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Bottom-
avored hadrons from top-quark de
ay atnext-to-leading order in the general-massvariable-
avor-number s
hemeBernd A. Kniehl, Gustav KramerII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanySeyed M. Moosavi NejadFa
ulty of Physi
s, Yazd University, P.O. Box 89195{741, Yazd, IRAN,S
hool of Parti
les, Institute for Resear
h in Fundamental S
ien
es (IPM),P.O. Box 19395{5746, Tehran, IranAbstra
tWe study the s
aled-energy (xB) distribution of bottom-
avored hadrons (B)in
lusively produ
ed in top-quark de
ays at next-to-leading order (NLO) in thegeneral-mass variable-
avor-number s
heme endowed with realisti
, nonperturba-tive fragmentation fun
tions that are obtained through a global �t to e+e� datafrom CERN LEP1 and SLAC SLC exploiting their universality and s
aling viola-tions. Spe
i�
ally, we study the e�e
ts of gluon fragmentation and �nite bottom-quark and B-hadron masses. We �nd the NLO 
orre
tions to be signi�
ant. Gluonfragmentation leads to an appre
iable redu
tion in the partial de
ay width at lowvalues of xB . Hadron masses are responsible for the low-xB threshold, while thebottom-quark mass is of minor importan
e. Negle
ting the latter, we also study thedoubly di�erential distribution d2�=(dxB d 
os �) of the partial width of the de
ayt ! bW+ ! B`+�` + X, where � is the de
ay angle of the 
harged lepton in theW -boson rest frame.PACS numbers: 12.38.Bx, 13.85.Ni, 14.40.Nd, 14.65.Ha
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1 Introdu
tionAmong other things, the CERN Large Hadron Collider (LHC) is a superlative top fa
tory,produ
ing about 90 million top-quark pairs per year of running at design energy pS =14 TeV and design luminosity L = 1034 
m�2s�1 in ea
h of the four experiments [1℄.This will allow us to determine the properties of the top quark, su
h as its mass mt, totalde
ay width �t, bran
hing fra
tions, and elements Vtq of the Cabibbo-Kobayashi-Maskawa(CKM) [2℄ quark mixing matrix, with unpre
edented pre
ision. Due to its large mass,the top quark de
ays so rapidly that it has no time to hadronize and passes on its fullspin information to its de
ay produ
ts. If it were not for the 
on�nement of 
olor, thetop quark 
ould, therefore, be 
onsidered as a free parti
le. Due to jVtbj � 1, top quarksalmost ex
lusively de
ay to bottom quarks, via t! bW+.On the other hand, bottom quarks hadronize, via b ! B +X, before they de
ay, sothat the de
ay pro
ess t ! BW+ + X is of prime importan
e, and it is an urgent taskto predi
t its partial de
ay width as realisti
ally and reliably as possible. Of parti
ularinterest are the distribution in the s
aled B-hadron energy xB in the top-quark rest frame,and, in the 
ase of leptoni
 W -boson de
ays W+ ! `+�`, the one in the 
harged-leptonde
ay angle � in the W -boson rest frame. In fa
t, the xB distribution provides dire
ta

ess to the B-hadron fragmentation fun
tions (FFs), and the 
os � distribution allowsus to analyze the W -boson polarization and so to further 
onstrain the B-hadron FFsby exploiting xB distributions for all the W -boson polarization states. B mesons are, forinstan
e, 
leanly identi�ed by their de
ays to J= mesons, whi
h are easy to tag throughtheir spe
ta
ular de
ays to e+e� and �+�� pairs.The theoreti
al aspe
ts of top-quark physi
s at the LHC are ni
ely summarized in are
ent review paper [3℄. In the approximation of treating the bottom quark as a stable�nal-state parti
le that does not hadronize, the QCD 
orre
tions to �(t ! bW+) areknown at NLO with subsequent W+ ! `+�` de
ay [4,5℄ and at next-to-next-to-leadingorder for stable W boson [6℄. The terms of order �n0�n+1s , where �0 is the �rst 
oeÆ
ientof the QCD beta fun
tion and �s is the strong-
oupling 
onstant, were resummed to allorders in Ref. [7℄. The NLO ele
troweak 
orre
tions were found in Ref. [8℄.The hadronization of the bottom quark was 
onsidered in the NLO QCD analyses oftop-quark de
ay in Refs. [9,10,11℄ and was, in fa
t, identi�ed to be the largest sour
e ofun
ertainty in the determination of the top-quark mass. In Refs. [9,10,11℄, the W bosonwas taken to be stable, the bottom-quark mass was negle
ted at the parton level, andthe hadronization pro
ess b ! B + X was implemented as a 
onvolution of a pertur-bative FF [12℄, des
ribing in a way the 
onversion of the massless bottom quark to itsmassive 
ounterpart, and a nonperturbative FF modeling the hadronization of the latter.Hereby, the perturbative FF depends on a fa
torization s
ale and is subje
t to Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [13℄ evolution, while the nonperturbative FF iss
ale independent. Be
ause of the treatment of a heavy quark as a massless parton, thisframework 
orresponds to the zero-mass variable-
avor-number (ZM-VFN) s
heme. InRefs. [9,10℄, also soft-gluon resummation was studied. In Ref. [11℄, also the distributionin the invariant mass mB` of the B hadron and the 
harged lepton ` from W -boson de
ay2



was 
onsidered.In this paper, we revisit B-hadron produ
tion from top-quark de
ay working at NLO inthe general-mass variable-
avor-number (GM-VFN) s
heme, whi
h was elaborated for in-
lusive heavy-
avored-hadron produ
tion in e+e� annihilation [14℄, two-photon 
ollisions[15℄, photoprodu
tion [16℄, and hadroprodu
tion [17,18℄, and provides an ideal theoreti
alframework also here. Being manifestly based on Collin's hard-s
attering fa
torization the-orem appropriate for massive quarks [19℄, this fa
torization s
heme allows one to resumthe large logarithms in mb, to retain the �nite-mb e�e
ts, and to preserve the universalityof the FFs, whose s
aling violations remain to be subje
t to DGLAP evolution. In thisway, it 
ombines the virtues of the ZM-VFN and �xed-
avor-number (FFN) s
hemes and,at the same time, avoids their 
aws. It is, in fa
t, a tailor-made tool for global analyses ofexperimental data on the in
lusive produ
tion of heavy-
avored hadrons, allowing one totransfer nonperturbative information on the hadronization of quarks and gluons from onetype of experiment to another and, within one type of experiment, from one energy s
ale�F to another, without the restri
tion �F � mb inherent to the ZM-VFN s
heme. In theGM-VFN s
heme, the perturbative FFs enter the formalism via subtra
tion terms for thehard-s
attering 
ross se
tions and de
ay rates, so that the a
tual FFs are truly nonpertur-bative and may be assumed to have some smooth forms that 
an be determined throughglobal data �ts. In 
ontrast to the FFN s
heme, the GM-VFN s
heme also a

ommodatesFFs for gluons and light quarks, as in the ZM-VFN s
heme.Spe
i�
ally, our analysis is supposed to enhan
e those of Refs. [9,10,11℄ by retaining allnonlogarithmi
 mb terms of the result in the FFN s
heme and by in
luding light-partonfragmentation. Furthermore, we in
lude �nite-mB e�e
ts, whi
h modify the relationsbetween partoni
 and hadroni
 variables and redu
e the available phase spa
e. Althoughthese additional e�e
ts are not expe
ted to be truly sizable numeri
ally, ex
ept for 
ertain
orners the phase spa
e, their study is nevertheless mandatory in order to fully exploitthe enormous statisti
s of the LHC data to be taken in the long run for a high-pre
isiondetermination of the top-quark properties. We also extend Refs. [9,10,11℄ by in
ludingsubsequent leptoni
 de
ays of the W boson and studying the distribution in the angle �of the 
harged lepton in the W -boson rest frame, while Ref. [11℄ is fo
used on the mB`distribution.This paper is organized as follows. In Se
. 2, we explain how to in
orporate �nite-mB
orre
tions in the evaluation of d�(t! B +X)=dxB. In Se
. 3, we give the parton-levelexpressions for d�(t ! B + X)=dxB at NLO in the ZM-VFN and FFN s
hemes and
ombine them to obtain those in the GM-VFN s
heme. In Se
. 4, we list the parton-levelformulas needed to evaluate d2�(t ! B`�` + X)=(dxB d 
os �) at NLO in the ZM-VFNs
heme. In Se
. 5, we present our numeri
al analysis. In Se
. 6, we summarize our
on
lusions. The Appendix a

ommodates some formulas that are too lengthy to bedisplayed in Se
. 4.
3



2 Hadron mass e�e
tsWe 
onsider the de
ay pro
esst(pt)! b(pb) +W+(pW )(+g(pg))! B(pB) +X; (1)where X 
olle
tively denotes the unobserved �nal-state parti
les and the four-momentumassignments are indi
ated in parentheses. The gluon in Eq. (1) 
ontributes to the realradiation at NLO. Both the b quark and the gluon may hadronize to the B hadron.In the top-quark rest frame, the b quark, gluon, and B hadron have energies Ei =pt � pi=mt (i = b; g; B), whi
h range from Eminb = mb, Eming = 0, and EminB = mB toEmaxb = (m2t +m2b �m2W )=(2mt), Emaxg = [m2t � (mb +mW )2℄=(2mt), and EmaxB = (m2t +m2B�m2W )=(2mt), respe
tively. In the 
ase of gluon fragmentation, g ! B, the maximumB-hadron energy is ~EmaxB = [m2t +m2B� (mb+mW )2℄=(2mt). It is 
onvenient to introdu
ethe s
aled energies xi = Ei=Emaxb (i = b; g; B).We wish to 
al
ulate the partial de
ay width of pro
ess (1) di�erential in xB, d�=dxB,at NLO in the GM-VFN s
heme taking into a

ount �nite-mB 
orre
tions. In the ZM-VFN s
heme, the four-momenta of the produ
ed hadron and the mother parton are relatedas pB = zpa (a = b; g), where the s
aling variable z takes the values 0 � z � 1. Thissimple relation is not 
ompatible with �nite quark and/or hadron masses and needs tobe generalized when passing from the ZM-VFN s
heme to the GM-VFN s
heme. Thereis some freedom in de�ning the s
aling variable in the presen
e of quark and/or hadronmasses. In the 
ase under 
onsideration, a 
onvenient 
hoi
e is EB = zEa [14℄, i.e. toretain just one of the four equations pB = zpa. By the fa
torization theorem of theQCD-improved parton model, we then haved� = Xa=b;g Z 10 dz d�̂a(�R; �F )����Ea=EB=zDa(z; �F ); (2)where d�̂a(�R; �F ) is the di�erential de
ay width of the parton-level pro
ess t! a +X,with X 
omprising the W boson and any other parton, and Da(z; �F ) is the FF of thetransition a ! B. Here, �R and �F are the renormalization and fa
torization s
ales,respe
tively. Substituting d�̂ = dxB(dxa=dxB)d�̂=dxa and eliminating z = xB=xa as theintegration variable, we obtain our master formulad�dxB = Xa=b;g Z xmaxaxmina dxaxa d�̂adxa (�R; �F )Da�xBxa ; �F� : (3)Using xB � xa along with the above bounds on Ei (i = b; g; B), we have xminb =max(�b; xB), xmaxb = 1, xming = xB, and xmaxg = �, where �i = mi=Emaxb (i = b; g; B) and� = Emaxg =Emaxb . The kinemati
ally allowed xB ranges are �B � xB � min(1; EmaxB =Emaxb )for a = b and �B � xB � � for a = g. In reality, we have mb < mB, so that xminb = xBand xmaxB = 1 for a = b. 4



In order to assess the theoreti
al un
ertainty due to the freedom in the 
hoi
e of s
alingvariable in the GM-VFN s
heme, we also 
onsider here the de�nition in terms of the plus
omponent V + = (V 0 + V 3)=p2 of a four-ve
tor V in light-
one 
oordinates. Takingthe three-axis to point along the 
ommon 
ight dire
tion of parton a and the B hadron,we de�ne p+B = zp+a [20℄. This de�nition is invariant under boosts along the three-axis.Starting from the fa
torization formula (2) with Ea = EB=z repla
ed by p+a = p+B=z, weobtain d�dxB = 1px2B � �2B Xa=b;g Z xmaxaxmina dxa zd�̂adxa (�R; �F )Da (z; �F ) ; (4)where z = xB +px2B � �2Bxa +px2a � �2a ; (5)and it is understood that mg = 0. Using again the above bounds on Ei (i = b; g; B), butimposing z � 1 instead of xB � xa, we now havexmina = 12  xB +qx2B � �2B + �2axB +px2B � �2B! ; (6)while xmaxb and xmaxg go un
hanged. The kinemati
ally allowed xB ranges now are �B �xB � EmaxB =Emaxb for a = b and �B � xB � ~EmaxB =Emaxb for a = g.Clearly, both Eqs. (3) and (4) may also be used for mb = 0, to improve the ZM-VFNs
heme by a

ommodating hadron-mass 
orre
tions. If also mB = 0 is put, then Eqs. (3)and (4) 
oin
ide reprodu
ing the familiar fa
torization formula of the massless partonmodel.Taking a 
loser look at Eq. (3), we observe that the GM-VFN predi
tion implementedwith the energy s
aling variable z = EB=Ea is not a�e
ted by �nite-mB 
orre
tions insidethe xB region a

essible for mB > mb. This is quite di�erent for the implementationwith the light-
one-momentum s
aling variable z = p+B=p+a via Eq. (4). Of 
ourse, theseobservations 
arry over to the ZM-VFN 
ase of mb = 0.3 Analyti
 results for d�(t! B +X)=dxBWe now dis
uss the evaluation of the quantities d�̂a(�R; �F )=dxa at NLO in the GM-VFNs
heme. Their 
ounterparts in the FFN s
heme 
ontain the fullmb dependen
e. However,in the limit mb=mt ! 0, they develop large logarithmi
 would-be 
ollinear singularitiesof the type (�s=�) ln(m2t =m2b), whi
h spoil the 
onvergen
e of the perturbative expansion.There is no 
on
eptual ne
essity for FFs in this s
heme. They may still be introdu
ed byhand, but there is no fa
torization theorem to guarantee their universality.In the ZM-VFN s
heme, where mb = 0 is put right from the start, su
h 
ollinear singu-larities are regularized by dimensional regularization in D = 4�2� spa
e-time dimensionsto be
ome single poles in �, whi
h are subtra
ted at fa
torization s
ale �F and absorbed5



into the bare FFs a

ording to the modi�ed minimal-subtra
tion (MS) s
heme. Thisrenormalizes the FFs, endowing them with �F dependen
e, and generates in d�̂a=dxa�nite terms of the form (�s=�) ln(m2t =�2F ), whi
h are rendered perturbatively small by
hoosing �F = O(mt). In this s
heme, mb only sets the initial s
ale �iniF = O(mb) ofthe DGLAP evolution, where ansaetze for the z dependen
es of the FFs Da(z; �iniF ) areinje
ted. The DGLAP evolution from �iniF to �F then e�e
tively resums the problemati
logarithms (�s=�) ln(m2t =m2b) of the FFN s
heme. However, all information on the mbdependen
e of d�̂a=dxa is wasted.The GM-VFN s
heme is devised to resum the large logarithms in mb and to retain theentire nonlogarithmi
 mb dependen
e at the same time. This is a
hieved by introdu
ingappropriate subtra
tion terms in the NLO FFN expressions for d�̂a=dxa, so that the NLOZM-VFN results are exa
tly re
overed in the limit mb=mt ! 0. These subtra
tion termsare universal and so are the FFs in this s
heme, as is guaranteed by Collin's fa
torizationtheorem [19℄. If the same experimental data are �tted in the ZM-VFN and GM-VFNs
hemes, the resulting FFs will be somewhat di�erent.For the sake of a 
omparative analysis of the GM-VFN and ZM-VFN s
hemes, weneed to know d�̂a=dxa at NLO in both s
hemes. The NLO expressions for d�̂b=dxb in theZM-VFN and FFN s
hemes may be found in Eqs. (5) and (6) and Eq. (A.10) of Ref. [9℄,respe
tively. We veri�ed them by an independent 
al
ulation and also derived those ford�̂g=dxg. For the reader's 
onvenien
e, we list here all our results. In the ZM-VFNs
heme, we have1�0 d�̂bdxb = Æ(1� xb) + �s(�R)2� CF ��1 + x2b1� xb�+ �ln x2b(1� w)2m2t�2F + 1�+ 4xb(1� xb)+�� w(1� w)(1� xb)2(1 + 2w)[1� xb(1� w)℄ � 1�+ 2(1 + x2b)� ln(1� xb)1� xb �+ � Æ(1� xb)� �4 Li2(w) + 2 lnw ln(1� w) + 2w1� w lnw + 5 + 4w1 + 2w ln(1� w) + 152 �� ;1�0 d�̂gdxg = �s(�R)2� CF �1 + (1� xg)2xg ln x2g(1� xg)2(1� w)2m2t[1� xg(1� w)℄�2F+ 12(1 + 2w)[1� xg(1� w)℄2 ��(1� 6w)(1� w)2x3g + 2(1� w)(1� 2w)� (3 + w)x2g � (13� 25w2 + 6w3)xg + 4(1 + 2w)(3� 2w)� 41 + 2wxg �� ;(7)where �0 = GFm3t jVtbj28�p2 (1� w)2(1 + 2w) (8)is the total de
ay width at LO, GF is Fermi's 
onstant, w = m2W=m2t , CF = (N2
 �1)=(2N
) = 4=3 for N
 = 3 quark 
olors, and Li2(x) = � R x0 (dt=t) ln(1� t) is the Spen
efun
tion. Integrating d�̂b=dxb of Eq. (7) over xb, we re
over the familiar result given byEq. (2.8) in 
onne
tion with Eqs. (3.1) and (3.2) of Ref. [4℄.6



In the FFN s
heme, we have1�0 d�̂bdxb = Æ(1� xb) + CF�s(�R)�Q ��2s �Li2� 2Q1� s+Q�� Li2� 2Qs� b+Q�� ln(s +Q)�ln 1� s+Qpw + ln s� b +Q2s(1� �)�+ 12 ln b ln s� b +Q2s(1� �)�+ �3Q2G0 + s� b� ln s +Qpb + (1� b) ln 1� s+Qpw+ Q ��6(w � b)(s� b)wG0 � 1� ln b4 � 2 ln 2s(1� �)pw � 2�� Æ(1� xb)� 2�(xb) � 1(1� xb)+ + sG0 �1 + 1 + b2w � (1� xb)� 1�+ 2sqx2b � �2 �2 s2G0 1� xb1� 2sxb + b + sG0 �1 + 1 + b2w � (1� xb)� 1�� :1�0 d�̂gdxg = CF�s(�R)s2�wQG0 (�(2s+ 3w)1 + (1� xg)2xg � 4bs 1� xgxg � ar
osh 1� xg�p1� 2sxg+ 1� xg(1� 2sxg)2s1� �2(1� 2sxg)(1� xg)2 �s2(6s+ w)x2g � 2sxg � wG0� �7sxg � 8 + 2sxg��� ; (9)where �0 = GFm3t jVtbj22�p2 wQG0 (10)is the total de
ay width at LO and, in the notation of Ref. [9℄,b = m2bm2t ; s = 12(1 + b� w); � = pbs ; Q = sp1� �2;G0 = 12 �1 + b� 2w + (1� b)2w � ; �(xb) = s qx2b � �2 � artanhpx2b � �2xb ! :(11)Integrating d�̂b=dxb of Eq. (9) over xb, we re
over the familiar result given by Eq. (2.8)in 
onne
tion with Eqs. (2.2){(2.4) and (2.6) of Ref. [4℄.As explained above, the GM-VFN results are obtained by mat
hing the FFN ones tothe ZM-VFN ones by subtra
tion, as 1�0 d�̂adxa!GM-VFN =  1�0 d�̂adxa!FFN � 1�0 d�̂adxa!sub ; (12)where the subtra
tion terms are 
onstru
ted as 1�0 d�̂adxa!sub = limmb!0 1�0 d�̂adxa!FFN � 1�0 d�̂adxa!ZM-VFN : (13)7



Figure 1: De�nition of the polar angle � in the W -boson rest frame.Taking the limit mb ! 0 in Eq. (9), we re
over Eq. (7) up to the terms 1�0 d�̂bdxb!sub = �s(�R)2� CF �1 + x2b1� xb �ln �2Fm2b � 2 ln(1� xb)� 1��+ ; (14) 1�0 d�̂gdxg!sub = �s(�R)2� CF 1 + (1� xg)2xg �ln �2Fm2b � 2 lnxg � 1� : (15)As already observed in Ref. [9℄, Eq. (14) 
oin
ides with the perturbative FF of the tran-sition b! b [12℄.4 Analyti
 results for d�(t ! B`+�` + X)=(dxB d 
os �)We now allow for the W boson in pro
ess (1) to de
ay. For de�niteness, we 
onsider itsleptoni
 de
ay, whi
h is 
leaner than the hadroni
 one, so that we are dealing with thepro
ess t(pt)! b(pb) +W+(pW )(+g(pg))! B(pB) + `+ + �` +X; (16)for whi
h we wish to 
al
ulate the doubly di�erential partial de
ay width, d�=(dxB d 
os �),at NLO. As mentioned above, � is the de
ay angle of the 
harged lepton `+ in theW -bosonrest frame (see Fig. 1).As will be demonstrated in Se
. 5, the �nite-mb 
orre
tions are rather small in the
ase of pro
ess (1), mu
h smaller than the 
ontribution from gluon fragmentation. Inthe following, we, therefore, set mb = 0, i.e. we work in the ZM-VFN s
heme, but weretain mB 6= 0 and gluon fragmentation. Furthermore, we put p2W = m2W , i.e. we workin the narrow-width approximation. This allows us to employ the heli
ity density matrixformalism, so that the squared de
ay amplitude of pro
ess (16) fa
torizes into the squaredamplitude of pro
ess (1), with de�nite W -boson polarization, and the squared amplitudeof the subsequent de
ay W+ ! `+ + �` of the W boson just so polarized. The three8



degrees of massive-ve
tor-boson polarization, � = 0;�1, are 
onveniently implemented byapplying the 
ovariant proje
tion operators"�(0)"��(0) = w~p 2W �p�t � pt � pWm2W p�W��p�t � pt � pWm2W p�W� ;"�(�)"��(�) = 12 ��g�� + p�Wp�Wm2W � w~p 2W �p�t � pt � pWm2W p�W��p�t � pt � pWm2W p�W�� i�����mtj~pW j(pt)�(pW )�� ; (17)where �0123 = 1 and j~pW j = p(pt � pW=mt)2 �m2W = mtp[1� s(xb + xg)℄2 � w is themodulus of the W -boson three-momentum in the top-quark rest frame. Performing thepolarization sum, we re
over the familiar 
ompleteness relation+1X�=�1 "�(�)"��(�) = �g�� + p�Wp�Wm2W ; (18)used in Se
. 3.Repeating the 
al
ulation of Se
. 3 at NLO in the ZM-VFN s
heme with Eq. (17)instead of Eq. (18), we obtaind2�̂adxa d 
os � = 38(1 + 
os �)2d�̂+adxa + 38(1� 
os �)2d�̂�adxa + 34 sin2 �d�̂0adxa ; (19)where d�̂�a=dxa are �-independent 
oeÆ
ient fun
tions listed in Eq. (24) of the Appendix.As in Se
. 3, the top quark is assumed to be unpolarized. At LO, � = 0 refers tothe 
ase when the top-quark spin is passed on to the bottom quark as is, while it is
ipped for � = �1; � = +1 is prohibited by angular-momentum 
onservation, so thatd�̂+a =dxa vanishes at LO. At NLO, all values of � are allowed be
ause of the presen
e ofthe additional spin-one boson g.There are two powerful 
he
ks for the 
orre
tness of Eq. (24). Firstly, integratingEq. (19) over 
os �, we obtain d�̂adxa = +1X�=�1 d�̂�adxa ; (20)whi
h agrees with Eq. (7) upon insertion of our expressions for d�̂�a=dxa. Se
ondly, inte-grating d�̂�b =dxb over xb, we re
over the results presented in Eqs. (15){(17) of Ref. [21℄.The stru
ture of the angular dependen
e of Eq. (19) is preserved by the 
onvolutionwith the FFs a

ording to Eq. (3) [or Eq. (4)℄, and we may proje
t out the hadroni

ounterparts of d�̂�a=dxa,d��dxB = Xa=b;g Z xmaxaxmina dxaxa d�̂�adxa (�R; �F )Da �xBxa ; �F� ; (21)9



from the measured � dependen
e of d2�=(dxB d 
os �) asd��dxB = Z 1�1 d 
os � f�(
os �) d2�dxB d 
os � ; (22)where f�1(x) = �12 � x+ 52x2; f 0(x) = 2� 5x2: (23)In this way, we obtain three independent xB distributions, whi
h we 
an use to 
onstrainthe B-hadron FFs.5 Numeri
al analysisWe are now in a position to explore the phenomenologi
al 
onsequen
es of our resultsby performing a numeri
al analysis. We adopt from Ref. [22℄ the input parameter valuesGF = 1:16637 � 10�5 GeV�2, mW = 80:399 GeV, mt = 172:9 GeV, mb = 4:78 GeV,mB = 5:279 GeV, and jVtbj = 0:999152. We evaluate �(nf )s (�R) at NLO in the MS s
hemeusing Eq. (9.5) of Ref. [22℄, retaining only the �rst two terms within the parentheses, withnf = 5 a
tive quark 
avors and asymptoti
 s
ale parameter �(5)MS = 231 MeV adjustedsu
h that �(5)s (mZ) = 0:1184 for mZ = 91:1876 GeV [22℄. We employ the nonperturbativeB-hadron FFs that were determined at NLO in the ZM-VFN s
heme through a joint �t[18℄ to e+e�-annihilation data taken by ALEPH [23℄ and OPAL [24℄ at CERN LEP1 andby SLD [25℄ at SLAC SLC. Spe
i�
ally, the power ansatz Db(z; �iniF ) = Nz�(1� z)� wasused as the initial 
ondition for the b ! B FF at �iniF = 4:5 GeV, while the gluon andlight-quark FFs were generated via the DGLAP evolution. The �t yielded N = 4684:1,� = 16:87, and � = 2:628 with �2d.o.f. = 1:495. We 
hoose �R = �F = mt.We �rst 
onsider the quantity d�(t! B +X)=dxB taking the W boson to be stable.Our most reliable predi
tion for it is made at NLO in the GM-VFN s
heme and in
ludes�nite-mB 
orre
tions. For the time being, we implement the latter in terms of the energys
aling variable z = EB=Ea using Eq. (3). In Fig. 2, we study for this predi
tion the sizeof the NLO 
orre
tions, by 
omparing the LO (dotted line) and NLO (solid line) results,and the relative importan
e of the b ! B (dashed line) and g ! B (dot-dashed line)fragmentation 
hannels at NLO. In order to expose the size of the NLO 
orre
tions atthe parton level, we evaluate the LO result using the same NLO FFs. We observe fromFig. 2 that the NLO 
orre
tions lead to a signi�
ant enhan
ement of the partial de
aywidth in the peak region and above, by as mu
h as 25%, at the expense of a depletionin the lower-xB range. Furthermore, the peak position is shifted towards higher values ofxB. The g ! B 
ontribution is throughout negative and appre
iable only in the low-xBregion, for xB�<0:2. For higher values of xB the NLO result is pra
ti
ally exhausted bythe b ! B 
ontribution, as expe
ted [9℄. In the following, we only 
onsider NLO resultsunless otherwise stated.In Fig. 3, we study the improvement over previous 
al
ulations, at NLO in the ZM-VFN s
heme negle
ting g ! B fragmentation and �nite-mB 
orre
tions (dotted line),10
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tion of xB in the GM-VFN (mb 6= 0) s
hemein
luding �nite-mB 
orre
tions implemented with the energy s
aling variable z = EB=Eausing Eq. (3). The NLO result (solid line) is 
ompared to the LO one (dotted line) andbroken up into the 
ontributions due to b ! B (dashed line) and g ! B (dot-dashedline) fragmentation.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1Figure 3: d�(t! B+X)=dxB as a fun
tion of xB at NLO. The GM-VFN (mb 6= 0) resultin
luding �nite-mB 
orre
tions implemented with the energy s
aling variable z = EB=Eausing Eq. (3) (solid line) is 
ompared to the ZM-VFN (mb = 0) results for mB = 0ex
luding (dotted line) and in
luding (dashed line) g ! B fragmentation.gained by swit
hing to our preferred mode of evaluation, at NLO in the GM-VFN s
hemein
luding g ! B fragmentation and �nite-mB 
orre
tions (solid line). For 
omparison,we also show the full ZM-VFN predi
tion, in
luding g ! B fragmentation, for mB = 0(dashed line). We observe from Fig. 3 that the improvement is threefold. First, the �nite-mB 
orre
tions are responsible for the appearan
e of the threshold at xB = �B = 0:07783.Se
ond, g ! B fragmentation leads to a signi�
ant redu
tion in size in the thresholdregion, as is familiar from Fig. 2. Third, the �nite-mb 
orre
tions lead to a moderateredu
tion in size throughout the whole xB range allowed. A similar observation was madefor the xb distribution in the perturbative-FF approa
h [9℄.For a more quantitative interpretation of Fig. 3, we 
onsider in Fig. 4 the ZM-VFNresult for mB = 0 without g ! B fragmentation (dotted line) and the full GM-VFNresult implemented with the energy s
aling variable (solid line), both normalized to thefull ZM-VFN result for mB = 0. We observe that the omission of g ! B fragmentationentails an ex
ess by a fa
tor of up to 2 
lose to threshold, while the �nite-mb 
orre
tions12
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tion of xB at NLO in the GM-VFN (mb 6= 0)s
heme in
luding �nite-mB 
orre
tions. The implementation with the energy s
alingvariable z = EB=Ea via Eq. (3) (solid line) is 
ompared to the one with the light-
one-momentum s
aling variable z = p+B=p+a via Eq. (4) (dashed line). For 
omparison, also theZM-VFN (mb = 0) result for mB = 0 ex
luding g ! B fragmentation is shown (dottedline). All results are normalized to the ZM-VFN (mb = 0) one for mB = 0 in
ludingg ! B fragmentation.just amount to a few per
ent. This motivates us to adopt the ZM-VFN s
heme in
ludingg ! B fragmentation in the treatment of d2�(t! B`+�` +X)=(dxB d 
os �) below.Figure 4 also in
ludes the result obtained in the GM-VFN s
heme implemented withthe light-
one-momentum s
aling variable z = p+B=p+a via Eq. (4) (dashed line). Compari-son with its 
ounterpart for the energy s
aling variable allows us to assess the theoreti
alun
ertainty in the implementation of �nite-mB 
orre
tions in the GM-VFN s
heme. Weobserve from Fig. 4 that the two implementations of �nite-mB 
orre
tions lead to verysimilar results over most of the xB range. Appre
iable di�eren
es only appear 
lose to thekinemati
al bounds. However, these should be taken with a grain of salt be
ause the FFsused here [18℄ refer to the ZM-VFN s
heme and do not 
arry any spe
i�
 information on�nite-mB e�e
ts and the s
heme of their implementation.In the remainder of this se
tion, we 
onsider the quantity d2�(t ! B`+�` + X)13
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tions of xB in the ZM-VFN (mb = 0) s
hemein
luding �nite-mB 
orre
tions implemented with the energy s
aling variable z = EB=Eausing Eq. (3). The NLO results for � = 0 (solid line), � = �1 (dashed line), and � = +1(dot-dashed line) and the LO results for � = 0 (upper dotted line) and � = �1 (lowerdotted line) are 
ompared to ea
h other.=(dxB d 
os �), whi
h we study at NLO in the ZM-VFN s
heme in
luding g ! B fragmen-tation and �nite-mB 
orre
tions evaluated using the energy s
aling variable. In Fig. 5,we present the xB distributions of d��=dxB for � = 0 (solid line), � = �1 (dashed line),and � = +1 (dot-dashed line). For 
omparison, also the LO results for � = 0;�1 (dottedlines) are shown. As may be gleaned from Eq. (24), the latter amount to respe
tively1=(1 + 2w) = 69:59% and 2w=(1 + 2w) = 30:41% of the LO result. In these two 
ases,the NLO 
orre
tions are similar in size and shape to the unpolarized 
ase (see Fig. 2).As explained in Se
. 4, � = +1 is prohibited at LO, whi
h explains the smallness of the
orresponding result.
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6 Con
lusionsLet alone its dis
overy potential with regard to the Higgs boson and new physi
s beyondthe standard model, the LHC is a formidable top fa
tory, whi
h, among other things,will allow for the study of the dominant de
ay mode t! BW+ +X with unpre
edentedpre
ision in the long run. In parti
ular, this will enable us to deepen our understanding ofthe nonperturbative aspe
ts of B-hadron formation by hadronization and to pin down theb! B and g ! B FFs. The key observable for this purpose is the xB distribution d�=dxBof t ! B + X. By measuring the angular distribution of the W -boson de
ay produ
ts,also the three 
omponents d��=dxB of d�=dxB 
orresponding to the polarization states� = 0;�1 of the W boson may be determined, whi
h 
onstrain these FFs even further.We studied the quantity d�=dxB at NLO in the GM-VFN s
heme [14,15,16,17,18℄using nonperturbative B-hadron FFs determined by a global �t [18℄ of experimental datafrom the Z fa
tories [23,24,25℄, relying on their universality and s
aling violations [19℄.This allowed us to investigate for the �rst time �nite-mb 
orre
tions and the 
ontributionfrom gluon fragmentation to d�=dxB. We also analyzed the size of �nite-mB e�e
ts andtheir theoreti
al un
ertainty due to the freedom in the 
hoi
e of the s
aling variable. Sin
ethe �nite-mb e�e
ts turned out to so moderate, we negle
ted them, for simpli
ity, in ourstudy of d��=dxB, whi
h we treated at NLO in the ZM-VFN s
heme taking into a

ount�nite-mB e�e
ts.Comparing future measurements of d�=dxB and d��=dxB at the LHC with our NLOpredi
tions, we will be able to test the universality and s
aling violations of the B-hadronFFs. These measurements will ultimately be the primary sour
e of information on theB-hadron FFs. The formalism elaborated here is also appli
able to the produ
tion ofhadron spe
ies other than B hadrons, e.g. pions, kaons, protons, D mesons, et
., throughtop-quark de
ay.A
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AppendixThe 
oeÆ
ient fun
tions �̂�a in Eq. (19) exhibit the stru
ture1�0 d�̂0adxa = 11 + 2w �ÆabÆ(1� xa) + �s(�R)2� �Pab(xa) ln m2t�2F + CFC0a(xa)�� ;1�0 d�̂�adxa = 2w1 + 2w �ÆabÆ(1� xa) + �s(�R)2� �Pab(xa) ln m2t�2F + CFC�a (xa)�� ;1�0 d�̂+adxa = 2w1 + 2w �s(�R)2� CFC+a (xa); (24)where Pqq(x) = CF �1 + x21� x �+ ;Pgq(z) = CF 1 + (1� x)2x ; (25)are the timelike q ! q and q ! g splitting fun
tions at LO, respe
tively. Introdu
ing theshort-hand notation w� = 1�pw; (26)and de�ning L1 = ln(1� x)�� 1w+ � x� + ln �pwx� ��x� 1w+� ;L2 = 2 ln 1� x(1� w)pw ��x� 1w+� ; (27)
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where �(x) = R x�1 dt Æ(t) is the Heaviside step fun
tion, we haveC0b (x) =�Æ(1� x) �4 Li2(w) + 2 lnw ln(1� w) + 2w1� w lnw + 32 + 5w1 + 2w�+ 1(1� x)+��2(1 + x2) ln[x(1� w)℄� 21 + 4w1 + 2w�+ 2(1 + x2) � ln(1� x)1� x �+ � 4wB1� 8w[4� x(3 + w)℄(1� w)(2� xw�)(2� xw+) + 11 + 2w �3 + 13w + 8w21� w � x� ;C�b (x) =�Æ(1� x) �4 Li2(w) + 2 lnw ln(1� w) + 2w1� w lnw + 1� ww ln(1� w)+ 3(7 + 18w)4(1 + 2w) �+ 1(1� x)+ "2(1 + x2) ln[x(1� w)℄� x3s 1� w(2� xw�)(2� xw+)� 4w1 + 2w#+ 2(1 + x2) � ln(1� x)1� x �+ � �1 + w1� w � x� fL2 � ln[1� x(1� w)℄g+B1 � 11� x �B2 � x(2� 7x + 4x2)2(2� xw�)(2� xw+)�+ 1� x1� x(1� w) + 3 + x2 � 1 + x1 + 2w;C+b (x) = 34Æ(1� x) + x3(1� x)+s 1� w(2� xw�)(2� xw+) + �1 + w1� w � x�� fL2 � ln[1� x(1� w)℄g+B1 + 11� x �B2 + x(6� 9x + 4x2)2(2� xw�)(2� xw+)�+ (1� x)[1 + x(1� w)℄2[1� x(1� w)℄ ; (28)withB1 = 12pw "w+(1� xw�)2 �2pw + xw2��w�(2� xw�)2 ln(1� xw�) + w�(1� xw+)2 �2pw � xw2+�w+(2� xw+)2� ln j1� xw+j# ;B2 = (1 + x2)L1 +s 1� w(2� xw�)(2� xw+)� �� x2(2� x)24(2� xw�)(2� xw+) � x(1 + x2)2 � x(12� 11x)4(1� w) + 1� x(1� w)2�� ln 2�xf1�3w+[2�x(1�w)℄2g+(1�xw�)j1�xw+jp(1�w)(2�xw�)(2�xw+)2�x(1+w)+p(1�w)(2�xw�)(2�xw+) � x3��(1� xw�)j1� xw+j[2� x(1 + w)℄(1� w)(2� xw�)(2� xw+) + 12(1� w) ; (29)17



andC0g (x) = 1 + (1� x)2x �2 ln[(1� w)x(1� x)℄ + 11 + 2w�� 4wG1+ 1� x2x � 1� x[1� x(1� w)℄2 � 2(1 + x)1� x(1� w) + 3(3 + x)� 161� w�� �x� 2(1 + 5w � 2w2)1� w + 2(1 + 12w + 3w2)x(1� w)2 � 16w(1 + w)x2(1� w)3 � ln[1� x(1� w)℄;C�g (x) = 21 + (1� x)2x �ln[(1� w)x(1� x)℄ + 1 + w1 + 2w�+G1 �G2� 11� w �3� 7 + 6w � 2w2x(1� w) + 4(1 + 2w)x2(1� w)2� ln[1� (1� w)x℄� w[2� x(1� w)(2 + w)℄4(1� w)[1� x(1� w)℄2 � x4 + 4� 7w2(1� w) � 5� 19w4x(1� w) ;C+g (x) =G1 +G2 � �x+ 11� w � 5x(1� w)2 + 4x2(1� w)3� ln[1� (1� w)x℄� w[2� x(1� w)(2 + w)℄4(1� w)[1� x(1� w)℄2 + 34x� 4� w2(1� w) + 5� 3w4x(1� w) ; (30)withG1 = 12x2pw �w+(1� xw�)2(2� xw2�)w3� ln(1� xw�)� w�(1� xw+)2(2� xw2+)w3+� ln j1� xw+j� ;G2 = 1 + (1� x)2x L1 + �x2 � 11� w + 1 + 3w � w2x(1� w)2 � 4wx2(1� w)3�L2+ (1� xw�)j1� xw+j4[1� x(1� w)℄2 �x(1� w)� 2(2 + w) + 7(1 + w)x(1� w) � 4(1 + w)x2(1� w)2�+ 1 + wx2(1� w)2 : (31)Referen
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