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 form fa
tors D ! �;K andB ! �;K from a �ne latti
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keler,bG. N. La
agnina,
 M. Panero,b;d A. S
h�aferb and G. S
hierholzb;ea Department of Physi
s, Fa
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ien
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s, University of Regensburg, 93040 Regensburg, Germany
 INFN, Sezione di Milano, 20133 Milano, Italyd Institute for Theoreti
al Physi
s, ETH Z�uri
h, 8093 Z�uri
h, Switzerlande Deuts
hes Elektronen-Syn
hrotron DESY, 22603 Hamburg, GermanyQCDSF CollaborationAbstra
tWe extra
t the form fa
tors relevant for semileptoni
 de
ays of D and B mesons froma relativisti
 
omputation on a �ne latti
e in the quen
hed approximation. The latti
espa
ing is a = 0:04 fm (
orresponding to a�1 = 4:97 GeV), whi
h allows us to run very
lose to the physi
al B meson mass, and to redu
e the systemati
 errors asso
iated withthe extrapolation in terms of a heavy quark expansion. For de
ays of D and Ds mesons,our results for the physi
al form fa
tors at q2 = 0 are as follows: fD!�+ (0) = 0:74(6)(4),fD!K+ (0) = 0:78(5)(4) and fDs!K+ (0) = 0:68(4)(3). Similarly, for B and Bs we �nd:fB!�+ (0) = 0:27(7)(5), fB!K+ (0) = 0:32(6)(6) and fBs!K+ (0) = 0:23(5)(4). We 
ompareour results with other quen
hed and unquen
hed latti
e 
al
ulations, as well as with light-
one sum rule predi
tions, �nding good agreement.PACS numbers: 11.15.Ha, 12.38.G
, 13.20.F
, 13.20.He
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1 Introdu
tionHeavy meson de
ays are the main sour
e of pre
ision information on quark 
avor mixing pa-rameters in the Standard Model. The over-determination of the sides and the angles of theCKM unitarity triangle is the aim of an extensive experimental study: It addresses the questionwhether there is New Physi
s in 
avor-
hanging pro
esses and where it manifests itself. One ofthe sides of the unitarity triangle is given by the ratio jVub=V
bj. V
b is known to approximately2% a

ura
y from b ! 
`�` transitions [1, 2℄ whereas the present error on Vub is mu
h largerand there is also some tension between the determinations from in
lusive and ex
lusive de
ay
hannels. Redu
tion of this error requires more experimental statisti
s but|even more so|animprovement of the theoreti
al predi
tion of the semileptoni
 spe
tra and de
ay widths.This is the prime motivation for the study of semileptoni
 form fa
tors of de
ays of a heavymeson H = B;D into a light pseudos
alar meson P = �;K, whi
h are usually de�ned ashP (p)jV �jH(pH)i = m2H �m2Pq2 q�f0(q2) + �p�H + p� � m2H �m2Pq2 q�� f+(q2) : (1)Here V � = q2
�q1 is the ve
tor 
urrent in whi
h q1 (q2) denotes a light (heavy) quark �eld; p(pH) is the momentum of the light (heavy) meson with mass mP (mH), and q := pH � p is thefour-momentum transfer. The f0(q2) and f+(q2) form fa
tors are dimensionless, real fun
tionsof q2 (in the physi
al region), whi
h en
ode the strong intera
tion e�e
ts. They are subje
t tothe kinemati
 
onstraint f+(0) = f0(0).In the approximation of massless leptons (whi
h is highly a

urate for ` = e or ` = �), thedi�erential de
ay rate for the H ! P`�` pro
ess involves f+(q2) only:d�dq2 = G2F jVq2q1j2192�3m3H h�m2H +m2P � q2�2 � 4m2Hm2Pi3=2 ��f+(q2)��2 : (2)Another motivation for our study is that f0(q2) and f+(q2) enter as ingredients in the analysisof nonleptoni
 two-body de
ays like B ! �� and B ! �K in the framework of QCD fa
tor-ization [3, 4℄, with the obje
tive to extra
t CP-violating e�e
ts and in parti
ular the angle �of the CKM triangle. One issue that is espe
ially important in this respe
t is the question of
avor SU(3) violation in the form fa
tors of the de
ay B ! � vs. the rare de
ay B ! K.High-statisti
s unquen
hed latti
e 
al
ulations of D-meson (and also B-meson) de
ay formfa
tors in the kinemati
 region where the outgoing light hadron 
arries little energy (smallre
oil region) have been performed re
ently [5, 6, 7℄ and attra
ted a lot of attention. Dire
tsimulations at large re
oil, q2 � m2B, with light hadrons 
arrying large momentum of order2 GeV, prove to be diÆ
ult and require a very �ne latti
e whi
h is so far not a

essible in
al
ulations with dynami
al fermions. This problem is aggravated by the 
hallenge to 
onsiderheavy quarks whi
h either 
alls for using e�e
tive heavy quark theory methods or, again, avery �ne latti
e. In pra
ti
e, one is for
ed to rely on extrapolations from larger momentumtransfer q2 and/or smaller heavy quark masses. Several extrapolation pro
edures have beensuggested [8, 9, 10, 11, 12℄ that in
orporate 
onstraints from unitarity and the s
aling laws inthe heavy quark limit. Alternatively, B-meson form fa
tors in the region of large re
oil havebeen estimated using light-
one sum rules [13, 14℄ (for re
ent updates see [15, 16, 17, 18℄).In this paper we report on a quen
hed 
al
ulation of semileptoni
 H ! P`�` form fa
torswith latti
e spa
ing a � 0:04 fm using nonperturbatively O(a) improved Wilson fermions and1



O(a) improved 
urrents. On su
h a �ne latti
e a relativisti
 treatment of the 
 quark is justi�edand also the extrapolation to the physi
al b quark mass be
omes mu
h more reliable 
omparedto similar 
al
ulations on 
oarser latti
es. In addition, we 
an explore possible subtleties inapproa
hing the 
ontinuum limit in form fa
tor 
al
ulations: In our previous work [19℄ we did�nd indi
ations for a substantial dis
retization error in the de
ay 
onstants fDs et
.; similar
on
lusions have also been rea
hed in Ref. [20℄. This is parti
ularly relevant in view of the
laims of eviden
e for New Physi
s from 
omparison with re
ent dynami
al simulations|see,e.g. Ref. [21℄ for a dis
ussion.On physi
al grounds, one may expe
t a nontrivial 
ontinuum limit be
ause form fa
tors atlarge momentum transfer are determined by the overlap of very spe
i�
 kinemati
 regions inhadron wave fun
tions (either soft end-point, or small transverse separation). The 
ommonwisdom that hadron stru
ture is very \smooth"|and that numeri
al simulations on a 
oarselatti
e 
ould thus be suÆ
ient to 
apture the 
ontinuum physi
s|may not work in this par-ti
ular 
ase. This 
an be espe
ially important for SU(3) 
avor-violating e�e
ts, whi
h are ofmajor interest for the phenomenology. In
lusion of dynami
al fermions and the approa
h to the
hiral limit are 
ertainly also relevant problems, but not all issues 
an be addressed presentlywithin one 
al
ulation.This work should be viewed as a dire
t extension of the investigation of the APE 
ollaborationin Ref. [22℄, who performed a quen
hed 
al
ulation with the same nonperturbatively O(a)improved a
tion and 
urrents. Also their data analysis is similar. However, they use 
oarserlatti
es with a � 0:07 fm (� = 6:2). On the other hand, the spatial volume of their latti
es isvery 
lose to ours (L � 1:7 fm). So the main di�eren
e lies in the latti
e spa
ing, and a dire
t
omparison of the results is possible yielding information on the size of latti
e artefa
ts, whilethere is no need for us to perform simulations on a 
oarser latti
e ourselves.The presentation is organized as follows. Our strategy is dis
ussed in detail in Se
. 2. Itallows us to run fully relativisti
 simulations for values of mH up to the vi
inity of mB: This isa
hieved by using a latti
e 
hara
terized by a very �ne spa
ing a. The extra
tion of physi
alquantities from our data and the �nal results with the asso
iated error budget are presentedin Se
. 3. The �nal Se
. 4 
ontains a summary and some 
on
luding remarks. Some te
hni
aldetails and intermediate results of our 
al
ulation are shown in the Appendix. Preliminaryresults of this study have been presented in Refs. [23, 24℄.2 Simulation detailsThe latti
e study of heavy hadrons is an issue that involves some deli
ate te
hni
al aspe
ts:The origin of the problem stems from the fa
t that, typi
ally, the latti
e 
uto� is (mu
h) smallerthan the mass of the B meson.Common strategies to solve this problem are based on heavy quark e�e
tive theory (HQET),i.e. expanding the relativisti
 theory in terms of m�1Q , where mQ is the mass of the heavy quark.One 
an simulate in the stati
 limit [25℄ or keep 
orre
tion terms in the a
tion to simulateat �nite mQ (non-relativisti
 QCD or NRQCD) [26℄. These approa
hes have been employede�e
tively for studying B physi
s (see, for example, Refs. [27, 28, 29, 30℄).However, for smaller quark masses like the 
 quark in D mesons a large number of terms inthe expansion must be in
luded, making the simulations less attra
tive. The Fermilab group2



developed an approa
h whi
h interpolates between the heavy- and light-quark regimes [31℄.The 
oeÆ
ients a

ompanying ea
h term in the a
tion are fun
tions of the quark mass andin pra
ti
e, normally, the lowest-level a
tion is used. This 
orresponds to using the O(a)improved relativisti
 a
tion with a re-interpretation of the results. Ex
ept for HQET [32, 33℄,the asso
iated renormalization 
onstants for these approa
hes are only known perturbatively.We redu
e the un
ertainties related to the extrapolation to the physi
al heavy meson massby using latti
es with a small spa
ing in 
onjun
tion with a non-perturbatively improved O(a)relativisti
 quark a
tion. This theoreti
ally 
lean approa
h enables one to get suÆ
iently 
loseto the mass of the physi
al B meson, so that the heavy-quark extrapolation is short-ranged.In addition, in the region of the D meson mass, the dis
retization errors are redu
ed to around1%, see Se
tion 3.1. L3 � T 403 � 80� 6:6latti
e spa
ing a 0:04 fmphysi
al hypervolume 1:63 � 3:2 fm4a�1 4:97 GeV# of 
on�gurations 114�
riti
al 0:135472(11)�heavy 0:13, 0:129, 0:121, 0:115�light 0:13519, 0:13498, 0:13472mP 526 MeV, 690 MeV, 856 MeV
SW 1:467ZV 0:8118bV 1:356
V �0:0874Table 1: Parameters of the latti
e 
al
ulation (see the text for the de�nition of the variousquantities).Table 1 summarizes basi
 te
hni
al information about our study. We use the standard Wilsongauge a
tion to generate quen
hed 
on�gurations with the 
oupling parameter � = 6:6. For thisparameter 
hoi
e, the latti
e spa
ing in physi
al units determined from Ref. [34℄ using Sommer'sparameter r0 = 0:5 fm is a = 0:04 fm. Our 
al
ulation is based on the O(a) improved 
loverformulation for the quark �elds [35℄, with the nonperturbative value of the 
lover 
oeÆ
ient 
SWtaken from Ref. [36℄. We use O(a) improved de�nitions of the ve
tor 
urrents in the form [37℄V� = ZV �1 + bV amq2 + amq12 � (q2
�q1 + ia
V ��q2���q1) (3)with ��� = i2 [
�; 
�℄. The renormalization fa
tor ZV , the improvement 
oeÆ
ient bV as wellas 
V are known nonperturbatively [38, 39, 40℄. All statisti
al errors are evaluated througha bootstrap pro
edure with 500 bootstrap samples. We 
onsider three hopping parameters
orresponding to \light" quarks, �light (the 
orresponding masses of the light pseudos
alarmeson states mP are also given in Table 1), and four hopping parameters, �heavy, 
orresponding3
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Figure 1: Diagram representing the semileptoni
 de
ay of a heavy-light pseudos
alar mesonto a light pseudos
alar meson (left panel). A s
hemati
 representation of the 
orrespondingthree-point 
orrelator 
al
ulated on the latti
e is also shown (right panel).to \heavy" quarks; in parti
ular, � = 0:13498 and � = 0:129 are found to 
orrespond to quarkmasses 
lose to the physi
al strange and 
harm quark mass, respe
tively.The extra
tion of the matrix element appearing in Eq. (1) from the latti
e 
an be doneby 
onsidering the large time behavior of three-point 
orrelation fun
tions C(3)� (0; tx; ty) for apseudos
alar light meson sink at time t = 0, a ve
tor 
urrent at time tx, and a pseudos
alarheavy-light meson sour
e at time ty = T=2 (see Fig. 1):C(3)� (0; tx; ty) =X~x;~y e�i~pH �~yei~q�~xhHS(~y; ty)V�(~x; tx)P S(0)i : (4)Here, HS and P S are Ja
obi-smeared operators of the form qh
5qs and ql
5qs, respe
tively; qhdenotes the heavy quark, ql is the de
ay-produ
t quark, while qs is the \spe
tator" quark.For suÆ
iently large time separations (i.e. 0 � tx � T=2 or T=2 � tx � T ), C(3)� (0; tx; ty)behaves as:C(3)� (0; tx; ty) �! 8><>: ZSHZS4EHE e�Etxe�EH(ty�tx) hH(pH)jV�jP (p)i for tx < T=2�ZSHZS4EHE e�E(T�tx)e�EH(tx�ty) hH(pH)jV�jP (p)i for tx > T=2 ; (5)with ZSH = jh0jHSjH(pH)ij and ZS = jh0jP SjP (p)ij, while E (EH) denotes the energy of thelight (heavy) meson. To extra
t the matrix elements we divide the three-point fun
tions by theprefa
tors, whi
h are extra
ted from �ts to smeared-smeared two-point fun
tions. The matrixelement is then obtained by �tting this result to a 
onstant, in an appropriate time range wherea 
lear plateau forms (for example, for 12 � tx � 28).We 
onsider three-point fun
tions asso
iated with di�erent 
ombinations of the momenta pand pH , whi
h are listed in Table 2. In parti
ular, we fo
us our attention onto three-momentaof modulus 0 and 1 [in units of 2�=(aL)℄, sin
e they yield the most pre
ise signal, restri
tingourselves to the 
ases where ~p and ~pH lie in the same dire
tion. Thus we measure dire
tly5 di�erent values for the form fa
tors, for every �light and �heavy 
ombination. The full formfa
tors 
an then be 
onstru
ted from the data points obtained this way, by making an ansatzfor the fun
tional form of f0(q2) and f+(q2).In the present work, we �t our data with the parametrization proposed by Be�
irevi�
 andKaidalov [8℄: f0(q2) = 
BK � (1� �)1� ~q2=� ; f+(q2) = 
BK � (1� �)(1� ~q2)(1� �~q2) ; (6)4



~pH ~p ~q(0; 0; 0) (1; 0; 0) (�1; 0; 0)(1; 0; 0) (�1; 0; 0) (2; 0; 0)(0; 0; 0) (0; 0; 0) (0; 0; 0)(1; 0; 0) (0; 0; 0) (1; 0; 0)(1; 0; 0) (1; 0; 0) (0; 0; 0)Table 2: Momentum 
ombinations 
onsidered in the analysis of the three-point fun
tions, inunits of 2�=(aL).where ~q := q=mH?, mH? being the mass of the lightest heavy-light ve
tor meson.The parametrization for the form fa
tors given in Eq. (6) a

ounts for the basi
 propertiesthat 
ome from the heavy-quark s
aling laws in the limits of large and small re
oil and alsosatis�es the proportionality relation derived in Ref. [41℄. It is also 
onsistent with the trivialrequirement that the l.h.s. of Eq. (1) be �nite for vanishing momentum transfer, whi
h impliesf0(0) = f+(0). The results that we obtained for the three parameters entering Eq. (6) from asimultaneous �t to f0 and f+ are presented in the Appendix.Some alternative ans�atze for the fun
tional form of f+(q2) were proposed in Refs. [15, 9, 10℄and are dis
ussed in Ref. [42℄: They yield results essentially 
ompatible with ea
h other andwith the Be�
irevi�
-Kaidalov parametrization Eq. (6). More re
ently, Bourrely, Caprini andLellou
h [12℄ dis
ussed the representation of f+(q2) as a (trun
ated) power series in terms ofan auxiliary variable z. A similar parametrization has also been re
ently used by the FermilabLatti
e and MILC 
ollaborations, see Refs. [43, 44℄ for a dis
ussion.3 Extra
tion of physi
al resultsIn order to extra
t physi
al results from our simulations, we follow a method analogous toRef. [22℄. We �rst perform a 
hiral extrapolation in the light quark masses. For a givenquantity � [one of the BK parameters appearing in Eq. (6)℄, the extrapolation relevant forde
ays to a pion is performed as follows: We �t the results obtained at di�erent values of themass of the pseudos
alar state linearly in m2P ,� = 
0 + 
1 �m2P ; (7)and extrapolate to m2P = m2�, where m� is the mass of the physi
al pion. Examples of theextrapolations are shown in Figure 2 for the 
ase of � = f+(0), � and � at �heavy = 0:115. Onthe other hand, for de
ays to a kaon, we hold the hopping parameter of one of the two �nalquarks �xed to � = 0:13498, whi
h, for our 
on�gurations, 
orresponds to the physi
al strangequark at a high level of pre
ision [19℄, and perform a short-ranged extrapolation of the 
urveobtained from the linear �t in m2P to the square of the mass of the physi
al K meson.Then we perform the interpolation to the physi
al 
 quark mass in terms of a heavy-quarkexpansion for the D (or Ds) meson de
ays, or the extrapolation to the physi
al b quark massfor the B (or Bs) meson. For our data, the extrapolation of the heavy quark mass to thephysi
al b mass is short-ranged: for the heaviest �heavy = 0:115, it turns out that the inverseof the pseudos
alar meson mass (with the light quark mass already 
hirally extrapolated to its5



0 0.01 0.02 0.03 0.04 0.05
(am

P
)
2

0

0.2

0.4

0.6

0.8

1

f +
(0

)

0 0.01 0.02 0.03 0.04 0.05
(am

P
)
2

0

0.5

1

1.5

α

0 0.01 0.02 0.03 0.04 0.05
(am

P
)
2

0

0.5

1

1.5

2

2.5

3

β

Figure 2: Extrapolation of the Be�
irevi�
{Kaidalov parameters to the 
hiral limit, for de
ays toa pion, at a �xed value �heavy = 0:115. The parameters obtained for �de
ay produ
t = �spe
tatorare extrapolated linearly in m2P . The extrapolated values are shown as the full bla
k dots.De
ay �t l0 l1 l2 �2=d.o.f.B;D! � linear 4:1+1:3�1:0 �4:1+1:6�2:3 { 0:1377=2quadrati
 5:1+2:9�2:1 �9:3+6:9�9:6 5:9+8:5�5:9 0:021=1B;D ! K linear 4:9+1:1�0:9 �5:4+1:5�1:9 { 0:3247=2quadrati
 6:3+2:4�1:9 �12:2+6:3�8:2 7:7+7:3�5:4 0:03813=1Bs; Ds ! K linear 3:4+0:9�0:8 �2:9+1:3�1:7 { 0:4025=2quadrati
 4:9+1:8�1:3 �11:0+4:6�6:0 9:7+5:4�4:6 0:001888=1Table 3: The 
oeÆ
ients obtained from the �ts to m3=2H f+(0) in powers of m�1H a

ording toEq. (8) for di�erent de
ays.physi
al value) is about m�1H = 0:243 GeV�1, to be 
ompared with m�1B = 0:189 GeV�1 for thephysi
al B meson. The extrapolation 
an be performed by taking advantage of the fa
t that, inthe in�nitely heavy quark limit, the Be�
irevi�
{Kaidalov parameters appearing in Eq. (6) enjoy
ertain s
aling relations: 
BKpmH , (��1)mH and (1��)mH are expe
ted to be
ome 
onstantin the mH !1 limit. For �nite mH , one 
an parametrize the s
aling deviations in powers ofm�1H : ' = l0 + l1 �m�1H + l2 �m�2H + : : : (8)where ' 2 f
BKpmH ; (� � 1) �mH ; (1� �) �mHg. Note that, sin
e f+(0) = 
BK � (1��), one
an also use ' = f+(0) �m3=2H |whi
h was, in fa
t, our 
hoi
e.The extrapolation of m3=2H f+(0) is presented in Figure 3. The �gure 
learly shows the ad-vantage of simulating on a �ne latti
e, whi
h allows us to probe a mass range very 
lose tothe physi
al B meson mass. We 
ompare the results obtained from an extrapolation to theinverse of the physi
al B meson mass using either a �rst- or a se
ond-order polynomial in m�1Hfor the �t fun
tion, �nding 
onsisten
y (within error bars), for all de
ays. The 
orresponding�t results are listed in Table 3. In the following we refer to this �rst method as the \
oeÆ
ientextrapolation" method.An alternative method to extra
t the physi
al form fa
tors from the latti
e data was pro-posed by the UKQCD 
ollaboration [45℄. It 
onsists of performing the 
hiral and heavy quarkextrapolations at �xed v �p = (m2H +m2P � q2)=(2mH), where v is the four-velo
ity of the heavymeson and p is the four-momentum of the light meson. The following steps are performed:1. �t of the form fa
tors measured from the latti
e simulations to the parametrization in6
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Figure 3: Left panel: The green (red) squares denote the interpolated (extrapolated) formfa
tor m3=2H f+(0) to the physi
al D (B) meson, for a de
ay to a pion, using a linear �t in 1=mH(solid line). A quadrati
 �t to the data is also shown (dashed line). Right panel: the resultsfor the 
ase of de
ay of a Ds (Bs) meson into a kaon.Eq. (6);2. interpolation of the form fa
tors at given values of v � p within the range of simulateddata;3. 
hiral extrapolation of the points thus obtained, via a linear extrapolation in m2P to eitherm2� or m2K (as des
ribed above);4. linear or quadrati
 extrapolation in m�1H to the inverse of the physi
al heavy meson massfor the quantities:��s(mB)�s(mH)�� ~
02�0 f0(v � p)pmH ; ��s(mB)�s(mH)�� ~
02�0 f+(v � p)pmH (9)whi
h enjoy s
aling relations at �xed v�p [46, 47℄. Here, �0 is the �rst �-fun
tion 
oeÆ
ient,while ~
0 = �4 denotes the leading-order 
oeÆ
ient of the anomalous dimension for theve
tor 
urrent in HQET. It yields a (subleading) logarithmi
 dependen
e on mH|seealso Refs. [22, 45℄ for further details;5. �nal �t of the points thus obtained to the parameterization in Eq. (6).For 
omparison, we also 
al
ulate the physi
al form fa
tors using this alternative approa
h,�nding 
onsistent results. This is illustrated in Table 4 whi
h summarizes the results for f+(0)from both methods.For our �nal results we take those obtained from the 
oeÆ
ient extrapolation method. Wefound this method to be superior in our 
ase as the UKQCD method su�ered from the fa
t thatthere was only a small region of overlap in the ranges of v � p for the form fa
tors at di�erent7



�light and �heavy. In addition, sin
e the data 
an be �tted with both a linear and quadrati
fun
tion in m�1H , we use the linear �ts for the 
entral values and statisti
al errors and use thedi�eren
es in the results from the linear and quadrati
 �t to estimate the systemati
 errors, asdis
ussed in the next se
tion. Our results for the form fa
tors at �nite q2 are shown in Figs. 4and 5. CoeÆ
ient extrapolation UKQCD methodDe
ay linear in m�1H quadrati
 in m�1H linear in m�1H quadrati
 in m�1HD! � 0:74+6�6 0:73+5�6 0:69+5�5 0:69+5�6D ! K 0:78+5�5 0:77+5�5 0:75+4�5 0:75+4�5Ds ! K 0:68+4�4 0:67+4�4 0:68+4�4 0:67+4�4B ! � 0:27+8�6 0:30+11�8 0:29+13�8 0:31+15�10B ! K 0:32+6�5 0:35+9�8 0:35+11�8 0:34+12�9Bs ! K 0:23+5�4 0:26+7�5 0:23+6�5 0:27+8�6Table 4: Final results for the physi
al values of the f+(0) form fa
tor, for di�erent de
ays,with statisti
al errors only. We 
ompare the results obtained from the 
oeÆ
ient extrapolationand UKQCD methods as well as di�erent trun
ations of the heavy quark expansion whenextrapolating or interpolating in m�1H .3.1 Systemati
 un
ertaintiesSystemati
 un
ertainties a�e
ting our latti
e 
al
ulation in
lude: the quen
hed approximation,the method to set the quark masses, the 
hiral extrapolation for the light quarks, dis
retizatione�e
ts, the extrapolation (interpolation) of the heavy quark to the physi
al b (
) mass, �nitevolume e�e
ts, un
ertainties in the renormalization 
oeÆ
ients, and e�e
ts related to the modeldependen
e for f0;+(q2). Let us now 
onsider ea
h sour
e of error in turn.Quen
hed approximation: the size of the error this approximation introdu
es is notknown. However, one 
an take as an estimate the variation in the results if di�erent quantitiesare used to set the s
ale. In the quen
hed approximation di�erent determinations of the latti
espa
ing vary by approximately 10% [48℄. By repeating the full analysis, we �nd that varyingthe latti
e spa
ing by 10% indu
es an un
ertainty of approximately 2% for the D ! � de
ay,and of approximately 12% for B ! �.Setting the quark masses: we use the � values 
orresponding to the light (u=d) andstrange quarks determined in Ref. [19℄: �l = 0:135456(10) and �s = 0:134981(9). The un
er-tainty in these determinations leads to a very small un
ertainty in the form fa
tors. For the
 and b quarks we do not quote the 
orresponding � values. We interpolate (or extrapolate)our results dire
tly to the physi
al masses of the pseudos
alar heavy-light states. The result-ing un
ertainty is determined by the statisti
al errors of the masses used for the interpolation(or extrapolation). The latter are found to 
ontribute only a negligible amount to the overallsystemati
 un
ertainty.Chiral extrapolation: the method we used to perform the 
hiral extrapolation of oursimulation results is dis
ussed above. Note that the use of a large latti
e pra
ti
ally 
onstrainsus to use only a few and relatively large values for the light quark mass (so that the massesof our lightest pseudos
alar mesons are far from the physi
al pion mass). However, as the8
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Figure 4: Physi
al form fa
tors for D and Ds de
ays as a fun
tion of q2 from this work andother quen
hed and dynami
al studies. The solid bla
k lines are the form fa
tors obtained fromthe 
oeÆ
ient extrapolation method where Eq. (8) has been trun
ated at O(m�1H ), while thedashed bla
k lines indi
ate the error on the form fa
tors. The range of v � p values a
hieved inour simulations approximately 
orresponds to �1:5 GeV2 . q2 . 2 GeV2. The dashed red linesare the results for the 
oeÆ
ient extrapolation method from Ref. [22℄. The open red squaresand 
ir
les are their results obtained using the UKQCD method.examples in Figure 2 show, the dependen
e of our results on the light quark mass is rathermild. So the size of the un
ertainty arising from the 
hiral extrapolation though diÆ
ult toestimate is unlikely to be large.Dis
retization e�e
ts: as it was already remarked above, the leading dis
retization e�e
tsin our 
al
ulation are redu
ed to O(a2); given that our latti
e is very �ne (a = 0:04 fm), theasso
iated systemati
 error 
an be estimated to be of the order of 1% (10%) for the de
ays of
harmed (beautiful) mesons [19℄.Extrapolation/interpolation of the heavy quark: our data 
an be �tted to both alinear and quadrati
 fun
tion in m�1H with a reasonable �2. We use the results for the linear�t for our �nal results and the di�eren
e between the linear and quadrati
 �t as an indi
ationof the systemati
 un
ertainty. This leads to approximately a 1% un
ertainty for D de
ays and9
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Figure 5: Same as in Fig. 4, but for B and Bs de
ays; in this 
ase, the v � p values of oursimulations are in the range 14 GeV2 . q2 . 23 GeV2. For B ! �, the dashed and solidmagenta lines in the range q2 = 0 � 14 GeV2 indi
ate the predi
tion from light-
one sumrules [15, 16℄.8% un
ertainty for B de
ays.Finite volume e�e
ts: for our 
al
ulation, �nite-volume e�e
ts are not expe
ted to besevere; in parti
ular, the 
orrelation length asso
iated with the lightest pseudos
alar state thatwe simulated (for �light = 0:13519) 
orresponds to approximately 9 latti
e spa
ings, whi
h ismore than four times shorter than the spatial extent of our latti
e. Systemati
 infrared e�e
ts
an thus be quanti�ed around 1{2%. This is 
omparable with the estimate of Ref. [44℄, inwhi
h, using 
hiral perturbation theory [49, 50℄, the �nite volume e�e
ts for their 
al
ulationwith 2 + 1 
avors of staggered quarks and values of mPL between 4 and 6 are estimated to beless than 1%.Renormalization 
oeÆ
ients: the un
ertainty asso
iated with the ZV 
oeÆ
ient, as de-termined in Ref. [38℄ for the quen
hed 
ase, is about 0:5%. The same arti
le also quotes a10



1% un
ertainty for bV , whi
h indu
es an error about 1% for de
ays of D mesons and about3% for B mesons. Con
erning 
V , a look at the results displayed in Fig. 2 of Ref. [39℄ wouldsuggest that the relative error in the region of interest (g20 ' 0:91) may be quite large, around30%; however, it should be noted that 
V itself is a relatively small number, of the order of9%, and the impa
t of the un
ertainty on 
V on our results is about 1% (2%) for de
ays of D(respe
tively: B) mesons.Model dependen
e: �nally, the systemati
 e�e
t related to the ansatz to parametrize theform fa
tors was estimated in Ref. [42℄, through a 
omparison of di�erent fun
tional forms thatsatisfy analogous physi
al requirements. For the B ! � de
ay, it turns out to be of the orderof 2%.Combining the systemati
 errors in quadrature we arrive at an overall error of 5% for Dde
ays and about 18% for B de
ays.3.2 Comparison with previous resultsOur results 
an be 
ompared to other latti
e 
al
ulations of these quantities and also withresults of light-
one sum rules (LCSR) [13, 14℄. Table 5 summarizes the 
omparison for f+(0),while for �nite q2 the form fa
tors from other studies are displayed in Figs. 4 and 5. In thefollowing we dis
uss in detail the 
omparison with these works, highlighting the advantages andlimitations of the di�erent approa
hes, as well as the possible sour
es of dis
repan
ies.Our results 
an be 
losely 
ompared with those obtained by the APE 
ollaboration inRef. [22℄, reporting a 
al
ulation very similar to ours. They worked in the quen
hed approx-imation, using the same non-pertubatively O(a) improved a
tion and 
urrents and a similaranalysis; on the other hand, their simulations were performed on a 
oarser latti
e, with � = 6:2,yielding a latti
e spa
ing a = 0:07 fm, or a�1 ' 2:7 GeV. The table and �gures show that theirvalues for the form fa
tors lie around 3� (D! �) and 2:5� (D ! K) below our results, in termsof the statisti
al errors, in the region of q2 = 0. If we adjust the APE results to be 
onsistentwith setting the latti
e spa
ing using r0 instead of the mass of the K� (used in Ref. [22℄), thedis
repan
y redu
es slightly, down to roughly 2:5� (D! �) and 2� (D! K). Assuming thatO(a2) errors are the dominant sour
e of the dis
repan
y, the di�eren
e in the results of the twostudies is 
onsistent with an upper limit on the dis
retization errors of approximately 0:08, orslightly above 1� in our results for fD!�+ (0) and 0:23 or 3� 4� in the APE results.For B de
ays we are not able to make su
h a 
lose 
omparison, be
ause the study in Ref. [22℄extrapolates to the B meson from results in the region of 1:7 � 2:6 GeV for the heavy-lightpseudos
alar meson mass. Although one would expe
t larger dis
retization e�e
ts for theB de
ay form fa
tors, we �nd 
lose agreement between our values and those from the APE
ollaboration. However, we should point out that any potential dis
repan
y may be masked bythe long-ranged extrapolation in the heavy quark mass.Several unquen
hed 
al
ulations have been performed re
ently, whi
h are based on the MILCNf = 2+1 dynami
al rooted staggered fermions 
on�gurations [51℄. Results are available fromjoint works from the Fermilab, MILC and HPQCD 
ollaborations for D de
ays [5℄, and fromFermilab and MILC [52, 44℄ and (separately) HPQCD [7℄ for B de
ays. These results wereobtained using the MILC \
oarse" latti
es with a = 0:12 fm for D de
ays and in
luding a �nerlatti
e with a = 0:09 fm for the B de
ays. While these latti
es are mu
h 
oarser than thoseused in both our and the APE study a detailed analysis of the 
hiral extrapolation was possible11



through the use of 5 light quark masses for the 0:12 fm latti
e (only two values were used fora = 0:09 fm).The Fermilab, MILC and HPQCD joint work for D ! � and D ! K used an improvedstaggered quark a
tion (\Asqtad") [51℄ for the light quarks and the Fermilab a
tion for theheavy quark. To the order implemented in the study, the Fermilab a
tion 
orresponds to a re-interpretation of the 
lover a
tion. This approa
h 
an be used to simulate dire
tly at the 
harmand bottom quark mass at the expense of more 
ompli
ated dis
retisation e�e
ts. Dis
retisationerrors arising from the �nal state energy (5%) and the heavy quark (7%) are estimated to leadto the largest systemati
 un
ertainties in the 
al
ulation (
ompared to the 3% error from the
hiral extrapolation). Given the 
oarseness of the latti
e used, repeating the analysis on amu
h �ner latti
e would enable the estimates of the the dis
retisation errors to be 
on�rmed.Overall, the results are 
onsistent with ours, whi
h suggests that the systemati
 e�e
ts due tothe quen
hed approximation are not the dominant sour
e of error.For the de
ay B ! �, Fermilab and MILC used the same quark a
tions as for the studyof D de
ays. Using the 5 light quark masses at a = 0:12 fm and 2 light quark masses ata = 0:09 fm they performed a joint 
ontinuum and 
hiral extrapolation whi
h removed someof the dis
retisation e�e
ts. They estimated that a 3% dis
retisation error arising from theheavy quark remains after the extrapolation. The results at �nite q2 are 
ompared with oursin Figure 5, with statisti
al and 
hiral extrapolation errors only (whi
h 
annot be separated).A value for f+(0) is not given in Ref. [44℄ whi
h fo
uses on extra
ting jVubj at �nite q2 usingthe parameterisation of Bourrely, Caprini and Lellou
h [12℄. However, an earlier analysis onthe 0:12 fm latti
es only was reported in Ref. [52℄. Their result for f+(0) is given in Table 5.HPQCD performed the 
al
ulations for the B ! � de
ay on the MILC 
on�gurations usingAsqtad light quarks and NRQCD for the b quark. Use of the latter enables dire
t simulationsat the b quark mass. However, as NRQCD is an e�e
tive theory the 
ontinuum limit 
annotbe taken and s
aling in the latti
e results must be demonstrated at �nite a. Results from the
oarse latti
e are shown in Figure 5, with statisti
al and 
hiral extrapolation errors only and forf+(0) in Table 5. A limited 
omparison of results on the �ner latti
e for one light quark massdid not indi
ate that the dis
retisation errors are large. The systemati
 errors are dominatedby the estimated 9% un
ertainty in the renormalisation fa
tors whi
h are 
al
ulated to 2 loopsin perturbation theory.The Fermilab-MILC and HPQCD results are 
onsistent with ea
h other to within 2� andare also 
onsistent with our results and those of the APE 
ollaboration. As for the studies ofD de
ays this suggests that quen
hing is not the dominant systemati
 error in the 
al
ulationof B ! � de
ay. Similarly, unquen
hed results on �ner latti
es are needed to investigate thedis
retisation e�e
ts. Finally, note that in order not to overload Figures 4 and 5, we do notshow the (older) quen
hed results of the Fermilab group [53℄. For B ! � de
ays these resultsare within the range of the other existing 
al
ulations, whereas for D-de
ays the form fa
tors
ome out 10 � 20% larger 
ompared to most other 
al
ulations and also the new unquen
hedresults obtained with similar methods.A di�erent type of 
omparison 
an be made with the estimates obtained in the framework ofLCSR. This analyti
al approa
h is, to some extent, 
omplementary to latti
e 
al
ulations, sin
eit allows one to 
al
ulate the form fa
tors dire
tly at large re
oil, albeit with some assumptions.Figure 5 
ompares our extrapolation of the fB!�+ (q2) form fa
tor in the region q2 < 12 GeV2with the dire
t LCSR 
al
ulation [15, 16℄. Their predi
tions are 
ompatible with our results.12



Similar 
onsisten
y is found between latti
e and LCSR 
al
ulations of f+(0), as seen in Table 5,for both B and D de
ays. Note that the un
ertainty quoted for f+(0) for B de
ays is smallerthan that forD meson de
ays, and 
omparable with the pre
ision of the latti
e results. However,while LCSR provides a systemati
 approa
h for 
al
ulating these quantities it is by de�nitionapproximate and the errors 
annot be redu
ed below 10 � 15%, unlike the latti
e approa
h,whi
h is systemati
ally improveable.De
ay This work Other results Sour
e MethodD! � 0:74(6)(4) 0:64(3)(6) Fermilab-MILC-HPQCD [5℄ Nf = 2+1 LQCD0:57(6)(1) APE [22℄ Nf = 0 LQCD0:65(11) Khodjamirian et al. [54℄ LCSR0:63(11) Ball [55℄ LCSRD ! K 0:78(5)(4) 0:73(3)(7) Fermilab-MILC-HPQCD [5℄ Nf = 2+1 LQCD0:66(4)(1) APE [22℄ Nf = 0 LQCD0:78(11) Khodjamirian et al. [54℄ LCSR0:75(12) Ball [55℄ LCSRDs ! K 0:68(4)(3)B ! � 0:27(7)(5) 0:23(2)(3) Fermilab-MILC [52℄ Nf = 2+1 LQCD0:31(5)(4) HPQCD [7℄ Nf = 2+1 LQCD0:26(5)(4) APE [22℄ Nf = 0 LQCD0:258(31) Ball and Zwi
ky [15℄ LCSR0:26(4) Duplan�
i�
 et al. [16℄ LCSR0:26(5) Wu and Huang [18℄ LCSRB ! K 0:32(6)(6) 0:331(41) Ball and Zwi
ky [15℄ LCSR0:36(5) Duplan�
i�
 et al. [17℄ LCSR0:33(8) Wu and Huang [18℄ LCSRBs ! K 0:23(5)(4) 0:30(4) Duplan�
i�
 et al. [17℄ LCSRTable 5: Comparison of the results for f+(0) of the present work with other 
al
ulations,obtained from latti
e QCD (LQCD) simulations or from light-
one sum rules (LCSR) by variousgroups. Where two errors are quoted the �rst is statisti
al and the se
ond is the 
ombinedsystemati
 errors.
4 Con
lusionsIn this arti
le we have presented a latti
e QCD 
al
ulation of the form fa
tors asso
iated withsemileptoni
 de
ays of heavy mesons.We have performed a quen
hed 
al
ulation on a very �ne latti
e with � = 6:6 (a = 0:04fm), whi
h allows us to treat the D meson de
ays in a fully relativisti
 setup, and to get
lose to the region 
orresponding to the physi
al B meson mass. The importan
e of smalllatti
e spa
ings for heavy-quark simulations has re
ently be
ome 
lear in the 
ontext of thedetermination of fDs, the de
ay 
onstant of the Ds meson. In spite of O(a) improvement, a
ontinuum extrapolation linear in a2 seems to be reliable only for latti
e spa
ings below about13



0.07 fm in the quen
hed approximation [19, 20℄. Depending on the parti
ular improvement
ondition, even a non-monotonous a dependen
e 
an appear on 
oarser latti
es.In this work we have investigated to whi
h extent the systemati
 e�e
ts 
aused by latti
edis
retization and long-ranged extrapolations to the physi
al heavy meson masses may in
uen
ethe results of di�erent latti
e 
al
ulations in whi
h all other sour
es of systemati
 errors aretreated in a similar way. For these reasons, the results of our study 
an be dire
tly 
omparedwith those by the APE 
ollaboration in Ref. [22℄, whi
h reports a very similar 
al
ulation on a
oarser latti
e at � = 6:2 (a ' 0:07 fm) with the same latti
e a
tion and 
urrents. Adjustingthe APE results so that they 
omply with our pro
edure for setting the physi
al value of thelatti
e spa
ing, we �nd quite large dis
repan
ies of roughly 2:5� (D ! �) and 2� (D ! K). Ifwe assume that O(a2) errors are the dominant sour
e of this e�e
t, the di�eren
e in the resultsof the two studies suggests an upper limit on the dis
retization errors of approximately 0:08 orslightly above 1� in our numbers for fD!�+ (0) and 0:23 or 3� 4� in the APE results.It is, however, to be noted that the interpretation of this di�eren
e as a mere dis
retizationerror is somewhat more ambiguous than in the 
ase of the de
ay 
onstants 
onsidered in [19, 20℄,be
ause the momentum transfer q2 adds another parameter that has to be adjusted before the
omparison 
an be attempted. The 
orresponding 
omparison for B de
ays 
an, in addition,be undermined by the long-ranged extrapolations in the heavy quark mass and/or q2. Theseresults suggest that, for high-pre
ision phenomenologi
al appli
ations, 
ompletely reliable rel-ativisti
 latti
e 
al
ulations of these form fa
tors 
ould require even �ner spa
ings, and that,for dynami
al simulations at realisti
 pion masses, this goal might be diÆ
ult to a
hieve in thenear future. While we believe that the progress in 
omputational power will eventually allowone to realize this formidable task, it is fair to say that, for the moment, the less demandingapproa
hes whi
h interpolate between the D meson s
ale and non-relativisti
 results provide avalid alternative.Finally, a few words are in order about the general perspe
tive for 
al
ulations of the semilep-toni
 form fa
tors of heavy mesons. Form fa
tors of B de
ays at small values of the relativisti
momentum transfer q2 involve a light meson with momentum up to 2.5 GeV in the �nal stateand are very diÆ
ult to 
al
ulate on the latti
e, mainly be
ause no latti
e e�e
tive �eld theoryformulation is known for this kinemati
s that would allow for the 
onsistent separation of thelarge s
ales of the order of the heavy quark mass, as implemented in the Soft-Collinear E�e
tiveTheory.Thus one is left with two 
hoi
es. The �rst one is to 
al
ulate the form fa
tors at moderatere
oil (m2B � q2 � O(mB�QCD)) using, e.g., the HQET or NRQCD expansion and then toextrapolate to large re
oil (m2B�q2 � O(m2B)) guided by the dispersion relations. The advantageof this approa
h is that the 
al
ulations 
an be performed on relatively 
oarse and thus notvery large (in latti
e units) latti
es. Therefore dynami
al fermions may be in
luded, highstatisti
al a

ura
y 
an be a
hieved as well as a better 
ontrol over the 
hiral extrapolation.The disadvantage is that a reliable extrapolation from the q2 > 12� 15 GeV2 regime a

essiblein this method to q2 = 0 may be subtle. However, this problem may be alleviated by a promisingnew approa
h, \moving NRQCD" [56℄, whi
h formulates NRQCD in a referen
e frame where theheavy quark is moving with a velo
ity v. By giving the B meson signi�
ant spatial momentum,relatively low q2 
an be a
hieved for lower values of the �nal state momentum thus avoidinglarge dis
retisation e�e
ts.For the parti
ular 
ase of the B ! � semileptoni
 de
ay the problem of simulating at14



large re
oil 
an be avoided, at least in prin
iple, sin
e the shape of the form fa
tor f+(q2)
an be extra
ted from the experimental data on the partial bran
hing fra
tion in di�erent q2bins, see, e.g., Ref. [57℄. The normalization 
an then be �xed by 
omparison to latti
e datain the q2 � 10 � 20 GeV2 range. This strategy (see Ref. [58℄ for a detailed dis
ussion) isindeed promising and may lead to a 
onsiderable improvement in the a

ura
y of the jVubjdetermination from ex
lusive B de
ays provided the 
ombined data analysis using the fullstatisti
s of the BaBar and Belle experiments (� 4 �108 �BB pairs) be
omes available. However,for rare de
ays, su
h as B ! K�
, B ! K��+�� et
., whi
h are likely to take the 
entral stageat LHCb and super-B fa
tories, a similar strategy seems to be unfeasible.The se
ond 
hoi
e are simulations with fully relativisti
 heavy quarks on very �ne and large(in latti
e units) latti
es. This pro
edure is presently bound to the quen
hed approximation,but the bene�t is that the extrapolation in the heavy quark mass and potentially also in q2 isof mu
h shorter range. It goes without saying that the in
lusion of dynami
al fermions andthe approa
h to the 
hiral limit are also important problems, but presently it is impossible toaddress all relevant issues within one 
al
ulation.In our opinion both methods are justi�ed and we have 
hosen the se
ond option in this paper.It turns out that our �nal results for, e.g., the B ! � de
ays are 
onsistent with determinationsbased on dynami
al simulations and LCSR. This may indi
ate that the quen
hing e�e
ts arerather moderate. From our experien
e, the main problem that limits the usefulness of thisapproa
h is the 
onstru
tion of sour
es for the light hadrons whi
h yield a good overlap withstates of large momentum. It seems that the presently used sour
es are not good enough inthis respe
t. Improved sour
es have to be developed if a similar 
al
ulation is attempted on alarger s
ale in the future.A
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e QCD".A Simulation resultsFig. 6 shows a subset of the form fa
tors f0(q2) and f+(q2) that we extra
ted from our sim-ulations, for di�erent 
ombinations of the � values for the heavy and spe
tator quarks, with�de
ay produ
t = 0:13472. In Table 6 we present our results for the �ts to the simulation datawith the Be�
irevi�
{Kaidalov parameterization [8℄ a

ording to Eq. (6). This parameterizationuses the ve
tor meson mass mH? . Our results for mH? in latti
e units are shown in Table 7.15



�de
: prod: �heavy �spe
t: 
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e data with Eq. (6). Note that at vanishing q2 one hasf+(0) = f0(0), whi
h is given by 
BK � (1� �) (fourth 
olumn of this Table).The parameters f+(0), � and � are then extrapolated to the light-quark mass as des
ribed inSe
tion 3 and illustrated in Fig. 2. Finally, the parameters des
ribing the physi
al form fa
torsare obtained through extrapolation of these values to the physi
al B meson mass (or throughinterpolation to the physi
al D meson mass), a

ording to the heavy-quark s
aling laws, see16



�heavy �light amH amH?0:13 0:13519 0:3681+13�11 0:3949+18�160:13 0:13498 0:3762+13�10 0:4017+16�140:13 0:13472 0:3867+11�10 0:4110+14�140:129 0:13519 0:4060+13�11 0:4300+17�150:129 0:13498 0:4138+13�11 0:4366+16�150:129 0:13472 0:4240+12�10 0:4458+14�140:121 0:13519 0:6672+16�13 0:6804+20�170:121 0:13498 0:6743+14�12 0:6868+17�160:121 0:13472 0:6836+12�12 0:6956+15�140:115 0:13519 0:8369+17�14 0:8460+20�180:115 0:13498 0:8437+15�13 0:8523+17�160:115 0:13472 0:8527+13�12 0:8611+15�14Table 7: Masses of the heavy-light pseudos
alar and ve
tor states, H and H?, respe
tively, inlatti
e units, for the di�erent (�heavy; �light) 
ombinations.Fig. 7.Referen
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Figure 6: Sample of form fa
tors dire
tly measured in our simulations. The three panelsshow the results obtained for �de
ay produ
t = 0:13472, and for di�erent values of �spe
tator. Inea
h plot, the results for f0 (denoted by full symbols) and for f+ (empty symbols) are plottedagainst the square of the transferred momentum q2. The results for di�erent values of �heavy aredisplayed using di�erent symbols: diamonds (�heavy = 0:13), squares (�heavy = 0:129), 
ir
les(�heavy = 0:121) and triangles (�heavy = 0:115).21
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Figure 7: Extrapolation and interpolation of the (
hirally extrapolated) Be�
irevi�
{Kaidalovparameters in the heavy quark mass. The plots show the results obtained for the 
ombinationsf+(0) �m3=2H (l.h.s. panel), (� � 1)mH (
entral panel) and (1� �)mH (r.h.s. panel), for de
aysof a B (red squares) or of a D meson (green squares) to a kaon. The results are obtained usinglinear �ts in m�1H (solid lines) a

ording to Eq. (8); for 
omparison, the 
urves resulting from�ts to quadrati
 order in m�1H (dotted lines) are also shown.
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