviates from a straight line, and a �lter is inserted that strongly suppressesthe fundamental mode but only weakly a�e
ts the third harmoni
. As a simple bendingsystem one 
an use, for example, a 
hi
ane that substitutes one of the undulator segmentsas it is done at LCLS for operation of the self-seeding s
heme [19℄. A possible alternativeis to make a 
losed bump with the help of moving quadrupoles of the undulator fo
usingsystem (quadrupoles are usually pla
ed after ea
h undulator segment, so that in this 
asetwo segments are ex
luded from lasing). Although the main purpose of the bending systemis to provide an o�set for insertion of a �lter, it has to satisfy two other requirements:on the one hand a delay of the bun
h with respe
t to a radiation pulse must be smallerthan the bun
h length; on the other hand, the R56 (equal to the double delay) should besuÆ
ient for smearing of energy and density modulations at the fundamental wavelength:2��
R56=(
�1)� 1. Both 
onditions 
an be easily satis�ed simultaneously in most 
ases.If the �lter is eÆ
ient in suppression of the fundamental frequen
y (i.e. if the power isredu
ed to the level of the e�e
tive power of shot noise), after the 
hi
ane we have onlythe ampli�ed radiation at the third harmoni
 as an input signal, and no modulations inthe beam. It means that in the se
ond part of the undulator the fundamental mode startsup pra
ti
ally from shot noise again, so that the third harmoni
 
an rea
h saturation �rstdespite the fa
t that its gain length is larger.Filters in X-ray regime 
an be very eÆ
ient when the ratio of photon energies is prettylarge. Indeed, an attenuation in a material depends exponentially on the produ
t of theattenuation 
oeÆ
ient � and a material thi
kness d (Lambert-Beer's law), i.e. the trans-mitted intensity s
ales as exp(��d). In the region of photon energies (up to several tensof keV, depending on material) where the photoabsorption dominates the attenuation,the 
oeÆ
ient � depends on frequen
y as a exp(�b=!). Thus, properly 
hoosing a mate-rial and a thi
kness of the �lter, one 
an a
hieve the situation when losses of the thirdharmoni
 intensity are in the range of tens of per 
ent, while the fundamental wavelengthloses many orders of magnitude due to the double exponential suppression. An importantrequirement to the �lter is that it does not disturb signi�
antly phase front of the thirdharmoni
 radiation. It was suggested, for example, to use diamond or sili
on 
rystals asattenuators for LCLS II [24℄ sin
e they are expe
ted to not disturb phase front essentially.13



To provide the wavelength tunability, one 
an arrange a sta
k of insertable �lters withdi�erent thi
knesses [24℄.The a
tive length 5 of the �rst part of the undulator is 
hosen su
h that, on the one hand,the highest possible gain is a
hieved; on the other hand, energy modulations, indu
ed bythe FEL intera
tion at the fundamental wavelength (and 
onverted to un
orrelated energyspread through the 
hi
ane), should be suÆ
iently small to avoid a signi�
ant in
rease ofgain length of the third harmoni
 in the se
ond part of the undulator. Also, there mightbe limitations on peak and average power load on the �lter. So, in pra
ti
e in most 
asesthe fundamental frequen
y in the �rst part of the undulator has to stay in the exponentialgain regime, and no nonlinear harmoni
 generation should be expe
ted (although in some
ases the latter regime 
an also be 
onsidered as an option).If one �lter is not suÆ
ient, one 
an use two-stage �ltering. Alternatively, a 
ombinationwith phase shifters 
an be used. Pra
ti
al appli
ation of this 
ombination is illustratedin Se
tion 8. We should also note that the 
onsidered method 
an be used to suppressthe fundamental mode and the third harmoni
, so that the �fth harmoni
 
an lase tosaturation.In the following Se
tion we assume that harmoni
 lasing o

urs under the 
ondition thatlasing at the fundamental frequen
y is disrupted.5 Harmoni
s versus the retuned fundamental modeLet us 
onsider a harmoni
 lasing and lasing at the same wavelength with the retunedfundamental. In other words, we redu
e the wavelength of the fundamental harmoni
 by,for example, a fa
tor of three (in 
ase of 
omparison with the third harmoni
) by eitherin
reasing ele
tron energy or redu
ing the undulator parameter K. Thus, we are goingto understand if harmoni
 lasing 
an be an alternative to a standard way of redu
ingwavelength in X-ray FEL fa
ilities. Let us start with the 
ase when we 
an negle
t energyspread e�e
ts (Æ = 0). In this Se
tion we always assume that the beta-fun
tion is tuned5 A number of undulator segments 
ontributing to lasing 
an be varied by di�erent means inorder to mat
h it to 
hanges in wavelength and ele
tron beam parameters.14



to the optimum for ea
h 
ase.5.1 Redu
ed KIn the 
ase when the wavelength of the fundamental harmoni
 is adjusted by redu
ingparameter K, the ratio of gain lengths is obtained in Appendix E, and is given by (E.3):L(1K)gL(h)g = h1=2KAJJh(K)KreAJJ1(Kre) : (12)The supers
ript (1K) indi
ates that the retunig of the undulator parameter was used toredu
e wavelength of the �rst harmoni
. The retuned undulator parameter Kre is givenby the simple relation:K2re = 1 +K2h � 1 : (13)Obviously, K must be larger than ph� 1.It is shown in Appendix E that Eq. (12) under a

epted assumptions (no energy spreadand optimal beta-fun
tion) is rather general, i.e. it is valid for any value of the parameter2��=�. In a parti
ular 
ase when the approximation (4) is valid, one 
an also obtain (12)from (4) and (13).For large K the ratio in Eq. (12) is redu
ed with the help of (13) to a simple formhAJJh=AJJ1, so that the gain length of the retuned fundamental mode is larger by afa
tor of 1.41 (1.65) than that of the third (�fth) harmoni
. In the 
ase of a large harmoni
number one 
an obtain that this ratio is given by 0:94 h1=3 (see the asymptoti
 expressionfor AJJh in Se
tion 2).For an arbitrary K we plot in Fig. 2 the ratio of gain lengths (12). It is seen that the thirdharmoni
 always has an advantage (in 
ase of negligible energy spread), i.e. its gain lengthis shorter for any value of K. In Appendix E we 
ompare this result with the result of1D theory, and 
ome to the 
on
lusion that the 3D theory a
tually gives more optimisti
predi
tions in this respe
t, i.e. the ratio (12) is always larger than the 
orresponding ratioof 1D theory. 15
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Fig. 2. Ratio of gain lengths of the retuned fundamental and the third harmoni
 for lasing at thesame wavelength versus rms undulator parameter K. The fundamental wavelength is redu
edby means of redu
ing the undulator parameter K (solid) or in
reasing beam energy (dash).5.2 In
reased beam energyIf, instead of 
hanging undulator parameter K, one 
hanges ele
tron energy in order toredu
e fundamental wavelength by a fa
tor of h (i.e. one in
reases the energy by ph), the
orresponding ratio of gain lengths at the fundamental frequen
y and at a harmoni
 
anbe easily dedu
ed from (4):L(1
)gL(h)g = h5=6AJJh(K)AJJ1(K) (14)The supers
ript (1
) tells that the 
hange of relativisti
 fa
tor was used to redu
e wave-length of the fundamental. In Fig. 2 we present the ratio 
al
ulated with (14). In the 
aseof boosting ele
tron energy for lasing at three times redu
ed fundamental wavelength, theadvantage of using 3rd harmoni
 is not that obvious (sin
e an in
rease of ele
tron energyat the same wavelength leads to a de
rease of the parameter 2��=� thus improving FELproperties, in general). However, even in this 
ase, the gain length for the third harmoni
is shorter if rms value of K is larger than 1.4.16



5.3 Numeri
al exampleLet us present a numeri
al example for the European XFEL [22℄. New baseline parameters[32{34℄ assume operation at di�erent 
harges from 20 pC to 1 nC and three di�erentele
tron energies: 10.5, 14, and 17.5 GeV. Let us 
onsider operation at 1 �A with the
harge 0.5 nC, peak 
urrent 5 kA, normalized emittan
e 0.7 �m, and ele
tron energy 10.5GeV in a planar undulator with the period 4 
m. Energy spread e�e
ts are negle
ted here(Æ = 0). For the rms K value of 2.3 the fundamental wavelength is 3 �A, whi
h is suppressedby using phase shifters and/or spe
tral �ltering 6 . Then we have third harmoni
 lasing at1 �A with the �eld gain length of 6.9 m a

ording to (4) for h = 3. Now we 
hange therms K value to 1.05 so that lasing at the fundamental frequen
y o

urs at 1 �A. In that
ase we �nd from (4) for h = 1 that the gain length is 10.4 m, i.e. about 50 % larger thanin the 
ase of 3rd harmoni
 lasing. If, instead, we in
rease beam energy to 17.5 GeV andlase at 1 �A with K = 2:2, the gain length is 7.9 m, i.e. it is still visibly larger than in the
ase of low energy and the 3rd harmoni
 lasing.5.4 Energy spread e�e
tsHigher harmoni
s are more sensitive to the energy spread than the fundamental one [7,18℄,see the dis
ussion below. However, a reserve in gain length in the 
ase of no energy spreadlets harmoni
s be 
ompetitive with the fundamental frequen
y also when the energy spreade�e
ts are signi�
ant.To be spe
i�
, we 
onsider the 
ase when the fundamental wavelength is adjusted byredu
ing the parameter K. Let the ratio of gain lengths of a harmoni
 and of the fun-damental mode from Eq. (3) be equal to 1. Then, observing that for a given harmoni
number the ratios of parameters Æ and of Lg0 are the fun
tions of the parameter K only,one 
an 
al
ulate the value of Æ, for whi
h the gain lengths are equal, as a fun
tion of K.In Fig. 3 we plot su
h a dependen
e for the 
ase of the third harmoni
 lasing. Continuingthe numeri
al example of the previous Se
tion for 1 �A operation at 10.5 GeV, we �nd6 Eventually the undulator will be equipped with a 
hi
ane for operation of self-seeding s
heme[35℄. 17
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Fig. 3. Parameter Æ for the retuned fundamental harmoni
 (Æ(1), solid line), and for the third har-moni
 (Æ(3), dash line), versus rms undulator parameter. The gain lengths of the third harmoni
and of the retuned fundamental harmoni
 are equal. Retuning is done by redu
ing undulatorparameter.that the gain lengths of the fundamental mode and of the third harmoni
 be
ome equalto 12.5 m when the energy spread is 2.8 MeV. For smaller values of the energy spread thethird harmoni
 has shorter gain length than the fundamental one.In the 
ase of going to higher beam energy for redu
ing the fundamental wavelength, themargins for energy spread are redu
ed in the 
ase of harmoni
 lasing. Still, a

eptablevalues of the energy spread 
an be relatively large. In parti
ular, in the 
onsidered numer-i
al example (with 17.5 GeV for lasing at the fundamental frequen
y) the third harmoni
lasing at 10.5 GeV has a shorter gain length when the energy spread is below 1.3 MeV.5.5 Fifth and higher harmoni
sTo let the �fth harmoni
 lase to saturation, one has to suppress lasing at the fundamentalfrequen
y and at the third harmoni
. This 
an be done as dis
ussed above in this paper:by using either a spe
ial set of phase shifters or intra-undulator spe
tral �ltering or a
ombination of these two methods. Higher harmoni
 numbers we do not 
onsider in this18



paper, but the tenden
y 
an be summarized as follows. In the 
ase of a suÆ
iently largeK value the gain length gets shorter with an in
rease of harmoni
 number (as dis
ussedabove) if there is no energy spread. However, the sensitivity to the energy spread alsostrongly in
reases, so that at some point there is a 
uto�. From pra
ti
al point of view,one has to 
onsider limitations due to undulator phase errors, undulator wake�elds et
.These issues are dis
ussed in Se
tion 8. The use of the �fth harmoni
 
an still be 
onsideredin some 
ases as quite realisti
.For illustration, let us 
ontinue the numeri
al example for the European XFEL with theenergy of 10.5 GeV. In order to lase at 1 �A with the �fth harmoni
, one has to in
reaseK to 3.1, so that the fundamental wavelength is 5 �A. In 
ase of negligible energy spreadthe �eld gain length for the �fth harmoni
 is 5.8 m (to be 
ompared with 10.4 m for theretuned fundamental harmoni
). When the energy spread is 2.3 MeV, the gain length isthe same in both 
ases and equals 11.8 m.5.6 Dis
ussion on 3D and warm beam e�e
tsAn obvious disadvantage of higher harmoni
s in 
omparison with the fundamental har-moni
 is a weaker 
oupling between the ele
tron 
urrent and the ele
tromagneti
 �eld,des
ribed by the 
oupling fa
tor AJJh. When one 
onsiders lasing at the same wavelengthwith a harmoni
 and a retuned fundamental, the main advantage of the harmoni
 is
onne
ted with a higher mobility of parti
les whi
h allows them to get bun
hed easier.Indeed, the derivative of the longitudinal dispersion R056 = (1 + K2)=
2 is proportionalto a harmoni
 number, no matter if one 
hanges K or beam energy in order to adjustwavelength of the fundamental harmoni
. As a net e�e
t, in a simple 1D model harmoni
shave an advantage as soon as K is suÆ
iently large so that the AJJh is not too small. In aparti
ular 
ase of retuning K in order to adjust wavelength of the fundamental, harmoni
shave always an advantage [18℄ sin
e the retuned K for the fundamental frequen
y getstoo small before AJJh for a harmoni
 drops.An in
lusion of su
h 3D e�e
ts as di�ra
tion of radiation and transverse motion of parti
lesdoes not 
hange the ratio of gain lengths signi�
antly sin
e we are 
onsidering the samewavelength. But a di�eren
e with 1D model is also 
onne
ted with the possibility to19



optimize beta-fun
tion. If � is too large, the 
urrent density is too small and FEL gain isweak; if � is too small, the longitudinal velo
ity spread due to emittan
e suppresses theFEL gain. As a result, there is always an optimum. Note that an e�e
t of the longitudinalvelo
ity spread due to emittan
e has nothing to do with the above mentioned mobility,
hara
terized by longitudinal dispersion (whi
h is important for energy spread e�e
t, seebelow). When higher harmoni
s have an advantage in zero order, as explained above,they are somewhat less sensitive to this velo
ity spread than the retuned fundamentalharmoni
, and the optimal � is smaller for harmoni
s. Thus, due to tighter fo
usingone gets smaller beam size and therefore, an additional advantage over the fundamentalfrequen
y. This explains the fa
t that the 3D model (with optimized beta-fun
tion) givesmore advantage in growth rate to harmoni
s than the 1D model does (see Appendix E).Finally, harmoni
s are more sensitive to the energy spread due to a larger R056. However,when they have a signi�
ant advantage in the 
ase of negligible energy spread, a relativelylarge 
orre
tion to the gain length due to a �nite energy spread 
an be tolerated, as one
an see from numeri
al examples. Note that � is adjusted depending on the energy spread,what 
annot be done in a simple 1D model.Con
luding this Se
tion, we 
an state that harmoni
 lasing is espe
ially attra
tive in the
ase of gap-tunable undulator when lasing at the shortest wavelength is a
hieved with theopened gap, i.e. when K is redu
ed. In fa
t, the highest photon energy of an X-ray FELfa
ility, at whi
h saturation o

urs, in 
ase of the 3rd harmoni
 lasing 
an be typi
allyin
reased by 30-100 %. On the other hand, harmoni
 lasing at a redu
ed ele
tron energyis a possible solution for a 
ompa
t and relatively 
heap X-ray FEL fa
ility.6 Properties at saturation and a possible in
rease of brillian
eFEL properties at saturation 
an be 
al
ulated with the help of a numeri
al simulation
ode (for 1-D simulations see Ref. [18℄ and Appendix D). Here we present a qualitative
onsideration for the 
ase when the energy spread e�e
t is a relatively weak 
orre
tion tothe FEL operation (Æ � 1), and the tuning to the same wavelength is a
hieved by 
hangingparameter K. A simple estimate ("e�e
tive" parameter � [36℄ is redu
ed depending onharmoni
 number) suggests that in the 
ase of harmoni
 lasing, both the saturation power20



and the bandwidth are redu
ed by the same fa
tor. Degree of transverse 
oheren
e is aboutthe same for a harmoni
 and for the fundamental mode sin
e this quantity is mainlyde�ned [37,38℄ by the parameter 2��=�, whi
h is the same in the 
onsidered 
ase. Thus,the brillian
e (a �gure of merit for performan
e of X-ray FELs), depending on the ratio ofpeak power to bandwidth, remains about the same. In other words, use of harmoni
 lasinginstead of lasing at the fundamental frequen
y is equivalent to a mild mono
hromatizationof the X-ray beam.Here we propose a simple method of brillian
e improvement. In a gap-tunable undulatorone 
an 
ombine a high power and a narrow bandwidth. A possible tri
k is to use harmoni
lasing in the exponential gain regime in the �rst part of the undulator, making sure thatthe fundamental frequen
y is well below saturation (two options 
an be 
onsidered: withand without disruption of the fundamental by phase shifters, depending on the ratioof gain lengths). In the se
ond part of the undulator the value of K is redu
ed su
hthat now the fundamental mode is resonant to the wavelength, previously ampli�ed asthe third harmoni
. The ampli�
ation pro
ess pro
eeds in the fundamental mode up tosaturation. In this 
ase the bandwidth is de�ned by the harmoni
 lasing (i.e. it is redu
edby a signi�
ant fa
tor depending on harmoni
 number) but the saturation power is stillas high as in the referen
e 
ase of lasing at the fundamental, i.e. brillian
e in
reases.Important is that this option does not require extra undulator length.7 Simultaneous lasing in the 
ase of a thin ele
tron beamFor a typi
al operating range of hard X-ray FELs the 
ondition 2��=� ' 1 is usuallya design goal for the shortest wavelength. In the 
ase of the simultaneous lasing thefundamental mode has shorter gain length than harmoni
s, as it was shown above in thispaper. However, if the same ele
tron beam is supposed to drive an FEL in a soft X-raybeamline, the regime with 2��=�� 1 is automati
ally a
hieved. Here we present a detailedstudy of this regime. In this Se
tion we assume that beta-fun
tion is suÆ
iently large,� � L(h)g . In this 
ase we 
an use the model of parallel beam (no betatron os
illations),and 
an also negle
t an in
uen
e of longitudinal velo
ity spread due to emittan
e onFEL pro
ess. If in addition the energy spread is negligibly small, then the normalized21



FEL growth rate at the fundamental frequen
y is des
ribed by the only dimensionlessparameter, namely the di�ra
tion parameter B [39℄, see appendix A. The generalizeddi�ra
tion parameter ~B, that 
an be used for harmoni
s, is also introdu
ed in AppendixA, see (A.4). We rewrite it here as follows:~B = 2��~�!h=
 ; (15)where !h = 2�
=�h and ~� is the gain fa
tor that also depends on harmoni
 number:~� =  A2JJhI!2hK2(1 +K2)IA
2
5 !1=2 (16)The gain length of a harmoni
 is de�ned by the universal fun
tion of ~B:L(h)g = [~�f1( ~B)℄�1 (17)The fun
tion f1( ~B) 
an be 
al
ulated from the general eigenvalue equation (A.2). However,within the parallel beam model, a

epted in this Se
tion, the eigenvalue equation 
an besigni�
antly simpli�ed. We use here the solution of the equation presented in [39,40℄ forthe Gaussian transverse distribution of 
urrent density (see Fig. 4.52 of Ref. [39℄). In theparameter range, that is the most interesting for our purpose, we 
an approximate thefun
tion f1( ~B) as follows:f1( ~B) ' 0:66� 0:37 log10( ~B) for ~B < 3 : (18)Using the supers
ript (h) to indi
ate the harmoni
 number for the di�ra
tion parameterand the gain fa
tor, we 
an see that~B(h)~B(1) = h~�(h)~�(1) = h2AJJhAJJ1 : (19)A

ording to (17) and (16), the ratio of gain lengths 
an be presented as follows:L(1)gL(h)g = hAJJhAJJ1 f1( ~B(h))f1( ~B(1)) (20)22



One 
an easily observe from (19) and (20) that for a given value of di�ra
tion parameterfor the fundamental frequen
y, B = ~B(1), this ratio depends only on the parameter K fora 
onsidered harmoni
. If K is suÆ
iently large (see Fig. 1), one 
an obtain a universaldependen
e whi
h is presented in Fig. 4 for the 
ase of the third harmoni
. For largevalues of the di�ra
tion parameter (wide ele
tron beam limit) one 
an use an asymptoti
expression for the growth rate [39℄, so that the fun
tion f1 is proportional to ( ~B(h))�1=3.In this 
ase one obtains the result of 1D theory [18℄:L(1)gL(h)g '  hA2JJhA2JJ1 !1=3 :In the 
ase of the third harmoni
 and large K this ratio is equal to 0.87. One 
an see thatthe 
urve in Fig. 4 slowly approa
hes this value when B is large. So, in the limit of wideele
tron beam, 
orresponding to 1D model, the fundamental frequen
y has shorter gainlength than harmoni
s.In the limit of small di�ra
tion parameter (thin ele
tron beam) we wave the oppositesituation, as one 
an see from Fig. 4. When di�ra
tion parameter is smaller than 0.4, thegain length of the fundamental frequen
y is larger than that of the third harmoni
 forlarge values of K. A similar dependen
e 
an be 
al
ulated for the �fth harmoni
, in this
ase the gain length of the fundamental harmoni
 is larger than that of the �fth harmoni
(for a suÆ
iently large K) when B < 0:28. Moreover, the �fth harmoni
 grows faster thanthe third one when B < 0:15 and K is large. In fa
t, if the di�ra
tion parameter for thefundamental harmoni
 is about 0:1 or less, there might a number of ampli�ed harmoni
swith similar growth rates. We should note that this number 
an be redu
ed when theenergy spread is in
luded into 
onsideration.To �nd out how the value of B, at whi
h the harmoni
s have the same gain length as thefundamental, depends on the undulator parameter K, one 
an use the Eqs. (18)-(20). Wepresent the results for the third and the �fth harmoni
s in Fig. 5. The areas below the
urves in Fig. 5 
orrespond to the 
ase when 
orresponding harmoni
s grow faster thanthe fundamental frequen
y. We should stress that the 
ondition 2��=� � 1 is ne
essarybut not suÆ
ient for rea
hing this regime. 23
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BFig. 4. Ratio of gain lengths for lasing at the fundamental wavelength and at the third harmoni
versus di�ra
tion parameter of the fundamental wavelength for large values of the undulatorparameter K.Let us dis
uss why the e�e
t, 
onsidered in this Se
tion, 
an only take pla
e in the frameof 3D theory and in the limit of a thin beam. In 1D theory the gain fa
tor (inverselyproportional to the gain length) s
ales as (A2JJh!h)1=3, if we keep only parameters thatdepend on harmoni
 number. The frequen
y here 
omes from the dynami
al part of theproblem, it re
e
ts the fa
t that the beam gets bun
hed easier at higher frequen
ies. Asfor the ele
trodynami
 part of the problem, the amplitude of the radiation �eld of 
hargedplanes does not depend on frequen
y. Sin
e the produ
t A2JJhh de
reases with harmoni
number for any K, gain length of harmoni
s is always larger than that of the fundamentalfrequen
y. Con
erning the 3D theory, the solution of the paraxial wave equation showsthat on-axis �eld amplitude is proportional to the frequen
y. So, both dynami
al andele
trodynami
 parts 
ontribute to the solution of the self-
onsistent problem with !h.That is why in the gain fa
tor in Eq. (16) we have squared frequen
y (A2JJh!2h)1=2, i.e. itdepends on harmoni
 number via the produ
t A2JJhh2 whi
h 
an in
rease with harmoni
number if K is suÆ
iently large. Sin
e in the 
ase of a thin ele
tron beam the fun
tion f1depends only weakly, in fa
t logarithmi
ally, on the di�ra
tion parameter (whi
h is largerfor harmoni
s), harmoni
s 
an grow faster than the fundamental frequen
y in some rangeof parameters B and K, as it is illustrated in Fig. 5.24
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tion parameter of the fundamental wavelength, for whi
h the third (solid) and the�fth (dash) harmoni
s have the same gain length as the fundamental, versus the rms undulatorparameter K. Below these 
urves harmoni
s have shorter gain lengths than the fundamentalfrequen
y.So far we have dis
ussed an exponential gain regime and did not 
onsider an initial-valueproblem. In the simulations one 
an observe that the fundamental dominates saturationregime even if its gain length is slightly longer than that of harmoni
s. First, it has ahigher e�e
tive start-up power due to a larger fa
tor AJJ . Se
ond, in nonlinear regimethe longitudinal phase spa
e of the ele
tron beam is a�e
ted stronger by the fundamentalfrequen
y. As a result, saturation power of harmoni
s in the 
ase B ' 0:1 is weaker 7 thanit would have been in the absen
e of the fundamental frequen
y (but still mu
h higher thanin the 
ase of nonlinear harmoni
 generation). The bandwidth at saturation is inverselyproportional to harmoni
 number (
ontrary to the 
ase of nonlinear harmoni
 generation).Let us present a numeri
al example for the European XFEL. An ele
tron beam with theenergy of 10.5 GeV lases in SASE3 undulator (whi
h is pla
ed behind the hard X-rayundulator SASE1) with the period 6.8 
m and the rms undulator parameter 7.4 at thefundamental wavelength 4.5 nm. We 
onsider ele
tron bun
hes with the 
harge of 100 pC:7 The third harmoni
 saturates earlier than the fundamental, and at a full expe
ted power whendi�ra
tion parameter is on the order of 0.01. 25



the peak 
urrent is 5 kA, averaged normalized sli
e emittan
e is 0.3 �m from start-to-endsimulations [33℄, and sli
e energy spread 8 is 1 MeV. For the beta-fun
tion of 15 m weobtain from (15) that the di�ra
tion parameter for the fundamental wavelength is 0.3, sothat a simpli�ed model, 
onsidered in this Se
tion, suggests that the third harmoni
 
angrow faster than the fundamental. However, harmoni
s are more sensitive to the energyspread than the fundamental frequen
y, therefore we use a general eigenvalue equation(A.2) that in
ludes all the important e�e
ts. We �nd that the �eld gain length is 2.44 mfor the fundamental harmoni
, 2.42 m for the third harmoni
, and 2.52 m for the �fthone. In Fig. 6 we present the results of numeri
al simulations. Even though the saturationpower of harmoni
s is lower than it would have been in the absen
e of the fundamental,it is still by an order of magnitude higher than that expe
ted from nonlinear harmoni
generation [34℄. The saturation power of the third (�fth) harmoni
 is 12% (3%) of thesaturation power of the fundamental frequen
y. Thus, a

urate 
al
ulation of harmoni
lasing is ne
essary for planning of user experiments and X-ray beam transport.Note that the method of brillian
e improvement, des
ribed in the previous Se
tion, isespe
ially attra
tive in the 
onsidered regime. Indeed, one 
an, in prin
iple, use a highharmoni
 number so that the bandwidth redu
tion 
an be signi�
ant. Another usefulappli
ation is the simultaneous lasing at the fundamental wavelength and at the thirdharmoni
 with 
omparable intensities that 
an be used in jitter-free pump-probe exper-iments making use of a split-and-delay stage [41℄. For su
h an experiment one 
an, inprin
iple, manipulate relative intensities with the help of phase shifters.On the other hand, a high-intensity harmoni
 radiation 
an disturb some experiments,or may lead to an ex
essive power load on mirrors of X-ray transport. In this 
ase theharmoni
s 
an be suppressed by di�erent means. For example, one 
an in
rease the energyspread with the help of a laser heater [43{45℄ whi
h is going to be a part of the standarddesign of an X-ray FEL a

elerator 
omplex. In the above presented example, an in
reaseof the energy spread up to 5 MeV would strongly suppress harmoni
 lasing, so thatone would get an intensity level expe
ted from nonlinear harmoni
 generation. Another8 Energy spread due to the quantum di�usion [28℄ in SASE1 and the a
tive part of SASE3undulators is added quadrati
ally to the value obtained in start-to-end similations [33℄. It isassumed that SASE3 operates in "fresh bun
h" mode, i.e. there is no lasing to saturation inSASE1. 26
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z (m)Fig. 6. An example for the European XFEL. Averaged peak power for the fundamental harmoni
(solid), the third harmoni
 (dash), and the �fth harmoni
 (dot) versus undulator length forSASE3 operating at 4.5 nm. Parameters are in the text. Simulations were performed with the
ode FAST.method is the use of phase shifters, but now aiming at suppression of harmoni
s. Inthis 
ase the phase shifts for the fundamental frequen
y 
ould be below 1 rad while forharmoni
s they are h times larger, i.e. the suppression e�e
t is stronger. Other options arean in
rease of the beta-fun
tion (what leads to an in
rease of the di�ra
tion parameter)or the appli
ation of linear undulator taper [46,47℄ that would have stronger e�e
t on theampli�
ation of harmoni
s.8 Pra
ti
al appli
ations of harmoni
 lasing in X-ray FELs8.1 LCLS: intra-undulator spe
tral �ltering and phase shiftersLina
 Coherent Light Sour
e (LCLS) is the �rst hard X-ray free ele
tron laser [2℄. Dueto the limited ele
tron energy and �xed-gap undulator, the fa
ility 
an presently 
overphoton energy range up to 10 keV. Nonlinear harmoni
 generation was studied in [10℄with the third harmoni
 at 25 keV, and the se
ond harmoni
 afterburner [50℄ operation27



was demonstrated at 18 keV, but the intensity was relatively low in both 
ases. Here wepresent a numeri
al example for third harmoni
 lasing at LCLS up to the photon energyof 25-30 keV with a signi�
ant power and a relatively narrow intrinsi
 bandwidth.LCLS undulator [20℄ 
onsists of 33 identi
al 3.4-m-long segments, undulator period is 3
m, and the peak undulator parameter is 3.5 (rms value of K is 2.5). The 16th segmentis repla
ed with a 
hi
ane for operation of the self-seeding s
heme [19℄. When this s
hemeis operated, a 
rystal mono
hromator is inserted on-axis while the ele
tron beam goesthrough the 
hi
ane thus by-passing the 
rystal. We noti
e that a simple add-on to thissetup, namely an insertable �lter, would allow the use of the intra-undulator spe
tral�ltering method des
ribed in Se
tion 4.2. As a possible realization of the �lter we proposehere a sili
on 
rystal 9 that is not supposed to spoil phase front [24℄ of the third harmoni
radiation while attenuating the fundamental harmoni
 by orders of magnitude. A thi
knessof the 
rystal is de�ned by a required attenuation fa
tor and an expe
ted photon energyrange. As an example we 
onsider here the thi
kness of 600 �m and third harmoni
 lasingat 25 keV. Attenuation length at 8.3 keV is ��1 = 73 �m, and at 25 keV it is ��1 = 1:85mm [48℄, so that the 
orresponding transmission fa
tors are 2:7� 10�4 and 0.72. With agiven thi
kness of the 
rystal the s
heme would work well in the range 20-30 keV, and forlower photon energies of the third harmoni
 a thinner 
rystal would be needed.In the 
onsidered parameter range the spe
tral �ltering method alone is not suÆ
ient,therefore we suggest to 
ombine it with the phase shifters method. We propose to installphase shifters with the shift 4�=3 (the de�nition of Ref. [18℄ is used here, see Se
tion 4.1)after undulator segments 1-5 and 17-22, and with the shift 2�=3 after segments 6-10 and23-28. As a possible spa
e-saving te
hni
al solution one 
an 
onsider insertable permanent-magnet phase shifters with a length of a few 
entimeters and a �xed phase shift. Of 
ourse,if spa
e allows, the tunable (ele
tromagneti
 or permanent-magnet) phase shifters wouldbe more 
exible. Note also that phase shifters without spe
tral �ltering might not besuÆ
ient for a sure suppression of the fundamental harmoni
.Let us 
onsider a spe
i�
 parameter set for third harmoni
 lasing at 0.5 �A (photon en-ergy 25 keV). The ele
tron beam parameters are as follows: energy is 13.6 GeV (the9 Diamond 
an be 
onsidered as an alternative28
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z (m)Fig. 7. Averaged peak power for the fundamental harmoni
 (solid) and the third harmoni
 (dash)versus geometri
al length of the LCLS undulator (in
luding breaks). The wavelength of the thirdharmoni
 is 0.5 �A (photon energy 25 keV). Beam and undulator parameters are in the text. Thefundamental is disrupted with the help of the spe
tral �lter (see the text) and of the phaseshifters. The phase shifts are 4�=3 after segments 1-5 and 17-22, and 2�=3 after segments 6-10and 23-28. Simulations were performed with the 
ode FAST.fundamental wavelength is 1.5 �A), peak 
urrent is 3 kA, normalized sli
e emittan
e is 0.3�m, un
orrelated energy spread is 1.4 MeV. The beta-fun
tion in the undulator is 30 m.Parameters of the 
hi
ane are 
hosen as des
ribed in Se
tion 4.2, the smallest possibledelay (given by either the required beam o�set or minimum R56 for smearing of beammodulations at the fundamental wavelength) would de�ne the shortest ele
tron bun
hthat 
an be used for operation of this s
heme. In our simulations we do not 
onsider aspe
i�
 bun
h length, so that our result is the peak power of the third harmoni
 radiationin the part of the pulse that overlapped with the ele
tron beam after the 
hi
ane. Oneshould also noti
e that an easy 
ontrol of the third harmoni
 pulse duration is possibleby 
hanging the delay.We performed simulations with the 
ode FAST [31℄, the results are presented in Fig. 7.The averaged peak power of the third harmoni
 radiation is 6 GW, and an intrinsi
bandwidth is 3 � 10�4 (FWHM). The power in
ident on the 
rystal is in the range oftens of megawatts, and should not be problemati
 from the point of view of peak and29



average power load. Note that the saturation of the third harmoni
 lasing is a
hievedafter 28th segment, so that there is a suÆ
ient 
ontingen
y for given wavelength andbeam parameters. It means, in parti
ular, that the saturation at 30 keV 
ould be inrea
h, or the saturation at 25 keV with a larger emittan
e is possible. We should also notethat a redu
tion of the beta-fun
tion would in
rease the 
ontingen
y. If one 
onsiders thes
heme for operation in the range 10-20 keV, it would work with a signi�
antly loosenedrequirements on the ele
tron beam quality.As a qui
k test [51℄ of harmoni
 lasing at LCLS one 
an 
onsider operation with the �lteronly (without phase shifters), making use of nonlinear generation of the third harmoni
 inthe �rst part of the undulator if the fundamental harmoni
 enters nonlinear regime there.The main issues, that were dis
ussed in Se
tion 4.2, are high power load on the �lterand an in
rease of energy spread in the beam. However, the last issue might be partiallytolerated. Indeed, in a SASE FEL the radiation intensity and beam modulations in energyand density 
onsist of random spikes that have a typi
al duration of FEL 
oheren
e time.Thus, energy spread after the 
hi
ane is modulated on the same time s
ale. One 
anhave the situation when some of the third harmoni
 intensity spikes overlap after the
i
ane with unspoiled parts of the ele
tron beam, and are ampli�ed in the se
ond partof the undulator without gain suppression due to a large energy spread (however, theslippage e�e
ts in the se
ond part must be 
onsidered). In prin
iple, these spikes 
anrea
h saturation in the se
ond part at a high power level before they are 
aught up bythe fundamental harmoni
.8.2 European XFEL: free optionThe gap-tunable hard X-ray undulators SASE1 and SASE2 of the European XFEL 
on-sist of 35 segments ea
h [32℄, the length of a segment is 5 m, the undulator period is 4 
m.The phase shifters are installed between the segments, so that the number of the shiftersis big. This means that, at least in some 
ases, the phase shifter method alone might besuÆ
ient for suppression of the fundamental harmoni
. As an example we 
onsider thethird harmnoni
 lasing at 0.2 �A (photon energy 62 keV) by the ele
tron beam with theenergy of 17.5 GeV and the 
harge of 100 pC, sli
e parameters are the same as those given30
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z (m)Fig. 8. An example for the European XFEL. Averaged peak power for the fundamental har-moni
 (solid) and the third harmoni
 (dash) versus magneti
 length of SASE1 undulator. Thewavelength of the third harmoni
 is 0.2 �A (photon energy 62 keV). The fundamental is disruptedwith the help of phase shifters installed after 5 m long undulator segments. The phase shifts are4�=3 after segments 1-8 and 21-26, and 2�=3 after segments 9-16. Simulations were performedwith the 
ode FAST.in Se
tion 7, beta-fun
tion is 60 m, the rms undulator parameter is 1.6. Note that the
onsidered wavelength 
annot be rea
hed by lasing at the fundamental harmoni
 be
ausethe undulator parameter is too small in this 
ase. The results of numeri
al simulations arepresented in Fig. 8. Indeed, one 
an disrupt the fundamental harmoni
 and let the thirdharmoni
 saturate. The averaged peak power is 3 GW, and the bandwidth is 2 � 10�4(FWHM). One 
an still noti
e that a stronger suppression of the fundamental would bedesirable, so that the spe
tral �ltering method would improve operation of the fa
ility insu
h a regime. Eventually, the self-seeding s
heme [35℄ will be implemented at the Eu-ropean XFEL, then it is also worth to install a �lter. Another option is a 
losed bump(made by movable quadrupoles between the segments). Su
h a bump involves two seg-ments with an insertable �lter installed between them. We should note that if we 
onsidera 20 pC ele
tron bun
h with sli
e parameters from start-to-end simulations [33℄, the thirdharmoni
 lasing to saturation 
an be extended to photon energies up to 100 keV.The extension of the photon energy range is the main appli
ation of harmoni
 lasing at31



the European XFEL. A related appli
ation is a more 
exible operation of the fa
ility, forexample operation of SASE1 at a longest possible wavelength (with the 
losed gap), andof SASE2 at a very short wavelength in the regime of harmoni
 lasing. Note, howeverthat the 
onsidered options might be signi�
antly limited if the longitudinal spa
e 
hargedriven mi
robun
hing instability [42,43℄ will have to be 
ured by the laser heater [43{45℄that in
reases the energy spread.Another attra
tive option that one 
an 
onsider in the 
ase of the European XFEL is a re-du
tion of the bandwidth by going to harmoni
 lasing instead of lasing in the fundamentalmode. If one 
ombines them as des
ribed in Se
tion 6, this will happen without redu
tionof power, i.e. the brillian
e will in
rease. Although this in
rease is essentially smaller thanin the 
ase of appli
ation of seeding and self-seeding s
hemes, the method of 
ombinedlasing does not require extra undulator length, is not restri
ted by a �nite wavelengthinterval, and is 
ompletely based on a baseline design. For many experiments, however,su
h a mild redu
tion of the bandwidth (to the level of few 10�4) would be desirable. Thedetailed numeri
al simulations of 
ombined lasing will be presented elsewhere.As it was dis
ussed in Se
tion 7, the simultaneous lasing at the fundamental and the thirdharmoni
s with 
omparable intensities for jitter-free pump-probe intensities 
an easily bedone in SASE3 beamline. Now we 
an also noti
e that the same holds in the 
ase of thetwo hard X-ray beamlines, if one uses phase shifters to suppress the fundamental modeas it was illustrated above. One 
an easily 
ontrol relative intensities of the fundamentaland the third harmoni
s by 
hanging phase shifters.8.3 Other fa
ilities and appli
ationsSimilar improvements 
an be realized at other X-ray FEL fa
ilities like SACLA, FLASHII, LCLS II et
. In parti
ular, FLASH II 
an 
over the whole water window with thehelp of the third harmoni
 lasing. A

ording to our estimates, one would need to 
ombinephase shifters with intra-undulator spe
tral �ltering, so that some modi�
ations in theundulator beamline would be ne
essary.We also suggest that even if �xed-gap undulators are supposed to be used in some X-ray32



FEL fa
ilities, phase shifters should be in
orporated into an undulator design su
h thatthe option of harmoni
 lasing is enabled.We should also note that ele
tromagneti
 phase shifters 
an have an advantage in 
om-parison with permanent-magnet ones. Indeed, the ele
tromagneti
 phase shifters 
an beswit
hed on and o� between ele
tron pulses (or ma
ropulses) so that one 
an swit
hbetween two 
olors and then to deliver them to di�erent experiments.One more appli
ation of the harmoni
 lasing is the operation of 
ompa
t X-ray FELfa
ilities using relatively low energy of ele
tron beams. In order to rea
h short wavelengththey rely on the te
hnology of short-period small-gap in-va
uum undulators [3,49℄. As analternative one 
ould 
onsider a more standard and robust undulator te
hnology by goingto larger period undulators with larger gaps, and lasing at the third (or even the �fth)harmoni
. We estimated, in parti
ular, with the help of formulas of Se
tion 2 that it 
ouldbe an interesting option for the Swiss FEL [49℄.8.4 Possible te
hni
al issuesOne 
an identify possible issues using the fa
t that the harmoni
 lasing is more narrow-band pro
ess than lasing at the fundamental wavelength (parameter � [36℄ is smaller).In parti
ular, harmoni
 lasing is more sensitive to the undulator phase errors, undulatorwake�elds et
.However, undulators for X-ray FELs are usually designed and built with a suÆ
ientsafety margin in terms of length and quality. For example, LCLS undulator has phaseshake about 1-2 deg for the fundamental wavelength [20℄, whi
h means 3-5 deg for thethird harmoni
. This is still too small phase shake to have a signi�
ant impa
t on thethird harmoni
 lasing.The wake�elds in the undulator 
an have an impa
t on the ampli�
ation pro
ess in X-rayFELs [46℄, a relevant parameter is a relative energy 
hange per gain length, divided by�. However, they 
an be 
ompensated by using undulator taper as it was su

essfullydemonstrated at LCLS. The harmoni
 lasing is more sensitive to wake�elds, however aproper optimization of the taper would allow to diminish this e�e
t in many pra
ti
al33



situations, espe
ially for low 
harge s
enarios.We have shown in the paper that the appli
ation of harmoni
 lasing allows to generateFEL radiation with intrinsi
ally narrow bandwidth. However, from pra
ti
al point of viewit is important that the energy 
hirp in the ele
tron beam and energy stability are smallerthan a half of that bandwidth. For example, in the 
ase of the European XFEL the 
hirp
an be kept under 
ontrol and the energy stability 
an be provided at the level of 10�4 orbetter. This would allow to make use of the narrow-band nature of harmoni
 lasing.
9 SummaryIn this paper we have shown that harmoni
 lasing in X-ray FELs is a very attra
tiveoption. It works well in the frame of the realisti
 3D model of the FEL pro
ess, and 
anbe realized in pra
ti
e in a relatively simple way, based on the a
hievements in produ
tionof high-brightness ele
tron beams and high-quality undulators. In this paper we havedis
ussed only a few possible appli
ations of harmoni
 lasing that 
an be summarized asfollows:� extension of wavelength ranges of existing and planned X-ray FEL fa
ilities beyond thebaseline;� more 
exible operation of fa
ilities having several undulator beamlines;� redu
tion of the bandwidth at saturation (mild mono
hromatization) and an in
reaseof brillian
e;� simultaneous produ
tion of two 
olors for pump-probe experiments with an easy 
ontrolof the intensity ratio;� fast swit
hing between two or more 
olors for di�erent user experiments;� a possibility of using more simple and robust undulator te
hnology with larger periodsand gaps at low-energy X-ray FEL fa
ilities.We have also found out that harmoni
 lasing is, in prin
iple, possible in soft x-ray beam-lines of X-ray FEL fa
ilities without being aimed at. This lasing 
an be used as a modeof operation, or suppressed in a simple way.34



Finally, let us express a hope that the list of possible appli
ations will be signi�
antlyextended in the future.10 A
knowledgmentsWe would like to thank R. Brinkmann for his interest in this work, and D. Ratner foruseful dis
ussions.

35



A Parametrization of the eigenvalue equation for harmoni
 lasingIn Ref. [21℄ the eigenvalue equation for a high-gain FEL was derived that in
ludes su
himportant e�e
ts as di�ra
tion of radiation, betatron motion of parti
les and longitudinalvelo
ity spread due to emittan
e, energy spread in the ele
tron beam, frequen
y detuning.The eigenvalue equation is an integral equation whi
h 
an be evaluated numeri
ally for anyparti
ular parameter set with a desirable a

ura
y. The generalization of this eigenvalueequation to the 
ase of harmoni
 lasing was done in [7℄. Here we present the latter resultfor the growth rate of TEMnm mode in a dimensionless form a

epted in [52℄:��nm(p)=� h2A2JJhA2JJ1(2 ihB�̂� p2) 1Z0 d p0p0 ��nm(p0)� 1Z0 d � �(1� ihBk̂2��=2)2 exp "�h2�̂2T�22 � (�̂ + i Ĉ)�#� exp 24� p2 + p024(1� ihBk̂2��=2)35 In 24 pp0 
os(k̂��)2(1� ihBk̂2��=2)35 : (A.1)where h = 1; 3; 5; ::: is harmoni
 number, In is the modi�ed Bessel fun
tion of the �rstkind. The normalized growth rate �̂ = �=� has to be found from numeri
al solution ofthe integral equation. The following notations are used here: r̂ = r=(�p2), B = 2�2�!1=
is the di�ra
tion parameter, !1 is the fundamental frequen
y, � = p�� is the transverserms size of the mat
hed Gaussian beam, emittan
e � is simply given by � = �n=
 with�n being normalized rms emittan
e, k̂� = k�=� is the betatron motion parameter, k� =1=� is the betatron wavenumber, � is the beta-fun
tion, �̂2T = �2
=(��
)2 is the energyspread parameter, Ĉ = [kw � !h=(2h

2z)℄ =� is the detuning parameter, !h ' h!1, � =hA2JJ1I!21�2s (IA
2
2z
)�1i1=2 is the gain fa
tor, �� = 

2z�=!1 is the eÆ
ien
y parameter,�s = K=
, K is the rms undulator parameter, 
 is relativisti
 fa
tor, 
�2z = 
�2 + �2s , kwis the undulator wavenumber, I is the beam 
urrent, IA = 17 kA is the Alfven 
urrent,AJJh = J(h�1)=2(hK2=2(1+K2))� J(h+1)=2(hK2=2(1+K2)). Note that the s
aling fa
tors(�, ��) re
e
t the growth rate of the fundamental harmoni
. The eÆ
ien
y parameter ��is related to the 
orresponding parameter � [36℄ of the one-dimensional model as follows:�� = �B1=3. 36



One 
an observe that the equation (A.1) 
an be rewritten su
h that it looks the same forall harmoni
s:��nm(p)=� 12 i ~B ~�� p2 1Z0 d p0p0 ��nm(p0)� 1Z0 d x x(1� i ~B~k2�x=2)2 exp "� ~�2Tx22 � (~� + i ~C)x#� exp 24� p2 + p024(1� i ~B~k2�x=2)35 In 24 pp0 
os(~k�x)2(1� i ~B~k2�x=2)35 ; (A.2)with the following s
aling fa
tors: ~� = hA2JJhI!2h�2s (IA
2
2z
)�1i1=2 and ~� = 

2z ~�=!h. Notethat the gain parameter 
an be rewritten as~� =  A2JJhI!2hK2(1 +K2)IA
2
5 !1=2 (A.3)The new s
aled parameters are now written as follows: ~�2T = �2
=(~�
)2 is the energy spreadparameter, ~k� = k�=~� is the betatron motion parameter, ~C = [kw � !h=(2h

2z)℄ =~� is thedetuning parameter, and~B = 2�2~�!h=
 (A.4)is the di�ra
tion parameter.In this paper we 
on
entrate on the 
ase when beta-fun
tion is optimized for the highestFEL gain. Sin
e di�ra
tion parameter depends on beta-fun
tion, it is more 
onvenientto go over to the normalized parameters other then those introdu
ed above. Indeed, thedi�ra
tion parameter 
an be rewritten as ~B = 2~�=~k�, where ~� = 2��=�h and �h = 2�
=!h.Then we 
an go from parameters ( ~B; ~k�) to (~�; ~k�), and the Eq. (A.2) be
omes��nm(p)=� 14 i ~�~�=~k� � p2 1Z0 d p0p0 ��nm(p0)� 1Z0 d x x(1� i ~�~k�x)2 exp "� ~�2Tx22 � (~� + i ~C)x#37



� exp "� p2 + p024(1� i ~�~k�x)# In " pp0 
os(~k�x)2(1� i ~�~k�x)# : (A.5)Our goal is to �nd the redu
ed growth rate (the real part of the eigenvalue) Re~� = Re�=~�of the transverse mode TEM00 when an FEL lases at h-th harmoni
. The �eld gainlength of this mode is then simply Lg = 1=Re�. In the 
ase of a SASE FEL the detuningparameter falls out of the parameters of the problem sin
e the lasing always takes pla
e atthe optimal detuning. Thus, when solving the eigenvalue equation, we should always �ndthe eigenvalue at the optimal detuning. Let us also assume at the �rst step that the energyspread parameter is negligibly small (denoting the gain length for this 
ase as Lg0), sothat its in
uen
e on FEL operation 
an be negle
ted. In this 
ase the redu
ed growth rateRe~� depends only on two dimensionless parameters: ~� and ~k�. If in addition one optimizesbeta-fun
tion, then the redu
ed growth rate is the fun
tion of the only parameter, s
aledemittan
e: Re~� = f(~�). Correspondingly, the �eld gain length 
an be written as follows:Lg0 = [~�f(~�)℄�1 (A.6)Numeri
al solution of the eigenvalue equation (A.5) is time-
onsuming, so we used anapproximate solution [52℄ whi
h agrees very well (to better than 1% in the whole parameterspa
e) with the solution of Eq. (A.5). In the most interesting parameter range, 1 < ~� < 5,we have found [25℄ that the fun
tion f(~�) is well approximated as f(~�) / ~��5=6, so thatthe gain length in the 
ase of negligible energy spread and optimal beta-fun
tion isLg0 ' a1~��1~�5=6 ; (A.7)where a1 is the �tting 
oeÆ
ient. Now we would like to in
lude the e�e
ts of the energyspread. For that we present the growth rate as Lg = Lg0(1 + Æ), where Æ depends on theenergy spread. Again, for the optimal beta-fun
tion, we found that the �t Æ / ~�2T~�5=4works very well in the wide range of values of the energy spread parameter. Thus, the�eld gain length for the optimal beta-fun
tion 
an be written as follows:Lg ' a1~��1~�5=6(1 + a2~�2T~�5=4) : (A.8)Optimizing �tting 
oeÆ
ients a1 and a2 in the range of parameters, spe
i�ed in (6), (7), we38



obtain the Eqs. (3)-(5). In a similar way we obtained the expression (8) for the optimalbeta-fun
tion. In parti
ular, in the 
ase of negligibly small energy spread we used thefollowing approximation: (~k�)opt / ~��3=2.
B In
uen
e of quantum di�usion in an undulator on saturation lengthEnergy spread growth due to the quantum 
u
tuations of the spontaneous undulatorradiation 
an be an important e�e
t [27,28℄ in X-ray FELs. The rate of the energy di�usionis given by [28℄ (note that the peak value of the undulator parameter K was used informulas of Ref. [28℄):d�2
dz = 1415�
re
4�3wK2F (K) ; (B.1)where �
 = 3:86� 10�11 
m, re = 2:82� 10�13 
m, �w = 2�=�w, andF (K) = 1:70K + (1 + 1:88K + 0:80K2)�1 (B.2)for planar undulator. To estimate the FEL saturation length for the 
ase of optimal beta-fun
tion, we a

ept the following s
heme [25℄. First, we negle
t energy di�usion and �nd azeroth order approximation to the saturation length from (9), (3)-(5). Then we 
al
ulatean indu
ed energy spread in the middle of the undulator from (B.1), add it quadrati
allyto the initial energy spread, and �nd a new expression for Æ. Then, using (9), (3)-(5), we�nd the �rst approximation to the saturation length. Then we do the next iteration, et
.Finally, the saturation length 
an be estimated asLsat ' 10 Lg0 1 + Æ1� Æq ; (B.3)whereÆq = 5:5� 104 �IAI �3=2 �
re�2n�11=4r �5=4w (1 +K2)9=4F (K)KA3JJhh5=3 (B.4)39



Note that in the latter formula the powers are somewhat simpli�ed. Comparing Eqs. (9)and (B.3), we 
an introdu
e an e�e
tive parameterÆe� = Æ + Æq1� Æq ; (B.5)whi
h should be used instead of Æ in (7) to 
he
k the appli
ability range and in (8) toestimate the optimal beta-fun
tion.Although formula (B.3) is rather 
rude estimate, it 
an be used for qui
k orientation inthe parameter spa
e with a posteriori 
he
k using a numeri
al simulation 
ode.C Generalization of Ming Xie formulas to the 
ase of harmoni
 lasingIn Refs. [29,30℄ the �tting formulas were presented that approximate FEL power gainlength, Lg. Note that in our parametrization in Se
tion 2 (and throughout this paper)we use the same notation for the �eld gain length whi
h is twi
e longer. The power gainlength of the fundamental harmoni
 was expressed in [29,30℄ as follows:L1dLg = 11 + �(�d; ��; �
) ; (C.1)where L1d is the 1D gain length for the 
old beam, and � depends on the three dimension-less parameters: �d, ��, and �
. This dependen
e 
an be found in [29,30℄, it was obtainedby �tting the solution of the eigenvalue equation with the help of 19 �tting 
oeÆ
ients.We 
an generalize these results for 
al
ulation of power gain length L(h)g of harmoni
 lasingin a simple way. Eq. (C.1) 
an be generalized asL(h)1dL(h)g = 11 + �(�(h)d ; �(h)� ; �(h)
 ) : (C.2)The 1D gain length of harmoni
s 
an be 
al
ulated asL(h)1d =  A2JJ1hA2JJh!1=3 L1d ; 40



and the fun
tion � now depends on the three generalized parameters:�(h)d =  A2JJ1hA2JJh!1=3 �dh �(h)� =  A2JJ1hA2JJh!1=3 h�� �(h)
 =  A2JJ1hA2JJh!1=3 h�

D Phase shifters method: 1D modelIt was suggested in [18℄ that the fundamental mode 
an be disrupted by introdu
ing 
on-se
utive phase shifts 2�=3 while the third harmoni
 is ampli�ed without interruptions upto saturation. However, the simulations in [18℄ were done for the 
ase of a mono
hromati
seed. We would like to 
he
k if this method also works in the 
ase of a SASE FEL, usingthe same 1D model as in [18℄, and similar normalization pro
edure. For example, theredu
ed longitudinal 
oordinate ẑ in our notations [39℄ 
orresponds to �z in [18℄.We de�ne phase shift in the same way as it was done in [18℄ to make the results 
ompatible.For example, the shift 2�=3 
orresponds to the advan
e of a modulated ele
tron beamw.r.t. ele
tromagneti
 �eld by �1=3. In Fig. D.1 we present the simulation of SASE FELwith the set of phase shifters 
onsidered in [18℄: phase shifts are equal to 2�=3 at thepositions ẑ = 4; 5; 6; ::: . One 
an see that this set does not provide a suÆ
ient disruptionof the fundamental mode so that it rea
hes saturation not allowing the third harmoni
 toa
hieve high intensity level (although it is somewhat larger than that in the 
ase withoutphase shifters). Note that starting with phase shifts earlier, at ẑ = 1, or using themmore often does not bring a signi�
ant improvement of the situation. Better results area
hieved if one uses 4�=3 shifts, but this is also not suÆ
ient for a sure suppression ofthe fundamental harmoni
 and obtaining an ultimate performan
e of the third harmoni
.The main di�eren
e of a SASE FEL with a seeded FEL ampli�er is that in the former
ase the ampli�ed frequen
y band is de�ned self-
onsistently, i.e. the mean frequen
y isshifted depending on magnitude and positions of phase shifts.If, however, we apply a modi�ed method des
ribed in Se
tion 4.1, namely a pi
ewise useof phase shifts 2�=3 and 4�=3, we 
an a
hieve a desirable situation as one 
an see fromFig. D.2. In this 
ase the third harmoni
 saturates while the fundamental mode stays wellbelow saturation. 41
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zFig. D.1. Normalized power of the fundamental harmoni
 (solid) and of the third harmoni
(dash) versus normalized undulator length for a SASE FEL. Phase shifts are equal to 2�=3 atthe positions ẑ = 4; 5; 6; :::; 14, as suggested in [18℄. The undulator parameter is large, K � 1.De�nitions of the normalized parameters 
an be found in [39℄E Harmoni
s versus the retuned fundamental mode: 
omparison with 1DmodelHere we 
onsider harmoni
 lasing and lasing at the same wavelength at the funda-mental mode with the redu
ed undulator parameter K. In this Se
tion we negle
t energyspread e�e
ts (Æ = 0), and 
on
entrate on 
omparison of 3D and 1D models.A 
omparison between gain length of the third harmoni
 and that of the fundamentalharmoni
 (with redu
ed undulator parameter Kre su
h that the wavelength is the same inboth 
ases) was done in [18℄ in the framework of 1D model. It was shown that in the 
aseof 
old ele
tron beam the FEL gain length is always shorter for third harmoni
 lasing.The ratio of gain length of the retuned fundamental mode to the gain length of the h-thharmoni
 is given by the formula:L(1K)gL(h)g = " hK2A2JJh(K)K2reA2JJ1(Kre)#1=3 in 1D model (E.1)42
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zFig. D.2. Normalized power of the fundamental harmoni
 (solid) and of the third harmoni
(dash) versus normalized undulator length. Phase shifts are equal to 4�=3 at the positionsẑ = 1; 2; 3; 8; 9 and 2�=3 at the positions ẑ = 4; 5; 6; 7; 10; 11. The undulator parameter is large,K � 1.The supers
ript (1K) indi
ates that the retunig of the undulator parameter was used toredu
e wavelength of the �rst harmoni
. The retuned undulator parameter Kre 
an befound from the equation:1 +K21 +K2re = h (E.2)Now we 
an present the 
orresponding ratio of gain lengths for the 
ase of a full 3D modelof FEL pro
ess in
luding di�ra
tion of radiation, �nite transverse beam size, betatronmotion et
. As it was done above, we assume that beta-fun
tion is optimized in ea
h 
ase,and the energy spread e�e
ts 
an be negle
ted. Sin
e the wavelength and the beam energyin the 
onsidered 
ase are the same for a harmoni
 and for the fundamental mode, theemittan
e parameter ~� is also the same. Thus, a

ording to (A.6), the ratio of gain lengthsis simply given by the inverse ratio of gain parameters ~� (see (A.3)), i.e. it 
an be written(with the help of (E.2)) as follows:L(1K)gL(h)g = h1=2KAJJh(K)KreAJJ1(Kre) in 3D model (E.3)43
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KFig. E.1. Ratio of gain lengths for lasing at the fundamental wavelength and at the third har-moni
. Solid 
urve is 
al
ulated with the help of Eq. (E.3) in the frame of 3D model. Dashed
urve is 
al
ulated with the help of Eq. (E.1) in the frame of 1D model. Adjustment of thefundamental wavelength was done by retuning of the undulator parameter K a

ording to (E.2).One 
an observe that Eqs. (E.1) and (E.3) 
an be dire
tly 
ompared:"L(1K)gL(h)g #3D;�opt = "L(1K)gL(h)g #3=21D (E.4)We indi
ated expli
itly that in 3D 
ase the beta-fun
tion was optimized for a harmoni
and for the retuned fundamental. In 
ontrast, in 1D 
ase the emittan
e and the beta-fun
tion are not the parameters of the problem, and the 
urrent density is kept the same.It was shown in [18℄ that in the frame of 1D theory with 
old ele
tron beam the gainlength of the retuned fundamental mode is always larger than the gain length of the thirdharmoni
. It follows from (E.4) that this also holds in 3D 
ase with negligible energyspread and optimal beta-fun
tion, moreover the ratio is even larger (it is raised to thepower 3/2) than in 1D 
ase. This means that in
lusion of 3D e�e
ts a
tually improves thesituation and makes harmoni
 lasing even more attra
tive option than 1D theory suggests,see Fig. E.1.
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